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Abstract

We study the counts of smooth permutations and smooth polynomials over finite fields.
For both counts we prove an estimate with an error term that matches the error term found in
the integer setting by de Bruijn more than 70 years ago. The main term is the usual Dickman
p function, but with its argument shifted.

We determine the order of magnitude of log (p,,»/p(n/m)) where p, ,, is the probability
that a permutation on n elements, chosen uniformly at random, is m-smooth.

We uncover a phase transition in the polynomial setting: the probability that a polynomial
of degree n in Fy is m-smooth changes its behaviour at m ~ (3/2) log,, n.

2020 Mathematics Subject Classification: 05A05 (Primary); 11T06, 05A16 (Secondary)

1. Introduction

A permutation is said to be m-smooth if it has no cycles of length greater than m. Let
Dnm i= Pres, (r is m-smooth)

be the probability that a permutation from S,, chosen uniformly at random is m-smooth. Let

and let p: [0, 00) — (0, 00) be the Dickman function, defined via the delay differential
equation 7p’(¢) + p(t — 1) = 0 for ¢ > 1 with initial conditions p(f) = 1 for ¢t < 1. It is weakly
decreasing, and de Bruijn proved that it satisfies

uloglogu
p(u) =exp| —ulog (ulogu)+u+ O Tosu (1-1)
ogu

for u > 3 [2]. Goncharov [7] established a connection between p,,, and p, showing that
Dnm ~ p(u) as n — oo and u = O(1). In an impressive work, Manstavi¢ius and Petuchovas
[13] established asymptotic estimates for p, , in the entire range 1 <m <n, including the

estimate [13, theorem 4]
ulog(u—+1)
Pnm = p(u) <1 +0 (gT>> 1-2)
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456 OFIR GORODETSKY
which holds for n > m > /nlog n. Recently, Ford [6, theorem 1-17] proved that

n n+1
p(;)sm,mp(mH) (1-3)

holds uniformly for n > m > 1. This almost immediately leads to

P = p(u) €Xp (0 (%)) (1-4)

holding in n > m > 1 [8, proposition 1-8], extending (1-2). Theorems 1-1-1-2 below, whose
proofs borrow heavily from [13], improve on (1-4).

THEOREM 1-1. Uniformly for n > m > \/nlog n we have

pn,m=p< . 1) (1—}—0(%))‘ (1-5)

Uniformly for \/nlogn >m > 1 we have

n u log2 u+1)
DPnm =P T | exp (0] — .

We may combine both parts of Theorem 1-1 as

n log(u+1) ulog?u+1)
Pnm = P T ] €Xp 0 + 5
m+ 5 m m

uniformly for n>m>1. We see pm ~ p (n/(m + %)) holds when m/(n1/3(10g n)?/3)
— 00.

The error term O(log (u + 1)/m) in (1-5) is of particular importance, as we now explain.
We say that a positive integer is y-smooth if all its prime factors are at most y, and we denote

W(x,y):= #{1 <n <x:nisy-smooth}.

Setting n’ := logx, m' := logy and ' := n’/m’, de Bruijn [4] showed that, in the range
n >m' >3 the estimate

LT <1 o, (log @+ 1)))

m

holds. This error term, O, (log (' + 1)/m’), is analogous to (1-5).

Remark 1. The main term p (n /(m+ %)) of Theorem 1-1 arises indirectly. We first prove
an estimate with a more complicated main term, see Proposition 3-1. This term originally
appeared in [13, corollaries 3, 5], where it serves as an approximation to pj, ,, in a narrow
range and with a worse error term compared to Theorem 1-1. In Lemma 3-2 we simplify
the complicated main term and show it may be replaced by p (n /(m+ (%)) at a negligible
cost.
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Remark 2. Ford’s proof of (1-3) avoids complex analysis and it will be interesting to have a
similar argument estimating p,, ,, relative to p (n/ (m+ %))

Theorem 1-1 is weaker than (1-4) when m = o(log n). We complement it with

THEOREM 1-2. If2 <m <n satisfies m = O(log n) then

Dnyn = <£>u exp (u( —log (1 - n_i) + 0<nm )))

The proof of Theorem 1-2 relies on estimates from [13]. Theorem 1-2 is only claimed
for m > 2, as it gives a wrong estimate if applied with m = 1. By Stirling’s approximation,
o1 =1/n! < (e/ny'n V2 ifm=1.

From (1-4) and Theorem 1-2 we see that log p,, ~ log p(u) holds as n — oco. Using
Theorems 1-1-1-2 we determine the order of magnitude of log (p,,.m/p(u)):

=

COROLLARY 1-3. Define A via pym = p(u) exp (A). Uniformly forn > m > 1,

logu
Axulog| 1+ .
m

1-1. Results for smooth polynomials

A polynomial over a finite field [, is said to be m-smooth if all its irreducible factors
have degrees at most m. Let M,, , be the set of monic polynomials of degree n over F,. We
write py, 4 for the probability that a polynomial from M,, , chosen uniformly at random is
m-smooth. Manstavi¢ius [11, theorem 2] proved that

log(u+1)
o102

holds in range n > m > /nlog n. Recently, the author proved that for fixed ¢ > 0, the ratio
Pnyng/Pnm satisfies

1+12|m

Pnmg 140 un~ m  min{m, log (u + 1)}
- &

Pnm qu

(1-6)

1
m;r -‘

forn>m=>2+¢) logq n [8, theorems 1, 2]. The implied constant does not depend on gq.
From (1-6) and Theorem 1-1 we immediately obtain

COROLLARY 1-4. Uniformly for n > m > /nlogn we have

_ n log(u+1)
s () (o (2.

