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Abstract

We present sufficient conditions on an approximate mapping F : & — % of approximate inverse
systems in order that the limit f : X — Y of F is a universal map in the sense of Holsztyriski. A
similar theorem holds for a more restrictive concept of a proximately universal map introduced recently
by the second author. We get as corollaries some sufficient conditions on an approximate inverse system
implying that the its limit has the (proximate) fixed point property. In particular, every chainable compact
Hausdorff space has the proximate fixed point property.
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1. Introduction

This paper belongs to a part of topology in which special classes of maps and properties
of spaces described by maps are studied. In fact, we consider universal maps in
the sense of Holsztyriski [2] and their analogue, proximately universal maps [8] in
proximate topology of Klee and Yand! [6].

In the late sixties and early seventies, Holsztyriski has established many nice
properties of universal maps including (see [3]) a result which tries to answer the
question: is the inverse limit of universal maps itself universal? We address the same
question by looking for conditions under which the limit of an approximate mapping
between approximate inverse systems [7] will be either universal or proximately
universal.
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The approximate inverse systems have been recently introduced with a desire to
eliminate some of the unpleasant features of inverse systems that are a consequence of
insistence on strict commutativity of all diagrams. This is accomplished by replacing
equality of maps with equality up to an open cover. The new concept (Whose definition,
with all the preliminaries, is recalled in Section 2) has clear advantages over the old. It
deserves the attention of a more general audience in spite of a somewhat complicated
definition.

The applications of our results are to fixed point theory. We can conclude (Co-
rollary 1) that the limits of special approximate inverse systems have the fixed point
property and (Corollary 2) that every chainable compact Hausdorff space has the
proximate fixed point property.

The authors thank a referee for many useful remarks which helped to improve
considerably the presentation of our results.

2. Universalities and systems

Unless stated otherwise, by a space we mean a compact Hausdorff space and by a
map we mean a continuous (single-valued) function. For a space X, we let X denote
the family of all open covers of X. If x and y are points of a space X and ¢ € X, we
shall use x = y to mean that some member of ¢ contains both x and y. For functions
f.8:Z — X welettherelations f =g, f~g,and f~ g mean that f(z) = g(2)
forevery z € Z, f(z) = g(z) for some z € Z, and f(z) = g(z) for some z € Z,
respectively.

The following two notions are basic for proximate topology. For an introduction
to its motivation and results, the reader should see [6]

Let X and Y be spaces. Let o € Xandﬂ ey A function f : X — Y is an
(o, B)-function provided for every A € « there is a B € 8 with f(A) C B. We call
f a B-function if there is an @ € X such that f is an (a, 8)-function.

We shall now define universal maps (or U-maps) and proximately universal maps
(or P-maps) as follows. Amap f : X — Y is a U-map provided f =g for every
mapg : X — Y. Itis a P-map if for every ¢ € Y there is a 8 € Y such that fég
for every §-functiong : X — Y.

When X and Y are compact metric spaces, the last definition is equivalent to the
definition of a P-map in [8]. Since amap g : X — Y is a §-function for every § € Y,
every P-map is a U-map. The converse is not true (see [8]).

Let us now recall basic facts from [7] about approximate inverse systems (or
systems) and approximate mappings (or mappings).

Let (A, <) be a partially ordered set and let a € A. We let a* denote the set of
allb € A with a < b. For a space X we consider X partially ordered with the
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relation of refinement. Hence, for o € X , ot denotes the collection of all & ¢ X
which refine o. Also, 1" stands for the collection of all ¥ € X such that the nth star
st”(rr) of 7 refines o, where we define st” (;r) inductively by st () = st(;r) and st* (7r)
={st(H,n): H € st""!(m)} forn > 1.

In order to avoid repetitions, some statements in the text will be labelled in bold
face. It is understood that the statement runs from the first appearance of the label to
the first comma or point thereafter.

