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Abstract. We show that the endomorphism rings of kernels ker ¢ of non-injective
morphisms ¢ between indecomposable injective modules are either local or have two
maximal ideals, the module ker ¢ is determined up to isomorphism by two invariants
called monogeny class and upper part, and a weak form of the Krull-Schmidt theorem
holds for direct sums of these kernels. We prove with an example that our pathological
decompositions actually take place. We show that a direct sum of n kernels of
morphisms between injective indecomposable modules can have exactly n! pairwise
non-isomorphic direct-sum decompositions into kernels of morphisms of the same
type. If Eg is an injective indecomposable module and S is its endomorphism ring,
the duality Hom(—, Eg) transforms kernels of morphisms Egx — E into cyclically
presented left modules over the local ring S, sending the monogeny class into the
epigeny class and the upper part into the lower part.

2000 Mathematics Subject Classification. 15A33.

1. Introduction. In 1996, the first author described the behaviour, as far as direct
sums are concerned, of modules My of Goldie dimension one and dual Goldie
dimension one [4]. The endomorphism rings of these modules My are either local
or have two maximal ideals, the module M is determined up to isomorphism by two
invariants called monogeny class and epigeny class, and a weak form of the Krull-
Schmidt theorem holds for direct sums of these modules. In 2008 it was discovered
[2] that a second class of modules has exactly the same behaviour. It is the class of
cyclically presented modules over a local ring. The endomorphism ring of a cyclically
presented module Ny over a local ring R is either local or has two maximal ideals,
the module Ny is determined up to isomorphism by its epigeny class and another
invariant, called lower part, and a weak form of the Krull-Schmidt theorem holds for
direct sums of these modules as well.

In this paper, we present a third class of modules with the same behaviour.
They are the kernels of morphisms ¢ between indecomposable injective modules.
The endomorphism ring of such a kernel ker ¢ is either local or has two maximal
ideals, the module ker ¢ is determined up to isomorphism by its monogeny class and
a second invariant, called upper part, and a weak form of the Krull-Schmidt theorem
similar to that of the previous two classes also holds for direct sums of these kernels
(Theorem 2.7).
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We then prove with an example that our pathological decompositions actually
take place. We show that a direct sum of n kernels of morphisms between injective
indecomposable modules can have exactly n! pairwise non-isomorphic direct-sum
decompositions into kernels of morphisms of the same type.

Finally, we show the relation between the class of modules studied in this paper
and the cyclically presented modules over local rings studied in [2]. If E is an injective
indecomposable module and S is its endomorphism ring, the duality Hom(—, Er)
transforms kernels of morphisms Ex — Eg into co-cyclically presented left modules
over the local ring S, sending the monogeny class into the epigeny class and the upper
part into the lower part.

2. The endomorphism ring. We fix the notation that will be used throughout
the paper. All rings will be associative rings with identity, modules will be unital
right modules and E(Mg) will denote the injective envelope of a module Mg. Let
E\, E», E}, E, be indecomposable injective right modules over an arbitrary ring R
and let ¢: Ey — E, ¢’ E} — E} be two non-injective morphisms. Any morphism
f: kergp — ker¢’ extends to a morphism fi: Ey — E|, because E; and E| are
injective modules containing ker ¢, ker ¢’, respectively. Hence, f| induces a morphism
Jit Ei/kerp — E|/ker¢’, which extends to a morphism f>: E; — FE). Thus, we have
a commutative diagram with exact rows

0— kergp — E AN E,

lr I A Ir

’

0— ker¢’ — E| AN El.
Note that f; and f; are not uniquely determined by f. Nevertheless, assume that we
have another commutative diagram

0— kergp — E LN E,
) N 35

0—kerg' > E 5 E,
for the same f': ker ¢ — ker ¢’. We claim that, for ¢ # 0, both f| — f{ and f; — f; have
non-zero kernels. To prove the claim, note that f; — f{ is zero on ker ¢, so that f; — f{
has non-zero kernel. Moreover, f; — f{ induces a morphism g: E;/ker ¢ — E}, and
there is a commutative diagram

E/kerop — E;
g V=1
E, 5 E,
in which the upper arrow is injective. If f> — fJ is injective as well, then ¢’g is injective,
so that ¢’ is injective by [5, Lemma 6.26(a)]. This contradiction proves the claim. (Note
that the proof of this claim is modelled on the proof of [6]. The most important sources

of ideas for this paper have been [4] and [6].)
In our first result we consider the case in which E| = E{, E; = E} and ¢ = ¢].

