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NORM INEQUALITIES FOR ULTRASPHERICAL
AND HANKEL CONJUGATE FUNCTIONS

KENNETH F. ANDERSEN

1. Introduction. The notion of conjugate functions associated with
ultraspherical expansions and their continuous analogues, the Hankel trans-
forms, was introduced by Muckenhoupt and Stein [14], to which we refer the
reader for general background and an excellent discussion of the motivation
underlying these notions. The operation of passing from a given function to its
conjugate is in many ways analogous to the passage from a function to its
Hilbert transform, indeed, Muckenhoupt and Stein proved, among other
things, that these operations acting on appropriate weighted Lebesgue spaces,
L?(u), satisfy inequalities of M. Riesz type analogous to those satisfied by the
Hilbert transform on the usual Lebesgue spaces, L?(—o0, 0 ). The purpose of
this paper is to show that even in the broader context of rearrangement in-
variant spaces, of which the Lebesgue spaces are but one example, the con-
jugate function operators associated with ultraspherical expansions and Hankel
transforms satisfy inequalities analogous to those satisfied by the classical
trigonometric conjugate function operator (periodic Hilbert transform) and
the Hilbert transform, respectively. We give necessary and sufficient conditions
for these operations to map a given rearrangement invariant space continu-
ously into another, in particular, we obtain new results for these operations as
they act on the Lorentz and Orlicz spaces.

We refer to [3] for definitions and elementary properties of rearrangement
invariant spaces, and although our notation is not identical to that of [3], the
reader should have no difficulty making the translation. The Lorentz spaces
A(¢, p) and the Orlicz spaces Ly s are all examples of rearrangement invariant
spaces, see [1] for the definitions. Since they are used frequently in what follows,
we note here for easy reference, two facts concerning rearrangement invariant
norms o:

(L1) @) = g™ >0)=a(f*) = a(g*)

where as usual f** denotes the integral mean of f*, the non-increasing rearrange-
ment of f, and if m denotes Lebesgue measure,

(1.2) mit: [fOI>y) semit:|g@®)] >y} (3>0)=0o(f]) = co(lgh

provided ¢ = 1.
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As usual, we adopt the convention that letters 4, B, ¢ denote absolute
constants but which are not necessarily the same at each occurrence.

2. Ultraspherical conjugate functions. For A > 0, let dm\() = sin 449
and denote by L?(m,) the space of measurable functions f defined on (0, 7)
for which the (m)-rearrangement invariant) norm

117 1loa = (f |f<e>1”sin“’”ade)w (1=p <)

is finite. The ultraspherical polynomials of type \ are denoted by P,*(¢) and
are defined by the generating relation

> WPt = (1 — 20w + w*)™,
n=0

For each fixed A > 0, the set {P,» (cos 0)}% is orthogonal with respect to the
measure m, () on the interval (0, 7) and is in fact complete in L2(m,).
Now, if f € L'(m,) has the ultraspherical expansion

f®) ~ 2> axPy(cos 0),
the conjugate harmonic function associated with f, denoted f(r, 8), was defined
by Muckenhoupt and Stein [14] and is given by the expansion

anr sm0 M1
J(r,6) ~2) Z_jl oy P (cost) (< 1.

One of their main results is that the conjugate function f(8), given by
F0) = lim f(r, 0),
r->1-

exists a.e., and that the operation 7 : f — f is of weak-type (1, 1) and of
(strong) type (p, p) for all p, 1 < p < 0, that is

0:|TFO) > v} = A/DISfllin (3> 0)
TS llon = 4ol fllon (1 <p <)

where 4, 4, denote absolute constants, independent of f.

In this section, we shall extend these results to the situation of rearrange-
ment invariant spaces by obtaining necessary and sufficient conditions in
order that inequalities of the form

2.1) |Tfllzr = Al S|P

should hold for some constant 4. Indeed, if we define P,, P, : #(0, a) —
M0, a), (abbreviated: P = P, P’ = P_.'), by

@0 =1 [rom eno= 0%

whenever the required integrals exist for almost all £, 0 < ¢ < a, we have:
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TueOREM 2.1. Let p; and p; be my-rearrangement invariant function norms on
(0, w) which are generated by a1 and o4 respectively, and let a = my (0, 7), Then,
in order that there exist an absolute constant A such that

(2:2) po(ITf)) = An((f])

for all f € L#1(0, ), it is both necessary and sufficient that there exist an absolute
constant B such that

(2.3) ‘72(|(Pa + Pa’)f,) = Bo'l(lfl)
for all f € L71(0, a).

