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SMOOTH, VERY SMOOTH AND STRONGLY SMOOTH POINTS IN
MUSIELAK-ORLICZ SEQUENCE SPACES

SHURONG BIAN, HENRYK HUDZIK AND TINGFU WANG

Criteria for smooth points, very smooth points and strongly smooth points in
Musielak-Orlicz sequence spaces equipped with the Luxemburg norm are given.

0. INTRODUCTION

Let us denote by X a real Banach space and by S(X) the unit sphere of X. For
any z € S{X) we denote by Grad(z) the set of all support functionals at z, that is,
Grad(z) = {f € S(X*): f(z) = ||z||{}, where X* denotes the dual space of X. A point
z € S(X) is said to be a smooth point if Grad(z) is a singleton. A point z € S(X) is
said to be a very smooth (strongly smooth or equivalently Frechet differentiable) point
if it is a smooth point and for any sequence (f,) in S(X*) such that f,(z) — 1 we have
fn = f = 0 weakly (respectively ||f» — f|| = 0), where {f} = Grad(z).

It is obvious that strong smoothness implies very smoothness and this implies
smoothness. For these definitions and their applications we refer to [5].

A mapping ®: R — [0,00] is said to be an Orlicz function if it is even, convex
left-continuous on {0, o), ®(0) = 0 and $(u) < oo for some u > 0 (see {1, 10, 11, 12,
13, 15]). A sequence M = (M;) of Orlicz functions is called a Musielak-Orlicz function
(see [14]). We associate with this function two sequences (e;) and (b;), where

e = sup{u 20: M(u)= 0}, b = sup{u 20: M(u) < oo}

for each i € N. Moreover, p; (u) and p;(u) denote the left and the right derivative of M,
at u € R with |u] < &. Of course we assume p;(b;) = oo and p; (u) = p(u) = oc for
u > b
If N = (N;) is the Musielak-Orlicz function complementary to M = (M;) in the
sense of Young, that is, N;(v) = sup{u|v| = M;(u)} for each i € N and v € R, then we
have Young’s inequality u0
juv| < M;(u) + N;(v)
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for every u,v € R, and for any u € R the equality
[uv] = Mi(u) + Ni(v)

holds if and only if p; (u) < v € p;i(u).
We say a Musielak-Orlicz function M = (M;) satisfies the §3-condition (M € &9 for
short) if there are positive constants a and k, a natural number iy and a sequence (¢;)2

1=1p
o0
with ¢; > 0 such that ) ¢; < oo and the inequality
i=ig
M,-(2u) < kM,'(u) + ¢
holds for all i > i and u satisfying M;(u) < a (see [14]).
Let {° denote the space of all real sequences z = (z(i)). As usual, for z € I°, we

denote suppz = {1 € N: z(i) # 0}. With any Musielak-Orlicz function M = (M;) we
associate the convex modular function pp: I° — [0, c0] defined by

pm(z) = Z Mi(z(5)) (Vz €l°)
=1
and the Musielak-Orlicz sequence space
Iy ={z €l’: p(z/X) <oo for some A > 0}.
In the space [) we define two norms; the Luxemburg norm
lzllm = inf{A > 0: par(/2) < 1}
and the Orlicz norm
o0
el = sup{ 3 a(u(i: o) <1}

i=1

By hy we denote the subspace of {3 which is defined to be the closure in [, of the space
of all sequences in {° with finite number of coordinates different from 0 (the closure is
taken in the norm topology). It is easy to see that

hy = {z €% for any A > 0 there is iy € N such that} M;(Az(2)) < oo}.
. [13N

The spaces [y and hys are Banach spaces under either of these two norms (see (1, 11, 14]).
In [11] these spaces are called modular sequence spaces. The function dar: Iy — [0, 00)
defined by

du(z) = inf{/\ > 0: ZM,(Z—)\Q) < oo for some iy € N}

i2ip
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is nothing but the distance of z € Iy from the subspace hy (see [1]).
Every f € Grad(z) for z € Iy \ {0} is of the from f = y + ¢, where y € I% and ¢
is a singular functional, that is, ¢(z) = 0 for any z € hy, and y is identified with the

functional
ocC

(w,g) =S w@y@) (Yw= (W)€ l).

i=1
If ¢ = 0, we say that f is a regular support functional at z. The set of all regular support
functionals at z is denoted by R Grad(z). It is well known that (see [1, 15])