THEOREM 2.1. Let E; and E, be two indecomposable injective right modules over
an arbitrary ring R, and let ¢: E\ — E» be a non-zero non-injective morphism. Set
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I: ={f € Endg(ker ) | f is not injective} = {f € Endg(ker ¢) | f1 is not injective }
and K: = {f € Endg(ker¢) | f2 is not injective} = {f € Endg(ker ¢) |f1_1(ker ®) 2
kero}. Then I and K are two completely prime two-sided ideals of Endg(ker ¢), and
every proper right or left ideal of Endg(ker @) is contained in either I or K. Moreover,
exactly one of the following two cases holds:

(a) either the ideals I and K are comparable, so that Endg(ker @) is a local ring, or

(b) the ideals I and K are not comparable, J(Endg(ker ¢)) = I N K and

Endg(ker ¢)/J(Endg(ker ¢))
is canonically isomorphic to the direct product of the two division rings

Endg(ker¢)/I and Endg(kergp)/K.

Proof. Consider the mapping F; : Endg(ker ¢) — Endg(E;)/J(Endg(E})) defined
by Fi(f) =f1 +J(Endg(E))) for every f € Endg(kerg). Then F; is a ring
morphism, Endg(E;)/J(Endg(E})) is a division ring and I = ker(#;). Thus, [ is a
completely prime two-sided ideal of Endg(ker ¢). Similarly, let F,: Endg(ker ¢) —
Endg(E>)/J(Endgr(E>)) be defined by F>(f)=/f> +J(Endgr(E;)) for every f €
Endg(ker ¢). Then F; is a ring morphism, Endg(E>)/J(Endg(E>)) is a division ring
and K = ker(F3). (The proof that F; and F, are well defined follows immediately from
the claim before the statement of the theorem.) Therefore, K is a completely prime
two-sided ideal in End gz(ker ¢).

In particular, 7 and K are two proper ideals of End z(ker ¢), so that all the elements
of I U K are non-invertible elements of Endg(ker ¢). Conversely, let f & I U K be an
element of Endg(ker ¢), so that there is a commutative diagram

0— kerp - E; — Ej/kerg — 0

i % VA
0—> kerp - E; — Ej/kergp — 0.

As f ¢ I, the morphism f must be injective, so that f; is injective. Thus, f; is an
isomorphism, because E; is indecomposable. As f* ¢ K, we have that f is injective. By
the Snake lemma, f must be an isomorphism, so that /" is invertible in Endg(ker ¢).
This shows that 7 U K is exactly the set of all non-invertible elements of Endg(ker ¢).

Every proper right or left ideal L of Endg(ker ¢) must be therefore contained in
1 U K. Let us prove that such an L must be contained either in / or in K. If this would
not be true, there would exist f € L\ and ge L\ K. Then f +ge L, f € K and
gel. Hence, f+g¢land f+g¢ K. Thus, f +g¢ UK. But f + g € L, which is
a contradiction. This proves that L is contained either in / or in K. In particular, the
unique maximal right ideals of Endg(ker ¢) are at most 7 and K. Similarly, the unique
maximal left ideals of Endg(ker ¢) are at most 7 and K.

If 7 and K are comparable, then / U K is the unique maximal right (and left) ideal of
Endg(ker ¢) and statement (a) holds. If 7 and K are not comparable, then Endg(ker ¢)
has exactly two maximal right ideals / and K, so that J(Endg(ker ¢)) = I N K, and
there is a canonical injective ring homomorphism

7. Endg(ker ¢)/J(Endg(ker ¢)) — Endg(ker ¢)/I x Endg(ker ¢)/K.
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Now I + K = Endg(ker ¢), because I and K are incomparable maximal ideals. Hence,
7 is surjective by the Chinese remainder theorem. O

ExampLE 2.2. (1) Assume that the ring R is a commutative local ring with
maximal ideal M and ¢: E; — FE, is a non-zero non-injective morphism between
two indecomposable injective modules E, E>. As R is commutative, multiplication
induces a ring morphism w: R — Endg(E)). Suppose that this morphism u is onto, e.g.
suppose that R is a commutative, Noetherian, complete, local ring and E; = E(R/M)
[8, Theorem 3.7]. Then End(ker ¢) = R/Anng(ker ¢), where Anng(ker ¢) denotes the
annihilator of ker ¢. In the isomorphism End(ker ¢) = R/Anng(ker ¢), the maximal
ideal J(End(ker ¢)) of End(ker ¢) corresponds to the maximal ideal M /Anng(ker ¢)
of R/Anng(ker ¢). In the notation of Theorem 2.1, we have 7 D K in this particular
commutative case.

(2) Let R be a commutative almost maximal valuation ring. In this case, the
ring morphism p: R — Endg(E)) induced by multiplication is not necessarily onto,
but every indecomposable injective module is uniserial by [7]. Hence, ker ¢ is always
uniserial for such an R, so that End(ker ¢) is commutative and local by [9].

LEMMA 2.3. Let Ey, By, E|, E}, be indecomposable injective R-modules, and let
¢: E\ = E; and ¢': E{ — E} be two non-injective morphisms. Then kerg = kerg' if
and only if either ¢ = ¢’ = 0 and E| = E, or there exists a commutative diagram

E1$E2

.

¢
£ —— b,

in which the vertical arrows are isomorphisms.

