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Abstract

In this work, we give some theorems on (mild) weighted pseudo-almost periodic solutions for some
abstract semilinear differential equations with uniform continuity. To facilitate this we give a new
composition theorem of weighted pseudo-almost periodic functions. Our composition theorem improves
the known one by making use of a uniform continuity condition instead of the Lipschitz condition.
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1. Introduction

The qualitative theory of differential equations involving almost periodicity has been
an attractive topic for nearly a century because of their significance and applications
in areas such as physics, mathematical biology, and control theory. As a result, several
concepts were introduced as generalizations or restrictions of almost periodicity, such
as asymptotic almost periodicity, almost automorphism, and pseudo-almost periodicity
(see, for example, [5, 11, 13-16]). Consequently, differential equations, partial
differential equations, and functional differential equations with these properties have
been of great interest to many authors and there is a vast literature on the subject (see,
for example, [1-7, 9, 11-16] and the references therein).

Recently, Diagana [8, 10] introduced a new class of functions called weighted
pseudo-almost periodic functions, which are a natural generalization of the classical
pseudo-almost periodic functions, and discussed the properties of this new class
of functions, including a composition result. As applications, some existence and
uniqueness theorems for weighted pseudo-almost periodic solutions for abstract
differential equations were obtained. We notice that a Lipschitz condition is needed in
the composition theorem and its applications in abstract differential equations (see [10,
Theorems 3.7, 4.2]). So it is interesting and worthwhile to consider the same problem
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under a uniform continuity condition instead of the Lipschitz condition. This seems
reasonable and necessary since the uniform continuity condition is the main condition
needed for the composition theorems of almost periodic functions and pseudo-almost
periodic functions (see [11, 12]).

The aim of this paper is to give some theorems on (mild) weighted pseudo-almost
periodic solutions of the abstract semilinear differential equation

' (t) = Au(t) + f(t,u(®)), tekR, (1.1

under a uniform continuity condition. For this purpose, we give a new composition
theorem for weighted pseudo-almost periodic functions, which improves the one given
in [10] by making use of a uniform continuity condition instead of the Lipschitz
condition (see Remark 3.3).

The paper is organized as follows. Some notation and preliminary results are
presented in Section 2. A composition theorem for weighted pseudo-almost periodic
functions under a uniform continuity condition is proved in Section 3. Then, in
Section 4, an existence theorem of mild weighted pseudo-almost periodic solutions
for the abstract semilinear differential equation (1.1) is obtained by making use of
Schauder’s fixed point theorem and the composition theorem obtained in the previous
section. Moreover, a theorem on the weighted pseudo-almost periodic solutions
for (1.1) is presented. At the end of this paper, an example involving the heat equation
is given, where the uniform continuity condition is satisfied and the Lipschitz condition
is not satisfied.

2. Preliminaries

Throughout this paper, we assume that (X, || - ||), (Y, || - ||) are Banach spaces.
Let BC(R, X) (respectively, BC(R x Y, X)) be the space of bounded continuous
functions u : R — X (respectively, u : R x Y — X). BC(R, X) equipped with the sup
norm defined by

llull = sup [lu@)]|

teR
is a Banach space. Furthermore, C(R, X) (respectively, C(R x Y, X)) denotes the
space of continuous functions from R to X (respectively, from R x Y to X).
Let U denote the collection of functions (weights) p : R — (0, 400), which are
locally integrable over R. If p € U and for T > 0, we then set

T
w(T, p) :=/ p (1) dt.

T
Denote
Us = {p eU: lim wu(T, p) =oo}
T—o0

and
Up := {,0 € Uy : p is bounded with inﬂg p(x) > O}.
xXe

Obviously, Up C Uy C U, with strict inclusions.
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Let p1, p2 € Ux. Then p; is said to be equivalent to p,, that is, p; < p, if
p1/p2 € Up. Then ‘<’ is a binary equivalence relation on U, (see [10]). Let p € Uwo,
s € R, and define p; by ps(t) = p(¢ + 5) for t € R. We denote

Ur ={p €Uy : p < ps for each s € R}.

