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ON THE DUNFORD-PETTIS PROPERTY IN SPACES OF
VECTOR-VALUED BOUNDED FUNCTIONS

MANUEL D. CONTRERAS AND SANTIAGO DIAZ

We show that £°°(ji, X) has the Dunford-Pettis property for some classical Banach
spaces including Ll(/i), C(K), the disc algebra A and H*".

A Banach space X is said to have the Dunford-Pettis property if every weakly
compact operator from X into an arbitrary Banach space is completely continuous, or
equivalently, if given sequences (xn) in X and (x^) in X*, both weakly convergent
to zero, then (x^,xn) tends to zero. A detailed exposition about this property can be
found in [6]. In this reference, the following problem is posed [6, p.55]: assume that
L°°(IJ,, X) denotes the Banach space of (equivalence classes of) essentially bounded,
measurable and X-valued functions denned over a finite measure space (fl, E, fi). When
does L°°(ii,X) have the Dunford-Pettis property? In general, this property does not
lift from X to L°°(fi,X) [6, p.56]. On the other hand, the only non-trivial positive
result, as far as we know, is that L°°(JJ,, £1(i/)) has the property when fi is purely
atomic [3, Theorem 1], The aim of this note is to provide some new positive examples.
Namely, we show that L°°(IJ,,X) has the Dunford-Pettis property for every arbitrary
finite measure \i, whenever X is either any £1-space or any £°°-space or the disc
algebra or the space H°° of bounded analytic functions on the disc.

To avoid trivial situations, we always assume that there exists a pairwise disjoint
sequence (Cm) in S such that fi{Cm) > 0. The notation is standard except, perhaps,
the following one: if (Am) is a sequence of pairwise disjoint S-measurable subsets of
non-zero measure, we write

=l J

It is well-known that [Am] is a complemented subspace of L°°((J.,X) isometrically
isomorphic to l°°(X). In particular, if L°°(IJ.,X) has the Dunford-Pettis property,
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then £°°(X) has it and our main aim (Theorem 1 below) is to prove that the converse
holds. Similar ideas have been used in [4].

We refer the reader for the terminology used here to the monographs of Diestel
and Uhl [7], Lindenstrauss and Tzafriri [8] and Wojtaszczyk [10].

THEOREM 1 . L°°{n,X) has the Dunford-Pettis property if (and only if) 1°°{X)

has it.

PROOF: Suppose that (fn) and (/*) are sequences in i°°(//,X) and L°°{fi,X)*
respectively, both weakly convergent to zero. We have to prove that (/^,/n) tends to
zero.

The proof of Pettis's Measurability Theorem, as can be seen in [7, Chapter 2,
Theorem 2], shows that, for each n £ N, there are a bounded sequence (sm(n))m in
X and a sequence (Am(n))m of pairwise disjoint E-measurable subsets with positive
measure covering fl, such that if

we have | | / n — <7n|| ^ 1/n. Hence, it is enough to prove that {fn>9n) tends to zero.

Denote by Xn the finite-dimensional subspaceof L°°(fj.,X) spanned by gi,... ,gn-
Furthermore, for every n £ N, consider the following family of pairwise disjoint S-
measurable subsets of fi:

An := {Ami (1) n Am2(2) n . . . n Amn{n) : m l l m 2 ) . . . , m n 6 N}.

Arrange An in a sequence (-B£jm • It is easy to see that Xn is included in Yn = [#£,] •
Since (Yn) is increasing, the closure Y ot {jYn is a. closed subspace of L°°(fj.,X) and

n
gn is a weakly null sequence in Y. On the other hand, the restrictions fn\y a^so form
a weakly null sequence in Y*. To finish the proof, we only have to show that Y has
the Dunford-Petis property. According to a result due to Bourgain [3, Proposition 2],
it is enough to prove that (©n^nJoo has the Dunford-Pettis property. But, this follows
by combining the hypothesis that £°°(X) has the Dunford-Pettis property with the
following topological isomorphisms:

D
We need later the following variant of Theorem 1 which is of independent interest.

THEOREM 2 . Assume that given a sequence of finite-dimensional subspaces (Xn)

in £°°(X), we can find, for each n, another sequence of subspaces (Xn,m)m in X, such
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that Xn,m C Xn+i,m, XnCYn = (QnXn,^ and (©nYn),*, has the Dunford-Pettis
property. Then, L°°(fi,X) has it.

PROOF: Arguing, as in the proof above, one shows that £°°(X) has the Dunford-
Pettis property. Then, applying Theorem 1, we obtain that L°°((J.,X) has this prop-
erty. D

REMARK. Theorem 1 shows that the measure fi does not play a significant role. This
is in contrast to other vector-valued situations. Indeed, the behaviour of purely atomic
and atomless measures with respect to the Dunford-Pettis property is quite different in
i1(/x,JT) (see [2, Corollary 2.4(c)] and [9, Theoreme 3]). Something similar happens
with perfect and dispersed compacts in C(K,X) (see [1, Theorem 2] and [9, Theoreme
3]). It is worth mentioning that, in general, £°°(X) and L°°{fi,X) are not isomorphic
[5, Corollary 1].

We recall that a Banach space X is said to be an £p-space (1 ^ p ^ oo), in
the sense of Lindenstrauss-Pelczynski, if there is A ^ 1 such that, for every finite-
dimensional subspace Y o{ X, there is another finite-dimensional subspace Z of X
such that Y is contained in Z and d(Z,£^) ^ A, for some k € N.

COROLLARY 1 . Denote by X either any C1 -space or any C°°-space. Then,
L°°(fi,X) has the Dunford-Pettis property.

PROOF: Bearing in mind the definition of £p-space and Theorem 2, it is not dif-
ficult to see that we only need to show that (®n^?n) (rn 6 N; p = l,oo) has the
Dunford-Pettis property. The case p = 1 follows from Bourgain's result [3, Theorem
1] and, for the case p = oo, we note that ( © n ^ ) ^ = £°° • D

COROLLARY 2 . Denote by X either the disc algebra A, or the space of bounded
analytic functions on the disc H°°. Then, L°°(n,X) has the Dunford-Pettis property.

PROOF: This follows directly from Theorem 1 and [4, proof of Theorem 2]. D
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