Proof. Assume that there exists an isomorphism f: ker ¢ — ker ¢’. Then f extends
to an injective homomorphism fi: E; — E|, which is an isomorphism because E| is
indecomposable. Hence, we have a commutative diagram with exact rows

0—>ker<p—>E1 L>E2

;lf ;lﬁ ifz @.1)

()4>ker(p’ 4>Ei L)Eé

We have two possible cases:

(a) If ¢ = 0, then ker ¢ = E| and ker ¢’ = E/. Hence, E; = E| and ¢’ = 0.
(b) If ¢ # 0, then Diagram (2.1) induces a commutative diagram with exact rows

0——E /kerg —= E,

G

00— E|/kerg —> Ej.

Now E;/kerg # 0 implies that f, is injective. This and the fact that E’ is
indecomposable imply that f; is an isomorphism. The converse is trivial. O
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Let 4 and B be two modules. We say that

e A and B have the same monogeny class, and write [A],, = [B],, if there exist a
monomorphism A — B and a monomorphism B — A4 [4];

e A and B have the same epigeny class, and write [4], = [B]., if there exist an
epimorphism 4 — B and an epimorphism B — A4;

e A and B have the same upper part, and write [A4], =[B],, if there exist a
homomorphism ¢: E(A4) — E(B) and a homomorphism v : E(B) — E(A) such
that 9~ '(B) = 4 and v~ (4) = B.

The motivation for the terminology ‘having the same upper part’ lies in the fact
that if [4], = [Bl., then [E(A)/A],, = [E(B)/B], so that E(E(4)/A) = E(E(B)/B) by
Bumby’s theorem [3]. Moreover, we shall see in Proposition 4.1 that ker /' and ker g have
the same monogeny class if and only if the cyclically presented modules corresponding
to ker f and ker g via an exact contravariant functor have the same epigeny class, and
ker / and ker g have the same upper part if and only if the modules corresponding to
ker f and ker g via the same contravariant functor have the same lower part in the sense
of [2]. Two cyclically presented modules R/aR and R/bR over a local ring R are said
to have the same lower part, denoted by [R/aR]; = [R/bR];, if there exist r, s € R such
that raR = bR and sbR = aR [2].

It is clear that a module A has the same monogeny (epigeny) class as the zero
module if and only if 4 = 0. We leave to the reader the verification of the easy fact that
a module A has the same upper part as the zero module if and only if 4 is an injective
module.

LEMMA 2.4. Let Ey, E», E|, E} be injective indecomposable right modules over an
arbitrary ring Randlet : Ey — E», ¢': E| — E be arbitrary morphisms. Thenker ¢ =
ker ¢’ if and only if [ker ¢),, = [ker ¢'],, and [ker ¢], = [ker ¢]...

Proof. Suppose that one of the two morphisms ¢, ¢’ is injective, e.g. suppose ¢ is
injective. Then ker ¢ = ker ¢’ if and only if ker ¢’ = 0, [ker ¢],, = [ker ¢'],,, if and only if
ker ¢’ = 0, and [ker ¢],, = [ker ¢'], if and only if ker ¢’ is an injective module. Therefore,
the lemma holds if one of the two morphisms ¢, ¢’ is injective, and from now on we
can suppose that both ¢ and ¢’ are non-injective.

Assume that [ker ¢],, = [ker¢’],, and [ker¢], = [ker¢'],. Then there are a
monomorphism f: ker¢ — ker¢’ and a homomorphism /;: E; — E] such that
hfl(ker ¢') = ker ¢. If f is onto, then f is an isomorphism between ker ¢ and ker ¢” and
we are done. Hence, we can assume that the monomorphism f is not onto. We have a
commutative diagram

0— kerg - E; — Ej/ker¢ — 0

i W Vi
0— ker¢' — E| — Ej/ker¢’ — 0.

Now f monomorphism implies that £} is an isomorphism, so that ker(ﬁ ) = coker(f)

by the Snake lemma. Thus, 1 is not injective. Hence, f>: E»; — E} is not injective.
From /' (ker ¢') = ker ¢, we know that & (ker ) C ker ¢/, so that /; induces by

restriction a morphism /: ker ¢ — ker ¢’. We have a commutative diagram

0— kerop - E; — Ej/kerop — 0

hd I \LhNI
0 — ker¢' - E| — E|/ker¢’ — 0.
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As hfl(ker ¢') = ker ¢, we know that h~1 is a monomorphism. If /2 is an isomorphism,
then / is a monomorphism and the Snake lemma gives that ker(l?l) = coker(/). Hence,
h is onto, that is, / is the required isomorphism between ker ¢ and ker ¢’. Thus, we
can assume that /; is not an isomorphism. Since Ej, E] are indecomposable and
injective, we get that /; is not a monomorphism. Hence, /4 is not a monomorphism.
Consider the sum of the two previous commutative diagrams. We get a commutative
diagram

00— kergp — E; — Ej/ker¢p — 0

I+h  fith  fithn
0— ker¢ — E — Ej/ker¢’ — 0.