It is easy to see that Uz contains plenty of weights—for example, 1, (2 + %) /(1 + t2),
e',and 1 + |t|" withn e N.

DEFINITION 2.1.

(1) A function f e C(R, X) is said to be almost periodic if for each ¢ > 0 there
exists £(¢) > 0 such that every interval of length £(g) contains a number t with
the property that || f(t + v) — f(¢)|| < ¢ for each t € R. Denote by AP(X) the
set of all such functions.

(i) A function F € C(R x Y, X) is said to be almost periodic in ¢ € R uniformly
in y € Y if for each ¢ > 0 and any compact set K C Y there exists £(g) such
that every interval of length £(¢) contains a number T with the property that
|F(t+1t,y)— F(t, y)|| <eforeacht € R, y € Y. Denote by AP(Y, X) the set
of all such functions.

For p € U, the weighted ergodic space PAPy(X, p) and PAPy(Y, X, p) are
defined by

1 T
PAPy(X, p) := {f € BC(R, X): Tli_)moo T2 /T I f@Ollp)de =0},

PAP(Y, X, p)
F e BC(R xY,X): F(-, y) is bounded for each y € Y and
= 1 r
lim / |F(t, y)|lp(t) dt =0 uniformlyiny € Y
T—oo u(T, p) J-r

DEFINITION 2.2 [10].

(i) Let peUsx. A function f e BC(R, X) is called weighted pseudo-almost
periodic (or p-pseudo-almost periodic) if it can be expressed as f =g + ¢,
where g € AP(X) and ¢ € PAPy(X, p). Denote by PAP(X, p) the set of all such
functions.

(i) Let p € Us. A function F € C(R x Y, X) is called weighted pseudo-almost
periodic (or p-pseudo-almost periodic) in # € R and uniformly in y € Y if it
can be expressed as F = G + ®, where G € AP(Y, X) and ® € PAPy(Y, X, p).
Denote by PAP(Y, X, p) the set of all such functions.

The functions g and ¢ (or G and ®) in Definition 2.2 are called the almost
periodic and the weighted ergodic perturbation components of f (or F), respectively.
Moreover, the decomposition g + ¢ of f (or G + ® of F) is unique, and PAPy(X, p)
and PAP(X, p) are all Banach spaces with the norm inherited from BC (R, X)
(see [10]).
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3. Composition theorem

In this section, we give a composition theorem for weighted pseudo-almost periodic
functions under the following uniform continuity condition for f € PAP(Y, X, p) with
p € Us:

(Hy) f(t, -) is uniformly continuous in each bounded subset of Y uniformly in ¢ € R.
More explicitly, given ¢ > 0 and K C Y bounded, there exists § > 0 such that
x,y€ K and ||x — y|| <& imply that || f(¢, x) — f(¢, y)|| <eforallt € R.

The following lemma will be used in the proof of the composition theorem.

LEMMA 3.1. Let p € Uy, and f € PAPy(X, p). Then, given ¢ > 0,

1
lim
T—oo u(T, p) Jmt,e, 1)

p(1) dt =0,

where M(T, ¢, f)={t [T, T]1: | f(O] = ¢}
PROOF. Suppose, on the contrary, that there exists g > 0 such that

1
w(T, p) JmT,e0. 1)

o(t) dt

does not converge to 0 as T — 00. Since p is positive, there exists § > 0 such that for

each n,
1
_ p(t)dt =68 forsome T, > n.
w(Tn, p) Jm(t,.20.1)
Then
1 /Tn IfOlp@) de > : If @) dt
—_— o > — o
w(Ty, p) J_r, w(Tu, ) Jm(t, .0, )
>0 p(t) dt
w(Tns ) Jm(Ty.00. 1)
> €09,
which contradicts the fact that f € PAPy(X, p), and the proof is complete. O

We are now ready to give the composition theorem of weighted pseudo-almost
periodic functions.