Fix ¢ > 0. Uniformly for \/nlogn>m = (2 + &) log, n we have

n ulog® (u+1)
Pnmg =P rlexp| O | ———| | -
m+ 5 m
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The rest of our results concern py, .4 /Pn,m- To obtain estimates with better range and error
than (1-6) we introduce a function G4(z). The generating function of {p;, u.4}n>0 is

z deg (P)\ —1
Fo= ] (1_(-) ) , (17)

PeP 1
deg (P)<m

where P =P, is the set of monic irreducible polynomials over ;. It is analytic in |z| < g.
The generating function of {p; ;;}»>0 is the entire function [13]

Fz):= exp(Z %) . (1-8)

i=1
For |z] < g we define

F
Gy(2) = ;((ZZ)) : (19)

The function G, is studied in [8, lemma 2-1]. By [8, theorem 1-3] we have

+12\m

1
Prmg _ Gq(x)<1 Lo, (n m— min{m, log (u + 1)})) (110)

Pnm mgl "5

in the range n/(logn log3 log(n+1)>m=>2+¢) logq n, where x =x,,, is the unique
positive solution to

> ¥ =n. (1-11)
In that range, G4(x) is very close to 1, see [8, lemmas 5-3-5-4]. We complement (1-10) with

a result for large m. We define £(u) > 0 by €™ = 1 + ué(u).

THEOREM 1-5. Ifn>m> /10nlog n then
log (u+1
pn,m,q Gq(eé(u)/m) (1 0 ( g( ))) ]

Pn,m qumTHW

Using Theorem 1-5 we are able to drop the condition n/(lognlog’ log(n+ 1)) >m
present in (1-10):

COROLLARY 1:6. The estimate (1-10) holds uniformly forn > m > (2 + ¢) log, n.

We turn to smaller m. In the range (2 — €) logq n>m=>(1+e¢) logq n,

n2
log G4(x) <ge ,

mq™
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see [8, lemma 5-4]. In [8, theorem 1-3] it is shown that py, ;. 4/pnm ~ G4(x) holds as n —
oo as long as m > (3/2 + ¢) log, n. Our next result shows that ppm,q/pnm experiences a
transition when m is close to (3/2) log, n.

THEOREM 1-7. Fix a prime power q and & > 0. There is a quantity A > 0 of order

n3

A=ge ——
q, qum

such that, for (2 — ¢) logq n>m=>(1+e¢) logq n we have, as n — 0o,

Prmg . Gy(x)exp (—A).
Pnm

In parti30/1211ar, if q"11/2= n® where 7 € (1,2) then A x,, (n*727/logn) and so A >, 1 if
q" =0m’*/(logn)'/=).

Conventions. The letters C,c shall denote absolute positive constants which may change
between different instances. The notation A << B means |A| < CB for some absolute constant
C, while A <4, B means C may depend on the parameters in the subscript. We write
A =<4p... Btoindicate cB <A < CB holds for C, ¢ > 0 that may depend on a, b, . . ..

2. Auxiliary estimates and functions
2-1. Saddle point review

By [13, theorem 2 and corollary 5], uniformly for n > m > 1 we have

pn,m:% <1+0<u_1)>, -1

where x =x,,, is the saddle point defined as the unique positive solution to (1-11), and
A = Apm 1s defined as

A= Z ix'. (2-2)

LEMMA 2-1. Uniformly for n>m=> 1, the following estimates hold: n'/™ > x>>nl/™
nm > A > nm and A =nm(1 + O(1/ max{log u, nt/myy).

Proof. We study x. Considering only the i = m term in (1-11) gives x <n'/™ If x < 1 then
Z;": | X' <m < n, a contradiction, hence x > 1. Consequently, by the definition of x, mx™ > n
holds, which implies

1 1 1 1

X>nmm m>pme e,
We turn to ». We have A <m Y™ | x = nm. By [13, lemma 9],

A =nm(1 + O(1/ log u)) (2:3)
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uniformly for u > 1. We also have x” <n=73 " | ¥ <x"/(1 —x""1) and so

m
mn(1 —x_l) <mx™ < Z X =A<nm
i=1

implying A =nm(1 + O(x~ 1) =nm(1 + O(n=1/™)). The estimate (2-3) already shows A >
nm when u > C. If u < C then, since x > 1, we find A > Z:"zl > nm.
2-2. Dickman function review
We define & : [1, 0o0) — [0, 00), a function of variable u > 1, by
EW =1+ utu).

LEMMA 2.2 [9,lemma 1]. We have § ~logu as u — 0o, and §' = u '+ O(1/ log u)) for
u=>2.

LEMMA 2-3 [13, lemma 6]. Ifu > 1 we have logu < & <2logu.

s t
—1
I(s):/ ¢
0 t

which defines an entire function. Observe that

Let

& —1
§

and a short computation shows I'’(§) = 1/&’. The following lemma is proved by induction.

I'é¢)=

=M,

LEMMA 2-4. For any k> 1 we have I®(s) = (e Pr_1(s) — (=D Lk — 1)!)/skf0r a monic
polynomial Py_1 of degree k — 1.

It has the following direct consequence.

COROLLARY 2-5. For any fixed k> 1 we have I (&)= (1 4+ Ox(1/ log u))(¢f /€) ~ u as
u— 00, and IV (& + ir) < min{u, 5 /|& + it} uniformly for t € R.

The function [ arises when studying p and its Laplace transform.

LEMMA 2.6. [3, equation (1-9)] [1, equation (3-9)]. Let y be the Euler—Mascheroni
constant. We have

p(s) 1= fo e o) dv=exp(y +1(—s))

for s € C. Uniformly for u> 1,

1
p(u) = —————exp(y — ué +1(€)) (1+ 0w ™")). 2-4)
21(§)

We have the following bounds on p.
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LEMMA 2-7. [10, lemma 2-7] The following bounds hold for s = —&(u) + it:

(eXp(I(E) —54)) =
p6)=10 (exp(16) = i) ifl =,
§+0(1‘§|§5) if 1 4 ut = O(|1)).

23. T

We define the following function, holomorphic in the strip |3s| < 27 m:

s ol 1 s
T(s):= l —1]de
() /0 ; (1 gy )

The Bernoulli numbers B; are defined by

2 4 si
o=ttt = L By

>0

This series converges for |Js| < 2. It is known that B; < i!/(2)’. It is then easy to see,
from the estimate fg (e — Dri—ldr <« |s|"=1(le*| + |s|) which holds for 9ts > 0 and i > 1, that

k S k )
B; i IsI*Cle’] + Is])
T(s)= E_l W/() (€ — 1)t 1dt+0<W> (2-5)

holds for k> 0 and s =0 + it with o € [0, 7m] and t € [— wm, wm]. Applying (2-5) with
k =1 we obtain

COROLLARY 2-8. [13, lemma 11]. For s =0 + it with o € [0, tm] and t € [— wm, Tm],
e° t2
‘T(SH— —( <t

Applying (2-5) with k =2 and s = £ = £(u) we obtain

Ié)=

2
(u—l)s+e¥(§—1)—%+1+0<ulog3(u+1)> 26

2m 12m? m3
when & (1) < rm holds.

