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TOWARD HILBERT-KUNZ DENSITY FUNCTIONS
IN CHARACTERISTIC 0

VIJAYLAXMI TRIVEDI

Abstract. For a pair (R, I), where R is a standard graded domain of dimen-
sion d over an algebraically closed field of characteristic 0, and I is a graded ideal
of finite colength, we prove that the existence of limy_, exx (Rp, Ip) is equiv-
alent, for any fixed m >d — 1, to the existence of limp_, o0 é(Rp/I;[f’m])/p’”d.
This we get as a consequence of Theorem 1.1: as p — 0o, the convergence
of the Hilbert—-Kunz (HK) density function f(Rp,Ip) is equivalent to the
convergence of the truncated HK density functions fm (Rp, Ip) (in L norm) of
the mod p reductions (Rp, Ip), for any fixed m > d — 1. In particular, to define
the HK density function fg’; in char 0, it is enough to prove the existence
of limy_so0 frn(Rp, Ip), for any fixed m >d — 1. This allows us to prove the
existence of eFx (R, I) in many new cases, for example, when Proj R is a Segre
product of curves.

CONTENTS

1 Introduction 158
2 A key proposition 165
3 Hilbert-Kunz density function and reduction mod p 181
4 Some properties and examples 185
References 199

81. Introduction

Let R be a Noetherian ring of prime characteristic p > 0 and of dimension
d, and let I C R be an ideal of finite colength. Then, we recall that the
Hilbert—Kunz multiplicity of R with respect to I is defined as

("]
egr(R,I)= lim HR/IT)

n—o0 p"d ’
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where IP"l = the nth Frobenius power of I = the ideal generated by
p"th power of elements of I. This is an ideal of finite colength, and
¢(R/IP"]) denotes the length of the R-module R/IP"]. This invariant was
introduced by E. Kunz and existence of the limit was proved by Monsky (see
Theorem 1.8 in [Mol]). It carries information about char p related properties
of the ring, but at the same time is difficult to compute (even in the graded
case), as various standard techniques, used for studying multiplicities, are
not applicable for the invariant egy.

It is natural to ask whether the notion of this invariant can be extended
to the “char 0” case by studying the behavior of mod p reductions.

A natural way to attempt this, for a pair (R, I) (from now onwards,
unless stated otherwise, by a pair (R, ), we mean that R is a standard
graded ring and I C R is a graded ideal of finite colength), could be as
follows. Suppose that R is a finitely generated algebra and a domain over
a field k£ of characteristic 0, and I C R is an ideal of finite colength. Let
(A, Ra, I4) be a spread of the pair (R, I) (see Definition 3.2), where A C k
is a finitely generated algebra over Z. Then, we may define

e (R, I):= lim epx(Rs, Is),

Ps—r00

where Ry = Ra®4k(s) and Iy =14 ®4 k(s), with k(s) as the algebraic
closure of k(s) with char k(s) =ps, and s is a closed point of Spec(A)
(the definition is tentative, since the existence of this limit is not known
in general). Or consider a simpler situation: R is a finitely generated Z-
algebra and a domain, I C R, such that R/I is an abelian group of finite
rank. Then, let

ek (R, 1) ::ph_{go enk(Rp, I,), where R,=R®y pZZ and I, = I ®z, pZZ

In case of dimension R =1, we know that the Hilbert—Kunz multiplicity
coincides with the Hilbert—Samuel multiplicity; hence, it is independent of p,
for large p.

For homogeneous coordinate rings of plane curves with respect to the
maximal graded ideal (in [T1], [Mo3]), nonsingular curves with respect to
a graded ideal I (in [T2]), and diagonal hypersurfaces (in [GM] and [HM]),
it has been shown that epx (R,, I,) varies with p, and the limit exists as
p — o0o. Then, there are other cases where ey (R,, I,) is independent of p:
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plane cubics (by [BC], [Mo2] and [P]), certain monomial ideals (by [Br],
[C], [E], [W]), two-dimensional invariant rings for finite group actions (by
[WY2]), and full flag varieties and elliptic curves (by [FT]). Therefore, the
limit exists in all of these cases.

Since

it seems harder to compute as such, as the inner limit
limy, 00 U(R,/ II[,p n}) /(p™)? itself does not seem easily computable (even in
the graded case). In the special situation considered by Gessel and Monsky
(see [GM]), the existence of e}) is proved by reducing the problem to
the existence of limy, oo (E(Rp/I,[,p })/pd). To make this invariant more
approachable in a general graded case, the following question was posed in
[BLM] (see the introduction).

QUESTION. Supposing that ef, (R, I) exists, is it true that for any fixed
nz=l1,

efik(R. 1) = lim, w?

The main result of their paper was to give an affirmative answer in the
case of a two-dimensional standard graded normal domain R with respect
to a homogeneous ideal I of finite colength. Note that the existence of
e (R, I), in this case, was proved earlier in [T2].