THEOREM 3.2. Let f € PAP(Y, X, p) and h € PAP(Y, p) with p € Uso. Assume that

condition (Hy) and the following condition hold:

Hy) fR, K)={f(t,x):teR, x € K} is bounded for every bounded subset
K CY.

Then f(-, h(-)) € PAP(X, p) with almost periodic component fp(-, hap(-)), where fyp

and hyp are the almost periodic components of f and h, respectively.
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PROOF. Since h € PAP(Y, p) C BC(R, Y), we know that f(-, h(-)) € BC(R, X).
Let f=fp+ fe and h=hy +h, with fop € AP(Y,X), fo € PAP (Y, X, p),
hap € AP(Y) and h, € PAPy(Y, p). Then

F @, h(@)) = fap(t, hap(t)) + (1, h(2)) — (2, hap(1)) + fe(t, hap(?)).

It is clear that fap(:, hap(-)) € AP(X) (see [11, Theorem 1.9]). So we only need to
show that

FCRE) = fC hap()) + fe(s hap(+)) € PAPo(X, p).
This will be done in the following two steps.
Step 1. We prove that f(-, h(-)) — f(, hap(-)) € PAPy(X, p).

Let K C Y be bounded such that 2 (R), h,p(R) C K. Then, by assumption (H»),
there exists S > 0 such that

| f (2, h(£)) — f(t, hap()| < S forallz e R. (3.1

Meanwhile, by condition (Hj), given ¢ > 0, there exists § > 0, such that for x, y € K
with ||x — y|| <6,

Lf @, %) — ft, ) < g forall € R. 3.2)

It follows from Lemma 3.1 that

lim p(t)dt =0,
T—oo u(T, p) Ja(r,s.n,)

where M (T, §, h,) ={t € [—T, T]: ||he(2)| = §}. Thus, there exists Ty > 0 such that
1
w(T, p) Jmr.s.n,)

p(t) di < 26_5 forall T > Tp. 3.3)

Noticing that
A1) = hap@O Il = lhe(D]l <8, forallz € [T, TT\ M(T, 5, he),
by (3.1)-(3.3) we have, for T > Ty,
1
w(T, p)

T
/T ILf (&, h(0)) = f(t, hap(D)) | p(2) dt

- ’h - ’ha d
To ) Jacrsny 1 @O = T hap@)llp @) di

1
w(T, p) Ji—1, 17\M(T,5,he)
S g
< p(t)dt + ————
w(T, p) Jm(r,s,h) 2u(T, p) JI—T, T]\M(T,5,he)

& &
sE 48,
<S5 tp=E

This implies the conclusion.

ILf (2, h(1)) — f(t, hap(@) ]| p(2) dt

p(t) dt
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Step 2. We prove that f, (-, hap(-)) € PAPy(X, p).

Since hyp € AP(Y) and fap € AP(Y, X), hap(R) is compact and fyp is uniformly
continuous in R x /,p(R). Then it follows from condition (Hj) that f.(t, x) =
f(t, x) — fap(z, x) is uniformly continuous in x € h,p(R) uniformly in ¢. That is,
given ¢ > 0, there exists § > 0 such that, for x, y € m with ||x — y|| <6,

1 folt, ) = ot )l <5 foralls € R (3.4)

Meanwhile, one can find in /,p(R) a finite §-net of h,p(R). Namely, there exist a
finite number of points xi, x2, . .., X € hyp(R) such that, for any y € hp(R), we
have ||y — x|l < 6 forsome 1 <k <m. Let

Or=1{t €R: hap(t) — il <8}, k=1,2.....m.
Then R = | J]_; Ok. Let

k—1
B =0y, Bk:(’)k\<U(’),->, k=2,3,...,m.