Now fj is an isomorphism and /; is not a monomorphism. Since the sum of two non-
injective morphisms E; — E| is non-injective because E) is uniform, it follows that
Ji + hi must be a monomorphism. As E} is indecomposable injective, the morphism
/1 + hy must be an isomorphism. Thus, the restriction f + A of fi + Ay to kerg is a
monomorphism. Similarly f; not injective, 4 injective and Ej/ker¢ C E> uniform
imply that f1 + Iy is injective. The Snake lemma gives that ' + 4 is onto. Hence, f + &
is the required isomorphism between ker ¢ and ker ¢’. Il

PROPOSITION 2.5. Let ¢;: Ejy — Ein (i=1,2,...,n, n>2)and ¢': E| — E) be
n + 1 non-injective morphisms between indecomposable injective modules E; 1 ,E; > E, E).
Suppose that ker ¢’ is isomorphic to a direct summand of ®'_, ker ¢;, but ker ¢" 2 ker ¢;
foreveryi=1,2,...,n Then there are two distinct indices i,j = 1,2, ...,n such that
[ker (p,]m = [ker (pi]m and [ker w/]u = [ker (pj]w

Proof. Since ker ¢’ is isomorphic to a direct summand of @/, ker ¢ and ker ¢’ 2

ker ¢; foreveryi=1,2, ..., n,it follows that Endg(ker ¢’) is not local. Let¢: ker¢’ —

" ker g ar}d T @, kerg; — ker¢’ be morphisms with the composite mapping 7 e

equal to the identity of ker ¢’. There exist maps ¢;: ker ¢’ — ker¢; and 7;: ker ¢; —
ker¢’ (i=1,2,...,n)with

€1
€2
&= ,
En
and 7 = (m; m -+ m,). Then Y. m&; = lieryr, SO that there is an index i with

mie; ¢ 1. Similarly, "7, m;e; ¢ K, so that there exists an index j with 7;¢; ¢ K. From
the hypothesis that ker ¢’ 2 ker ¢, it is easily seen that 7;e; € I (otherwise 7;¢; would
be an automorphism). In particular, i # j.

Now, m;e; ¢ I implies that 7;e;: ker ¢’ — ker ¢’ is injective, so that ¢; and 7; are
injective by [5, Lemma 6.26(a)]. Thus, [ker ¢'],,, = [ker ¢;],.
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Consider the commutative diagram

()4>ker¢/4>Ei 4>Eé

F ko

0—— ker<pj —_— EjJ S quz

0——ker¢/ —— E} —— E;.

Then mje; ¢ K implies that m;o¢;, is injective, so that mj, and g;, are injective
by [5, Lemma 6.26(a)]. Hence, £;: E|/ker¢’ — E;i/kery; and 7,1 : Ej 1/ ker ¢, —
E}/ker¢ are injective, so that e;ll(ker ¢;) = ker¢’ and nj,_ll(ker ¢') = ker ¢;. Thus,
[ker @], = [ker ¢;],. ]

LEMMA 2.6. Let ¢: E\ — E>, ¢': E{ — E} and ¢": E{ — E} be non-injective
morphisms between indecomposable injective modules. Assume [ker ¢),, = [ker ¢'],, and
[ker ¢], = [ker ¢"],. Then, the following hold:

(a) kero ® D = ker ¢’ @ ker ¢” for some R-module D.

(b) The module D in (a) is unique up to isomorphism and is the kernel of a non-injective
morphism between indecomposable injective modules.

(¢) [D]n = [ker ¢"],y and [D], = [ker ¢'],.

Proof. (a) Since [ker ¢],, = [ker ¢'],, and [ker ¢], = [ker ¢”], by assumption, we
have that there exist monomorphisms f: ker¢ — ker¢’ and g: ker¢’ — kerg,
and homomorphisms /;: E(ker ¢) — E(ker¢”) and [;: E(ker ¢”) — E(ker ¢) with
h[l(kergo”) = ker ¢ and lfl(kergo) =ker¢”. Let h: kerp — ker¢” and [: ker¢” —
ker ¢ be the restrictions of &y, [}, respectively.

We have three possible cases.

Case 1: g o f is an isomorphism. In this case,
f:ikergp - ker¢’ and  (gof) 'g: ker¢’ — kerg

are two morphisms whose composite mapping is the identity. Therefore, f is a splitting
monomorphism. As ker ¢ and ker ¢’ are uniform, f is an isomorphism, so that ker ¢ =
ker ¢’. Then D = ker ¢” has the required properties in this case.

Case 2: [ o h is an isomorphism. In this case, both / and % are isomorphisms, so that
kerp = ker¢”. Let D = ker ¢'.