Remark 2.1. The constant B which appears in (2.3) depends in general on
the value of a, however, it is easily verified that if (2.3) holds for some a,
0 < a < oo, then it also holds (with a suitable modification of B) for every
other choice of ¢, 0 < a < 0.

Proof of Theorem 2.1. According to [14, p. 42], both T and its adjoint T* are
of type (2, 2) and of weak-type (1, 1), and hence the appendix of [4, p. 299]
shows that there exists ¢, such that

® _f**(s)

o (s2+t2);d3.

But then it follows by an elementary inequality and Fubini’s theorem, that

(IF @) =c

L[ arpwassed M@+ pames
so that, if (2.3) holds, by (1.1) we have
p2(|Tf ) = a2((Tf)*) = coa((Pa + Pd)f*) < cBor(f*) = ¢Bpi(| f1),
so (2.2) holds.
Conversely, according to [14, Lemma 4, p. 35], f(r, 6) is given by
J,0) = fo Q(r, 6, $)f(¢) sin™ ¢d ¢
where

sin (§ — ¢)
1—2rcos (6 — ¢) +7¢

+ 0[ (sin 6)~*" (1 + log* (——————1 jigo‘; S(i,,“_d’ ¢)) )]

provided 6 and ¢ are related by /2 < ¢ < 26. Hence, if 0 <0< 7/6,0 < ¢ <

Q(r, 6, ¢) = o (sin O sin ¢)™
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7/6, we have

sin (0 + ¢)
— 2rcos (60 + ¢) + 7

P )

and therefore, there exists a constant b, 0 < b < /6, and a positive constant ¢
such that 0 < 60, ¢ < b implies

L c
Now, let f = 0 with support in (0, b) and define g(¢) by
o(¢) = {f("'/z —¢),ifr/2 -0 < ¢ <m/2

0, otherwise.

Q(n% + 0,‘75 - ¢) =y (cos 6 cos ¢) 1

Then
(2.4) mio:g*(¢) >y} =mid € (0,7): g(¢) > v} = mi¢: f(¢) > v}
and if 0 < 0 < b, simple manipulations show that
2(r/2 +0) Z c((Py + Py/)f ) (6)-
Hence, if 2 (0) is defined on (0, ) by
h6) = {g("r/2 +6),if0<0<b

0, otherwise
we get

(2.5) m{0: k() > v} < cosPbmid € (x/2,7/2 + D) : 5(0) > v}

<

< cos™2h mi{f : @)*(0) > vy}

and therefore, if (2.2) holds, applying (1.2) to each of (2.4) and (2.5), we have
02((Py + PY)f) < cApi(lg]) = Bou(|f )

and (2.3) follows in view of Remark 2.1. The theorem is proved.

Remark 2.2. Since the estimates for the adjoint of 1°, 7%, are essentially the
same, (2.3) is also necessary and sufficient for (2.2) to hold with 7™* in place
of T.

The analogue of Theorem 2.1 for the classical trigonometric conjugate func-
tion operator C, given by the principal value integral

e = ——f f@) cot( )dl 6 € (0,2m),

was proved by Kerman [8]. Applying his result to our Theorem 2.1, we obtain
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THEOREM 2.2. Let p1 and py be my-rearrangement invariant function norms on
(0, ) which are generated by o1 and o2 respectively. Then, there exists an absolute
constant A such that

oa(|TF ) < Api(| 1)

for all f € Lr1(0, w) if and only if there is an absolute constant B such that

@7) o(ICf ) = Bau(|f])

for all f € Le1(0, 2m).

For fixed, », v = 1, let the Young’s functions ® and ®; be given by

®(u) = u(logt u)’, ®(u) = ulog (2 + u))L.

