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Introduction

A necessary and sufficient condition for a homogeneous left invariant partial
differential operator P on a nilpotent Lie group G to be hypoelliptic is that n(P) be
injective in & for every nontrivial irreducible unitary representation = of G. This was
conjectured by Rockland in [18], where it was also proved in the case of the Heisenberg
group. The necessity of the condition in the general case was proved by Beals [2] and
the sufficiency by Helffer and Nourrigat [4]. In this paper we present a microlocal
version of this theorem when G is step two nilpotent. The operator may be homo-
geneous with respect to any family of dilations on G, not just the natural dilations. We
may also consider pseudodifferential operators as well as partial differential operators.

Throughout the paper G is assumed to be a connected, simply connected nilpotent
Lie group and is step two nilpotent unless otherwise stated. Let 4 be the Lie algebra of
G, let 9* be the dual of ¥ and 9*=%*—{0}. If Q is an open subset of G, a
pseudodifferential operator P on Q is said to be microhypoelliptic (or microlocally
hypoelliptic) at (g,&)eQx%* if (g,&)e WF(Pu) for every ueP'(Q) for which
(g,&)e WF(u). In this paper, for the most part, rather than considering the usual wave
front set, W F(u), we will consider a variant of the wave front set, WF 4(u), based on sets
which are conic with respect to some family 6={4,:r>0} of dilations on G, and the
corresponding notion of §-microhypoellipticity. On R" similar types of wave front have
been considered by Lascar [8] and Parenti and Rodino [15], among others. On a Lie
group the definitions need to be modified somewhat to take into account the action of
G on %*. Details are in Section 2.

Given {e@* let O, be the orbit of £ under the coadjoint action of G on ¥* and let =,
be the irreducible unitary representation corresponding to ¢ in the Kirillov theory. Let
&* be the set of ¢ %* for which dim @, is maximal. £* is an open dense subset of ¥*.
If § is a family of dilations on G, a subset I" of %* is said to be a d-cone if it is invariant
under 8. = %* is said to be G-invariant if it is invariant under the coadjoint action of
G on %*, ie if ' is a union of orbits. Let I', be the smallest G-invariant é-cone
containing £.

If P is a left invariant operator which is homogeneous with respect to the dilations 4,
then the injectivity of n/P) implies the injectivity of = (P) for all eI, One might
therefore expect that the injectivity of n/P) is related to é-microhypoellipticity on I',.
Rather than considering just I’ it is helpful to consider I';=(closure of I')—{0}. We
note (Proposition 3.2) that oI ,=I,—T',<[¥,%4]*, (for standard dilations oI',=Rg,
where R, is the radical of the bilinear form associated with &), and hence 7, is a one
dimensional representation for nedI'.. The following two theorems are the main results
of the paper. In both G is a step two group with a family of dilations 6.
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Theorem. Let P be a left invariant pseudodifferential operator on G which is
homogeneous with respect to 6. If P is d-microhypoelliptic at (e,n) for every neTl, then
ndP) is injective in & ,.

Theorem. Let P be a pseudodifferential operator on Q< G. Let PS be the principal part
of the invariant operator P, obtained by “freezing the coefficients” of P at g. Let " be an
open 8-conic subset of QxG*. If, for every (g,&) €T, m,(PY) is injective for all neT, then
P is d-microhypoelliptic on T.

The first theorem is proved in Section 3, the second is stated more precisely and
proved in Section 4. These results were announced in slightly less generality in [14].

The second result can be improved somewhat when the dilations are natural dilations
on G, ie. when ,x=r’x for xe[¥9,%] and 6,x=rx for x in some supplement 4, of
[¢,4]. In Corollary 4.5 it is shown that for natural dilations in order to prove é-
microhypoellipticity near (go, &) it is not necessary to assume injectivity of n(PY) for all
(2,¢) in a é-conic neighborhood of (g, {o), but simply to assume the injectivity of m,(Py )
for all nel',. This generalizes a result proved by Grigis [3] for operators of order 2.
Corollary 4.6 gives sufficient conditions for microhypoellipticity with respect to standard
conic sets.

At least for partial differential operators the parametrix construction of Melin [10]
shows that if P is left invariant and homogeneous on a nilpotent Lie group G (with no
restriction on the nilpotence step) and if n(P) is injective for all nontrivial irreducible
unitary representations n of G, then P is globally microhypoelliptic in the standard sense,
i.e. microhypoelliptic at (g, &) for all geG and ¢e%*. The parametrix construction in
[10] makes use of global a priori estimates proved by Helffer and Nourrigat [4] under
the assumption of the injectivity of n(P) for all nontrivial . In order to construct a
microlocal parametrix under the weaker hypotheses stated above, we use a different
method. The construction, which is a refinement of that used in [13], makes use of the
fact that the calculus for invariant operators on a step two group “fibres” over the
orbits and the orbit level calculus is the Weyl calculus {12]. This allows us to construct
the parametrix on the orbits individually in terms of the symbols of the inverses of the
operators 7(P).

1. Dilations and pseudodifferential operators

A family of dilations on ¢ is a continuous one parameter family §={4,:r>0} of
simultaneously diagonalizable automorphisms of ¢ with positive eigenvalues such that
4,0,=9,, for all r,s>0 and such that lim,_.,8,x=0 for all xe%. For each r define
5,:G—G by d,g=expd,logg and define 5,:4*—>%* to be the transpose of §,:4—-%.