Case 3: g o f andl o h are not isomorphisms. Then g o f is not an element in the ideal 7 of
Endg(ker ). As it is not an invertible element of Endg(ker ¢), it follows that g o f € K.
Similarly,/oh ¢ K,but/oh e I. Hence,gof +loh¢ IUK,andthus,gof +/ohis
an automorphism of ker ¢. Then the composite morphism of the morphisms

A of +loh) (g, |
ker ¢ Q) ker ¢’ @ ker ¢” (& f+—1)> & D ker

is the identity morphism, so that ker ¢ @ D = ker ¢’ @ ker ¢” for some module D.
(b) Assume kerop @ D = ker¢’ @ ker¢” = kero @ D'. By [5, Corollary 4.6], we
get that D = D’ because kerg has a semilocal endomorphism ring. This shows
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that the module D in (a) is unique up to isomorphism. Let us prove that D is the
kernel of a non-injective morphism between indecomposable injective modules. The
isomorphism ker ¢ @ D = ker ¢’ @ ker ¢” extends to an isomorphism F: E(ker ¢) ®
E(D) = E(ker ¢') ® E(ker ¢”), thatis, £y @ E(D) = E| @ E{. Now [ker ¢],, = [ker ¢'],,
implies £y = E}. By direct-sum cancellation of modules with semilocal endomorphism
rings again, we get that £(D) = E{. In particular, D # 0.

The isomorphism F induces an isomorphism

(E1/ ker ¢) @ (E(D)/D) = (Ey/ ker¢) & (E7/ ker ¢”),

so that E(E,/ker ) ® E(E(D)/D) = E(E|/ker¢’) ® E(E|/ ker ¢”). We have already
remarked in the first paragraph after the definition of upper part that
[ker @], = [ker ¢"], implies E(E;/ker ) = E(E{/ker ¢”). By direct-sum cancellation,
E(E(D)/D) = E(E/ker¢'). If ¢’ = 0, then E(E(D)/D) = 0, i.e. D is injective, so that
D = E(D) = EY is the kernel of the zero mapping E| — E. If ¢’ # 0, then D is the
kernel of the composite morphism E(D) — E(D)/D — E(E(D)/D). But E(D) = EY
and E(E(D)/D) = E(E|/ker¢') = E)
(c) We distinguish three possible cases.

Case 1: D = ker ¢'. In this case, we have by cancellation from (a) that ker ¢ = ker ¢”.
HGHCC, [D]u = [ker (p/]u and [D]m = [ker ‘p/]m = [ker (p]m = [ker (p”]m-

Case 2: D = ker ¢”. In this case, we have by cancellation from (a) that ker ¢ = ker ¢'.
Hence, [D],, = [ker ¢”],,, and [D], = [ker 9], = [ker ¢], = [ker ¢'],..

Case 3. D 2 ker¢' and D 2 ker ¢”. In this case, we can apply Proposition 2.5 to the
direct summand D of ker ¢’ @ ker ¢”, and get that either (c) holds or [D],, = [ker ¢'],,
and [D], = [ker ¢”],. Butin the second case, [D],, = [ker ¢],, and [D], = [ker ¢],,, so that
D = ker ¢ by Lemma 2.4. Hence, by Proposition 2.5 applied to the direct summands
ker ¢’ and ker ¢” of kerp @ D, we get that the four modules ker ¢’, ker ¢”, ker ¢, D

have the same monogeny part and the same upper part. Therefore, ker ¢’ = ker ¢” =
ker ¢ = D, which is a contradiction. O

THEOREM 2.7. (Weak Krull-Schmidt theorem) Let ¢;: E;; — Ei2(i=1,2,...,n)

and ¢; E’ E,(i=1,2,...,1) benon-injective morphisms between indecomposable
ln]eclzve modules E,l,E,z,E 1,E]2 over an arbitrary ring R. Then @ kergo, =
lkerq)] if and only if n =t and there exist two permutations o, t of {1 2 ., n}

such that [ker ¢;],, = [ker (pU(l)] and [ker ¢;],, = [ker ‘/’r(z)]u foreveryi=1,2,.

Proof. (=) Since the kernels ker ¢; and ker ¢; are uniform modules, if ;_; ker ¢; =
69;:1 ker gojf , then they have the same Goldie dimension, that is, n = z.

For the existence of the permutations o and 7, we use induction on 7, the case
n =1 being trivial. Assume that ker <p, is isomorphic to some ker<p Cancelling the
isomorphic modules ker ¢; and ker 90] (cancellation of modules holds because they
have semilocal endomorphism rings), we can clearly proceed by induction. Therefore,
we can suppose that ker ¢; 2 ker ¢; for every i,j = 1,2, ..., n. Note that in this case,
the endomorphism rings of ker ¢;, ker go, are not local

Now kerg; is isomorphic to a direct summand of ker¢| @ --- @ ker¢,. By
Proposition 2.5, there exist two distinct indices i, j = 1, 2, ..., n such that [ker @11, =
[ker ¢;],» and [ker ¢1], = [ker ¢]],.. For simplicity, we can assume i = 1 and j = 2. Now
we can proceed as in [2, Theorem 5.3] using Lemma 2.6 instead of [2, Lemma 5.2]. [
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3. Anexample. We now give an example. We will show that if n > 2 is an integer,
then there exist n*> pairwise non-isomorphic kernels ker(g;;) (i,j=1,2,...,n) of
morphisms ¢;;: E;; — Ej,, where E;; and Ej are injective indecomposable modules
over a suitable serial ring R, satisfying the following properties:

(a) Forevery i, j, k, £ =1,2,...,n, [ker(g;;)]» = [ker(¢r.e)lm if and only if i = k.