Recall that for a vector bundle V' on a smooth (projective and polarized)
variety, we have the well defined Harder—Narasimhan (HN) data, namely
{ri(V), ui(V')}i, where r;(V) =rank(E;/E;_1), pi(V)=slope of E;/E;_1,
and

OCEiCEyC---CECV

is the HN filtration of V.

Let X, = Proj R,, which is a nonsingular projective curve, and let I, be
generated by homogeneous elements of degrees di, ..., d,; then, we have
the vector bundle V}, on X, given by the following canonical exact sequence
of Ox,-modules:

0—V, — @0x,(1 —d;) — Ox,(1) — 0.
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Then, by [T2, Proposition 1.16], there is a constant C' determined by
genus of X, and rank V), (hence independent of p), such that for s > 1,

(1) S (F V) (FV)2 =3 ri(Vo)ua(Vp)?| < C/p.

J 1
(Here, F' is the absolute Frobenius morphism, and F* is the s-fold iterate.)
Note that the HN filtration and hence the HN data of V}, stabilize for p > 0
(see [Mar]).

Thus, here,

(1) one relates E(Rp/II[DpS]) with the HN data of F**V,, for s > 1 (see [B]
and [T1]);

(2) the HN data of F**V], are related to the HN data of V,, (see [T2]);

(3) the restriction of the relative HN filtration of V4 on X4 (where V4 is a
spread of V{ in char 0) remains the HN filtration of V), for large p (see
[Mar]).

In particular, for a pair (R, I'), where char R = p > 0, with the associated
syzygy bundle V (as above), the proof uses the comparison of ¢(R/IP"l) with
the HN data of the syzygy bundle V' and the other well behaved invariants
of (R, I) (which have well defined notion in all characteristics and are well
behaved vis-a-vis reduction mod p).

However, note that (3) is valid for dim R > 2, and (2) also holds for
dim R > 3 (proved relatively recently in [T3]). However, (1) does not seem to
hold in higher dimension, due to the existence of cohomologies other than
H°(—) and H'(—) (therefore, one cannot use anymore the semistability
property of a vector bundle to compute h° of almost all of its twists, by
powers of a very ample line bundle).

In this paper, we approach the problem by a completely different
method (see Corollary 2.12), comparing directly (1/(p™)4)¢(R/IP"]) and
(1/(p™* 1)) e(R/1P" ), for n > 1, taking into account that both are graded.

For this, we phrase the problem in a more general setting: by the theory
of the Hilbert-Kunz (HK) density function (which was introduced and
developed in [T4]), for a pair (R,, I,), where R, is a domain of char p > 0,
there exists a sequence of functions {f,,(R,, Ip) : [0, c0) — R}, such that

ot (ﬁ]) [ R )0 d

https://doi.org/10.1017/nmj.2018.7 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.7

162 V. TRIVEDI

and

1 R, %0
0, Tyt (1;,1@) = /0 fy 1, (%) d,
where the map
fR,.1, :[0,00) = R is given by fr, 1, ()= nh_)n;o In(Rp, Ip)(2)

is called the HK density function of (R,, I,) (the existence and properties
of the limit defining fg, s, are proved in [T4]). We show here that, for each
z € [1, 00),

frr(x) = lim lim f,(Rp, I)(z) exists

P—00 N—00

= plggofm(Rp,Ip)(x) exists,

for any fixed m > d — 1, where d — 1 = dim Proj R. Moreover, if it exists,
then

fe(x)= li_>m fm(Rp, I,)(x), for any m>d — 1.
: e

The main point (Proposition 2.11) is to give a bound on the difference
| frn(Rp, Ip) — fnt1(Rp, Ip)]|, in terms of a power of p and invariants that are
well behaved under reduction mod p, where ||g|| := sup{g(z) | z € [1,00)} is
the L*° norm. Since the union of the support of all f,, is contained in a
compact interval, a similar bound (Corollary 2.12) holds for the difference
[0(R/IP") /(™) — ¢(R/IP" 1Y /(pr+1)d|. More precisely, we prove the fol-

lowing theorem.

THEOREM 1.1. Let R be a standard graded domain of dimension d >
2, over an algebraically closed field k of characteristic 0. Let I C R be
a homogeneous ideal of finite colength. Let (A, Ra,Ia) be a spread (see
Definition 3.2 and Notations 3.3). Then, for a closed point s € Spec(A), let
the function f,(Rs, Is)(x):[1,00) — [0, 00) be given by

fn(Rs, Is)(x) = %ﬂ <R8> )
lzq]

q L

where ¢ = p?, for ps = char k(s), and |y| denotes the largest integer <y and
E(RS/ng])m denotes the length of the mth graded piece of the ring RS/L@.
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Let the HK density function of (Rs, I) be given by
fro1(z) = nlggo fn(Rs, Is) ().

Let sy € Spec Q(A) denote the generic point of Spec(A). Then, we have the
following.