171 = Tyl + lleoll

Smooth points and smoothness in Orlicz spaces and Musielak-Orlicz spaces has been
discussed for both the Luxemburg and the Orlicz norm as well as for a non-atomic
measure and for the counting measure in the papers [2, 3, 4, 6, 7, 8, 9, 10, 17].
In [8] the following theorem was presented.
THEOREM 0.1. Letz € S(lum).
I If|z(i)] < b fori=1,2,..., then z is smooth if and only if
(8) du(z) <1,
(b) Card{i € N: p;(|z(i)]) # 0} =1 or p; (|z(9)]) = pi (Jz(3)]|)
(G=1,2,..).
I If|z(io)| = bi, for some iy € N, par(z) = sup{pm(y): llyllm =1, suppy C
supp x}, then z is smooth if and only if
(a) ’x(z)| < b; for any 1 # 1,
(b) pi(biy) = o0 or p;(|z(3)|) = 0 fori # g orv & Ly, wherev = {v(i)}, v(3) €
[p;(|z(¢)|),p,-(|x(i)|)] fori=1,2,...,
(¢) dm(z) < 1.
I If |z(i)| = bi, for somedg € N, pur(z) < sup{pm(¥): llyllm =1, suppy C
supp :c}, then z is smooth if and only if
(a) |z(i)} < b, @ # o,
(b) dm(z) < 1.
The formulation of this theorem is too complicated and, as we shall see below, its

part II is not true (the assumptions are not necessary in general). Indeed, if M = (M;),
where

lul i Jul <

oo if |ul >

[N R

for each i € N, define z = (1/2,0,0,...). Obviously ||z|jss = 1. Since z(1) =1/2 =
b, pm(z) = 1/2 = sup{pm(¥): llyllm = 1, suppy C suppz = {1}}, =z belongs
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to case IL Since py (1) = py(1/2) = 1 < oo, p2(z(2)) = p2(0) = 1 # 0, we have
o0 (o o0

Y N; (p,-‘ (z(z))) = Y N;(1) = 30 =0, whence (p,-‘ (z(z))) € 1%. So, condition (b) of
=1 i=1 i=1

case Il is not satisfied, whence it follows that if case II of Theorem 0.1 is true, z should
be not a smooth point. However, we shall prove that z is smooth. Since dp(z) =0 < 1,
Grad(z) contains only regular (that is, order continuous) functionals (see [1]). We show
that if y € S(I%) belongs to Grad(z), then y(i) = 0 for any ¢ # 1. Indeed, if y(2) > 0,
then for T = (1/2,1/2,0,0,...) € S(lpr), we have

y(2)

1
13> @) = @)+ 500 =1+ B2,

which means that y ¢ Grad(z), a contradiction. Therefore y(i) = 0 for any 7 # 1 if
y € Grad(z), which means that Grad(z) is a singleton, that is, z is a smooth point.

We shall establish a new criterion for smooth points in S(Is) and we shall also give
criteria for very smooth points and strongly smooth points of S(lss).

Before proving new results let us recall some results concerning [, that will be used
in this paper.

LEMMA O.1. Foreach z € ly, d(z, hm) = dm(z) (see [1, Theorem 1.4.3]).

LEMMA 0.2. Ifz € lpy and dpy(z) < 1, then Grad(z) = R Grad(z) (see [7, Lemma
1.7)).

LEMMA 0.3. Ifz € S(lp) and dp(z) = 1, then there exist y,z € S(ly) with
suppz Nsuppy =0 and y + z = z (see [8, Proposition 1]).
LEMMA 0.4. Ifz € S(lx) and |z(i)| = bi, |2(j)| = b; for i # j, then there exist
¥, 2 € S(lp) such that suppy Nsuppz =0 and y + z = z (see (8, Proposition 2]).
LEMMA 0.5. Assume thaty € (% \ {0}. Then
") Nyl = (1 + pn(ky))/k for somek >0 whenever Y. M;i(b)>1,

1€8Upp Y
(i) llyly = X bily(?)| whenever 3= Mi(b) <1 (see [16]).
i1=1 i€Esuppy
1. RESULTS

First we prove some auxiliary lemmas.

LEMMA 1.1. If M = (M;) is a Musielak-Orlicz function such that N € 63 and
(yn) is a sequence in % such that y,(i) — 0 for each i € N and

(1) Jim _sup > Ni(wa () =0,

i>io

then ||yn||% — 0.
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PROOF: Choose any € > 0 and take h > 0 such that 4/h < e. By N € &3, there
exist k >0, a> 0, 7 € Nand ¢; > 0 (¢ > 1) with Y ¢ < oo such that

i>1p
Ni(hv) € kN;(v) + ¢ if i > 49, Ni(v) € a.