LEMMA 2-9. Suppose &€ = &(u) < wm. For any k> 1 we have

T0%) = 1(%)( = =g —1+0k(;))

et 1 log (u+ 1)
T om <1+Ok (log(u+1)+ m >) 27)

If additionally t € [— wm, wm] then TOE +if) < 65(”)/m.
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462 OFIR GORODETSKY
Proof. We have T'(s) =1'(s)g(s/m) for g(z):= z/(1 — e %) — 1. Repeated differentiation

shows
k—1 . ) .
T®(5) = 1D (s)g(s/m) + ok( > om |1<kl><s>g“><s/m)|). (2:8)
i=1
We suppose that s = £(u) + it and that the inequalities &£ (u) < wm and |t| < wm are satisfied.
From (2-8),
1 k—1 .
TO(s) = 10(s)g(s/m) + Ok (— > |I(’<—’>(s>|) 2:9)
m

i=1

as our assumptions on s guarantee that g (s/m) <; 1. We first suppose # = 0 and establish
(2-7). Using (2-9) and the definition of g, the first equality in (2-7) will follow if we show that
T*=D(& ) < I® (& (u)), which is a consequence of Corollary 2-5. The second equality in
(2-7) follows from another application of Corollary 2-5. Finally, the claim for 7®)(s) (when
7| < wm) follows from (2-9) since |[I®(s)| <k 5™ /|s| and [I*D(s)| <ru (1 <i<k—1)
by Corollary 2.5 and |g(s/m)| < |s|/m.

2-4. H,
Let H, := Y1, (1/i) be the nth harmonic sum. By the Euler-Maclaurin formula,

1
Hy=logn+y + -+ on=?). (2-10)

3. Proof of Theorem 1-1

We break the theorem into a proposition and a lemma.

PROPOSITION 3-1. Uniformly for n > m > 1 we have

2
an—p(u)exp( i( )) p<0 <ulog—(3+1)+l>). G-
m m u
If /nlogn = O(m) then
pnm—p(u)exp< st ))( +0<w)>. (3-2)
2m m

In [13, corollaries 3, 5], (3-1) is proved in the narrower range n > m > n'/3( log n)?/3.

LEMMA 3-2. Uniformly for n > m > 1 we have

1
o (u) exp( gi(n)) ) <u—ﬁ> exp(O (%—i—a)) 3-3)

uy n ulog(u+1)
g ()l () e
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We prove (3-1) in Section 3-1, and (3-2) in Sections 3-2-3-3. The proof of Lemma
3-2 is given in Section 3-4. To deduce Theorem 1-1, we combine (3-2) and Lemma
32 if m>./nlogn, and (3-1) and Lemma 3-2 if m < ./nlogn. Here we use u/m>+
1/m+ulog (u+1)/m?> <log u+1)/m when m=> /nlogn and 1/u+u/m>+1/m+
ulog (u+ 1)/m?> K ulog? (u+ 1)/m* when m < /nlogn.

3-1. Proof of the first part of Proposition 3-1

Here we prove (3-1). If m = O(log (# + 1)) then (3-1) follows from (1-4). Hence we sup-
pose that m > C log (u# 4 1) from now on. Similarly, if u = O(1) then (3-1) is already in (1-4),
so we suppose u > C. We define a function

D(z):= 7= exp(z Z?)

so that x defined in (1-11) solves D'(z) =0, and (2-1) can be written as

D(x) 1
nm = 1+0 : 35
Pn, W( + O ™")) (3-5)

We can write log D(x) as

1

log D(x) = —nlogx + E — + I(mlog x) + T(mlog x),
— J
J=1

see [13, equation (40)] for the details. We set

~

&:= mlogx
and define 7 > 1 as

- & —1
U= ——.

§
In this notation, (3-5) implies (using (2-4) with % in place of u, and (2-10)) that

~. ~ 21//
Prn = p@) exp((i — wg) exp (T(&)) \/%mexp(o (i 7))

for u > C. A short computation shows that u=1I'(§) = + T) (5) holds by the definition of
&, 5 and x. Since T'(r) > 0 for t > 0 we have S < & and so, by the monotonicity of I'(f) =
(e! — 1)/t, it follows that

U=I'E)<I'E) =u.

By [13, equation (22)],

E:s +0 (W) (3-6)
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uniformly in m > log u > 0. From (3-6) we see that, uniformly in m > log u > 0

ﬁ:u—l—O(M). 37)

m

We will be using (3-6) and (3-7) frequently. For m > log u > 0 we have

o m? (1+0(log(u+1)>)
&'(u) m

by [13, equation (23)]. Hence, since I"'(§ (u)) = 1/&'(u),

/mzz”@(’ﬁ»:/ " =/s’(u> exp<0 (log<u+1>>)
2 M@\ & m

form > Clog (u+ 1) > 0. Since £'(r) < 1 /tand " (t) = —&"(DIP(E (1)) /I (£(1))* < 1/1* for

t>C,
E'(u) u—uy log (u+ 1)
v o () =0 (*5))

holds for m > Clog (u+ 1) > 0 and u > C and so

m?I" (& (1)) ~ex (O <10g (u+ 1)))
A = oXp m ’

when m > Clog (1 + 1) > 0 and u > C. At this point, we have established that

~ ~ 1 1 1
=5 G ) s 1) oL EE D)

m

holds in our range. We have E <& <2logu <mm by Lemma 2-3 and our assumption m >
Clog (u+1). By (2:6), (3-6) and (3-7),
~  UE ulog? (u+1 log(u+1 ué(u ulog? (u+1 log (u+1
1§ =& | o(UloE D | lop@t D) @  ulog(ut ) logt ]
2m m m 2m m m

in this range. We now have

ué (u)

1 ulog®u+1)
2m ))

>p(;,) exp (@ — wi) exp (0<; + ;

Pnm = €Xp (
m

for m> Clog(u+1), u>C. Let r(f)=—p'(t)/p(t) be the negative of the logarithmic
derivative of log p. We have

PG = p(u) exp( fN r(r)dr) .