(1) There exist a constant C' (given in terms of invariants of (Rs,, Is,) of
the generic fiber) and an open dense subset Spec(A’) of Spec(A) such
that for every closed point s € Spec(A’) and n > 1,

| fa(Rs, Is) = for1(Rs, Is)]| < C/p?_d+27
where ps = char k(s). In particular, for any m >d — 1,

lim | fr(Rs, Is) — fRst” =0.
ps—>oo

(2) There exist a constant Cy (given in terms of invariants of (Rs,, Is,))
and an open dense subset Spec(A’) of Spec(A), such that for every
closed point s € Spec(A’) and n > 1, we have

Lg R, 1 ’ R, (@]
gt \ o)~ \ e )| S e
(3) Foranym=>d—1,
[1,( R -
p}l_r}noo [p;ndg (Is[pgn]> - eHK(RS,IS) =0.

As a result, we have the following corollary.

COROLLARY 1.2. Let R be a standard graded domain and a finitely
generated Z-algebra of characteristic 0, and let I C R be a homogeneous
ideal of finite colength, such that for almost all p, the fiber over p, R, :=
R ®y Z/pZ, is a standard graded ring of dimension d, which is geometrically
integral, and I, C R, is a homogeneous ideal of finite colength. Then, we
have the following.

(1) There exists a constant Cy given in terms of invariants of R and I such
that, for n > 1, we have

1 R 1 R Ch
—/ Pl — 0 P < )
pnd <IIEp ]) p(n+1)d (Iz[)p"+1}> ‘ pnfd+2
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(2) For any fizted m >d — 1,

. 1 Ry
plgglo enk (Rp, Ip) — Wf (I]me]> =0.
In particular, for any fixed m >d — 1,
e (R, I) := lgn enk(Rp, Ip) exists
pP—00
1
<~ lim ——/ R—i exists.
p—oo pM I;Lp ]

In particular, the last assertion of the above corollary answers the
abovementioned question of [BLM] affirmatively, for all (R, I), where R
is a standard graded domain and I C R is a graded ideal of finite colength.

Moreover, the proof, even in the case of dimension 2 (unlike the proof in
[BLM]), does not rely on earlier results of [B], [T1], and [T2]. In particular,
since we do not use HN filtrations, we do not need a normality hypothesis
on the ring R.

REMARK 1.3. If eXp (R, ) exists for a pair (R,I), whenever R is
a standard graded domain, defined over an algebraically closed field of
characteristic 0, then one can check that e}, (R, I) exists for any pair
(R, I), where R is a standard graded ring over a field k of characteristic 0.
Let R=R®ik. Let {q1,...,q}={q€ Ass(R) | dim R/q = dim R}; then,
we have a spread (A, Ra,I4) of (R,I) such that {qis,...,qrst=1{qs €
Ass(R,) | dim Ry /qs = dim R,} (here, ;s = q; @ k(s) C R). Moreover, for

each i, {((Rs)qis) = li, a constant independent of s. This implies that

E js + Qis>
qis ’ dis ’

enk(Rs, Is) = lienx <

=1

which implies

. _
_ Rs I i
lim ey (Rs, Is) = Z [; im egg <s, s-i-%s>
Ps—>00 ] Ps—>00 qis Gis
_ il s (R I+ qi)
= iCHK | = .
im1 4 g
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Hence, in this situation, one can define

[e%e] [e'e] D T - e%e] R I_+ qi
e (R, 1) =epg (R, I)= E liek (q-’ qi ) :
i=1 ¢ ¢

In Section 4, we study some properties of f}%?] (when it exists), and prove
that f]%‘ff behaves well under Segre product (Propositions 4.3 and 4.4). In the
case of nonsingular projective curves (Theorem 4.6), the function fgr, 1, —
fRr 18 nonnegative, continuous, and characterizes the behavior of the HN
filtration of the syzygy bundle of the curve, reduction mod char k(s). Hence,
fesv#-#5,), — [ 4. ps, =0 if and only if the HN filtrations of the syzygy
bundles of Proj S; are the strong HN filtrations reduction mod p, for all i.

We give an example to show that, for an arbitrary Segre product of plane
trinomial curves, the function f(sl#._,#sn)p = fgf#m#sn, for a Zariski dense
set of primes. Moreover, the function f(s,4...45,), # fS 4., - for a Zariski
dense set of primes, if one of the trinomials is symmetric. It is easy to check
that if f7°; exists (in L* norm), then €37, (R, I) exists. One can ask the
converse, that is, the following question.

QUESTION. Does the existence of €77, (R, I) imply the existence of Ter?

By Proposition 4.3, an affirmative answer to this question will imply the
existence of the e%f; for Segre products of the rings for which e exist.

The author would like to thank the referee for carefully reading the paper,
and for the comments which helped in improving the exposition.

82. A key proposition

Throughout this section, R is a Noetherian standard graded integral
domain of dimension d > 2 over an algebraically closed field &k of char p > 0,
I is a homogeneous ideal of R such that ¢(R/I) < oco. Let hq, ..., h, be
a set of homogeneous generators of I of degrees dy, ..., d,, respectively.
Moreover, m denotes the graded maximal ideal of R.