Without loss of generality we assume that > ¢; < 1. By (1), there is 4y > ¢ such that

i>ig

SUPZN Yn(t mm{ llc}

!>10

By y. (i) — 0 for each ¢ € N, we get E Ni(hya(3)) < 1 for n large enough. Hence, we get

=1

1 1
Il < (1 + o (hyn) =ﬁ(1+§:N ua) + 3 M) )

i=1 >4
<2 (24 S (Ni(ai) +e) ) < (24 k-7 +1) <e
h ol S h k
1 10
for n large enough, which means that ||y,||% — 0 as n — occ. 0

LEMMA 1.2. If|jzllm =1, du(z) < 1-6 <1, y, € S(I%) for any n € N and
{(z,yn) — 1 as n — oo, then condition (1) from Lemma 1.1 holds.

Proor: If (1) is not true, by passing to a subsequence if necessary, we may assume
that there are a sequence (i,) C N with 2, / co and g > 0 such that

Z Ni(ya(1)) 2 &0 (n=1,2,...).
i>in
We consider two cases.

L |lyall% = 1/kn(1 + pn{(knyn)) for an infinite number of n. Noticing that k, > 1
we get a contradiction:

1+ (z:yn)
= El,:(z’ knyn)

= 2 (S reim + -0 Y 2n0)

< ki (; (Mi(a(®) ) + Ni(katn(@)) + (1 - 6) >Z(M (2 + i ,,y,,(z))))
<kln(pM(z)+p~ nYn) GEN knyn (4 (1—0)§M‘-(1I—(_%))
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Sk (1 + pn(knn) — B0+ > M; ( w)o))

©>in

< lonlldy — 020 + > M; ( 2(1) ) —1— e,

l>ln
o
I lwl% = Z bi)yn(i)| for an infinite number of n.
By du(z) < 1 — 0, there is 4o € N such that Y M;(z(i)/(1 - 8)) < oco. So,

>4

|z(5)|/(1 — 8) < b; for i > 4. From

' lyn (8} lyn ()} .
Ni(yald)) = /0 ai(s) ds < / b ds = biJyali)),

where gi(s) = sup{t > 0: pi(t) < s}, we have b lyn(i)| > €o. Hence for i, > iy, we

1>in
get a contradiction:

L () = Do alna) + (1~ ) Y 2y )

=1 [
Zb lun(@)] + (1 - Zb ya(i)| = Zb Y (3)] — 626 [y (9)]
< ol = 620 = 1 — s ' ]

The following lemma is very important in the remaining considerations.
LEMMAa 1.3, Iflizlly =1, Jlyn|% =1 for each n € N and (z,y,) = 1 as n — oo,
then:
(i) wyal(4) — 0 as n — oo whenever 13(]’)[ < ej,
(ii) lirrlllir.}f(yn(i)pj (z(7)) — ya(G)p7 (a:(i))) > 0 whenever |z(j)| > e; and
[z(3)] > 0.
PrOOF: We may assume without loss of generality that z(¢) > 0 for any ¢ € N. If
(i) is not true, we may assume that there is j € N such that z(j) < ¢; and y,(j) 2 ¢> 0

for each n € N. Let us define T with Z(j) = ¢; and Z(¢) = z(i) for i # j. It is easy to see
that py(T) = pm(z) < 1, whence ||Z||ss = 1. Hence

2 “Z“M”yn“N (T, yn) = (z, Yn) + Ya(J) (ej - x(]))
2 (z,yn) + c(ej = z(7)) = 1 +c(e; ~ z(7)),

which is a contradiction. So (i) is proved.
If (ii) is not true, there are z(j) > e;, z(¢) > 0 and a > 0 satisfying

Ya (05 (2(9)) < wa(i)pi (2()) —22 (n=1,2,...).
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Since o (ya) < llgally < llvally = 1, we get [ya(i)] < 4; := sup{v > 0: Ny(u) < 1} for
anyj € N. (Note that Aj = NJ-—I(I) if NJ(AJ) =1 and Aj = bj if NJ(A]) < 1) Since p'_
is left continuous and p; is right continuous one can find a number r > 0 such that

p;i (2(9) - p7 (z(3) = 7) < 54}’ pi(z(5) +r) - p;(=(4)) < %
Then
(p (a(0)) = 97 (20) = 1) Juali) < 5, (p5(a5) +7) = Ps(2()) Jwn(i) < 3
Thus
U (i)p; (2(3) +7) < vn(p; (2() + 5 < val9)PF (2()) — 20+ 5
< Ual)P7 (2(6) = 1) + § = 20+ 5 = yn(i)pi (2() — 1) — @
for all n € N. We have
z(f)+r z(i) z(5)+r z(1)
[ prds> [ r@ds o [ i< [ e
z(5) z(i)-r z(5) z(i)-r

and we may assume that the second inequality holds. Denote ¢; = z(j) +r. One can
find a number ¢;, z(i) > ¢; 2 z(i) — r such that
< (i)
@ | mds= [ ris)ds
z(5) ci
Of course
yn(D)pi(c) < wm(pi(a) —a (n=1,2,...).
Since 0 < p;(c;), p; (ci) < o0, there is k > 0 such that
'!/n(i) Yn(7) a