A system & = (X., &,, p;, A) consists of an unbounded directed set (A, >), a
collection {X,},c4 of spaces, a collection {g,},c4 of covers g, € )?;, and a collection
{P§}ape< of maps p; : X, — X, such that
(Al) pfopb = p? and p? = id for every (a, b, ¢) € A x a* x b,

(A2) for every (a, &) € A x X, there is a b € a* with p® o p5 = p? for every
(¢, d) e b* x c*, and

(A3) for every (a, ¢) € A x 5(: there is a b € a* with p?(u) = pé(v) whenever
¢ € b* and u and v satisfy u = v.

Every system 2~ determines a subset X of the product [ 2 = [],.,X. (called
the limit of 2Z7) consisting of all points (x,) satisfying the condition (see [7, (1.12)])

(L) forevery (a,n) € A x X, there is a b€ a* with x, = pi(x.) foreveryceb®.

Let Z = (X,, &, Pi, A) and ¥ = (Y, 0., r§, C) be systems with limits X and
Y,and forana €e Aandac € C,let p? : X —> X, and r° : Y — Y, denote the
restrictions of natural projections 7¢ : [[ 2 — X,and o : [[ % — Y..

A mapping F : & — % is apair F = (¢, {f.}cec) consisting of a function
¢ : C — Aand maps f. : X, — Y. such that whenever ¢ < d in C there is an
a > ¢(c), ¢(d) in A with £, o p{®© i) réo fso0 p?@ forevery b € a*.

It was shown in [7, (5.8)] that a mapping F induces amap f : X — Y (called the
limit of F) such that ([7, (5.6)])

(AM) fi o p*®© L pe f forevery c € C.

Let F = (¢, {f.}cec) be amapping F : & — % with the limit f : X — Y. Let
J: & — & be the identity mapping (id4, {idyx,}aca)-

For each b € A we define an embedding i, : X, — [[ Z as follows. Let
ye[[Z. Forav € X,, put ip(v) = w, where w, = pj(v)if a < b andw, =y,
otherwise.

LEMMA 1. Let N be a neighbourhood of X in [ & . Then there isad € A such
that i,(X,) C N foreverye > d.
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PROOF. For each x € X, choose a finite subset B(x) of A and a §(x,b) € ib
for each b € B(x) such that H(x) = [[{st(xs,8(x,b)) : b € B(x)} x[[{X.:a €
A\ B(x)} ¢ N. Let y(x,b) € 8(x,b)*! foreach x € X and b € B(x). Let
G(x) = [{st(xs, y(x,b)) : b € B(x)} x [[{X, : @ € A\ B(x)}. The collection
{G(x)}:ex covers X. Since X is a compact Hausdorff space [7, (4.1)], there is a finite
subset Z of X such that the collection {G(z)},cz also covers X. Let B = | J__,B(2).
Foreachb € B,lety(b) € N{y(z, b)*?:z € Z}.

For every b € B, by the condition (A2), there is an m(b) > b such that

zeZ

) D, opg-Y(—zpb for every s > r > m(b).
On the other hand, by {7, (1.14), (1.9), (1.10)] there is an n(b) > b such that
Q) pt o p* K2 p? forevery e > n(b).

Letc € N{m®)* Nn)* : b € B}. Letn € N{(p>)~'(y(b))* : b € B}. Finally, we
use [7, (4.2), (2.12), (2.10)] to select a required index d > ¢ such that

3) Po(X,) Cst(p(X),n)foreverye > d.

Consider an index ¢ > d and a point y € X,. The relation (3) shows that we can find
an x € X so that pS(y) = p°(x). Let b € B. Then

@ P o pi(y) B2 pb o pi(x).
Since e > ¢ > m(b), from (1) we get
(5) 2o pS(y) B2 pb(y),

and since ¢ > n(b), from (2) we get

(6) ptopx) 2

pP).
The relations (4) — (6) together imply
) mb(x) B2 7b(i,(y)) for every z € Z and every b € B.

Choose a z € Z with x € G(z). Clearly,

8) wt(z) Z22 7b(x) for every b € B(z).

It follows from (7) and (8) that w®(i,(y)) 222

i(y)€ Hz)CN.