Let X =Proj R; then, we have an associated canonical short exact
sequence of locally free sheaves of Ox-modules (moreover, the sequence
is locally split exact),

(2) 0—V—®,0x(1—-d;) — Ox(1) —0,

where Ox (1 —d;) — Ox(1) is given by the multiplication by the ele-
ment h;.

https://doi.org/10.1017/nmj.2018.7 Published online by Cambridge University Press


https://doi.org/10.1017/nmj.2018.7

166 V. TRIVEDI
For a coherent sheaf Q of Ox-modules, the sequence of Ox-modules
0— F™V ®Q(m) — ¢;9(q—qd; + m) — Q(qg+m) —0

is exact as the short exact sequence (2) is locally split as Ox-modules (as
usual, ¢ = p", and F" is the nth iterate of the absolute Frobenius morphism).
Therefore, we have a long exact sequence of cohomologies

0 — HY(X, F™*V ® Q(m))

s @, H(X, O(q — qds +m)) "4 HO(X, (g +m))

(3) — HY(X, F™V ® Q(m)) — - - -,
for m > 0 and ¢ =p™.
We recall the definition of (Castelnuovo-Mumford) regularity.

DEFINITION 2.1. Let Q be a coherent sheaf of Ox-modules, and let
Ox(1) be a very ample line bundle on X. For m € N, we say that Q is m-
regular (or m is a regularity number of Q) with respect to Ox (1) if, for all
m = m,

(1) the canonical multiplication map H%(X, Q(m)) ® H°(X, Ox (1)) —
HO(X, Q(m + 1)) is surjective, and
(2) HY(X,Q(m —1))=0, fori>1.

NOTATIONS 2.2.

(1) Let

_(m+d-1\ _ (m+d-2 i
P(R,m)(m)zeo( d )—el< J_1 >+--'+(—1)ded

be the Hilbert—Samuel polynomial of R with respect to the graded
maximal ideal m. Therefore,

X(X, Ox (m)) = éo<m;_dl_1> él(m;—df)

o (1) ey .
(2) Let m be a positive integer such that

(a) m is a regularity number for (X, Ox(1)), and
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(b) R, =h°(X,Ox(m)), for all m >m. In particular, /(R/m™) =
P(r,m)(m), for all m > m.

(3) Let Iy = h%(X, Ox(1)).
(4) Let ng > 1 be an integer such that R,, C I, where R = @p>0R,.
(5) We denote dimy Coker ¢y, 4(Q) by coker ¢y, 4(Q).

REMARK 2.3.

(1) The canonical map @y, Ry — & H(X, Ox(m)) is injective, as R is
an integral domain.

(2) For m+q=2mg(q)=m+no(>_,; di)g, we have coker ¢, 4(Ox)=
¢(R/119)),,, 1, = 0, because mg(q) = m + nopq + no(3;(di — 1))g = ¢ —
gdi +m>m, for all i. Hence, the map ¢ 4(Ox) is the map
®iRy—qd;+m — Rmtq, where the map R,_jq,4m — Rmqq is given
by multiplication by the element h!. Therefore, coker ¢y, (Ox)=
E(R/I[Q])mﬂ. Moreover, by the proof of Lemma 2.10, we have
E(R/I[Q])m+q =0,asm+q=m+ noug.

(3) For Cr = (u)h°(X, Ox(m)), we have

(4) [coker dum,q(Ox) = L(R/T) 14| < Ch,

for all n,m > 0 and ¢ = p"*, because

if m + q <m, then

|coker ¢, q(Ox) — E(R/I[q])mﬂ] m
(X, Ox(m)).

<h
<h

If m + q > m, then h%(X, Ox(m + q)) = £(Ri+4), and therefore

17
lcoker ¢, q(Ox) — L(R/TD)yql <> [BA(X, Ox(q — qd; +m))
=1

— U(Rygi i)

Now, if g —qdi+m<m, then ((Rq_qd,+m) < hY(X, Ox(q — qd; +
m)) <h%(X, Ox(m)), and if ¢—qdi+m=>=m, then Ry qd4m=
HY(X,0x(q — qd; +m)).

Hence,

[coker Gy g(Ox) = L(R/ 1)1 4| < puh®(X, Ox (m)).
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DEFINITION 2.4. Let Q be a coherent sheaf of O x-modules of dimension
d, and let m >1 be the least integer that is a regularity number for Q
with respect to Ox(1). Then, we define Cyp(Q) and Dy(Q) as follows. Let
ai,...,agz € H°(X,Ox(1)) be such that we have a short exact sequence of
Ox-modules

0—0Q;(—1) % Qi — Qi1 —0, for0<i<d,

where Qg =Q and Q; =9/ (ag, ..., aiy+1)Q, for 0 <i < d, with dim Q; = 1.
We define

d
Co(Q) = min Z hO(X, Qi) lai,...,azis a Q-sequence as above p ,
i=0

Do(Q) = h%(X, Q(m)) + 2(d + 1) (max{qo, g1, - - -, 43}) ,

where

X(X, Q(m))qu<m§d> —q1<m4—rd_ 1) +o (1) gy

is the Hilbert polynomial of Q.