3 — k - — n=12...).
@ p; (c) pile;) Py (ci)pjlcs) ( )
Define T with Z(i) = ¢;, Z(J) =¢;, Z(t) = z(t) for t # ¢ and ¢t # j. Then

pm(Z) = pu(z) + Mj(c;) — M;(2(5)) + Mi(es) — Mi(z(3))

) z(3)
= pm(z) + /pj(s) ds — /p{(s) ds = pu(z) € 1,
z(5) G

whence ||Z]|p < 1. From (2) and (3), we get
1

2 (T, yn> = (zs yn> + yn(]) (cj - .’E(])) - yn(i)(x(i) - Ct)

cj z(1)

= @)+ [ (n) — kpi(©) ds = [ (sn6) = ki (s)) s
z(j) [
; a ar ar
> (2.3n) + / p_,“(_c‘-—)ds = (@) + @ e

z(j)
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which is a contradiction finishing the proof. 0
As an immediate consequence of Lemma 1.3, we get
LEMMA 1.4. Assume that ||z]p =1, ||yl|% =1 and (z,y) = 1. Then:
(i) y(j) = 0 whenever }:c(])[ <,
(i) y()pi(z(3)) = y()p; (z(:)) whenver |z(j)| > e; and |z(i)| > 0.
Now, we are ready to give criteria for smooth points of S(ly).
THEOREM 1.1. Ifz € S(ly), then z is a smooth point if and only if:
(i) dm(z) <1,
(ii) there is at most one index i satisfying |:c(z)| = b,
(iii-1) if |2(i)| < b; for all i € N, then p (|z(3)|) = p:i(|z(5)|) whenever |z(5)| <
, M),
(iii-2) if |:c(io)| = by, for some ig € N and |m(i)| < b; for i # 49, then py(z) < 1
or pj, (bi,) = 00 or pi(|z(i)|) =0 for i # ip.
PROOF: Assume without loss of generality that z(i) > 0 for all i € N.
NECESSITY. If (i) or (ii) is not true, then by Lemma 0.3 and Lemma 0.4, there are
v, z2 € S(lps) such that suppyNsuppz =0 and z =y + z. Clearly, y—z € S(lp) too.
Take y* € Grad(y),2* € Grad(z). Then

1£y"(2) =y'(y £ 2) < Wl lly £ 2llm = [ly"l = 1.

So y*(2) = 0. Similarly 2*(y) = 0. Consequently y*(y) = 2*(z) = 1, whence y* # 2*.
Moreover
V'@ =v'y+2)=v'@=Ilyln=1
So y* € Grad(z). Similarly, z* € Grad(z), which is a contradiction proving the necessity
of (i) and (ii).
Now, we shall prove that dp(z) < 1 and |:c(z)| < b; for all ¢ € N imply

4) pu(z) =1
and
00
(5) pn(p™(2)) < D_|=()|pr (|2(3)]) < oo
i=1
Indeed, by dum(z) < 1, there exists A > 1 and 4 € N such that Y M;(Az(i)) < oo.
I i>ig
By z(i) < b;, there exists Ay with 1 < Ag < ) such that Z(’:M,-(/\o:c(i)) < oo. Hence

i=1
pm(Xoz) < 00. Since pp(tz) is a continuous function of ¢t on the interval {0, o], we

obtain (4). From
Agu
Mi(dou) > / pi(s)ds > (o — 1)up; (u)
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and pp(Aoz) < 00, we get (5).

If (iii-1) does not hold, we may assume that pi (z(1)) < pi(z(1)) and M, (z(1)) < 1.
By (4), there is 7 € N (we may assume that ¢ = 2) such that M;(z(2)) > 0. Therefore
p; (z(2)) > 0 and, by (5),

Zz(i)pi‘ (z(3)) < oo and Z (@7 (z(2)) + z(1)p1(z(1)) < o0
i=] =2
Let z*,Z* be defined as follows:
oy = P (=) i
R 6 e76) B
pi(z(1)) ifi=1
Y z(0)p; (2(3)) + z(1)pr (2(1))
(i) = ¢ ! g
p; (Z(Z)) i1
2 =p; (2(4) + 2(1)p (z(1)) h

Since (z,2*) = 1 = ||z||m, so ||z*||% > 1. Moreover, for any y € Iy with pp(y) < 1 we
have

2 = p,“(a: 7)) pm(y) + on (p™(2))
v, 2" ; (@)p; (z(3)) < 2, z(8)p7 (2(3))

1+ pw (P‘(z)) _ pula) + ou (v (a(0)
SR epa() | rey 2()p; (20))

whence [|z*|% < 1 and consequently ||z*||% = 1. This means that z* € Grad(z). Simi-
larly Z* € Grad(z).