By integration by parts, we may write the integral in the exponent as

/~u r(Hdt = (u — w)r(u) — /~u (t — )Y (ndr.
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By [5, lemma 3-7], the estimates

m=sm+0 (V). rm=gm+o(v?) (38)
hold uniformly for v > 1. Hence, using (3-6) and (3-7),
p (i) exp (i — w)€) = p(u) exp ((u — W)(r() — &) + &) — &)

— [N (t=w(r'(t) — &'(t) + &'(1))dr)
2 u
— o) exp (0(l n ulog—(;”rl)) - / (1 —ﬁ)s/ma:).
u m U

To conclude the proof, it remains to bound [ (r — W)’ (r)dt. Since &'(t) < 1/1,

u _ w7y ~ N ~02 ) ) .
/ U—WgONNK/’——Em=u<g—1—hg(gyy<uw - ulog” D)
u u ! u u e 2

if m > Clog (u+ 1), using (3-6) and (3-7). The proof of (3-1) is completed.

3.2. Preliminary lemmas for second part of Proposition 3-1

The following consequence of Cauchy’s integral formula is implicit in the proofs of [13,
theorems 2,4].

LEMMA 3-3. We have

e p(s)el 9 ds.

DPnm =

exp (Hm — )/) 1 /—E—Hmn
m 27i J_

E—imm
The following lemma is implicit in the proof of [13, theorem 4].

LEMMA 3-4. Suppose /nlogn= O(m). Then

1 —E+imm

e~ (—DE
5= e p(s)ds = p(u) + O < ) .
278 J _g—imn n

A variant of the next lemma is implicit in the proof of [13, theorem 2].

LEMMA 3-5. Suppose \/nlogn= O(m) and 1 + ué <A <mmn. Then

L s (77O 1) s B “Clog+ )
21l J_g4ia m
The same bound holds if we integrate from —& — imm to —& — iA.
Proof. We have p/'(s) = p(s)(e~* — 1)/s. Integration by parts shows that the integral is equal
to

s=—&+imm

s=—&+iA
1 —E+imm oS

_ —p(s) e’ -1 (eT(—x)—T(E) _ 1) —T(— 5)eT9-T@ ) g5,
2wi ) gpin U s
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By Corollary 2-8, T(—s) — T(&) is bounded in our range of integration. In fact, 7( — s) —
T(£) < (€5 +|3s|)/m. Hence, the third case of Lemma 2.7 shows that

1 ¥ s=—§&+imm e U6

— % ) (eT(fs)fT(a _ 1)
27i u

s=—E+iA n
which is acceptable. As for the integral, we rearrange it using the definition of 7"
1 —E+imm

eMS e—s _ 1
_ — b)) [ ——— (eT(—s)—T(S) _ 1) —T(— S)eT(_s)_T(g) ds
i Jogria u s

—E4i S 7S — 0
L imrw e_me ) 115(3) (eT(_s)—T(S)L - 1) ds.
N

= 27i —EiA U 1 —es/m

By Corollary 2-8 and the Taylor expansion z/(1 — e™%) =1 +z/2 4+ O(z?),
Je-TE _m g P

1 —es/m

in our range of integration. By the triangle inequality, the last integral is

log (u+1 —E+imT | 5(s s et
<l )/ 1s)] (%+_>|ds|
e —&+iA Is|] \m m

log (u+1) [~&+imm | s2 & log (u+ 1),
<<—g(uE )/ _2(%+—) ds] <« 22wt D: — )
e —etia S| m m me

where in the second inequality we used the third case of Lemma 2-7.

LEMMA 3-6. Suppose 0 < B < A. Then, for every k > 0,

1 —E+iA o ‘ s
o 5+ 604" p(5)| Ids| i p (e + 4K uexp (-
—&+iB

u
E2+ 2 )
The same is true if we integrate from —& —iA to —& — iB. In particular, for B=0 and
A < exp (cpu/(log (u+1))%),
1 [EriA b s !
— 5+ )" (5| sl < 3.
2mi —£—iA

Proof. Using the first two parts of Lemma 2.7, the triangle inequality shows that the
integral is

A
« o EHE) /

k 2 u
t — _—— dr
A 1| (exp( cut )+exp( §2+7r2))

ket 1 u
& e EHE[ 4= exp (= cuB?) + A lexp (— ———) ),
k p( ) p( g2 +7T2)

and we now use (2-4).
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LEMMA 3.7. Fix k> 0. Let ,, := m!/((m/2)!2m/2)f0r even m. Suppose /nlogn = O(m)
and Cy/Tog (u+ 1)/u < A < exp (cxu/(log (u + 1))?). Then, for even k,

1 5+A o 1 L
i (s+ &) p(s)ds = (1 + Or(u™ )p(u)pr(—1)2&'2
T J—g—iA
and for odd k,
1 —&+iA O
2mi (s-+ £ prds = (1 -+ Oyt Vptwpess(—1) T g )
Tl J—g—iA 6

Proof. The contribution of A > |Js| > Ci+/log (1 + 1)/u is acceptable by Lemma 3-6. We

may now assume that A = Cy+/Tog (u+ 1)/u. Recall p(s) =exp (y + I(—s)). We may
Taylor-expand /(¢ + it) using Corollary 2.5, obtaining that

1 —&+iA

— (s +&)Fe™ p(s)ds
2mi —£—iA
—ué+I(§)
:ikeyz—f rkexp(——l”(s)+z 1(3)(s)+ 1<4>(s)+0k (u|t| ))
T —A
—uE+IE) 2
=ikey2— f Fexp (= S1@)(1 +z—1<3><s>+ 1<4>(s> 1%))
T —A 2

X (1 + Ok (ull‘l5 + u3|t|9)) dr

Substituting 21" (&) = v2, recalling I’ (& (u)) = 1/&’(u) and using (2-4), the last expression
can be written as

A
/ AE

3 13/2 5 9
(1+, § ,<3>(§)+V5 19 VO’ ,(3)(5))<1+0k<u))dv.
6 u3/2

= p(u)(1 + Op(u~")ike™? —— Wexp (—12/2)

To conclude we apply estimates of gaussian integrals: f v+l exp (—v?/2)dv is 0,
" R
Jg V¥ exp (—v?/2)dv < 1 and [, v exp (— v?/2)dv = /27 poy + Ox(exp (— R?/4)).