(b) Foreveryi,jk,£=1,2,...,n,[ker(g;)]. = [ker(gx )], if and only if j = £.

Hence,
ker(g1,1) @ ker(g22) @ - - - @ ker(gn,,)
= ker(@o(1),2(1)) © Ker(@o(2),22) @ - - - © ker(@on), z(n)
for every pair of permutations o, T of {1,2, ..., n}.

Here is the example. Let M,,(Q) be the ring of all n x n matrices over the field Q
of rational numbers. Let Z be the ring of integers and let Z,, Z, be the localizations
of Z at two distinct maximal ideals (p) and (gq) of Z (here p, g € Z are distinct prime
numbers). Let A, denote the subring of M,(Q) whose elements are the n x n matrices
with entries in Z, on and above the diagonal and entries in pZ, under the diagonal,

that is,
z, 7, --- Z,
»Z, 7, --- Z,
A, = ' . c M, (Q).
»Z, pZ, --- Z,
Similarly, set
Z, 12, Z,
2, 7, --- 1,
Ay = ' . c M, (Q).
a2, 97, --- Z,

If

(witer )
R := ,
M, (Q) A,

then R is a subring of the ring M,,(Q) of 2n x 2n matrices with rational entries.
This ring R appears in an example provided by the first author ([4, Example 2.1], [S,
Example 9.20]).

The Jacobson radicals of these rings are

pr Zp . Zp

pr pzp - Zp
J(Ap) = . . s

pZ, pZ, --- pZ,
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and

J(R):(Jmp) 0 )
My (@) J(A)

Forevery i,j=1,2,...,2n, let ¢;; be the matrix with 1 in the (i, j) entry and 0’
elsewhere. For simplicity, e;; will be denoted by e;. The set {ey, ..., e2,} is a complete
set of orthogonal idempotents for R. The left R-modules Re; and the right R-modules
¢;R are uniserial. Hence, R is a serial ring. A complete set of representatives of the
simple right R-modules is given by the 2n modules ¢;R/e;J(R), i = 1,2, ..., 2n. For
details on the structure of this ring, see [4, Example 2.1] or [5, Example 9.20].

It is well known that, for every divisible abelian group G, the right R-module
Homyz(gR, G) is injective [1, Lemma 18.5]. From the direct-sum decomposition xR =
2", Re;, we get a direct-sum decomposition

Homy (xR, G) = &2 Homy(Re;, G)

of right R-modules. Let Z(p*°) := Q/pZ, and Z(¢*°) := Q/qZ, be the Priifer groups
relative to p and ¢, respectively. Our injective modules will be E; | := Homz(Re;, Z(p*™))
(i=1,...,n)and E;» := Homz(Re,4;, Z(¢*)) j=1,...,n). If re Rand A,: Re; —
Re; denotes left multiplication by r, the right R-module structure on Homgz(Re;, Z(p*°))
is defined by &r = & o A, for every & € Homgz(Re;, Z(p>°)).

We claim that E; | is the injective envelope of the simple right R-module e;R/e;J(R).
We have

Z,
Z,

Re; = n—i |, (31)

where we write the elements of Re; as columns (they are 2n x 2n matrices, but all the
entries that are not in the ith column are zero.) Thus,

E;y = (Homy(Z,, Z(p™)). . .., Homz(pZ,, Z(p™)). . . ., Homz(Q, Z(p™)). . .).

1 n—i n
(3.2)
Forevery k =1, ..., 2n, let g ; be the group morphism defined by
kit £, = Re;, &ri: a+> aey;, foreveryaceZ,, fork=1,...,1
eki: pL, — Re;, er;i:av> aey;, foreveryaepZ, fork=i+1,...,n,
eri: Q — Re;, &ki: ar> aey;, foreverya e Q, fork=n+1,...,2n.
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Letw: Z, — Q/pZ, = Z(p™) be the canonical mapping defined by 7 (a) = a + pZ, for
everya € Z,.Letn;: Re; — Z, be the ith canonical projection relative to the direct-sum
decomposition (3.1). Consider the element o0 = 7 o wr; € E; ;. Its kernel is J(R)e;.

In order to prove that E;; is the injective envelope of a simple right R-module
generated by o, it suffices to show that for every non-zero element § € E;, there exists
r € R with &r = 0. Now if & € E;; is non-zero, there exists an index k=1, ...,2n
with £ ogr ;i A — Z(p*™°) non-zero. Here A =7, if k<i, A=pZ, if i <k <n,
and 4 =Q if n <k <2n. From & og; #0, we get that there exists a € 4 with
(toeri)a)=1+pZ, € Q/pZ, = Z(p>). Note that ae,; € R. To prove that r := aey ;
has the required property, that is, £ae; ; = o, note that an arbitrary element of Re; is of
the form r=ziey; + -+ zijeji + pziy1€iv1i + - -+ pzpeni + arenyri + - -+ Aplan i,
and (§aey ;)(r) = Eazier; = (& o e ;) az;)) = z; + pZ, = o(r), as desired. This proves
that £aey ; = o and shows that E;; is the injective envelope of the right R-submodule
of E;; generated by o and that this submodule is simple.