But if z(1) # 0, then z*(2) # 7*(2); if z(1) = 0, then z*(1) # Z*(1). Therefore
z* # 7*. This contradicts the assumption that z is a smooth point, finishing the proof
of the necessity of condition (iii-1).

If (iii-2) does not hold, we may assume that z(1) = by, z(5) < b; fori £ 1, ppy(z) =
1, pi (b)) < oo and p,(z(2)) > 0. Notice that

> 2y (2(1) = z(V)p1 (2(1)) + 3 2(0)p; (2(3)) < o0
i=1 i#l
Let us define
p; (z(2)) .
S 2000 (00) +s@m(E@) 77
.’L"(‘i) — i#2
P2 (a(2) fori=2
> z(9)p; (2(2)) + z(2)p2(z(2)) '

i#2
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Similarly as in case (iii-1) we can prove that z* € Grad(z). Consider also T* defined by

1 fori=1
(@) =<¢ b
0 fori#l.
Then Z*(z) = 1 and for any y € Iy with pp(y) < 1 we have (y,Z}) = y(1)/b, < bi/b =

1. So ||T*||% = 1, whence it follows that * € Grad(z). Note that T* # z* because
7*(2) # z*(2). Therefore, z cannot be smooth if (iii-2) is not satisfied.

SUFFICIENCY. By condition (i) and Lemma 0.2, Grad(z) = RGrad(z). Assume also
that conditions (ii), (iii) are satisfied. We consider separately five cases.

I z(3) < b for alli € N and z(i) < M;}(1) for all i € N.

Take an arbitrary z* € R Grad(z). By condition (iii-1) and Lemma 1.4, we have

z*(i)py (2(5)) = = ()p; (2(4)) = =* (3)p7 (2(3)) = =*()mi(z(3)) > 2" (5)p5 ().
So, z*(3)p; (z(4)) = z*(j)pi(2(3)) for every i,j with p;(2(3)) > 0, p;(z(i)) > 0, whence
it follows that there is d > 0 such that
z*(J)
pi(z(5))
If z(j) < ej, we have p;(z(j)) = 0 and Lemma 1.4 (i) yields z*(j) = 0. Assume that
p;(2(j)) = 0 and z(j) = e;. By pum(z) = 1 there is 55 € N such that M;, (z(io)) > 0, so
p;, (z(i0)) > 0. By Lemma 1.4(i),
0 = z*(io)p; (2(5)) > =" (5)p;, (z(i0))-
So, we still have z*(j) = 0. This means that z*(j) = dp;(z(j)) for all i € N. From
1 = {(z,z*) = dY z(i)pi(z(:)), we obtaind = 1 / > z(i)pi(z(3)). Hence z*(3) =
i=1 i=1
pi(z(3)) / § z(i)pi(z(3)) for all i € N, and so z* is unique, that is, z is smooth.
=1 .

Il z(i) <b;for all i € N and M, (z(1)) = 1.

Obviously, M;(z(i)) = 0 for all ¢ # 1. So, by (iii-1) p;(z(3)) = p; (z(i)) = 0 for all
1 # 1. We can prove similarly to case I that for any z* € RGrad(z), we have z*(z) = 0
for all ¢ # 1. Therefore, supp z* = {1}, whence

. _ 1
o = (x(l),o,o,...)
is the only element of Grad(z), that is, = is a smooth point.
NI z(1) = b, z(i) < b; for i # 1 and p; (b)) = 0.
For any z* € RGrad(z) and any ¢ # 1, by Lemma 1.4 we have z*(7) = 0 if z(¢) < ¢;

=d for any j with p;(z(j)) > 0.