Then according to [16, Exercise 6, p. 296 and Theorem 10.14, p. 174] we have
HCf zyay = Bl f |l zra

and hence, by Theorem 2.2,
TS lesra, = AlS llzygar

In particular, the special case » = 1 yields Lye, = L', Lye = L log* L and
since we have || f|lziogrz £ 1+ Ms(|f|) (see [12, Lemma 1, p. 45)] we

obtain an analogue of Theorem 2.8 of [16]:

COROLLARY 2.1. There exist absolute constants A, B such that

fo ’ |T7(6)] sin™ 6do < A fo ’ | £6)] log™ | £(8)| sin™ 6d6 + B.

Now, if L#(0, 7) is an Orlicz space, the result of Ryan [15], together with
Theorem 2.2 yields

COROLLARY 2.2. If L* is an Orlicz space, then there exists an absolute constant
A such that

WTF 122 = All flle
if and only if L is reflexive.

Conditions under which (2.3) (equivalently (2.7)) hold have been studied
extensively by Kerman [8] and result in:

COROLLARY 2.3. 4 necessary condition for (2.2) to hold is that Let & L2 and
a sufficient condition is that

f min (1, 1/s)k(s, L™, L**)ds < .
0

COROLLARY 2.4. In order that (2.2) hold with p1 = ps = p it is both necessary
and sufficient that the upper and lower indices a, B of L? satisfy 0 < 8 = a < 1.
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CoROLLARY 2.5. In order that (2.2) hold with L*r = L2 = A(¢, p), p > 1,
it is both necessary and sufficient that A(¢p, p) be uniformly convex.

Conditions under which an inequality of the form

2.8) Ap(If]) = o(Zf D)
should hold for every f € Lr with

f f(#) sin™¢d¢ = 0
0

can be given. Indeed, examining the proof given in [14, p. 43-44] for the L? case,
and in view of Remark 2.2, an inequality of the form (2.8) will hold provided:
(1) o(Zf1) = Be(|f|) forall f € Lr
and
(ii) polynomials of the form 3 {a,P,*(cos 8) are dense in Le.
Now it follows from the closed graph theorem and [3, (6)] that for any m;-
rearrangement invariant norm p, there exists a constant ¢ such that

p(IF D) = clfllen (F € LT(m)),

and since polynomials of the form > {a,P,*(cos 8) are dense in the space of
continuous functions on (0, =) with the L®(m,) norm, it follows from [12,
Theorem 7] and Lusin’s theorem that (ii) may be replaced by (ii)’:

(ii)" Lr is separable.

Now, according to [12, Theorem 4 and Corollary 1, p. 385], it follows that
(ii)" holds for any reflexive space L*#, and we therefore obtain an immediate
strengthening of our Corollary 2.2:

COROLLARY 2.2." Let L° be an Orlicz space. Then there exists a constant B
such that

p(Zf1) = Be(l S, feELr

if and only if L 1s reflexive, and in that case there is a constant A such that

Ap(If D) = o(TF1]) = Be(|f )
for every f € L» with

f:f(tb) sin®¢d¢ = 0.

Further, since for any Banach space X, X is uniformly convex implies X is
reflexive (due to Milman), our Corollary 2.5 is similarly strengthened.

We note, however, that our Corollary 2.4 can not be so strengthened. For
example, the space M, which is the associate of Ay, = A(at*1,1),0 < a < 1,
has both upper and lower indices equal to 1 — «, so (i) holds, but M, is never
separable.
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3. Hankel conjugate functions. In this section we describe briefly how
results analogous to those presented in the previous section for the ultra-
spherical expansions may be obtained for the expansions associated with
Hankel transforms.

For X > 0, let dun(z) = z™dz and denote by L?(u\) the Lebesgue space of
u-measurable functions for which the norm

17l = ([T 170020) " (25 <o)

is finite. As usual, J,(¢) denotes the Bessel function of order a. Corresponding
to an f € L?(m\), I}’Iuckenhoupt and Stein [14, p. 84] define the conjugate
harmonic function, f(x,y) by

e, 9) = f T 06y, @ (> 0,9>0)

where

Q(xr Y, Z) = —(yz)_)\+l/2 L e_“J)\+1/2(yt)f)\_l/z(zt)tdt.