3.3. Proof of the second part of Proposition 3-1

Here we prove (3-2) using the material in Section 3-2. If 1 + u§ > mm the result is already
included in the first part of Proposition 3-1, so we assume from now on that 1 + u& <mur.
From Lemma 3-3 we have

_ —&+i
exp (Hm V) eT(E)L / " e”sﬁ(s)eT(_s)_T(S)dS.

Pnm = A
m 2mwi

—&—imm
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We have exp (H,,, — y)/m=141/2m) + O(m=2) by (2-10), and

2
JTO_ i (5 ptlogwtD
2m m2
by (2-6). Hence,

u 1— 1 2 1 1 —&E+imm
pn,m=e% (1+ . €+0(M og” (u+ ))) _/ ¢ p(s)eT - TE) g,

m m? 278 J _g—imn

We separate the integral into 3 parts, S1 + S> + S3, where

1 —E+imm
_ us A
S =— e p(s)ds,
2mi —&—imm
1 [—E+i4ug)
Sy=-— (77O 1) e psyas,
278 J i1 +ug)

1 —&—i(1+ué) —&+imm
2mi —E—imm —&+i(1+ué)

The integral S1 was estimated in Lemma 3-4 and it gives the main term p(x) as well an
absolute error of size < e~“" D¢ /n « e log (u+ 1)/m. The integral S3 was estimated in
Lemma 3-5 and it contributes < e~ log (u + 1)/m. We now study S». We use Lemma 2-9
to Taylor-expand e?(=9=T®) _ | = (TE=iD-TE) _ 1 4t (:

2
IO 1= e+ )+ o +2§) (re+7er)
3 1 1
_(TOE) + 3T ETE) + (T/@)P)% ‘o (%w +s|4> (3:9)

for |3Js| <14 u&. Applying Lemma 3-6 with k=4, B=0 and Lemma 3-7 with k =1,2,3
and collecting the terms gives

T'(E)(1 +O0(log (u+ 1)~1)) — T"(&)(1 + O(log (u + 1))
2u

$r= ,0(14)<

+O(

2
log(u+1) . ulog (;t-i— 1))>. (3.10)
n m

All in all, since T'(¢) and T"'(§) are both (ulog (u + 1)/2m)(1 + 0,— 0(1)) in our range by
Lemma 2-9,

2
Pnm = €Xp (;Ti)p(u)(1 _w(l +0u—>oo(1))+0<u10gn:;+l))>.

We are done, as we established, in stronger form, the second part of Proposition 3-1.
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3-4. Proof of Lemma 3-2
We first show (3-3). Let 7(f) = —p'(¢)/ p(t) > 0. We have

p(u)= ,o(u — i) exp (— /u r(t)dt).
2m y—

T 2m

If u is bounded then the bound r(¢) « 1 for ¢t < 1 finishes the proof. If u > C we may
differentiate r (it is differentiable for # > 2) and obtain

u ur(u) u u ,
pw)=plu——)exp| — + u—— —t|r'@det
2m 2m u— 2m
by integration by parts. To conclude, we use (3-8) to find
ur(u) u u , ué (u) 1
— —— —t )/ (t)dt=— 0 — ).
2m +/u_2um <u 2m )r() 2m + m2 m

It remains to show (3-4). Set t{ =n/(m+ 1/2) and t, = u — u/(2m). It suffices to bound
log (p(t2)/ p(t1)). Observe t; > to. We have

f n ulog (u+1
log p(#2) —log p(11) = / r(dr < (1p — 1) max r() K — log(u+1)= #
tet,h] m

15}

since r(¢) < log (t + 1) by (3-8) and Lemma 2-2. This completes the proof.

4. Proof of Theorem 1-2 and Corollary 1-3
Let

21 dpi=— W) e,
(m — Di'l’ (1 + #)

&A

LEMMA 4-1. The estimate

exp(—ulogn—{—u—l—zl’-":ldm,inlfi—|—E) (1+0< 1 ))

2mnm max{log u, nl/m}

DPnm =

holds uniformly for n > m > 1, where E is a quantity satisfying

nfi
E< - +
l—n"m 1—

|3

T

ﬂ)%
n

—~~ |z

Lemma 4-1 is a minor improvement on [13, theorem 1], which treats m < log n.
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Proof. Recall the definitions of x and A given in (1-11) and (2-2). Following the proof of
[13, theorem 1]! we have, borrowing the notation of [13, section 5],

m .
exp(— ulogn +u+ de,inl_i +E)(1+0(@u™))

i=1

1
P =

for E= R(n_%) where

o0 x
R(z): = Z hiz —n Z b7
i=1

i=m+1

for certain coefficients /; and b; defined in [13, lemma 13] and estimated in [13, lemma 15].
In particular,

h,-=i+m

bi-i—m

fori>1and

i
mm
i

b K —

for i > 1. In the first displayed equation of [13, lemma 15] it is shown that b; < T /m for
m+1<i<2m— 1. Itimplies

b K fmm
in the same range. Hence
RG) < f Rl +i 2 min 2y +n( zmz_l Ly i l(mfn|z|>">
i=1 mn i=m ¢ i=m+1 mn i=2m ¢
Sy (M +mé>|z|f+ S el
i=1 i=m m i=2m i
It follows that
0 now m ~ m

1 n-
R(n™m) < -+ - — L -4 —=
l—n"m m(l—n"m)? 1—(n 1-n"m 1—(

To conclude, we input the estimates for A /(nm) given in Lemma 2-1.
' We correct a few typos. The definition of D(x) in [13, p. 21] should be replaced by the one given in p. 4 of
that paper. The left-hand side of their equation (48) should be “log D(x)”. In the first displayed equation in

p- 22, the sum of Ayz" should start at N = —r and not N = —r + 1. In the second displayed equation on p.
23, the factor n! that appears twice should be omitted.
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4-1. Proof of Theorem 1-2
Let

m—1 )
Si= > dpn' .
i=1
In view of Lemma 4-1 we have
e\u
Pun= () exp(S+0(logm). @1
when m = O(log n), and it remains to estimate S. We have
1 1 i 1 i
-=— 140 -], ——=140|—
m—i m m—i r (1 + %) m

uniformly for 1 <i<m — 1. The estimate I'(x + y)/ I'(x) € [x(x + y)*~',x"] for y € (0, 1)
[14, equation (7)] implies

r(g,},):g(z’f;ﬁ):ﬁ(lw(i)),

Hence,

Since /™ =1+ O(ilogi/m) if i <m/log (m+ 1), we may write S as S=u(S] + O(S2 +

S3)), where
m—1 _ i _ L ' (+1)
nom n~m ilog (i ooim
G=Y T sy MrileeGHD g s
£ i ) i m i i
i=1 1<i< et Tog o <i<m—1
We have