If #={e,,...,e,} is a basis of eigenvectors for {5,:r>0}, then there are y;>0 such
that

6rej = r“iej‘ ( 1. 1)

Without loss of generality we may assume that minpu;=1. Let g=maxpy; It can be
easily shown (Lemma 1.2 of [11]) that there is a set S={e,,...,ey} of linearly
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independent eigenvectors for {d,.r>0} which generate ¥ and such that %,=spanS§
intersects ¥,=[%,¥] trivially. Let {ey,,,...,e,} be a basis for ¥, chosen so that each
e, k>N, is a multiple of [e,e;] for some i<j<N. Since {5,:r>0} is a family of
automorphisms, each e, k>N, is also an eigenvector for §,. If the numbers 7} are
defined by

[es ej] =2 Y?j € (1.2)

and if the numbers u; are defined by (1.1), then
75#0 implies p;+p;=p,. (1.3)
For xe % let |x| =(x3+--+x2)?, where (x,,...,x,) are the coordinates of x with respect

to the basis {e,,...,e,}. By replacing each ¢,, N <k<n, by ce, for sufficiently large c we
may assume that

|[x, y1|<|x||y, forall x and yin . (1.9)

We fix a basis #={e,,...,e,} for ¥ having the properties just described. Coordinates
and norms on ¥ and G* will always be with respect to this basis or its dual {ef},...,e}}.
If o is a multi-index, let pa=) pa;.

For (e %*—{0}, define [¢] by [E]=r if |6,"t§|= 1. Note that in terms of the chosen
coordinate system

[~ [E)". (1.5)
Let y:%*—R be a smooth function such that y(&)~[£]+1.

Definition. Let 6 be a family of dilations on % and let meR. S™(%*,6) is the set of
pe C®(%*) such that for every multi-index « there is a C, such that

|D*p(&)| < Cox(&)™* (1.6)
for all £e%*. If Q is an open subset of G,S$™(Q x ¥*,J) is the set of pe C*(Q x ¥*) such
that for every compact K<Q, =logQ and all multi-indices « and B there is a C,gx such
that

|D2D3p(exp x, &)| £ Copx(§)™~*2, for all (x,£)e K x 9*.

If pe S™(9*, ), define the left invariant operator P=Op(p) by
Pu=uxF['p, ue(G), 1.7

where * denotes convolution on G and Fylp=F"!polog, F:¥%%)-S*%*) the
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Euclidean Fourier transform. If pe S™(Q x ¥* ) define
P=0p(p): 2(Q)—&(Q) by

Pu(g) =Op(p,)u(g),

where p (&) =p(g,¢) and Op(p,) is defined by (1.7).

Note that if pe C*°(%*) is homogeneous of degree m with respect to & for large &, ie.
p(8,&)=r"p(¢) for || = C, then pe S™(%*,9).

There are two asymptotic expansions which are important in the parametrix
construction given in Section 4. The first is for the symbol p t] q=F(F{'p*F{'q) of a
product Op(p) Op(q) where pe S™(%9*,9), g S™(%*, ). Given (e ¥* let f'=f|92 and let

(&) =15z4¢| (1.8)

Following Melin [9], given meR and k>0 we define S™%*,5) to be the set of
pe C*®(%*) such that

|D*p(&)| < C (g™ kIO gym=re, e, (1.9)

Define the higher order brackets {p,q}; as in [12]. The following theorem can be proved
using the Weyl Calculus of Hérmander [6] as in [12].

Theorem 1.1. Let pe S™ % (%*,6), qe S">*¥(¥*,). For any integer J 20,
pOg= T G2 bk
J<

+ +
where rye S™ Tmrkitiatlgx 5)

The second asymptotic expansion, due to Michael Taylor [19], is for the symbol p#gqg
of the product Op(p) Op(q) where pe S™(Q x 9*,6), qe SK(Q x %*,9). If « is a multi-index
let t(&)=¢&% & being defined in terms of the chosen coordinate system, and let
T*=0p(t,). If peS™(Q x ¥*,6), let T;p refer to the function obtained by applying T* to
p as a function on Q as ¢ is held fixed. Define p 0 q(g, &) =(p, (] 4,)(%).

Theorem 1.2 ([19]). Let peS™Q x %*,9), qe SHQ x ¥*,8) with Op(q) properly sup-
ported. Then

p#a= 3, (ahDip 0 Tig+r;

where r; e S™ ¥ H(Q x 4%, 5).

Let £€%*, let ¥ be a subspace of ¢ maximally subordinate to ¢, V a supplement to
7 in &, and let n=mn,, p be the irreducible unitary representation of G on L%(V) as
defined in [4] or [13]. Let @, be the orbit of the coadjoint action corresponding to n in
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the Kirillov theory. Let ¥, be the symplectomorphism from V x V* onto @, defined in
(12]. (¥, will sometimes be denoted ;). If pe S™(¥*,6) and P=Op(p), define n(P) to be
the pseudodifferential operator on V' with Weyl symbol p, where

Pr=poY, (1.10)

It was shown in [12] that (a) n(PQ)=n(P)n(Q); (b) n(P) agrees with the usual definition
of n{P) when P is an invariant differential operator and (c) if pe #(%*) then

a(P)=n(F,p). (1.11)

Given £ e %% let d=d({) be the rank of the bilinear from B/(x,y)=<{,[x,y]> on ¥ x¥.
As shown in [4] and [11], the irreducible unitary representations of G can be
parametrized by (e %% and peR¥"2¢, N=dim%,: Every irreducible unitary represen-
tation of ¢ is equivalent to exactly one of the representations =, as defined in [11].
Given a family of dilations it is convenient to replace m,; for {#0 by =, o4, where
r=[¢] and {,=4, !¢, for we then have

o P)=[{]"n, (P) (1.12)

if P is homogeneous with respect to 6. We will let p,,=p, and 0,,= 0, where n=mn,,.