A more general version of the following lemma has been stated and proved
in [T4, Lemma 2.6]. Here, we state and prove a relevant part of it, for a self-
contained treatment (avoiding additional complications).

LEMMA 2.5. Let Q be a coherent sheaf of Ox-modules of dimension
d. Let P be a locally free sheaf of Ox-modules that fits into a short exact
sequence of locally free sheaves of Ox-modules

(5) 0— P— @®;0x(=b;)) — P" — 0, where b; >0.
Then, for i =rank(P) + rank(P”) and for all n,m >0, we have
WX, Q(m +4)) < Do(Q)(m +a)*

and
W(F™ P ® Q(m)) < (7)Co(Q)(m? +1).

Proof. Let m be a regularity number for Q; then, by Definition 2.4, we
have )
hO(X, Q(m + q)) < Do(Q)(m + ¢)?  for all n,m > 0.
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Let Q;= Q. Let ag, ...,a1 € H(X, Ox (1)), with the exact sequence of
O x-modules
0— Qi(—1) "5 Q; — Qi1 — 0,

where Q; = Qg/(ag, . .., a;4+1)Qyg, for 0 <i < d, and realizing the minimal
value Cy(Q). Now, by the exact sequence (5), we have the following short
exact sequence of O x-sheaves:

0—F"P®Q, — @jQi(—qu) — F™P' g Q; — 0.
This implies H(X, F™*P ® Q;) — ®;H(X, Q;(—gb;)). Therefore,
6) KX, F™P® Q) <Y hO(X, Qi(—gby)) < (W)h°(X, Qi),
J
as —b; < 0. Since F* P is a locally free sheaf of Ox-modules, we have
0— F"P®Qi(m—1) 2 F*P® Q;i(m) — F™P® Q;_1(m) — 0,

which is a short exact sequence of Ox-sheaves. Now, by induction on i, we
prove that, for m > 1,

hO(X, F™ P @ Qi(m)) < (i) [A(X, Qi) + - - - + h(X, Qo)] (m").

For i = 0, the inequality holds as h%(X, F™* P ® Qu(m)) < (j1)h° (X, Qo) (as
dim Q() = O)
Now, for m > 1, by the inequality (6) and by induction on i, we have
RO(X, F™P ® Q;(m)) < h°(X, F"P® Q;) + h°(X, F*"P ® Q;_1(1))
+o WX, PP ® Qi 1(m))
< (h°(X, Qi) + Alh° (X, Qic1) + -+ h°(X, Qo)]
x (1427 4 4m
This implies

KX, F™P @ Q(m)) = h°(X, F™* P ® Qg(m)) < iCo(Q)m",

for all m > 1. Therefore, for all 0<i< d and for all m >0, we have
RO(X, F™* P ® Q(m)) < jiCo(Q)(m? + 1). This proves the lemma. [
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LEMMA 2.6. There exists a short exact sequence of coherent sheaves of
Ox-modules

0— @pdflOX(—d) — F,Ox — Q — 0,
where Q is a coherent sheaf of Ox-modules such that dim supp(Q) <d — 1.

Proof. Note that X = Proj R, where R = @,>0R,, is a standard graded
domain such that Ry is an algebraically closed field. Therefore, there exists
a Noether normalization

k[X(), SN del] — R,

which is an injective, finite separable graded map of degree 0 (as k is an
algebraically closed field). This induces a finite separable affine map 7 :
X —Pit=s.
Note that there is also an isomorphism
n: 08" @ O0s(-1)¥" @ - @ Og(—d + 1)1 — F,Og
of Og-modules, where Y n; = p?~1.
Now, the isomorphism of 7 implies that the map

() : B Ox (—i)®™ — ¥ F, O,

is an isomorphism of Ox-sheaves. Since 0 <7< d—1, we also have an
injective and generically isomorphic map of O x-sheaves

@pdﬂ Ox(—d) — EB?;OlOX(—i)@m.

Composing this map with 7*(n) gives an injective and generically isomorphic
map of Ox-sheaves

a: @pdilox(—d) — 1 F,Og.

Since 7 is separable, there is a canonical map §: 7*F,.0Og — F,Ox, of
sheaves of Ox-modules, which is generically isomorphic.
Now, we have the composite map

Boa: @pdilOX(—d) — 1" F,Og — F,Ox,

which is generically an isomorphism. Hence, dim Coker(f o a) < dim X =
d — 1, and the map Soa: @pdfl(’)x(—d) — F,Ox is injective, as X is an
integral scheme. This proves the lemma. 0
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LEMMA 2.7. Let
0— &” 'Ox(—d) — F.Ox — Q — 0,

as in Lemma 2.6. Then, we have the following.

(1) Q is m-regular, where m = max{m + d, l; — 1}, where m and l; are as
given in Notations 2.2.