Now consider the mapping w: e;R — E;1, u(e;r) = or. It is well defined, because
if ;4 =0, then r € (1 —¢;)R, so that or =7 om; 0 A,: Re; — Z(p*™°) is zero because
7;((1 — e;)Re;) = 0. The image of w is the simple module generated by o, because oe; =
0. Anelement e;r of ¢; R is in the kernel of u if and only if o¢;r = 0, that is, if and only if
0 0 Agyr: Re; — Z(p™) is the zero mapping. This happens if and only if o (e;#Re;) = 0,
that is, if and only if e;rRe; C kero = J(R)e;, 1.¢. if and only if the (7, i) entry of r is in
pZ,. Thus, ker u = ¢;J(R) and o R = ¢;R/e;J(R). This proves that E; is the injective
envelope of the simple right R-module ¢;R/e;J(R). Similarly, one shows that E;, is the
injective envelope of the simple right R-module e,1;R/e,;J(R). Thus, E;; and E;,
(i,j =1, ...,n) are 2n injective indecomposable R-modules. The matricial description
of E;, corresponding to (3.2) is

Ei>» =(0,...,Homz(Z,, Z(¢™)), ..., Homgz(qZ,, Z(¢™)), ...).
S —

n J n—j

We are ready to define the R-module morphisms ¢;;: E;; — E;». Fix once for all
a non-zero Z-morphism f: Homz(Q, Z(p*™°)) — Z(¢*°). Forevery i,j =1, ...,n, let

¢ij: Homz(Re;, Z(p™)) — Homgz(Re,j, Z(4™))

be the right R-module morphism defined by ¢; j(§)(r) = f(& o A, 0 &,,4;) for every & €
Homgz(Re;, Z(p™)) and every r € Re,,;.

We have to show that the n* kernels ker¢;; (i, j = 1, ..., n) have the properties
stated at the beginning of this section.

(a) (=) Assume [ker(¢; ;)]n = [ker(¢k,¢)lm. Since every E; is the injective envelope
of the simple module e;R/e;J(R), the socle of every ker(¢; ;) is isomorphic to the simple
module e¢;R/e;J(R). From [ker(¢;;)]n = [ker(gx,¢)]m, it follows that the modules ker(g; ;)
and ker(g ¢) must have isomorphic socles, so that i = k.

(<) We must show that [ker(p; )], = [ker(¢;¢)]». Without loss of generality,
we may suppose j < £. Note that & belongs to kerg;; if and only if ¢;;(§) =0,
that is, if and only if ¢;;(£)(Re,;;) = 0. Since the elements of Ej, are not only
Z-linear mappings, but also Z,-linear, we have that & e kerg;; if and only if
@ij(E)ent1n1) = 0, @i j(ENent2nt)) =0, - ooy @i (E)€ntijnti) = 0, @i (E)Gentjt1.nt)) =
0,...,0ij¢)gemntj) = 0. Now @i j(E)(en+1.n+7) =S (& 0 Ae,y iy © Entjii) = F(E © Enyri)-
Thus,%‘ € ker Dij if and Ol’lly lff(s o 8n+l,i) =0,... ,f(%‘ o Sn+j,i) =0, qf(&' o 5n+j+l,i) =
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0, gf(£ oey,;) =0. It is now clear that j < ¢ implies ker(g;;) 2 ker(p;¢), so that the
embedding is a monomorphism ker(p; ) — ker(g; ;). Conversely, multiplication by ¢ is
an automorphism of Z(p*°), so that multiplication by ¢ is an automorphism of the R-
module E;; = Homz(Re;, Z(p>)). Clearly, g ker(p;;) < ker(g;¢). Thus, multiplication
by ¢ is a monomorphism ker(p; ;) — ker(¢; ).

(b) (=) Assume that i, j, k, £ =1, ..., n are indices with [ker(g; )], = [ker(gx.¢)]u-
Then, as we have remarked between Lemmas 2.3 and 2.4, [E;i/ker(¢;j)]l, =
[Er.1/ ker(@k ¢)lm. So Ej1/ ker(p;;) and Eji 1/ ker(¢k¢), which are essential extensions
of their simple socles, have isomorphic socles. Hence, E;» and E;» have isomorphic
socles, so that j = ¢.