i=1
Then
m
R=|JB and B;NBi=0. j#k (3.5)
k=1

Moreover, by (3.4)
| fe(t, hap(2)) — fe(t, xp) |l < % forallt € By, 1 <k <m. (3.6)

Since f, € PAPy(Y, X, p), there exists Ty > O such that

1
(T, p)
Now by (3.5)-(3.7), for T > Ty,

T
/ I felt )o@ di < -~ forT>Tp 1<k<m.  (3.)
-T 2m

1
w(T, p)

T
/T [ fe(z, hap())]Ip(2) dt

1 m
e aha — Je\l, e\l, d
< T /; fB m[_mw(r p(1) — fot, x|l + |1 fo(t, xi) Do (1) dt

1 L t
< Z/ 8'0()dt
w(T, p) = Jani-r.11 2

1 m
+ 0 4
(T, p) ,;/Bm[_“] I fe(t, x)llp(r) dt
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& T 1 m
- tdt+ / elt, t) dt
T ) /_Tp() T p); AP AUEDITC

8+ £
<—-—4m— =g,
2 2m

which yields that f.(-, hap(-)) € PAPy(X, p). The proof is complete. O

REMARK 3.3.

(i) Theorem 3.2 improves the composition theorem given in [10]. In fact, the
following Lipschitz condition for f € PAP(Y, X, p), p € U, is necessary for
the composition theorem in [10]:

I £t u)— £, v)| <Lllu—v| forallu,veY,teR. (3.8)

It is easy to verify that (3.8) implies the uniform continuity condition (H;) and
(H2). On the other hand, Example 4.4 at the end of this paper shows that there
are functions satisfying (H;) and (H») but not satisfying (3.8).

(i1) In particular, if p = 1—that is, if the classical pseudo-almost periodic periodic
functions are considered—Theorem 3.2 is the same as [12, Theorem 2.1].

4. Semilinear abstract differential equations

Consider the semilinear differential equations
u'(t) = Au(t) + f(t,ut)), teR, 4.1

where f € PAP(X, X, p) with p € Ur and A is the infinitesimal generator of an
exponentially stable compact Cp-semigroup {7 (t)};>0 in X, such that |7 (#)| <
Me ®" forall t > 0 and some M > 0, w > 0.

The following lemma will be used in the proof of our main result in this section.

LEMMA 4.1. PAPy(X, p) with p € Ut is translation invariant, that is, ¢ €
PAPy(X, p) and s € R imply that ¢ (- — s) € PAPy(X, p).

PROOF. Let ¢ € PAPy(X, p) and s € R. By [10, Theorem 3.3], ¢ € PAPy(X, p) =
PAPy(X, ps) since p € Ur. Without loss of generality, we may assume that s > 0.
Meanwhile, p € Ur implies that p < pys, that is, there exists M > 0 such that
p2s(t)/p() < M fort € R. Then, for T > s,

T+s T+2s T+2s
/ ps(t) dt =f p(t)dt = n(T, p)+/ p(t) dt

T—s -T T
T

T
= (T, p)+/ p2s(t) dt < (T, p)+fTMp(t) dt

T—2s
=M+ DHu(T, p).
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Therefore,
1 T 1 T—s
¢t —s)llp()dt = / i (@)l ps () dt
(T, p) /T w(T, p) J -y ‘
1 T+s
< 16 ()1l () dit
w(T, p) J_r_y ’
T+s
) ) dt T+s
= e : / 16 ()l o5 (1) dt
w(T, p) [Z7° ps(t)dt J-T—s
M +1 T+S
L erll IR CIOI XYY
oo ps(0) dt J-T—s
— 0, asT — oo,
which implies that ¢ (- — s) € PAPo(X, p). The proof is complete. d

We recall that u is said to be a mild weighted pseudo-almost periodic solution
of (4.1)if u € PAP(X, p), and

t

u(t) = / T(t—s)f(s,u(s))ds.