7P(z) for every b € B(z). Hence,
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LEMMA 2. Let g : Z — Y be a map into the limit of a system % .

(a) Ifforeveryd € C and every o € Y, there is an e > d such that r? o g ~ rioh
foreverymaph : Z — Y,, then g ls a U-map.
(b) If for every d € C and every o € Yd thereisane > d andane € Y such that

riog ~re o h for every e-functionh : Z — Y,, then g is a P-map.

PROOF OF (a). It suffices to prove that g ~h for everymap h : Z — Y and every
e e Y. Wefirst apply [7, (4.2), (2.11), 2.9)Jto getan index ¢ € C and an n € i
such that (r<)~!(n) refines ¢. Let o € n*2. Then we utilize the property (A2) and [7,
(1.14), (1.9), (1.10)] again to get an index d > ¢ such that for every e > d we have

(=

9 r
(10) r

d
or,

r , and

[a I Y
IR
(Y

o

réore.

L

Finally, we use the above assumption, to get an e > d such that rioriog <
reordok for every map k : Z — Y,. In particular, there is a point z € Z such that
réor dog(z) = rdor orfoh(z). Withrelations (9) and (10) we get r¢ og(z) =r oh(z)

Therefore, g = “h.

PROOF OF (b). Let¢ € Y. We shall show the existence of a8 € Y with the property
that for every 8-function & : X — Y there is an x € X with g(x) = h(x).

We first choose indices ¢ and d in C and covers n and ¢ in i as in the proof of (a).
Then we use the above assumptionto getane > danday € i such that for every
y-function k : X — Y, there is an x € X with r§or? o g(x) = rSord o k(x). Let
8= ()" ().

Leth : X — Y be a é-function. Thenr®oh : X — Y, is a y-function. Hence,
there is an x € X with

(11) rjordog(x)érjorforeoh(x).

It is easy to verify that (9), (10), and (11) imply r¢ o g(x) L r¢ o h(x). Hence,
g(x) = h(x).

A mapping F is a U-mapping provided for every ¢ € C and every o € Y there is
an a > ¢(c) with g&fc ) pb(c) forevery b > a and every map g : X, — Y. Itis
a P-mapping provided for every ¢ € C and every o € Y thereis a 7 € o* and an
a > ¢(c) with g& f. o pt© forevery b > a and every w-function g : X, — Y.

A system 2 is a U-system (a P-system) provided the mapping J : ' — Z isa
U-mapping (a P-mapping).
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A system &% is a V-system provided that for every ¢ € C and every o € Y. there
is ad > c such that for every map g : W — Y, defined on a closed subset W of a
space Z there is a neighbourhood N of W in Z and amap 4 : N — Y, which satisfies
rSog =r5oh|y.

The following lemma implies that every AP-system (that is, a system with the
approximate polyhedra as bonding spaces) and therefore every ANR-system is a V-
system. Recall [7, (2.3)] that a space X is an approximate polyhedron provided that
forevery o € X there is a finite polyhedron P andmapsu« : X - Pandd : P > X
withid = d o u.

LEMMA 3. If X is an approximate polyhedron, then for every o € X and every map
[+ W — X defined on a closed subset W of a space Z there is a neighbourhood N
of WinZandamap g : N — X with f = g|.

PROOF. Choose a finite polyhedron P and mapsu# : X — P andd : P — X such
that id = dou. Let h = u o f. Since finite polyhedra are absolute neighbourhood
extensors for the class of all compact Hausdorff spaces [5], there is a neighbourhood
NofWinZandamapk : N — P withh =k|,. Letg=dok.

A system ¥ is a Q-system provided that for every ¢ € C and every o € Y. there
isad > candam e ¥, so that for every w-function g : W — Y, defined on a
closed subset W of a space Z there is a neighbourhood N of W in Z and a function
h : N — Y, such that the composition r o & is a o-functionand r§ o g = rgohlw.