(2) For a given d, there exists a universal polynomial function, with rational
coefficients, PL(Xo, ..., Xa_1,Y) (and hence independent of p), such
that

2C0(Q) + Do(Q) < p* ' P (éo, é1, . .., é4-1, ),
where we define (dim supp(Q)=d<d—1)

d
Cy(Q) = min Z RY(X, Qi) | ai,...,ag is a Q-sequence and
=0

Qi=Q/(ag,...,ai41)Q

and

Do(Q) = h°(X, Q(1)) + 2(d + 1)(max{qo, q1, - - - , qz}),
where qo,...,q; are the coefficients of the Hilbert polynomial
X(X, Q(m)).

Proof. (1) The above short exact sequence of Ox-sheaves gives a long
exact sequence of cohomologies

oo — & H(X, Ox(m — d) — H'(X, Ox (mp)) — H'(X, Q(m))
— e T HTYX, Ox(m—d)) — - - -
However, h'(X,Ox(m —d —1i))=0, for all m>m+d and i > 1, which

implies that if m >m +d, then h{(X, Q(m —14)) =0, for i > 1, and the
canonical map

frm s HY(X, (F.Ox)(m)) — H(X, Q(m))
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is surjective. Moreover, the canonical map
H(X, (F.Ox)(m)) @ H*(X, Ox(1)) — H°(X, (F.Ox)(m + 1))
is the same as the canonical map
Fam : HO(X, Ox (mp)) © H(X, Ox (1))! — HO(X, Ox (mp +p)),

which is surjective for m > m. The map fo,, fits into the following canonical
diagram:

Ryp ® R:[lp} — Rptp
! !
HO(X, Ox (mp)) ® HO(X, Ox (1) 223 5O(X, Ox (mp +p)),

where HO(X, Ox (1)), as a set, is H(X, Ox(1)), and the upper symbol
[Pl indicates that the k-space structure is through the pth power map of k,
where the top horizontal map is surjective for m >y — 1, and the right
vertical map is identity as mp + p > m. Now, the commutative diagram of
canonical maps

HY(X, (F.Ox)(m)) @ H'(X,0x(1)) — H%X,Q(m))® H*(X, Ox(1))
\l/f?,m \L
HO(X, (F.Ox)(m + 1)) Fumgs HO(X, Q(m + 1))

implies that the second vertical map is surjective, for m > m, as the maps
fo.m and fi 41 are surjective. This proves that Q is m-regular. Hence, the
assertion (1).

(2) If

0 6 @) =™ 1) (M) e 0 R

then, by Lemma A.1(1) (in the appendix, below),
’q’L’ gpdil‘ljid(é07 ceey éi-‘rl);

where F)Z-d(X(), ..., Xi+1) is a universal polynomial function with rational
coefficients.
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Now, Q is m-regular implies that, for 0 <i<d, Q;:=Q/(ag, ..., ai+1)Q
is m-regular, for any Q-sequence ay, . . ., a; € H°(X, Ox(1)). Therefore, the
short exact sequence of Ox-modules

0— Qit1(—1) — Qiy1 — Q; — 0
gives the short exact sequence of k-vector spaces
0— HYX, Qiy1(m — 1)) — HY(X, Qi41(m)) — HY(X, Q;(1n)) — 0,
for m > m. Hence,

WX, Qi) < h(X, Qi(m)) <--- <h(X, Q(m)) = (X, Q(m))

m+d—2 m+d—3
<laol(" 515 7Y Hhal (M)

This implies that h°(X, Q;) < p¢~'P4(éy, ..., Eé4_1,m), where P4( Xy, ...,
X4-1,Y) is a universal polynomial function with rational coefficients.
Therefore,

Co(Q) < (d—1)p* ' P&, ..., é4-1,70).

The inequality for Dy(Q) follows similarly. This proves the assertion (2) and
hence the lemma. il

LEMMA 2.8. Given d>2, there exist universal polynomials PY, ]5??
€ Q[Xo, ..., Xq-1,Y] such that, if X is an integral projective variety of
dimension d — 1> 1 with Hilbert polynomial and m as in Notations 2.2,
and if there are short exact sequences of Ox-modules

0— Ox(—my) — Ox — M; —0 and

0 —)OX —>Ox(n2) —>M2 —)0,
then

2CH(M1) 4+ Do(M1)

gm I_Qd(é[)a"'aéd—lam))
QC()(MQ) + Do(./\/lg) <n

d,
0
1P (e, .. ., Eq1,m),

where mg = 0 and no = 0 are two integers.
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Proof. Without loss of generality, one can assume that mg>1 and
ne > 1. Since Ox is m-regular, the sheaf M; is an m 4+ mg-regular
sheaf of Ox-modules of dimension d — 2. Therefore, for any M-sequence
ai, ..., aq—o, the sheaf of Ox-modules My; := M1 /(ag—2, ..., a;i41)Mi is
m + mg-regular. This implies

hO(X,Mlz‘) < (X Mh(m-l-mo))

< WYX, My (m +mo)) <hY(X, Ox(m +my))

<m+m0+d—1> . <m+m0+d—2>
=€ —e1

d—2
+ (1) g
d+d-—1 m+d+d—2
ea(m+ F e (M
+"'+6d1
< d 1Pd(eo,...,éd_1,m),

where the second last inequality follows as €; < é? and m 4+ mo + k< (m +
d + k)mo, for any k >0, and P*(Xy, . .., X4_1,Y) is a universal polynomial
function with rational coefficients.