2. Microlocal analysis on G

If keR and geG, define kgeG by kg=exp(klogg). For aeG, define 1*:G-G
by A%g=a"g. We identify the tangent bundle TG with G x 4. If G is step two nilpotent,
then for any a and b in G, (dA%),=Ad(—3a):49—-%. If $: M—>N is a diffeomorphism let
¢, denote the naturally induced map ¢,: T*M—T*N. Since G is step two nilpotent,
if ae G, ge G and £e%*, then

28, O)=(a"'g,(Ad}a)*?),

since (Ad —4a) "' =Adia.

Let 9*=9*—{0}. Let {6,:r>0} be a family of dilations on ¥. A subset I" of ¥* is
called a d-cone if £€T implies §,£ €T for all r>0. If T is a J-cone, then I" will denote
(closure T')-{0}. The notation I'; = =T, for 5-cones means I', <T',.

Definition. A set <G x %* is é-conic if for every ge G, {(Ad4g)*¢:(g,&)eT} is a o-
cone. In other words, I' is d-conic if and only if for all geG, A4(I,) is a é-cone in
T*G=%*, where I, is the fibre of I' over g.

Note that if <G x ¢* is d-conic and ae G, then AT is also é-conic. It should also
be noted that if T<%* is a 6-cone and aeG, then (Ada)*I is not usually a J-cone—
even in the case of the natural dilations on the Heisenberg group. That is why we did
not define a set ' =G x ¢* to be é-conic if I, is a -cone for every g.

If ocG and "= %* is a é-cone, let w*I" ={(g, &):gew and (Adig)*¢el}. If geG, let
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g*"={&:(Adig)*¢eI}. Note that if =G x 9* is an open d-conic set and (go,&o) €T,
then there is an open neighborhood w of g, and an open d-cone I’ containing
(Adigo)*&, such that w*I" <T. Let F u=F(ucexp) where F is the Fourier transform.

Definition. Let Q be an open subset of G, let pr,:Q x 9*—»%* be the projection and
let ue 2'(Q). Define WF ,(u) cQ x %* by (a,n7) ¢ W F,(u) if there is a 6-conic neighborhood I
of (a,n) and a peC2(), ¢=1 in some neighborhood of a, such that F,(¢u) is rapidly
decreasing in pr,I, ie. for every N

IF1(¢u)(é)I§CN(1+|§|)-N, for Eepr,l.

Definition. Let pe S™(Q x %*,8). P=0p(p) is said to be regularizing on an open é-
conic set I if given (a,n)eT, there is a ¢ as in the preceding definition and an open J-
cone I with nea*I” =T, such that

|DzDZEd(exp x)plexp x, )| < Copnl(1 +[E) ™"

for all £eI”. The complement of the union of all é-conic open sets on which P is
regularizing is denoted microsuppy(P).

If P is left invariant we sometimes refer to {&:(e, &) emicrosupps(P)} = 9* as simply
microsupps(P).

Definition. Let Pe OpS™(Q x %*,0). Let T be a §-conic subset of Q x %*. P is said to
be J-microhypoelliptic on T’ if WFunT cWF (PuynT for every ue2'(Q). Let
(g,£)eQ x %*. P is said to be §-microhypoelliptic at (g, &) if it is -microhypoelliptic on
the smallest J-conic set containing (g, £). P is said to be d-microhypoelliptic near (g, ¢) if
it is d-microhypoelliptic on a é-conic neighborhood of (g, £).

If aeG and PeOp S™(1°Q x ¥*,) define P*eOp S™(Qx ¥*,8) by Pu=P(uci* ") A%
Then P?=Op(p) where p*(g, §)=p(1°g, {).

Proposition 2.1. Let ae G,ue 2'(Q) and P e OpS™(A°Q x ¥*,5). Then
(@) AQWPF(uoA?)=WFyu);
(b) A microsupp,(P?) = microsupps(P);

(¢) For any d-conic set T, P* is &-microhypoelliptic on T if and only if P is -
microhypoelliptic on A T.

Proof. Since
Fy(uo 2% (&)= e *¢"82F u(Ad}a*¢) (2.1)

it follows that F (¢uo- 1% is rapidly decreasing in pr,I" if and only if F,(¢u) is rapidly
decreasing in pr,A3I. This implies (a). The proof of (b) is trivial and (c) follows from (a).

Corollary 2.2. If PeOpS™(%*,5) and P is d-microhypoelliptic at (near) (e, ¢) for all
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Ee @, where O c%* is some orbit, then P is 5-microhypoelliptic at (near) (g, £) for all géG
and all £€0.

Corollary 2.3. If PeOpS™(%*,0) is d-microhypoelliptic at (near) (g, &) for all geG,
then P is 6-microhypoelliptic at (near) (g,n) for all ge G and all ne O,

Proposition 2.4. Let Q be an open subset of G and " an open 8-conic subset of Q x 4*.
Let P;e OpS™(Qx%*,0) for j=1,2, with P, and P, either both properly supported or
both left invariant. If microsupp; P, nmicrosupp; P,nI'=¢, then P,P, is regularizing
onT.