The second of the following two lemmas implies that every PANR-system (that
is, a system with proximate absolute neighbourhood retracts as bonding spaces) is a
Q-system. Recall [6] that a space X is a proximate absolute neighbourhood retract
(PANR) provided for every ¢ € X and every space Y which contains X as a closed
subset there is a neighbourhood N of X in Y and some o-function 7 : N — X with
id = r|y.

. LEMMA 4. If a space X is an approximate polyhedron, then for every & € X there
is a 8 € X such that for every é-function f : Z — X thereisamap g : Z — X with
fZs

PROOF. Let £ € X. Let n € &', Choose a finite polyhedron P and maps
u:X—> Pandd: P — X suchthatid = d ou. Let = d'(y). By Theorem 2.1
in [1], there exists a y € P such that for every y-function 4 : Z — P there is a map
k:Z— Pwithh £ k. Puts = u~'(y).

Let f:Z — X beaé-function. Leth =uo f. Thenh : Z — P is a y-function.
Hence, thereisamapk : Z — P suchthat h £. Putg =dok. Clearly,g: Z —> X
is continuous and f £ g.
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LEMMA 5. A space X is a PANR if and only if for every & € X thereisad e X
so that for every 8-function f : W — X defined on a closed subset W of a space Z
there is a neighbourhood N of W in Z and a &-function g : N — X with f = glw.

PROOF. Suppose X isa PANR. Let§ € X. Let n € £*2. We consider X as a closed
subset of a suitable Tychonoff cube K. Since X is a PANR, there is an approximate
polyhedron neighbourhood M of X in K and an n-functionr : M — X withid = r|y.
For every m € M, let V,, be an open set in M such that y € V,, implies r(y) L r(m).
Lety = {V,,:m € M}. ByLemma4, wecanfindap € M such that every S-function
into M has a continuous y-approximation. Let§ = {U N X : U € B}.

Consider a -function f : W — X defined on a closed subset W of a space Z.
Choose amap s : W — M with f Z h. By Lemma 3 , there is a neighbourhood N
of WinZandamapk: N — M withh Zk|y. Putg=rok: N — X.

Then g is obviously a £-function. Let w € W. Select m,n € M such that
h(w), k(w) € V,, and h(w), f(w) € V,. Hence, we can find §,T, U,V € n with
gw) € S, roh(w) e T,r(m) € SNT,roh(w) € U, f(w) € V, and r(n) €
U N V. It follows that f £ g|y.

The converse implication is obvious.

3. Universality of limits

The previous results will be applied here to prove the following theorem.

THEOREM.
(¢) IfFisaU-mapping of a system & intoaV-system % ,thenthelimit f : X — Y
of F is a U-map.
(d) IfF isa P-mapping of a system Z intoa Q-system % ,thenthelimit f : X - Y
of F isa P-map.

PEOOF OF (¢). By Lemma 2 (a), it suffices to show for every ¢ € C and every
& € Y, there is ad > c¢ such that for every map g : X — Y, there is an x € X with
(12) ro f(x) =r5ogx).

Letc € Cande € Y. be given. Let n € £™. We utilize now the property (A3), [7,
(1.14), (1.9), (1.10)], the property (A2), and the fact that % is a V-system to select
indices p,q,r e ct,ans € pt Ng*t Nrt*,and ad > s such that

(13) st*(o,) € (r$) "' (n)* foreverym > p,
(14) r* Zre or™ forevery m > q,
(15) re Zré orm foreveryn >m > r,
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and for every map j : W — Y, defined on a closed subset W of a space Z there
is a neighbourhood N of W in Z and a map k¥ : N — Y, such that the relation
réorsoj = rforso (kly) holds.

Consider amap g : X — Y,. Choose a compact neighbourhood N of X in [[ &
andamap h : N — Y, such that

(16) rioriog =rforjo (hly).