and
oo > z*(1)p; (2(3)) > =" ()py (z(1)) > =" ()py (b)
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if z(3) > ¢;. (We apply Lemma 1.4 (ii) with j = 1 if ¢; = 0 and Lemma 1.4 (i) if e; > 0).
So, we have z*(i) = 0 for ¢ # 1. This shows that suppz* = {1}, that is, z* is unique,
namely z* = (b71,0,0,...).
IV, z(1)=b, z(i) < b; fori #1 and pp(z) < 1.
For any z* € R Grad(z), if z*(¢) > 0 for 1 # 1, then by z(i) < b;, one can find ¢ with
z(2) < ¢ < b; satisfying Z M;(z(5)) + M; (c) 1. Define Z with Z(¢) = ¢ and E(j) = z(5)

for j # i. Then pp(Z) < 1 and ||Z||as < 1. Hence
13 (7,2%) = (z,3%) +" () (¢ - (i) = 1 +2"(3) (c - z(5)),

which is a contradiction. So, z*(i) = 0 for ¢ # 1, which shows that z* is unique (in fact
z* = (1/54,0,0,...)).
V. z(1) = by, (i) < b; for i # 1, p,-(x(i)) =0fori#1, py(z)=1.
Then for any z* € R Grad(z), if z*(i) > 0 and z(i) > ¢; for some 7 # 1, by Lemma
1.4,
0=2")pi(2(d)) = z*(§)pa(by) = z* (A7 (M7'(1)) > 0
because M (z(1)) = 1 by pu(z) = 1. This is a contradiction, which shows that z*(i) = 0
for i # 1 whenever z(z) > e;. If 0 € z(3) < e;, then z*(¢) = 0 by Lemma 1.4 (i). Therefore
suppz* = {1}, whence z* is unique. This finishes the proof. 0
THEOREM 1.2. Forz € S(l)) the following assertions are equivalent:
(A) «z is a strongly smooth point,
(B) =z is a very smooth point,
©) (i) dum(z) <1,
(ii) |z(i)] = b; for at most one i € N,
(iti-1) if |z(5)] < b for all i € N, then N € 63 and |z(i)| < M['(1)
implies p; (|z(1)]) = pi(|(9)]),
(iii-2) if |z(io)| = by for some iy € N and |z(3)| < b; for i # i,,
then p;; (bi,) = 0o or ppm(z) < 1 or p;(|z(3)]) = 0 for i # 4,
and N € 6%.
PROOF: We still assume without loss of generality that z(7} > 0 for all i € N. The

implications (A) = (B) =(C)(i),(ii) are trivial. Since very smooth points are smooth
points, if (iii-1) is not true, then N ¢ 3 and

|z(3)| < b forall i€N.

From Theorem 1.1, we get in this case that suppy = suppz, where y determines the
unique support functional of z. Combining this with pa(z) = 1, we get

3o M) = D Mi(b)> Y Mi(z(3)) = pu(z) = 1.

1ESUPP Y i€suppz tEsuppz
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By Lemma 0.5, there is k > 1 such that ||y||% = (1 + pn(ky))/k. Since N ¢ 83, there
exists z € I satisfying

pw(z) <1 and dN(—-—y);aéO

(If dn(y) = O we choose z € I3, with dy(2) > 0; if dy(y) > O we choose z € I with
dw(z) = 0.) Let

= (y(l),y(2),...,y(n), z(n;— 1)’z(nl;f- 2),...>.

Then

”yn”?\l (1 + pn(kya)) = (1 + ZN ky(i)) + ZN (2(3)) )

i<n i>n

(1+p~(ky + ) Ni(2()) = Ilyli%

i>n

So limsup [|ynll% < 1. On the other hand
n—o00

n oo

(zovm) = D 2@ali) + 1 D 2(0)200)

i=1 i=n+l

and by
oo
z Zx(z 2 (Mg (z(3) + N;(z(i))) — 0,
i>n t=n+1
we have {(z,y,) — (z,¥) = 1. So, li’{n '}gf[]yn”‘,’v > 1. Hence li_)m llynll% = 1. But since
- n—oo
dn((2/k) — y) # 0, there is a singular functional ¢ such that ¢((z/k) — z) # 0. Thus

w(yn—y)=<p(——y)¢0 that is, y, »" y as n — oo.

This contradicts the fact that x is a very smooth point.