Proof. First consider the case when P, and P, are left invariant. Then I' and

microsupp P; may be regarded as é-cones in ¥*. Let p; be the symbol of P, If
p;€ L(%%), then

Py pa =[] €7 py(Opaln +addx*n) dx de
=11 €7 Ppi(n—adix*nmpy() dxdt. 22
We shall show that there exist Cy such that
(o, O p)m|SC1+[n|™™) for all neT, 3)

where Cy=||p,||||p2|| for appropriate seminorms on S™(%*,9).

For j=1,2 there exist open d-cones I';, I, I'j and a ¢>0 such that microsupp; P;<T},

microsupp; P;nIM=¢, [;ul=9* I'ul’=T and if ¢el;, nel’], then [{—n]2c[n].
If neI'] we apply integration by parts to the first formula in (2.2) to obtain

Py O pa(m) = [ [ €785 Cxy = 2M(1 — AYM(p,(£)<n— &)~ M),
(I — A)Mpy(n +adx*n) dx d¢ (2.4)

for all M >0, where (x)=(1+|x|*)"2. For sufficiently large M, (2.4) is valid for all
p;€S™(%*,9), j=1,2. Note that {n+ad x*n) <C{x)>{n). Hence if M is sufficiently large

|ps t] Po(m)| S C<M™I fI(1 = A™(py(§)<m — &>~ 2M)|d¢ 25)

for neI']. We estimate this integral over I'; and I'| separately. Since P, is regularizing
on I', it follows from Peetre’s inequality that

11 (7 =AM (py(O)<n— &>~ 2M)|dE < CppCmd ™ M.

If el then {n—E>2c(1+[n—ED2e(1+[n]) Zc<n>', and

(1= B)M(py(O<n—E> 2M)| S Copgxmy™ (n — g 7 2M +iml, (2.6)
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Thus

rj' (1= A)M(p1(Q)<n— &> 2M)|dE S CppCmpPImi*ns 1 = 2MlE

if M is sufficiently large. Since I'y U, =%*, (2.3) is verified for neI;. To prove (2.3) for
nel; apply a similar argument using the second formula in (2.2). By using (4.1) below,
it follows that

|D(py p)m| S Can1 +[0] ™™ for neT,

which proves the proposition when P, and P, are left invariant.

For general P, and P, the preceding argument shows that for every
o, Op(D%p, |'_‘_] T;p,) is regularizing on I'. By Theorem 1.2 P, P, is regularizing on I if P,
and P, are properly supported.

Propositions 2.5 and 2.6 now follow by standard arguments.

Proposition 2.5. Let Q be an open subset of G, ue 2'(Q). Then (a,n)¢ WF4u) if and
only if there is a 5-conic neighborhood T" of (a,n) such that Pue C*(Q) for every properly
supported P e Op S™(Q x 4*,6) for which microsupps P<T.

Proposition 2.6, If Qe Op S™(Q x ¥*,9) and ue 2'(Q), then

W F §(Qu) = WF (u) nmicrosupp,Q.

3. A necessary condition for é-microhypoellipticity

If ée$*=9*—{0}, let I, be the smallest G-invariant é-cone containing ¢. Let T',=
(closure of I')~—{0}, and dI',=T,—TI,. Later in this section an algebraic description
of oI'; will be given, but our primary concern is the following necessary condition for J-
microhypoellipticity on I',.

Theorem 3.1. Let G be a step two nilpotent Lie group with a family of dilations 8. Let
pe C®(%9*) be homogeneous of degree m with respect to 6 for large . Let (Ee%9*. If
P=0p(p) is 6-microhypoelliptic at (e,n) for every neT,, then n/{P) is injective in .9’,,4,.

Proof. Suppose there is a ve ¥, v#0, such that n(P)v=0, where n=n, Define the
function u(g)=(n(g)v,v) where (,) denotes the L? inner product. For all r>0 let

u,=u-d, m,=nod, and let @, be the orbit corresponding to x,. Then u,(g) =(xn(g)v,v) for
all r>0. If pe £(%*), then

Pu,(g)=u, F{ 'p(g)
= [ (&) (h)F ,(p)(R)o(t)u(t) dh dt

=(n(P)v,m(g~")v)
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by (1.11). By an approximation argument Pu/(g)=(rn(P)v,n (g ')v) for all pe S™(¥*,4).
By redefining p on a set with compact support we may assume that p(J,7)=r"p(n) for
all ne0®; and all r=1. It follows that mn(P)=r"n(P) for all r=1. Therefore Pu,=0
forall r21.

Let ', > oI, > o... be a sequence of open d-cones containing I', such that nI';=T,
and let {¢;} be a sequence of functions in C3(G) such that eesupp ¢;,, = <supp ¢; and
®;20. Let CYG) denote the space of continuous bounded functions on G with the
supremum norm. Let R;={ue C)(G): F(u¢,) is rapidly decreasing on I';}. R; is a Frechet
space with the seminorms

orft) =sup {Km*|Fy(¢u)(m)|:ne T},

together with the CJ(G) norm. It follows from the proof of Lemma 8.1.1 of [5] that
R;cR;,, and that the inclusion is continuous. Thus R(I')=uUR; can be given the
corresponding LF topology.

Since P is d-microhypoelliptic at (e, n) for every point of I', and since {nel;:[n]=1}
is compact, it follows that {ue Cy(G): Pu=0} = R(T',). The closed graph theorem implies
that the inclusion is continuous. The set {u,:r=1} is a bounded subset of {ueC)(G):
Pu=0} and hence is a bounded subset of R(I';). Thus there is a j such that {u,:r>1}
is contained and bounded in R;. Let ¢ =¢;. Then for every k>0, there is a C, such that

|F(¢u)(m)| < Cikn)~* (3.1

for all nel', and all r2 1.
Given ne %* define e, e C*(G) by e,(exp x) =e~"*. Note that

F(¢u)(n) =(f e™ "™ d(exp x)m,(exp x)v dx, v) =(m (e, $)v, v).