1 1
S1=—log(l — n_%) +0 (——1>
nmiy _—p=m
by bounding the tail of the Taylor series of —log (1 —n~'/™) by a geometric series with
ratio n~ /™. Similarly,

1 1
$Hr K —— <
nm —1

m

because the contribution of i€ [2%,2%t1) to §, is < (k+ l)n_zk/m/(m(l —n~Ymy) and
Y ioo (k4 D=2/ =1/ when m < log n. As for S3,

S3<m Z

m o lTog (m+1)
log(m+1)§l§m 1

1 1
max (i/n)'™ <« mlog log (m + 2)n~ ©emtD

<i<m—1
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since i > (i/n)"/™ decreases for i < n/e. Both S3 and the error term in S are dominated by
our bound for S;. It follows that

_1
n m

S=u(—log(1—n_%)+0(

)

The error O(log n) in (4-1) is absorbed in the error term in S when m > 1, and we are done.

m

4-2. Proof of Corollary 1-3

We first consider n > m > n/2. For m = n, p, , = p(1) = 1, so we may assume m <n — 1.
We have exact formulas: p,,, =1—3i_, | 1/iand p(u) = 1 —log u. Hence

n

n
. . 1 1 " dr
Dnm — p(u) = Z (logz—log(z—l)—?)x Z l—2x/ t_2

i=m+1 i=m+1 mn

We are done since, in our range,

— ~ —

"dt 1 1 n—m u—1_logu

m 2 m n om? m m
We now suppose n/2 > m > C log n. We shall need the lower bound [8, theorem A-1]

culogu
m

Pnm = /O(M)(l + 4-2)
which holds uniformly for n/2 > m > 1. We may assume n > C, since for bounded n we just
want to show B p(u) > pp.m = B1p(u) for constants By > By > 1 which follows from (4-2)
and (1-4). If u is sufficiently large then it follows from Proposition 3-1 that, using the same
definition for A as in the statement of the corollary,

e ué (u) _ ulogu ~ ulog (l n logu)
m

m m

as needed. If u = O(1) then the same argument establishes A < Culog (1 + (log u)/m) and
a matching lower bound in this range follows from (4-2).
Finally we suppose m = O(log n). From (1-1) we have

1 1 log1
() -1 :exp(u (1og ( Og”) ‘o (&») . 43)
n/  p(u) m logu
From Theorem 1-2 and (4-3),
_1 logn 1 loglogn
u A=log — —log<1—n m)+0 W .

If n is sufficiently large and 1 <m < Clogn,

1 1 1
log <£> —log (1 —n_%)zlog (M> =< log <1 + ogn)
m 1 m

— e—(logn)/m

since /(1 — e~ ") > 1 + ¢ when t = (log n)/m > 1/C. This finishes the proof.
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Remark 3. When m = O(log n) the proof above shows more: setting ¢ := (logn)/m,

t log1 2
A=u|log +0 oglog(n +2)
1—e? log(n+2)

holds, where A is as in the statement of Corollary 1-3.

5. Proofs of results in the polynomial setting
We recall we can write G, as
o¢] azt
Gy(z) =ex =1, 5-1
(@=exp| > = (5:1)

i=m+1

where ag; are nonnegative numbers, depending on ¢, that are described in [8, lemma 2-1] and
satisfy

a; < min{g~ 1?1, g1} (5-2)

5-1. Proof of Theorem 1.5
We suppose that n>m> ./T0nlogn. This guarantees 2"/3 > 14 m(log2)/3>1+
2ulogu> 1+ ué =%, where we used Lemma 2.3 in the last inequality. Hence

&M< 3. (5-3)

An application of Cauchy’s integral formula allows us to express p,, », as

e H., — 1 —E+imm
P = M_ / ﬁ(s)e”seT(_s)ds, (5-4)
m 2mi —E—imm

see [13, section 4]. In the same way,

exp (Hy —y) 1 /—S“’"’f

- Zﬂl ﬁ(s)euseT(_S)Gq(e_s/m)ds, (55)

Pnm,g = e
—imm

see e.g. [8, section 4]. Since G, has radius of convergence equal to g, we must ensure that
¢5/™ < q in order for the last integral to be valid, and this holds by (5-3). By taking a linear
combination of (5-4) and (5-5), and using (2-10) we have

1+0m™Y
2mi

Prmg — Gg(€/™pum = Gy(e5™) X

for

—E+imm G —s/m
X:= / ﬁ(s)e“seT(_s)<& — 1>ds.
—E—imm Gq(eé/m)

Since ppm > p(u) for m > \/10n log n by (1-4), it follows that

=G 1+0 .
Pnm q(e ) * po(u)
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We must show X < p(u) log (u+ 1)/ (mqr(’"H)/ 21). To bound X, we consider separately the

contribution of |[Ns| < 1 + u& and mm > |Ns| > 1 + u&. We start with [Rs| <1 + u&. Let

Gq(e—s/m)

4 7 _ o T(—s)
Gq(es/m) 1, Hr(s):= H(s)e

H(s):=

so that the integrand in X is p(s)e"*Hr(s). We Taylor-expand Hr(s) at s = —&, where it
attains 0: Hy(s) = (s + £)b1 + O(|s + &|>b) for

by =Hr' (- &) and by= max [|H'(—&+ir)|.
[l <14u

Applying Lemma 3-6 with k =2, B=0 and Lemma 3.7 with k = 1, it follows that

—&+i(1+ué) ,0( )
/ 0()eHp(s)ds < (|b1| + by) —

—&—i(1+ué)