If (iii-2) does not hold, then we may assume that z(1) = b, z(¢) < ¥ for all
i#1, pu(z) =1, pi (b)) < 00 and N ¢ &. Since z is a smooth point, by condition
(iii-2) from Theorem 1.1, we have p;(z(¢)) = 0 for i # 1. So, M;(z(¢)) =0 for i # 1 and
Mi(z(1) = pam{z) = 1. In this case, y = (b7,0,0,...) is the only support functional at z.
Take k > 0 satisfying k/b; = py (b1). Then

H o) = 3 (60 + M (£)) = 1 (0 £) =1 = IR

Now, we can deduce a contradiction in the same way as above, proving the necessity of
condition (iii-2).

https://doi.org/10.1017/50004972700019523 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972700019523

(13] Musielak-Orlicz sequence spaces 453

(C) = (A). It follows from Theorem 1.1 that z is a smooth point, so = has a unique
support functional y. Suppose that f, € S(l};), fa(z) — 1 and f, = y, + @, Where
Yn € {% and ¢, are singular functionals for all n € N. We need to prove that || f,—y|| = 0
asn — 00. By dyy(z) < 1 and Lemma 0.1, there is z € hy such that [[z—2|] <1 -6 < 1.
Thus

1 folz) = (5’3: Yn) + wn(z) < ||$“M”yn”?v + (,0,,(32 - 2)
< Nyall¥ + llenll 12 — zliar < llwalld + llenll(1 - 6)
= || fall = 8llenll =1 — Bllen]l,

whence ||o,]l = 0 as n — oo. Therefore, we can assume in the rest of the proof of this
implication that ||y,||% =1 and (z,y,) =& 1 as n — oo. By dpy(z) < 1 and Lemma 1.2,

we have
li N;(yn(2)) = 0.
(6) Jim sgpg (9(2))
By (6) and Young’s equality, we get
(7) lim sup Zm(z)y,,(z) =0.
1000 g5
t>10

To show that ||y, — y|| = 0 as n = oo, we consider the following five cases.

L. z(i) < b and z(:) < M;'(1) for all i € N.

From (C) (iii-1), we get p; (z(z)) = pi(z(i)) for all i € N and N € §3. By Theorem
1.1, the unique support functional y at z is given by

= 1 T 2lT2),...]).
Y= S (i)pi(x('))(pl( 1), P2(z2), )

i=1 T !

From Lemma 1.3(ii), in the case when p;(z(i)) > 0 and p;(z(j)) > 0, we have
lim pi(2(2))yn(5) = lim p;(z(5))yn(2)-
So, there exists d > 0 such that
lim yn(5) = dp;(2(5))

for every j € N with p;(z(j)) > 0 (namely d is the common value of Jim (y,,(i) /p (x(i)))
which does not depend on ).

Assume now that p;(z(j)) = 0. If z(j) < e;, then y,(5) = 0 by Lemma 1.3(i). If
z(§) = ¢; and yu(j) -~ 0 as n — oo, we can assume that y,(7) 2 ¢ > 0 for all n € N,
There exists i € N such that p, (z(i0)) > 0 (otherwise p; (z(s)) = 0 and M;(z(3)) =0
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for all < € N, whence pa(z) = 0 # 1, a contradiction to (4)). Therefore p; (z (%)) > 0
for some ig € N and consequently

lim (yn(io)p; (2(7)) - 9a(i)pi (a(i0)) ) <0,
which contradicts Lemma 1.4(i). So, y(j) = 0 as n — oo. This means that

yn(5) = dp;(z(5))

for any j € N. Combining this with (7), we get

1 {z,yn) = Zz(z)y,. i) — dzx(z)p. 1),

i=1

whence o
d=1 / Zm(i)pi(z:(z)

This implies that y,(j) — y(j) = 0 as n — oo for all j € N. Combining this with (6), we
5 (@) —y(i)
Ynl?) — Y2
dm sp 3N (255EE) =0

By Lemma 1.1, ||y — )/2||% — 0, that is, ||yn —y||% 2 0asn — co.

II. z(i) < b; for all i € N and z(1) = M;(1).

In this case it follows from condltlon (C) (iii-1) that N € 63 and p; (z(i)) =
pi(z(i)) = 0 for i # 1 (since M;(z(¢)) = 0 and p; is continuous at z(i) for i # 1).
It follows from the proof of Theorem 1.1 that the unique support functional at z is
represented by the sequence .

y= (;(1—)’0’0"")'

In a similar way to case I, we can prove that y,(?) — 0 for ¢ # 1. By (7), we get -
1= nlgxgoz = lim z(1)ya(1).

Therefore, yn(1) - 1/z(1) = y(1). From (6) and Lemma 1.1, we get |y, — y||% — 0 as
n — 0o.

IIL. z(1) = by, z(5) < b; for i # 1, py (b)) < oo and py(z) = 1.

By (C)(iii-2), we get p;(z(i)) = 0 fori # 1 and N € 6. From the proof of
Theorem 1.1 it follows that the support functional at z is given by y = ((1/6:),0,0,...).
Similarly to case I we can prove that y,(¢) & 0 as n — oo for all i # 1. By (7), we get
yn(1) = 1/by = y(1). From (6) and Lemma 1.1 it follows that ||y, — y||% — 0 as n — oo.