By (1.11), if ¢eCF(G), then n(¢) is a pseudodifferential operator on R? with Weyl
symbol Fi (@) .. Since F{ '(e,)(()=F '¢({~n),

§ (e, d),0)dn= | [ &“™TF 7 (Yot +5)/2,7) —nols)o(t) dn dsdt dr.

0- RO,

For fixed t,s and z, as n varies over O,V ((t+5)/2,7)—n varies over T@,, the linear
space parallel to @,. Thus by the Plancherel Theorem

of(ﬂ(e,ﬁb)v, v) drl=||v|l21£ F{'¢(n) dn,

where ||v]| is the L? norm of v. Assuming that the value of ¢(exp x) depends only on |x|,
Lemma 3.3 below implies

[ Fi'o(mdn= [ élexpx)dx=c
e, R0

where ¢>0 is independent of r, since the subspaces R(4,£) have the same dimension for
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all r>0. Thus j'@'F 1{(¢u,)(n) dn=c is independent of r and positive. But by (3.1),

L! F(¢u,)(n)dn écéf ()~*dn—-0 as r—oo,

if k is sufficiently large. This contradiction implies that n/P) is injective in &,.

We now give a more explicit description of dI';. Let R(&)={xe¥,: (¢, [x,y]>=0 for
all ye @}. Let 2d(¢) be the codimension of R(¢) in %,. If § is a family of dilations, then
d(8,8)=d(¢) for all r>0. For fixed £ e%*, the map ¢:r—R(,¢) is an algebraic function
from (0, o0) into the Grassmann manifold GR,/%,) of subspaces of 4, of codimension
2d=2d(£). Since GR,(%,) is compact and ¢ is an algebraic function of one variable,
¢ extends to a continuous function ¢:[0,00)—+GR,[(%,). Let Ry (&)=

#(0), i.e. Ro(§)=lim,_.o R(,5).

Proposition 3.2. Let G be a step two nilpotent Lie group with a family of dilations 4. If
EeD*, then OF ;=Ro(&)* —{0}. In particular, T ;= %%.

Lemma 3.3. Define ¢ 9, —%% by ¢ x)=adx*{. Let V<9, be a subspace such that
V@ R(&)=%,. Then ¢, is a bijection of V onto R(&)*. Consequently the linear space TU,
parallel to 0, is R(&)*.

Proof. Clearly, the range of ¢, is contained in R(&*xV* Also ¢, is injective,
therefore by a dimension argument the range of ¢, equals R(£)*. The last statement
follows from the observations that TO,={adx*¢:xe%,}.

Proof of Proposition 3.2. Write £=n+{, where ne%t and (%% If {=0, then
0Ty = ¢ =R(&)* — {0}, so we may assume {#0.
Suppose ;eI and lim §;=¢,. Then

§j=6,.€+5,,adx}"§=6,n+5,,ad xF{+6, L,

where 9, 1+, adx*C €%¥ and 6, Ceg"‘ Since J, { converges, r; must converge to r,20.
Suppose roaéO Then o, adx*C—»n € %%, and hence adx}{= adx*é—»é ln' Let V and ¢,
be as in Lemma 3.3. Since adx*éeR(é,‘)* we may assume that x;e V. Smce ¢, is a linear
bijection, the convergence of ¢x;) implies that x;—»xoeV. Thus {,=4, ¢+
d,,adx§&el,. Hence if {,€0dl;, then ro=0. We may also write £;=9, f+adyj‘(6 £),
where ad y¥(é, é)eR(é Ot If &,edly, then r;—»0, and hence R(4, 5)—>Ro(é) Since
3, £-0, it follows that ¢ e Ry

Conversely, if 7' eRy(&), 7' #0, choose n,e R(5,£)* such that ,—»n" as r—0. Then
8,6 +n,€0; =Ty Hence 0 eT,. Since ¥t nI,=¢, n'edl,.

Definition. If G is a step two nilpotent Lie group a family of dilations {d,:r>0} is
called natural if 5,x=r?x for all xe¥%, and éx=rx for all xe¥,.

Corollary 34. If G is a step two nilpotent group with natural dilations, or more
generally, if p;=j for all j>N=dim¥,, then 0T ;= R(&)*—{0}.
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Proof. Let C=é|gz. If y;=j for all j> N, then 6,{=r"{, and R(4,£)=R(¢) for all r>0.
Hence Ro(£)=R(¢).

Note that for any family of dilations, given ¢ such that §’=§|,27é0, there is a unique
s>0 such that &"=lim,_,r %6, exists and is non-zero. In fact s=min {y;: j>N and
&;#0}. Since R(r~%6,£') =R(8,£"), Ro(£) = R(¢") in all cases. If d(£") = d(£), then Ry(&) = R(&")
and oI = R(¢")t —{0}.

Let G satisfy the condition d(&)=d(¥%) for all £¢ %%, ie. §*=%*\%*. Such groups
were said to be typed H in [13]. Then Ry(£)=R(£”) as in the preceding paragraph. One
might expect that Ry(¢) would depend continuously on £e%* in such a case. However,
there are examples of dilations on the free step two nilpotent group on three generators
(a six dimensional group of type H), where Ry(¢) does not depend continuously on

Eed*.