—0o0

Furthermore, u is called a weighted pseudo-almost periodic solution of (4.1) if

u(t) € D(A), for t € R, and is continuously differentiable in ¢ € R and satisfies (4.1).
To deal with the existence of mild weighted pseudo-almost periodic solutions

of (4.1), we introduce the following assumptions on f:

(H3) There exists L > 0 such that sup,cg <. 1/, )| <wL/M.

(Hyq) Let {u,} C PAP(X, p) be uniformly bounded in R and uniformly convergent in

each compact subset of R. Then { f (-, u, (-))} is relatively compact in BC (R, X).

We are now in a position to give the main result in this section.

THEOREM 4.2. Suppose that f € PAP(X, X, p) with p € Ur and (H1)—(Hy) are
satisfied. Then (4.1) has a mild p-pseudo-almost periodic solution u(t) such that
llull = sup, g lu(@)| < L.

PROOF. Let
B ={u e PAP(X, p) : |lull < L}.

Clearly, B is closed convex. Define V : BC(R, X) - BC(R, X) by
t
Vu)(t) =/ Tt —s)f(s,u(s)ds, teR.
—0oQ

We only need to prove the existence of fixed points of V in B, and this can be
approached by Schauder’s fixed point theorem.
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By assumption (Hy), it is easy to verify that V is continuous. If we have
V(B) C B, 4.2)

then by (H4) and an argument similar to that in [12, Proof of Theorem 3.1], we can
prove that V has a fixed point in coV B (here we omit the details). So it is sufficient to
prove (4.2).

Foru € B and t € R, by (H3),

t
(V)@ = H/ T(t—s)f(s,u(s))ds

! 13
S / Me_a)(t_S)_L ds = La
- M

which shows that
|Vu|| <L forueB. 4.3)

Let
f=fap+fe, M:uap‘l'MEEB,

where fi, € AP(X, X), f, € PAPy(X, X, p), uzp € APX) and u, € PAPy(X, p). It
follows from Theorem 3.2 that f(-, u(-)) € PAP(X, X, p) with almost periodic
component fup (-, Uap(-)). Then, for & > 0, there exists £(g) > 0 such that each interval
of length £(e) > 0 contains a T with the property that

“fap(t + 7, uap(t +71)) — fap(ta ”ap(t))“ < wﬁg forz e R. 4.4)

Decompose Vu as Vu = Viu + Vou, where

t
V) (1) = / T(t — ) fap(s, uap(s)) ds,

—oQ0

t
(Vau)() =/ Tt —s)(f(s, u(s)) — fap(s, uap(s))) ds,

—00

for t € R. Noticing that | T (¢)|| < Me™®!, by (4.4),
[(Viu)(@ + ) — (Viw) (@) ||
1
= ‘ / T(t —5)fap(s + T, ugp(s + 1)) ds
—00

t
- / T(t —s) fap(s, uap(s)) ds

—o0

t
= f N7 —s) - “fap(s + 1, ”ap(s +71)) — fap(S, ”ap(s))” ds

—00

t
5/ Me— @928 4¢
- M
=¢
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for all + € R. This implies that
Viu e AP(X) foru e B. 4.5)

On the other hand, it is clear that f (-, u(-)) — fap(-, uap(:)) € BC(R, X). Then

1 T
(T, ) /T | (Vau) (@) || p(2) dt

1 T t

= T(t— ' > — Jap\§, Uy d d

= (T p) /_T/_oo N7 =) - 11f(s, u(s)) — fap(s, uap(s))|l dsp(t) dt
M T t —ol—s) . .