IV. (1) = by, z(i) < b; for i # 1 and p7(b;) = o©
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In this case, N € &3 is not necessary. We get from the proof of Theorem 1.1 that
the unique support functional at r is given by y = (1/4,,0,0,...).
If z(3) < e;, by Lemma 1.3(i), we get yn (i) = 0 as n — oo. If (i) > e;, by Lemma
1.3(ii),
Tim (y(1)) i (2(3)) = wa(i)er (2(1) > 0.
But pi(z(1)) < 00, ¥a(1) € N7 (1), 4a(1)pi(2(3)) < 00. So, yn(é) — 0 as n — oo for
i# 1. By (7),

(1) = -(-)1— =y(1), thatis, y,(3) =2 y(F) (=1,2,...).

Now, we shail consider two subcases to finish the proof in this case.

IV.1. For an infinite number of n we have 1 = ||y||% = i yn(2)b;
i=t
By (7), -
= lim > 2()ya) = lim 2(Dsn(D) = (1)/br.

: n—oo
=1

Hence lim )" yn(i)b; = 0. Consequently
N300 y=2

0 o0
Jim s =3l = Jim | (0,902, -}, < Jim Dm0 =0
IV.2. There is an infinite number of n for which
1
1= ”yn”(})\l = 'k—(l + pN(knyn))-

First, we shall prove that k, — oo. Otherwise, we can assume (passing to a subsequence
if necessary) that k, — kg < 0o. Since ko/b; < 0o = py (b1), there exists ¢ > 0 such that
M, (b]) + Nl(ko/bl) >bh (ko/bl) + ¢ = ko + c. Hence

1= lim i(1 +pN(k,,y,,)) > lim ki(l + Nl(k,.y,.(l)))

n—vook;
k0+c_ c
ke ko

k (1 + N, ko/bl)) (Ml b]) + Nl(ko/bl)) Z
This is a contradiction. Notice that

lim Nl(knyn( )) > lim Nl(kn/bl) > lim (kn/bl) -by — Ml(bl) _
n—oo n n-400 " n—oo k.

whence

n

.1 1S .
1= nh_g.lo 7c—(1 + pn(kayn)) > 1 +nlg‘f°1°k—n§Ni(knyn(z))-
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oo
So, Iingo(l/k,,) Y Ni(kayn(i)}) = 0. Consequently

,,llf& llyn — y“?v = lim ” 0 ¥n(2), ¥a(3), - - )ll(I)V

1
nll’r{.lo E(l + gN nyn(z))) =0.

V. z(1) = by, z(i) < b; for i # 1 and py(z) < 1.

By the proof of Theorem 1.1, the unique support functional at z is given by y =
(1/6,,0,0,...). Assume to the contrary that (y,) does not converge coordinatewise for
i # 1. Then we can assume that there is 7 # 1 such that y,(3) > ¢ > O0foralln € N. Smce
z(i) < b;, one can find u > 0 with z(i) < u < b; satisfying EM (2(5)) + Mi(u) <

Define T with Z(j) = z(j) for j # 7 and Z(z) = u. Then pM(z) 1. But

(Z,un) = (Z,yn) + ¥n(9) (v~ 2(3)) > (2, 9n) + c(u - 2(3))
= 1+ c(u— z(1)).

This contradicts the inequality (Z,yn) < |[Zl|mllyall% = 1. So, ya(:) = 0 as n — oo for
i # 1. Using (7), we get y,(1) — y(1) = 1/b,. We divide the remaining part of the proof
into two subcasses. -
1. lvnll% = X biya(3) for an infinite number of n.
=1

Similarly to case IV-1 we can prove that |ly, — y||% = 0 as n — oo.
V-2. |lyall% = (1/ka) (1 + pn(knyn)) for an infinite number of n.
We shall show that in this case limsup &k, = co. Otherwise, we can assume that £, —

n-00
ko < 00, whence
1= hm —‘(1 +pN ny'n)) ‘k—(l +Nl(knyu(l)))
1
- k0(1+N1 . ) _k—O(Ml )+ ( )+1—M1(b1)>
ko _ 1- PM( )
ko(bl b +1 pM(.’L‘)>-—1+ ks

a contradiction, which shows that lim supk, = co. Now, we can prove that [ly, —y||% — 0
similarly to case IV-2. e
As an immediate consequence of Theorem 1.2 we get the following:
COROLLARY 1.1. The following assertions are equivalent:
(i) Im is strongly smooth,
(ii) I is very smooth,
(iii) Ip is smooth and N € 63.
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