4. A sufficient condition for microhypoellipticity

Let pe S™(Q x %*, ), where Q is an open subset of G. If p can be written in the form
p=p°+p! where p'eS™%(Q x ¥*,6) for some ¢>0 and p° is homogeneous of degree m
with respect to ¢ in the ¢ variables, for large &, then p° is called the principal symbol
of p.

Theorem 4.1. Let G be a step two nilpotent Lie group with dilations 6. Let Q be an
open subset of G and let peS™(Q x %*,8) have principal symbol p°. Let P=Op(p) and
PS=0p(p?) for geQ. Let T be an open 5-conic subset of Q@ x Z*. Assume that there is a
C such that if (g,&)eT and [E]2 C, then the following holds: ndPY) is injective on .9’,,{ and
n,(P))#0 for all nedl', [n]2 C. Then P is 6-microhypoelliptic on T

Proof. The theorem will be proved first under the assumption that pe S™(%*,9), ie.
that P is left invariant. In that case, by Corollary 2.2 we need only consider
microhypoellipticity over the identity element e of G and may consider I' to be a
subset of ¥* Let &,el and let ', be an open J-cone containing &, I'y<T. Let
I'=u{0. ¢l }. Define h(¢) by (1.8).

Lemma 4.2. If pe S™(¥%*,0) satisfies the hypotheses of Theorem 4.1 then there exist C
and ¢>0 such that |p(&)| 2 cx(&)™ for all €T such that [£]12C and W) <c.

Proof. Since p°(n)#0 for nedl’y, L€'y, n large, there exist C, and c, >0 such that if
¢el”, [£]=C, and [¢'|Zc,, then |p°(&)|2c,. As before, &' =¢|y,. There is a C, such that
|6¢,E| S C,|¢] for all £e%*. Let c=c,/max {C,,C7}. Given £eT such that [¢]=C; and
h€) S c,letr=Ci '[£]and & =5, &. Then [£,] = C, and [£5] < Ca|65/&| = C;h(§) < c,. Thus
[P%(&)=r"|p°%(&o)| 2 cx(£). The lemma follows by choosing C large enough that
X&) PN | sc/2 if [E]2C.

A special type of cut-off function, as described in the next lemma, will be needed in
dealing with open G-invariant §-cones I', =I'; €&*. Note that for such I', and ', #0 it
is impossible to have I', =T, since ', n¥* # ¢ by Proposition 3.2.
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Definition. Given a G-invariant §-cone I'c@*, let il'={(p,()eR¥"**x¥%:0,,cT
and [{]=1}, 0, defined as at the end of Section 1. If I'; and I, are open G-invariant -
cones such that I'ycI'; «%* and (il’;)” is a compact subset of iI';, then we write
I',<T', properly.

Definition. S3(%*,0) is the set of functions p for which estimate (1.6) is required
only for derivatives in directions parallel to the orbits of the coadjoint action (see [12]).
S5(%*,0) is the set of p such that D*pe S§y(%4*,9) for all a such that &' =(ay,4,...,a,)=0.
If I' is an open subset of ¥*, S™(T, §) is the set of pe C*(I") such that p has an extension
in SM(%*,§) for some M and such that (1.6) holds for éeT.

Lemma 4.3. Let I', and T, be open G-invariant 5-cones such that T, =@* and T, <T,
properly. Given ¢, >c, =0, there is a ¢ € SY(%*,8) such that suppp<T,, p(&)=1if (€T,
and [{)2cy, (O)=01if [{]1=c,.

Proof. If I is a G-invariant -cone and 0, <T, then 0, ,,<T for all r>0. Thus one
can find a function ¢, C*(RY ™24 x ¢%) such that ¢y(p,{)=0 if 0, AT, =9, ¢o(p,)=0
if [(1=¢;, @olp,)=1if O,,=T; and[{J2c¢y, @olp,d,0)=0o(p,0) if [[12¢, and r21 and
|D20o(p, )| SC, on R¥"2x %% Define peC¥(%*) so that ¢(&)=go(p,{) if n,=m,,
o(&)=0if £¢T,. Since ¢ is constant on orbits it follows that ¢ € S3(%*,J).

Note that if eI’y €%* with I'; an open G-invariant §-cone, then there is an open G-
invariant d-cone I', such that £e, and I', =", properly. To simplify notation we will,
without specific mention, occasionally replace the G-invariant d-cone I, chosen before
Lemma 4.2, by a properly contained G-invariant d-cone, also written I", still containing
¢o. If ¢>0, then I',={£el":[¢]>c}. The constant ¢ may also change from statement to
statement.

Lemma 4.4. If peS™(%*,0) satisfies the hypotheses of Theorem 4.1, then there exist
be Sod(%*,6) and ¢ >0 such that b |:|p—1 and p I:] b—1 are in ST, 5) for all k.

Proof. Let ¢ and C be as in Lemma 4.2 and ¢ as in Lemma 4.3. Let Fe C®(R)
satisfy F(r)=1 if r=2 and F(r)=0 if r < 1. Define by(&) = @(E)F(C ™ [E])F(ch(&)™ Y)p(&) L.
Then byeS™"(%*,8) and 1—(b, D p) € 53,' (I, 8) by Theorem 1.1. The desired symbol
b is now constructed by the standard parametrix method.