‘We now consider the contribution of 7m > |Ns| > 1 + u&. We focus on mm > Ns > 1 4 ué,
and negative Ns is handled the same say. We have o(s) = 1/s + O(u log (u + 1)/|s|2) in this
range by the third part of Lemma 2-7. The contribution of O(u log (u + 1)/|s|?) is

—&E+imm ulog (u +
< / e OB U D e Ollds] < by,
—&+i(1+ué) 52

where

b3 = max |Hp(— & +it)|.
[t|<mm

We study the last piece of the integral,

—&+imm oS
/ — T H(s)ds.
—E+i(1+ug) S

We write e7(9 as 1 + (eT(_S) —1). Whens = —& +itfor 1 4+ ué <t < mm we have el (=) —
1 = O(|s|/m + |s|*>/m?) by Corollary 2.8. Applying the triangle inequality we get

—&+imm oS —&+imm
/ — ("™ — DH(s)ds < b4 f
—E+i(14ut) S —E+i(14ué)

e

us s 2
_<|| ||>|d|<<b4e”,

N m

where

by = max |H(— & +it)|.

[t|<mm

We estimate

—&+imm oS
/  H(s)ds. (5:6)
—E+i(1+ug) S
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Using the notation in (5-1) and the bound in (5-2), it follows that

2 1 2 1
H(s) = 10g Gy(e™ — log G5/ + 0 (ﬁ

m2q2|—m-2%—1-|
2m ) 2 2
_ Z &(efs/’"—efé/m)+0<u log (u+1)> 57
H mqm—H :
j=m+1
Hence the integral in (5-6) equals
_y 4 I e 4 o (102 (et D logm + 1)
iy 4 —siaug) s mg" !

If u <3 then Gy(e*/™) — 1 < 1/(mq'™+V/21), implying Theorem 1.5 is already in (1-6).
From now on we assume u > 3. We have the estimate

/—S-Hnm elu—i/mys e—(u—j/m
S . 9
—E+i(1+ué) N (1 +u$)|u _.]/m|

which is valid for all 2m >j> 0 and u > 3, and is established by integration by parts. It
follows that the integral (5-6) contributes

1?1022 (u+ 1)e™ log (m + 1) i”: a e G el
+1 m+1
mg™ Pt J14+ué|u— j/ml ng' T

Collecting the estimates,

,ug
X< wabu Fba) + (by + b)e ™ +

(5-8)

’—m+1-‘

Recall we want to show X < p(u) log (u + 1)/(mq[(’"“)m). We have e~ < p(u)u~* for
any k by (2-4), showing that the last term in (5-8) is acceptable and that it suffices to show
b; < ulog (u+1)/(mg ™ D/21y fori=1,2,3, 4.

Since T(— & + it) is bounded when |t| < m by Corollary 2-8, it follows that b3 < ba.
By (5-7) and the triangle inequality, by < ulog (u+ 1)/(mg'™+D/21). To bound by and by
we use the fact that 7" and its derivatives are bounded by Lemma 2-9 in order to reduce the
problem to showing

H(i)(_ S +if) < M]Og (u+ 1)/(mq|'(m+l)/2'|)

holds for i =0, 1, 2. For i = 0 this is in (5-7), for i = 1 we have

e—S/m Gq/(e—s/m) |Gq/(e—s/m)| < Zzoom-i—l a; li—DE/m ulog (u+1)

4 — —
B === =G m m g D/

and a similar computation holds for i = 2. This completes the proof of Theorem 1-5.
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5-2. Proof of Corollary 1-6

Fixe > 0. Weassumen>m> (2+¢) logq n and we want to establish (1-10) in this range.
We already know (1-10) holds in n/(log nlog® log (n 4+ 1)) > m > (2 + ¢) log,, n, so we may
suppose n > m > n/(log nlog> log (n + 1)).

If n=0(1) then (1-10) becomes py g = PpmGq(x) + O,l,g(Gq(x)/q[(m“)/z]). To estab-
lish this, recall py g =pnm+ O(1/ q!+D/21y by [8, proposition 1-5] and observe that
G (x) =14 0, .(1/g"+D/21) by (5.1) and (5-2).

From now on we may suppose # is sufficiently large. In particular, n > /10n log n holds,
andn>m>n/(logn log3 log (n + 1)) implies n > m > /10n log n. We apply Theorem 1-5,
and see that it suffices to show that

G log? (u+ 1
@ o(“ og’ (u+ >> 59)

G (eEW/my ~ g

holds for n > m > /10n log n. First we verify that x < «3/5 Since x < nl/’”, it suffices to show
that 2" > n3, which follows from n>m > /10nlogn. Now that we know G, converges
absolutely at x we proceed. The relation x”* = 1+ 0( log (u + 1)/m)) from (3-6) implies

o (i JEI/m log2
ai(x' —e ulog” (u+1
log Gy(x) —log Gy(e5/™) = ) i = &) ulos (m+1 )
- l m2 [ 2 1
i=m+1 q

using (5-2), and (5-9) follows by exponentiating.

5-3. Auxiliary computation

Recall F; defined in (1-7). We define x; := X4 < g as the unique positive solution to
2F,/(z)/F4(z) = n. The next lemma gives precise results on x — x,, in certain ranges.

LEMMA 5-1. If n>m>1 then x;<x. Fix q and ¢>0. For n>Cy, and me
[(3/4)log, n, (2 — &) log, n],

minfn, ¢} xg\ 1
q,eqm—m(l — ) Zx—xgzeg
Proof. We shall use the form of G, given in (5-1). Let f(z) := z(log F' ) = Z:”: 1 Z and
8q(2) := 2(log Gy(2)) = > _i2,.. aiz'. By definition,

n=f(x) :f(xq) + gq(xq)- (5-10)

Since f and g, have nonnegative coefficients, the first part of the lemma follows at once. We
now assume (2 — ¢) logq n>m>(3/4) logq n. We use (5-10) to determine the size of x — x,.
By the mean value theorem,

gq(xq)
fHn—1)
for some € [0, g,(x;)], where f~1 is the inverse of f. Since f~! and f* are monotone
increasing we have f'(f~!(n — 1)) € [f'(x,),f'(x)] and so

x—xg€ |:gq/(xq), gt/](xq)i| .
S x) - fxg)