< w(l—S _ N , a

= (T p) /_Tf_ooe I1f (s, u(s)) — fap(s, uap(s))|l dsp () dt
M T 00 s

=y Lol ere-se-s

— fap(t =5, uap(t — )| dsp(t) dt

*® —wSs ] T

=M/o ¢ W, p) /—T A

— Jap(t — 5, uap(t — )|l p(2) dt ds

:M/ e o7 (s)ds,

0
where
1 T
¢ = - - — Ja — 3, Uy - dt.
r(s) (T ) /_T ILf (@t — s, u(t—5)) — fap(t — s, uap(t —5))|lp(t) dt

Noticing that f(-, u(-)) — fap(-, uap(-)) € PAPy(X, p), then by Lemma 4.1, for each
s € R, it is easy to get that

lim &7(s) -0
T—o0

and

[P < fCul)) = fapls tapCII-

Now, by the Lebesgue dominated convergence theorem,

1
lim
T—oo (T, p)

T 00
/ [(Vau)(@)[p(2) dt < lim M/ e dr(s)ds =0,
T T—00 0

which implies that Vou € PAPy(X, p), and then by (4.5) we have Vu € PAP(X, p).
This together with (4.3) leads to (4.2). The proof is complete. O

For the p-pseudo-almost periodic solution of (4.1), we have the following result.
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THEOREM 4.3. Let u(t) be a mild p-pseudo-almost periodic solution of (4.1), and
suppose that

f@t,u@)e D(A) fort eR, Af(,u(-))e L'(R, X). 4.6)
Then u(t) is a p-pseudo-almost periodic solution of (4.1).

PROOF. Since u(¢) is a mild p-pseudo-almost periodic solution of (4.1),

t
u(t) = / T —s)f(s,u(s)) ds.

By (4.6),

diu(t)
dt

= lim l(u(l‘ + h) —u(t))
h—0+ h

t
= lim [/ %(T(t—}—h—s)—T(t—s))f(s,u(s)) ds

h—=0+| J _no

1 t+h
+Z/ T(t+h—s)f(s,u(s)) dS]
t

t
= / Tt —s)Af(s,u(s))ds+ f(t, u(t)).

—00

This shows that d; u(t)/dt is continuous, and then u(¢) is continuously differentiable
int € R. Noticing that A is closed,

u'(t) = Au(t) + f(t, u()).
That is, u(¢) is a p-pseudo-almost periodic solution. The proof is complete. O
To conclude this paper, we give an example involving the heat equation.
EXAMPLE 4.4. Consider the heat equation given by the system
du(t, x) 9%, x)

ar  ax?
v(t,0)=v(,1)=0 fortrekR,

+ sint + sin(wt) + a(t)g(t, v(t, x)) fort e R, x €0, 1],

4.7
where a(t) = min{1, e~*} and
v(t, x)

Sin Sin
g(t, v(t, x)) = 1+12 7 v, x)
0 for v(t, x) =0.

for v(¢, x) #0,

Let X = L2[0, 1], and define A : X — X by Au(-) = u”(-) with domain
D(A) = (u() e X: i () € X, u(0) = u(1) = 0}.
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It is well known that A is the infinitesimal generator of a compact Cop-semigroup
{T (t)}:>0 satisfying
IT@®)| <e™" forr=>0.

Then Equation (4.7) can be formulated by the following abstract equation:
u'(t)=Au(t) + f(t,u()), teR, (4.8)
where u(t) = v(t, -) and f : R x X — X with
f@t, u(t))=sint + sin(mwt) + a(t)g(t, u(t))

for all (¢, u(t)) e R x X.

It is not hard to verify that e’ € Uy, f € PAP(X, X, ¢') and f satisfies (H;)—(Hy)
with L = 3. Then by Theorem 4.2, (4.8) has a mild weighted pseudo-almost periodic
solution u € PAP(X, ") such that

lull = sup [lu(®)ll 210,17 = 3
teR

That is, system (4.7) has a mild weighted pseudo-almost periodic solution v(¢, x) such
that u(t) = v(z, -), t € R, u € PAP(X, €') and

1 1/2
lull = sup [[v(z, ) 121017 = SuP(fo lv(t, )| dx) <3.

teR teR

However, it is obvious that f is not Lipschitz continuous. As a result, [10,
Theorem 4.2] is not applicable.
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