Returning to the proof of Theorem 4.1, the injectivity of n{P°) on &(R% implies, by
Theorem 7.7 of [1], that n/P°) has an inverse which is a pseudodifferential operator.
There is a ¢>0 such that if [{]>c, £€I”, then n(P) also has an inverse which is a
pseudodifferential operator, the Weyl symbol of which we denote by g,. Define g on I,
by q|0¢=q¢o¢{ !, where YgR*xR‘>0, is the symplectomorphism described in
Section 1. Using Lemma 4.4 it follows by arguments given in [13] that ge Syog"(I',, d).
Replace g by ¢q for ¢ as in Lemma 4.3. Then g€ S58(%9*,0) and ¢ [:]p=l onTv

In order to obtain estimates for derivatives transverse the orbits we will look at
difference quotients. Given te%* and pe S§y(%*,0), define p(&)=p(E+1). If 1€ ¥4}, then
(pt]q),=p,[:] q.. For general t© and for peS3(%*,5), g€ S5(¥*,6) we use formula (2.2)
and Taylor’s Theorem to find that

(e Oa.=r.04.+2)"*BI(p.q)+R(p.9) 4.1)
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where
BB(p,q)(&)=i[ e~ ¢"(ad y*1) - Vp(¢ +Lad y*E) q(m) dy dn

and where lim,_o|t|”*R{(p,q)=0 uniformly on compact subsets of ¥*. By (1.2) the jth
component of ad y*t is ). ¥f;7,y;, and consequently by (2.2)

BR(p,9) =Y hudpda. (42)

Given £ €T, there is a t;>0 such that if 7=te, where ¢f is one of the chosen basis
vectors for ¥* and |t| <t,, then

eOa®=p0a0=1.

If kN=dim¥,, then

p D(q,—q)= —(p.—p) t]q,-

Without loss of generality we may assume that n/Q) is a two sided inverse for n{P), for
if not P can be multiplied on the left by its adjoint. Therefore, ¢, —q= —¢q [j (r.—p) D q.
and hence Dyg=—q ] Dy g€ S5~ *(I', 6). Proceeding by induction on |af, we find
that D*qeSqd" #*(I'., 0) for all « such that &' =0. Multiplying g by a cut-off function as
in Lemma 4.3 we may also assume that ge S5 ™(%9*,9).

Similarly, for k> N we use (4.1) to find that D,q(&) exists for £eI", and

Dy=—q0 D Qq+4g 5 BR(p,9), 4.3)

where B,Fl =B,t| for 1=e¥. By (1.3), (4.2) and (4.3) we find that
D)< Cr(&) ™™™, CelL.

By an inductive argument ge S~ ™(I",, ). Multiplying g by a cut-off function ¢ € S°(¢*,4)
which is 1 on a d-cone containing &,, the proof of Theorem 4.1 for left invariant P now
follows from Propositions 2.4 and 2.6.

Turning to the proof of the theorem for non-invariant P, let (g,, ;)€ ’. As noted in
Section 2 there is a neighborhood w, of g, and an open J-cone I'; containing
&, =Ad4g8é, such that wil <T. If nel’; and gew,, then n=Ad4g*¢e O, for some
¢ such that (g,&)el’ and therefore m(PO)=n/PJ) is injective andn(PJ)#0 for all
fnedl’,=0dl,, [7]12C. The theorem having been proved in the invariant case, for each
gew, there is a ¢ such that g9 t“’a=l for all nel', such that [#]=C. Define
4°(g, &)= p(g)q2(¢) where p € CP(w,), ¢ =1 on a neighborhood w, of go. Let r=1—4° D p.
Then q°e S ™(Q x ¥*,68) and re S~ ¥(w, xI,,0) for all M, the appropriate estimates for
derivatives along G being established by the same methods as above. For positive
integers k define

7= _o<§i§k(a!)_la§qk_lal D'T;p tl q°
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and chooses ge S~ ™(Q x ¥*,8) such that g~) 2, 4" Using Theorem 1.2 it follows by
standard arguments that q#p—1eS Mw,xI,8) for all M. Thus P is §&-
microhypoelliptic in a neighborhood of (g, &,).

Corollary 4.5. Let 6={0,:r>0} be natural dilations on a step two nilpotent Lie group
G, ie 6,x=r’x for x€%,, 6,x=rx for x€¥,. Let pe S™(Q x %*,5) have principal symbol
p°. Let (20,80)eQxF*. If . (Pg) is injective and m(Pg)+0 for all neRE, such that
[n1=C, then P is §-microhypoelliptic in a 6-conic neighborhood of (g4, o).

Proof. For £e@* let y,=xoy, ¥, as is Section 1, and let H7(R be the Sobolev
space as defined in [1] corresponding to the weight functions ®=y,, ¢ =1 and order
mlogy,. If ¢ is near {,, then y.~y. and hence Hy=Hy. By using the Mean Value
Theorem and a simple perturbation argument one sees that there is a neighborhood U
of (go,&o) such that nPQ):HF(RY)—L*RY is injective for all (g,¢)eU. Furthermore,
since the subspace R, depends continuously on ¢ for Ee@*, there is a neighborhood U
of (go,&) such that =, (PJ)#0 for all (g,¢)eU, neRg, [n]=C. Hence the corollary
follows from Theorem 4.1 and Corollary 3.4.

The proof of the corollary breaks down for arbitrary dilations since x, is not
necessarily equivalent to ., for £ near &,. Furthermore, OI'; does not necessarily depend
continuously on ¢ € 9*, as mentioned at the end of Section 3.