0<x—xg=/"") =~ (n = gy(xy)) =
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We have the trivial bounds 1 <x <n!/™ &4 1 and so f'(x) = 1 /x <, nm by Lemma 2-1. We
also have

gq(xq) = ameém > q_mx;m

since a; > 0 and ay;,; > g~ by [8, lemma 2-1]. It follows that

me

X—.Xq >>q W

[12, lemma 2 and theorem 2] estimate x, and yield that, when 2log, n>m > (3/4) log, n,
x’; =4 min{n, g"}, (5-11)

implying the desired lower bound on x — x,. To prove the upper bound, first observe that
m<(2-—e¢) logq n implies, via (5-11), that x;, > q1/2(1 + cq,e) if n is sufficiently large, and

SO
2m i i 2m
X X, X, Xg\—1
8l < D " Y e o (1-71)
i=m+1 i>2m gl 9

using the bounds in (5-2). To conclude we need to lower bound f’(x,). We have f'(x,) =
x> malt,

5-4. Proof of Theorem 1-7

Recall the functions F, F; and G, are defined in (1-8), (1-7) and (1-9). If m — oo and
u > (loglog m)’ log m, Manstavicius proved in [11,12] that

p _MO_,_O <f+ﬁ>> (5-12)
n.m,q XZ /27T)\,q q n qm >

where

2F' 4 (2)
Agi= A =z P
q nm,q Z< Fq(Z) Iz Xy

We divide (5-12) by (2-1), and use the fact that A is asymptotic to nm by Lemma 2-1 as long

as u — 0o, and
x <1+ n <1 1)) (5-13)
’\dnm — —_—— .
1 q" q

by [12, theorem 2] as long as u — oo and m — oo, to obtain

~1/2
Mw(l—l—i (1_1)> X'F(xq)Gq(Xg) (5-14)
PnnGg(x) qm q X F(x)Gg(x)

asn— o0 if (2 —¢)log, n > m > log, n. Letting

Hy(z) := log Fy(z) —nlogz=1log F(z) + log G,(z) — nlogz,
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we can write (5-14) as
-1/2
Pnm,q n 1
——=— ~exp(H, —H I+—{1—- . 5-15
PumGq(®) XP(Hy(xq) = Ho() ( Wz ( 61>> o1
By definition, H';(x,) = 0. By Taylor-expanding H,, at x,,

H//q(t) 2

Hy(x) — Hy(xg) = (x — xg)

for some ¢ € [xg4, x] (recall x; <x by Lemma 5-1). In the range (2 — ¢) logq n>m> logq n
we have x <, x; <, 1 by Lemma 2.1 and (5-11). In the notation of (5-1),

m o0
PH/ (=Y (—Di+ Y (i—Dait'+n>0

=2 i=m+1

is increasing for ¢ > 0 since a; > 0. It follows that
XoH,' (xg) g Hy''(1) <q X Hy'' ().

A short computation shows that xleq’ '(x4) = A4 holds by the definition of x, and A,4. By
(5-13) it then follows that xéHq”(xq) =4 nm when (2 - £) logq n>m> logq n. In the same
range we find that szq”(x) =L+ ngﬂ (i — Dax' <4 nm using Lemma 2-1 and the
bounds in (5-2). Hence H," (t) <4, nm and

n

Hy(x) — Hy(xg) <g,e nm(x — )cq)2 =g.e ,

m q2m

where we used Lemma 5-1 in the second estimate. Plugging this estimate in (5-15),
and observing that (1 + (n/¢™)(1 — l/q))’l/2 ~ 1 holds in the range m > (1 +¢) logq n
considered in Theorem 1-7, concludes the proof.

5-5. A variant

We prove a variant of Theorem 1-7 with the main term G,(x) replaced by G,(x,).

THEOREM 5-2. Fixgande > 0. Forme [(3/4) logq n,(2—c¢) logq n] we have

: my2 -2
DPnm,g < (1 +0(1)Gy(x,) exp(cq’a min{n, ¢"}°n ( B ﬁ) ) ’

o mqu q
: 5

Pnm.g > Cq.e min{n, ¢g"}
—= > (1 4+o(1)Gy(xy) exp| ——F——F— 5-16

m ju ( ( )) q( q) P( nzqum ( )

as n— 0. If furthermore n > Cy ¢ then
min{n, g"}? Xg\—1 min{n, g"}?
Cq,g—m(l — —q) >log Gy(xg) = cg————.
mq q q

Proof. In very much the same way (5-14) is proved, we also have

—1)2
Pn,m,gq - an(xq)Gq(xq) (1 n i (1 _ l)) (5-17)
pn,qu(xq) xZF(x)Gq(xq) q" q
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if u > (loglog m)® log m and m — oco. Letting
H(z) := log F(z) — nlog z,
we can write (5-17) as
-1/2
g st =) (14 5 (1))
By definition, H'(x) = 0. By Taylor-expanding H at x,
H' (1)

H(xy) —H(x) = (x— )cq)2
for some ¢ € [xg, x]. Since 2H' (1) = >, (i — Dt +n is increasing in ¢, and x =qXg=q1
by Lemma 2-1 and (5-11), it follows that

XoH (xg) <q H' (1) <q *H' ().

We have x>H"'(x) = A < nm by Lemma 2-1 when (2 — ¢) log, n>m> (3/4)log, n. Lemma
5-1 bounds x — x,. This gives the first part of (5-16) (we bound the factor (1 + (n/q¢")(1 —
1/g)~"/2 by 1). We have x;H" (xg) > (m — x>, m min{n, ¢} by (5-11), which leads to
the second part of (5-16) (we absorb (1 4 (n/¢™)(1 — 1/¢))~'/? in the exponential factor in
right-hand side of (5-16)).

It remains to estimate G4(x,). For a lower bound we use log G,(x,) > azmxgm /(2m) >
xtzzm/(mqm). Here we used a; > 0 and as,, < ¢~ [8, lemma 2-1]. This is simplified using
(5-11). For the upper bound we use a; < min{q’”m , qm”'} and x; > ql/z(l + c4,¢) to obtain
log G4(xg) Kqe xém /(mg™ (1 — x4/q)). We again simplify x7' using (5-11).
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