Let e;(M;1) denote the ith coefficient of the Hilbert polynomial of
M, with respect to the line bundle Ox(1). Then, by Lemma A.1, we
have e;(M;) <miH P&, ..., &), where P4(Xy,...,X;) is a universal
polynomial with rational coefficients.

Now, the bound for 2Cy(M;j) + Do(M;) follows. The identical proof

follows for M. 0

NOTATIONS 2.9. For a pair (R, I), where R is a standard graded ring
of char p >0 and of dimension d > 2, and I C R is a graded ideal of finite
colength, we define (similarly to the sequence of functions that had been
defined in [T4]) a sequence of functions {f, : [1, 00) — [0, 00)},, as follows.

Fix n € N and denote ¢ = p™. Let x € [1, 00); then, there exists a unique
nonnegative integer m such that (m +¢)/g <z < (m+ ¢+ 1)/q. Then,

a]
fuli) = fulR D)) = LB mes

LEMMA 2.10. Each f,:[l,00) — [0, 00), defined as in Notations 2.9,
is a compactly supported function such that Up>1Supp fn C [1, nou|, where
Rno CI and p> N(I)
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Proof. Since R is a standard graded ring, for m > nouq, we have
R C (R, )" C I#a C 19, This implies that ¢(R/I9),, =0, if m > noug.
Therefore, support f,, C [1, nou], for every n > 0. This proves the lemma.

i

PROPOSITION 2.11. For f, as given in Notations 2.9, we have

(1) |fal®) = fax1(z)| < CO/p" 92, for every x > 1 and for all n >
(2) In particular, || fr, — fot1l < C/p” 2 and || fa_1 — fall < C/p, where

u d—2
(8) C=2Cr+p (m + o <Z di) - 1) (P + d?=tPd + PY),

=1

the integers m and ng are given as in Notations 2.2, and dy, . .., d, are
degrees of a chosen generator of I. Moreover, Cr = uh®(X, Ox(m)), for
X =Proj R, and Pld, 152‘1, and P?fl are given as in Lemmas 2.7 and 2.8.

Proof. Fix x € [1, 00). Therefore, for given ¢ = p", there exists a unique
integer m > 0, such that (m+¢q)/¢<z < (m+q+1)/q and

1
(m+q)p+n2<x<(m+q)p+n2+ , for some 0 < ny < p.

ap ap

Hence,

1 (R
@1 \1d) ..

and

1 R
- e ()
(qp)d ! Ilap) mp-+gp+n2

Now, by Equation (4) in Remark 2.3, we have

coker ¢, (O C
9) folz) — gﬁd;f( X)‘ < and
q q
coker ¢mp+n27qp(OX) ’ CR
n r)— < .
Fnt1{@) (gp)i-1 (gp)?~!

Consider the short exact sequence of Ox-modules

0—>Ox(—d) — Ox — M1 —0.
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Then, for any locally free sheaf P of Ox-modules and for m > 0, we have
the following short exact sequence of Ox-modules:

0— F"P®Ox(—d+m) — F"P®Ox(m) — F"P® Mj(m) — 0.
Since
coker ¢, q(Ox) = h*(X, Ox(m+q)) = > B (X, Ox(m + q — qd;))
+h0(X, (F"™V)(m)),
we have (by taking P =V and =) Ox(1 — d;), respectively)

|coker ¢y, q(Ox) — coker ¢p—_aq4(Ox)|
< ’hO(Xv OX(m + Q)) - hO(X7 OX(m —d + Q))’
+ Z IW(X, Ox(m+q — qd;))
— BO(X, Ox(m — d + q — qdi))| + [h°(X, (F™V)(m))
— (X, (F™V)(m — d))|

< hO(X7 Ml(m+ Q)) + h? <X7 Z OX(q - qdz) ®M1(m)>

+ KX, F™V @ My(m)).

Let d —2=0. Then, M; is a zero-dimensional sheaf, which implies that
RY(X, M1(m)) = h%(X, My), for every m € Z. Moreover, if P is a locally
free sheaf of Ox-modules, then h(X, P ® M;)= (rank P)h°(X, M,).
Therefore, we get

|coker ¢y q(Ox) — coker g q(Ox)| < [1+ p+ (u—1)]hY(X, My)
= 2uCo(My).

If d — 2 > 0 then, by Lemma 2.5,

|coker ¢, ¢(Ox) — coker ¢p,—q4(Ox)|
< Do(My)(m + )% + 2(p) Co(M1) (m? 2 + 1)
< (1) [2Co(My) + Do(M1)](m + )" 2.
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Therefore, for d — 1 > 1, we have

P~ coker ¢ q(Ox) — p~" coker ¢ —a,q(Ox )|
(10) < (1) [2Co(My) + Do(M1)](m + ) ?p* .