The next corollary gives a sufficient condition for microhypoellipticity in the standard
sense. For simplicity the result will be stated for left invariant operators only. A subset
Ac%* is a cone if €A implies rée A for all r>0. Define the standard wave front set
WF(u) of a distribution as in [5] or [20] and define microhypoellipticity analogously. If
PeOpS™(@*,6) and n(P°) is injective for all £e A, then m,(P°) is automatically injective
for all n in the smallest G-invariant d-cone I'" containing A. In order to apply the
parametrix construction of Theorem 4.1 we will need to assume injectivity on a d-cone
I" containing I"” properly.

Corollary 4.6. Let pe S™(%*,8) have principal symbol p°. Let T e %* be a G-invariant
3-cone such that for (€T and all nel, n,(P°) is injective. Let A be an open standard
cone such that AST' where I'' is a G-invariant d-cone with T'<T properly. Then P is
microhypoelliptic on A.

Proof. By the construction in the proof of Theorem 4.1 we obtain
qgeS™™I¢, 8) NSy ™(%*,0) with q[qp=1 on I'c. There is a C, such that if (e A and
|Ef=C,, then [¢]=C. Given £yeA there is a function @eC®(%*) and a conic
neighborhood A; of ¢, such that ¢(§=1 if £eA, and |£|22C,, suppocTy,
o(ré) =& if |§|g2C1 and r=1. Let ¢'=¢q. Then Q'eOpS, T_, with p=1/4, and
Q'P—1 is regularizing on A,. Since QeOpS, T, it follows from Theorem VI.1.6 of
[20] that W F(Q'Pu) < WF(Pu). Thus P is microhypoelliptic on A.

As a simple example, let ¥ be the Heisenberg algebra with basis vectors satisfying
(epejrnl=€3q4y if jS<n Let A=T"=T={{:&,,,,>0}. Let §,=(0,...,0,1). If n, (P°) is
injective and n,(PY) #0 for all ne %%, then P is microhypoelliptic on A. For example, if
p(E) =&+ + &2, +&anr 0, then Op(p) is microhypoelliptic on A, but is not hypoelliptic
on G.

https://doi.org/10.1017/50013091500006544 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006544

MICROLOCAL REGULARITY 39

REFERENCES

1. R. BeaLs, A general calculus of pseudodifferential operators, Duke Math J. 42 (1975), 1-42.

2. R. BeaLs, Operateurs invariants hypoelliptiques sur un groupe de Lie nilpotent (Seminaire
Goulaouic-Schwartz, 1976-77, exposé 19), 1-8.

3. A. Griars, Propagation des singularités sur des groupes de Lie nilpotents de rang 2. II, Ann.
Sci. Ecole Norm. Sup. 15 (1982), 161-171.

4. B. Herrrer and J. NourriGat, Caractérization des opérateurs hypoelliptiques homogénes
invariants a gauche sur un groupe de Lie nilpotent gradué, Comm. Partial Differential Equations 4,
(1979), 899-958.

5. L. HOormaNDER, The Analysis of Linear Partial Differential Operators 1 (Springer-Verlag,
Berlin and New York, 1983).

6. L. HorMANDER, The Weyl calculus of pseudo-differential operators, Comm. Pure Appl. Math.
32 (1979), 359-443.

7. A. KiriLLov, Unitary representations of nilpotent Lie groups, Uspekhi Mat. Nauk 17 (1962),
no. 4 (106), 57-110; Russian Math. Surveys 17 (1962), 53-104.

8. R. Lascar, Propagation des singularités des solutions d’equations pseudo-differentielles
quasihomogenes, Ann. Inst. Fourier (Grenoble) 27 (1977), 79-153.

9. A. MELN, Parametrix constructions for some classes of right-invariant differential operators
on the Heisenberg group, Comm. Partial Differential Equations 6 (1981), 1363-1405.

10. A. MELIN, Parametrix Constructions for Right-Invariant Differential Operators on Nilpotent
Groups, Ann. Global Anal. Geom. 1 (1983), 79-130.

11. K. MiLLer, Parametrices for hypoelliptic operators on step two nilpotent Lie groups, Comm.
Partial Differential Equations § (1980), 1153-1184.

12. K. MiLLer, Invariant pseudodifferential operators on two step nilpotent Lie groups,
Michigan Math. J. 29 (1982), 315-328; II, Michigan Math. J. 33 (1986), 395401.

13. K. MiLLer, Inverses and parametrices for right-invariant pseudodifferential operators on
two-step nilpotent Lie groups, Trans. Amer. Math. Soc. 280 (1983), 721-736.

14. K. MiLer, Microhypoellipticity on step two nilpotent Lie groups, Contemp. Math. 27
(1984), 231-235.

15. C. Parenti and L. Ropino, Parametrices for a class of pseudo differential operators I, II,
Ann. Mat. Pura Appl. 125 (1980), 221-278.

16. C. Parenti and L. RobiNo, Examples of hypoelliptic operators which are not microhypoelliptic,
Boll. Un. Mat. Ital. B17 (1980), 390-409.

17. D. PHonG and E. SteiN, Some further classes of pseudodifferential operators and singular-
integral operators arising in boundary-value problems I: Composition of operators, Amer. J. Math
104 (1982), 141-172.

18. C. Rockranp, Hypoellipticity on the Heisenberg group: representation-theoretic criteria,
Trans. Amer. Math. Soc. 240 (1978), 1-52.

19. M. Tavior, Noncommutative microlocal analysis Part I, Mem. Amer. Math. Soc. 313 (1984).

20. M. TavLor, Pseudodifferential Operators (Princeton University Press, Princeton, 1981).

WicHITA STATE UNIVERSITY
WicHita, KS 67208

https://doi.org/10.1017/50013091500006544 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500006544