Leté =(r5)'(n) € 175. Selecta p € N such that v £ w in N implies h(v) = h(w).
Let u = (f2)7'(§) € X4

We use now Lemma 1 and the assumption that F is a U-mapping to get an index
m > ¢(d) such that i,(X,) C N, for every n > m, and for every n > m and every
mapt : X, > Y, thereisaz € X, with 1(z) = fy0 p?®(z). Let n > m. Since
hoi,: X, —> Y, is well-defined and continuous, there is a point x, € X, with

an rsohoin(x,) = réo fi0 pf@(x,).

It follows from Lemma 1 that the net {i,(x,) : n > m} has an adherence point x in X.
This x is the required point.

Indeed, let M and R be members of 1 and p which contain x,,, and x, respectively.
LetV = RN(M x[[{X,:a € A, a # ¢(d)}). Choose an n > m so thati,(x,) € V.
Since the ¢(d)-coordinate of i,(x,) is p?“(x,), it follows that both x4 and p?“ (x,)
are in M. Hence,

(18) rgo fao p* @) Zrfo fao pi¥(x,).
Since the points i,(x,) and x are in R , we get

(19) rg o h(x) érﬁohoi,,(x,,).
From (13) and (AM), we get

(20) riorfo f Zrio fi0p*@.
From (14), we get

2 ro f(x) = rSorfo f(x),
while from (15), we get

(22) r$oh(x) = rforsoh(x),
and

23) ryog(x) L réoryog(x).

Relations (16) — (23) together imply (12).
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PROOF OF (d). By Lemma 2 (b) it suffices to show that for every ¢ € C and every
€€ Y thereisad > candad € Yd such that for every §-function g : X — Y, there
isan x € X with

(24) r o f(x) =rSog(x)

Letac € C and an ¢ € Y. be given. Let n € e**. Select indices p, q,r,s,d € C
and ana € A and covers £,8 € Yy suchthat p,g,r e c*,s > p,s > r,a > ¢(s),

d = ¢(s),

(25) st?(o,) € (r5)"'(n)* for every m > p,
(26) r* = rf or™ foreverym > q,
27 r¢ L réor™foreveryn >m>r,

and for every b > a and every £-function i : X, — Y, there is an x € X, with
reoi(x) = réo f, o pf®(x), and for every 8-function j : W — Y, defined on a
closed subset W of a space Z there is a neighbourhood N of W in Z and a function
k:N — Y;sothatriokisaé&-functionand réorso j = réorso (kl).

Consider a §-function g : X — ¥,. Choose a compact neighbourhood N of X in
[1 & and a function h : N — Y, such that r o h is a £-function and

(28) rfor;ogér;or;o(hb{).

Letv = (r,j)‘l(n)’.v Selecta p € N such that v £ win N implies 4 (v) = h(w). Let
= (fo)7'(v) € X,.
By Lemma 1, there is an index m € A such thatm > d and i,,(X,) C N for every
n>m. Letn > m. Sincerjohoi, : X, = Y, is a well-defined &-function, there is
an x, € X, with

(29) réo f, 0 pP9(x,) L roriohoiy(x,).
s n s d

The rest of the proof (that is, the selection of a point x and the verification that it
has the required property) is analogous to the proof of (c) and we leave it to the reader.

COROLLARY 1.

(1) Alimit X of a system & that is both a U-system and a V -system has the fixed
point property.
(ii)) A limit X of a system Z that is both a P-system and a Q-system has the
proximate fixed point property.
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PROOF OF (i). Since, by assumption, the identity mapping J is a U-mapping, it
follows from the theorem that the identity map idx on X is universal. However, this
implies that X has the fixed point property (see Proposition 3 in [3]).

PROOF OF (ii). As above we conclude that idy is proximately universal. Hence, X
has the proximate fixed point property (see [8, Theorem 4]).

COROLLARY 2. Every chainable compact Hausdorff space X has the proximate
fixed point property.

PROOF. We can assume that the space X is non-degenerate. It is known that X is
homeomorphic to a limit of a system 2 with each X, the closed unit segment / and
each p; an onto map. Since / is a PANR and every map of / onto itself is a U-map
[8], it follows that 2 is both a P-system and a Q-system. The conclusion is now a
consequence of Corollary 1.
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