Their main result is that for f € L?(u), lim,,o.f(x, ¥) = f(y) exists a.e. and
the operation # : f — f is of (strong) type (p, p), 1 < p < o, and of weak
type (1, 1). We shall extend these results to the situation of u,-rearrangement
invariant spaces by giving necessary and sufficient conditions in order that
inequalities of the form

p2([‘9ff|) = Apl(lfl)v f € LPI(O:OO)
should hold. Recall the definition of P and P’ given in § 2. We have:

THEOREM 3.1. Let py and ps be pr-rearrangement invariant function norms on
(0, 00 ) which are generated by o1 and os respectively. Then, in order that there
exist an absolute constant A such that

(3.1) p(IPf 1) £ Ap:(If 1), f € Lr1(0,0)
it 1s both necessary and sufficient that there exist an absolute constant B such that
(3.2) (P + P)f]) = Bar(If]), f€ L7*(0,0).

The proof of this theorem requires the following easy lemma.

LEMMA. Let f € M (0, ). Then for any s, s > 0, and (E,f ) () = f(st),
(i) mit: | f(O)] > 9} = sm{t: [(Ef)D)] >y} (y20)

(ii) (Esf)*(@) = (Eaf*) (@) (¢ > 0)

(iii) if f exists, (Eof )™ (y) = (E) () (v > 0).

Proof of Theorem 3.1. The proof of the sufficiency follows the same line as
the sufficiency part of Theorem 2.1 and is therefore omitted. To prove the
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necessity, note first that according to [14, p. 87], if v, z satisfy y/2 < z £ 2y,
then

Qx,3,2) = an(y2)™ 97—_3‘(;—?_55 + OI:y‘”‘l (1 + log* ( Ll )):I )

y—2

Therefore, if # is an integer, n = 9, and 0 < y, z < v/%, we have

—\
[ + :;r)—(:z_ A" O[ (n + )21

x (1410t (420=9)) |

_o+n@ = (Q + o[y +3
n

e )

and hence, there is a positive constant ¢ and an integer NV such that n = N
implies

Q0,n+y,n —32) =

[(n + yy)f:z— 2™ 0 < y,2 </n).

Now let f € L71(0, o) with f = 0 and define g(z) = f(n — 3) if n — vVn <
z < n and g(z) = 0 otherwise. Then for n =2 N, 0 < y < +/n, we have, by
(3.3),

(34) Z(n+ ) 2 o[(P + P')fxw.vnl ).

Hence, if we define 2(y) = g(n + v) if 0 < ¥y < v/n and k(y) = 0 otherwise,
from (3.4) we have

3.5)  aa([(P + P')fxco,vwlxo,vm) = coz(h).

Now, noting the support of 2 we easily obtain

33) QO,n+yn—2)2c

3.6) miz:h(z) >y} < nPmiz: @)*@) >y}
and if we put s?™1! = %2 in the lemma, (3.6) becomes

miz : h(z) >y} = miz : [E241(2)*](2) > )

= miz: [(Eg) @) > 5]
so that, by (1.2),

3.7) oa(h) = o2([(Eg)T*) = p2((Esg)).
Again, noting the support of g, we have

n~Pmiz : g*(z) >y} = miz: f(@)x0,vm (@) > ¥}
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and therefore if (3.1) holds, (3.7) and the lemma together with (1.2) yield
(3.8) o2(h) = Aoi((Esg)*) = Aar(En+ig*) = Aar(E,ng*) £ Aoi(fxo,vm)-
Finally, taking (3.5) and (3.8) together we get

a2 ([((P + P')fxw,volxo,vm) = cAoi(fxo,wm) = cdoi(f)

which, together with the Fatou property of o, yields (3.2). The proof is
complete.

Boyd [1, Theorem 2.1, p. 602] has proved the analogue of Theorem 3.1 for
the classical Hilbert transform H, defined by the principal value integral

ww = [ IO, e (—oo,e0).
His result together with Theorem 3.1 proves:

THEOREM 3.2. Let py and ps be u-rearrangement invariant function norms on
(0, ©) generated by oy and oo respectively. Then, in order that there exist an
absolute constant A such that

p2(Vf ) £ Apa([f D), f€ Lr1(0, 0)
it is both necessary and sufficient that there exist an absolute constant B such that
oo(|Hf |) = Bar(|f1), f€ L0, ).
Now the results of [1] and Theorem 3.2 show that the obvious analogues of
Corollaries 2.2-2.5 given in § 2 for the operator 1" also hold for 7.
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