(<) We must prove that [ker(¢;;)], = [ker(¢i ;). for every i,j,k=1,...,n. We
can suppose i < k. Right multiplication by the element e;; of R is a left R-module
morphism p,,, : Re; — Rey, which induces a morphism Homgz(p,,,, Z(p*)): E =
Homgz(Rex, Z(p*°)) — Ei1 := Homgz(Re;, Z(p*°)). We have a diagram of right R-
module morphisms

B, = E;>
Homz(pe,, Z(p™)) \ (3.3)

Pij
E, — E,

in which the vertical arrow on the right denotes the identity. The diagram
is commutative, because for every se€ Er; and every re Re,, one has
that (¢;; o Homz(pe,,, Z(p™)))($)(r) = (@ij(s © pe, () = f(5 0 peyy © Ay 0 Enyji) = f(s 0
Ay o 8n+j,k) = €0k,j(s)(”)-

Similarly, right multiplication by the element pey. ; of Ris a left R-module morphism
Pper.: Rex — Re;, which induces a right R-module morphism Homz(pp, ,, Z(p*™)):
E;1 = Homy(Re;, Z(p™°)) — E := Homyz(Rex, Z(p™)). Hence, we have a second
commutative diagram

E;, RN E;>
Homz (ppe, - Z(p) | . (3.4)

Pk j
Exi —  Ejp,

in which the vertical arrow on the right denotes the automorphism of Ej, given
by multiplication by p. The two commutative diagrams (3.3) and (3.4) show that
[ker(¢; )], = [ker(¢x ;)] This concludes all the verifications in our example.

4. Duality. Let Eg be a fixed indecomposable injective module over an arbitrary
ring R and S = End(ER) be its endomorphism ring. Then S is a local ring and sEr is a
bimodule. For every fixed non-zero endomorphism /* € S, we have an exact sequence
of cyclic left S-modules

S L5 4§ —> S/ —> 0. (@.1)

Here the first arrow denotes the endomorphism of ¢S given by right multiplication
by f. If we apply the left exact functor Hom(—, sEg): S-Mod— Mod-R to the exact
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sequence (4.1), we obtain an exact sequence of right R-modules

0 —> Hom(S/Sf, sE) —> Hom(sS, sE) 25 Hom(sS, sE).  (4.2)

Note that Hom(sS, sE) is canonically isomorphic to Eg as a right R-module, and via

this isomorphism the endomorphism Hom(f, sE) of Hom(sS, sE) becomes the right
R-module endomorphism f of Er. Hence, (4.2) becomes the exact sequence

0 —> kerf —> Ex 1> Eg.

Thus, the projective presentation (4.1) of a cyclically presented left module over the
local ring S becomes an injective co-presentation of the kernel of a morphism between
two injective indecomposable modules both isomorphic to Eg.

PROPOSITION 4.1. Let Eg be an indecomposable injective module and S = End(ER)
its endomorphism ring. Let f, g be non-zero elements of S. Then, the following hold:

(@) [S/S5fle = [S/Sgle  if and only if ker ], = [Ker gln.

() [S/5f1: =[S/Sgli  if and only if [ker f1, = [ker gl..

Proof. (a) Assume [S/Sf]. = [S/Sg].. Then there exist s, € S and u, v € U(S) =
Aut(Eg) with sf = gu and tg = fv. Hence, we have the following commutative

diagrams:
E L E E 5% E
u \L i, K3 and v i, \L t
E £ E E L E

in which the two vertical arrows u, v on the left are automorphisms. From the
commutativity of the diagrams, it is easily seen that u(ker /) C kerg and v(kerg) C
ker f. Thus, the restrictions of the automorphisms « and v show that [ker f],, = [ker gl,,..

Conversely, assume that [ker f],, = [ker g],,. Then there exist monomorphisms
u': kerf — kerg and v': kerg — kerf, which extend to automorphisms u: E — E
and v: E — E such that u(ker /) C ker g and v(ker g) C ker /. These automorphisms
induce homomorphisms %: E/kerf — E/kerg and v: E/kerg — E/Kerf, which
extend to two endomorphism s, ¢ of E. We have a commutative diagram

0 ker f E ! E
iu’ lu is
0 kerg E £ E.

Thus, s € S, u € U(S) and sf = gu. Similarly, one proves that zg = fv.
(b) Suppose [S/Sf1; = [S/Sg];. Then thereexist o, B € U(S)ands, t € Sthat make
the following diagrams commute:

E L E E % E
s Ve il , N (4.3)
E & E L E
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To prove that [ker /], = [ker g],, it suffices to show that s~!(kerg) = ker / and
t~!(kerf) = kerg. Now if x € E and s(x) € kerg, then af(x) = gs(x) =0, so that
f(x) =0, that is, x € ker /. This proves that s~ (ker g) C ker f. Conversely, assume x €
ker f. Then gs(x) = a f(x) = 0. Hence, s~'(ker g) = ker f. Similarly, ' (ker /) = ker g.

Conversely, assume [ker f], = [ker g],. Then there exist o, 8 € U(S) and s, € S,
which make diagrams (4.3) commute, that is, such that of = gs and g = f1. It follows
that [S/Sf1; = [S/Sgl:- O
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