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APPROXIMATION OF A FUNCTION AND ITS DERIVATIVES BY
ENTIRE FUNCTIONS OF SEVERAL VARIABLES

BY
EL MOSTAPHA FRIH AND PAUL M. GAUTHIER

ABSTRACT. The paper gives a good approximation of a C* func-
tion on R" and its derivatives by the restriction of an entire function
on C" and its derivatives respectively.

In this paper we deal with approximation of a C* function on R" and its
derivatives by the restriction of an entire function and its derivatives
respectively in a way which is better than uniform approximation. As a
particular case we obtain, for k = 0, Carleman’s theorem [3]. Similar results
were given in the case n = 1 by Hoischen [1].

This work was inspired by the proof of Whitney’s theorem by Narasimhan,
(see [2]).

We shall use the following notations. H(C") will denote the space of entire
functions. If

n aal+...+(x"
a = (a,...,a,) € N", |a| denotes > a; and D =

: ) &,
i=1 axl...ax:

For § c R”, k a non negative integer and [ € Ck(R"), we set

I = 3 L sup 10700 .

=k ! xes§
Note that if £, g € CK(R") we have
/g1l = S Illg -

THEOREM. For some 0 = k = oo, let f and € be such that, f € C*R"),
€ € C(R") and e is positive. Let (K,) be a sequence of compact sets in R” with
Ky = ¢, K, C K2+1 and UK, = R". Let (n,) be a sequence of non negative
integers and set k, = min(k, n,). Then, there exists g € H(C") such that

ID*f(x) — D°g(x)| < €(x), for x € R™\K, and |a| = k,,
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for every p = 0.

For the proof we shall use the following lemma which can be found in ([2],
p- 3D).

LEMMA. Let f € Cg(R"), 0=k<oo Forz=(z,...,2,) € C'and A >0
set,

GN()z) = =~ AN ﬁ, f exp[—x 2 (z; = 1)’
i=1

Then we have
(a) G\(f) € H(C")
(b) 1G\(f) — fon — 0, as A — oo.

ProOF OF THE THEOREM. Set Ap = K, |\K,, for p = 0. There exists a
sequence of positive real numbers (¢,) such that ¢, < e(x) for x € A4, and
€11 = cp/2 for every p = 0. It suffices then to prove that there exists
g € H(C") so that:

A €p
If— gllir < 8,, for every p = 0, where §, = .
4 k,!
We may suppose k,,, = k,. Then we have
1
1) 81 < 50,

Letg, € Cy(R™M), 9, = 01in a neighborhood of K, | and ¢, = 1 in a neighbor-
hood of 4,,. Set

R"
C, =1+ lig, I¥"
By the lemma, there exists Ay > 0 such that if g, = Gy, (¢,/) we have

O

—_ KI< .
lso = oo/ 1ty < 52

By induction, we define numbers A; and functions g; in the following way.
Suppose we have defined A, and g, for i = p — 1; then using the lemma,
there is a function /,(A;, g,)i = p — 1 such thatif A, > [,(A;, g;) and if we set
gp = G}\p[q)p(f — 8 — --- T gpAl) ]’ then

K, 8,7

< .
ky 5C, 4

(@)

8 — qo,,(f - ::g gi)

The function g, depends on A, and g, i = p — 1; this implies that the
function /, depends only on A;, i = p — 1. Since 9, = 0 (respectively ¢, = 1)
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in a neighborhood of K, (respectively in a neighborhood of 4,) we get

from (2):
)
(3) gyl < —=2—
P 5Cp+l
12 A S
4 H - >l <=2
4 f 2 8|, 5¢,1.,
Replacing p by p + 1 in (2) and, using (1), (4) and the fact that C, = 1, we
have
P A, 2 4,
Ilgp-{-l“/]:: = <Pp+1(f_ %g,—) k, + (|8 +1 — ‘Pp+1(f" %g,-) k,
i= i=
n 8 Sp+1
< llgp4 1l =-r— + 2
’ p5Cp+l 5Cp+2
) )
<C, —2 4+ 2 < 3%

] .
PP5C,. 5G4, 10
With (3), this gives

2
() g+ 11l < 3%

We show now that the A, can be chosen so that the series 2> g;(z) defines
an entire function. Since UK, = R", there is a p, such that 0 € K, Let (B,p)
be a sequence of balls with radius r, centred at the origin such that B,p C K, for
p=ppandr, >ooasp—>oo. Letz € C" and R = |z]. Choose p = p, such

that
R 2R 1
11— - =>-
r, r 2

For ¢ > p, supp ¢, € R'\K, C R"\B,p.
By definition

q
- 2 __}\ _ 2
g,(2) = "2 me qnq(f— 2 g,«)e =0y,

where
z=(2y..-52,)t =(,...,t,) and (z — t)2 = (z; — t,-)z.
i=1

From the inequality
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2 2 L2 _nl,
le MG = g AP =22 e

and since |t| = r, > 0 for ¢ > p we obtain
, q>p

qg—1
—n/2yn/2 —
ng(Z )= A; /s‘uppcp (pq(f i? gl)

Thus for ¢ > p we have

=Az0 —(Rz/rpz)*(ZR/rp))dt

< _—n/2yn/2_—\,(r72)
1gq(z)l =7 Aq e ar Mq’

|
q suppe,

Since M, depends only on A, ... A
that

where

‘Pq(f_ (j% gi) ldt-

4—1» We can choose inductively the A, such

- 1
)\n/2e Aq/qM < =
q q q2

and this implies that
> A;/ze')“f"Mq < oo for any ¢ > 0.

Thus the series E,gd g,(z) converges uniformly on compact sets of C".
Let g(z) = 2, g;(z). Then using (1), (4), (5) and G, = 1, we have

+2umu

i>p

If — gl = Hf 20 &l

=% 8

5 [2!)5

b 2 ~
=2 4+ = _
s 5° §2
§6p.

COROLLARY. Let f € CK(R™), 0 = k < o0, e € C(R") and € positive. Then
there exists g € H(C") satisfying

|ID%(x) — D% (x)| < e(x) for all x € R" and |a| = k
Proor. Take n, = k in the theorem.

REMARKS. (1) The corollary would, of course, fail for k = +oo. The
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counterexample given by Hoischen [1] in one variable works also in several
variables. Take x, € R". There is a function f € C*(R") such that D°%{(x,) =
(a')? + 1. If there is g € H(C") satisfying |D%f(x) — D%(x)| < 1 for all
x € R" and all a, we get |[D°g(xy) | > |Df(xp)| — 1 = (a!)® and then

Da
Ly R IR
al

This implies that g cannot be representable as an absolutely convergent power
series in a neighbourhood of x,, and this is a contradiction.

(2) If f is real valued, in the theorem and the corollary, g can be chosen to
take real values on R”".
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