Since, for a locally free sheaf P, we have
WX, F™P ® (F,Ox)(m)) = h°(X, F"D*P @ Ox (mp)),
the short exact sequence
0— a? 'Ox(—d) — F.Ox — Q —0,

as given in the statement of Lemma 2.7, gives a canonical long exact
sequence

0 — ®HX, (F™P)(m — d)) — H(X, (F"TV* P)(mp))
— HY(X, F™P ® Q(m)),

which implies (by taking P=V and V =) Ox(1 — d;), respectively)
coker Gpmpqp(Ox) = h°(X, (FLOx)(m + q))
- Z h(X, (F.Ox)(q — qd; +m))
+h0(X, F™V @ (F.Ox)(m + q)).
Therefore, we have

|p?~‘coker P(m—d),q(Ox) — coker Gy qp(Ox)|
(11) < (1)[2Co(Q) + Do(Q)](m + ¢) "2,

The short exact sequence of O x-modules
0— Ox — Ox(ng) — My —0
gives

0 — HOX, (F"D*P)(mp)) — HO(X, (F"TD*P)(mp + ny))
— HY(X, (FOPD* Py @ Ma(mp)) — -+ -,
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which gives
‘COker ¢mp7qp(OX) — coker ¢mp+n2,qp(OX)|

< [RO(X, FOED*Y @ Mo(mp)) + h° (X, > Ox(qp — qpdi) © Mz(mp)>

+ RO, Ma(mp+qp) | < 2(0)Co(Ma)(mp)*~2 + 1)

+ () Do(Ma) (mp + gp)™ 2.
Therefore,

|coker ‘bmp,qp(OX ) — coker ¢mp+nz,qp(OX )|
(12) < (11)[200(Mz) + Do(Mz)](mp + gp)?=2.

Combining Equations (10)—(12), we get

(A) = ‘pdilcOkef Pm,q(Ox) — coker Gmpiny qp(Ox)
< (1)[2Co(Mu) + Do(My)](m + q)*2p™!
+ (1)[2C0(Q) + Do(Q)](m + )
+ (1) [2Co(Ma) + Do(Ma)](mp + qp)*~2.

Therefore,

(A) < ()(m+ q)*? [(2Co(M1) + Do(M1))p? " + (2Co(Q) + Do(Q))
+ (2Co(Mz) + Do(My))p?2].

Now, if we denote P¢ = P%(&, ..., &4 1,m), for i =1,2, and 3, then, by
Lemma 2.7,
2C0(Q) + Do(Q) <p™ 'Y,

and, by Lemma 2.8, we have
2Co(My) + Do(My) < d* Py

and
2C0(Ma) + Do(Ms) < nd 1P < pt=1pd.
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where the last inequality follows as ne < p. Therefore, we have

(A) < () (m+ q)*2[p* a1 P + p* P + p~1p? 2 PY).

)d—l

Now, multiplying the above inequality by 1/(gp , we get

coker ¢ ¢(Ox) _ coker Pmp1ny,qp(Ox)
qé1 (gp)**

m d—2
< (u)(;;f]z

[d 1P + P+ p?=2Pd).
Moreover, by Remark 2.3,

m+q = m+ng (Z dl) q + q = coker ¢p, 4(Ox)

7

= coker ¢mp+n2,qp(OX) =0.

Furthermore, m + g < m +no(Y; di)g + q, = (m + q)472 < Log? 2, where

Lo= <m+no (Zd) +1>d2.

Therefore, for every m > 0 and n > 1, where ¢ = p"*, we have

|coker ¢ q(Ox) /g — coker Gmping.q(Ox)/(qp)* "
< () Log?2[d** Pd + Pt + p?~2 P§)) Jq**
< ((W)Lo[d* ' P§ + P + Pyp*~2¢" %) Jq* .

Now, by Equation (9), we have

Cr Cr d1pd . b, pd P’
|fr(z) = frs1(z)] < e + ()1 + (W) Lold™ Py + P{' + Ps]T
d—2
g CL7
q

where C = 2Cg + (u) Lo(d?~ 1 P¢ + P + P{), which proves the proposition.
0
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COROLLARY 2.12. There exists a constant Cq = Pf(éo, €1,...,6q,M)+
(nop — 1)C, where C'is as in Proposition 2.11, and P{(Xo, ..., X4, Y) is a
universal polynomial function with rational coefficients such that, forn > 1,

1 0 R B 1 , R < Cy
(e \ 1" (prtDyd \ [ ) | prdie

Proof. Note that

o

1 (R o mo
mz: Wﬁ (I[pn]>m+q = ) fn(z) dz :/1 fn(2) dz,

zop

where the last equality follows from Lemma 2.10. Hence,

1 , R 1 ¢ R
e \1w) ~ Gyt \ 7
| Lo(E L (R
P mP" p(n—i-l)d mpr""
/ fn d:IZ—/ fn—i—l

P(R,m) (TT’L) P(R,m) (TT’L2) |

If p™ < m, then

1 ¢ R 1 ¢ R <
W mpn - p(”+1)d mpn+l S

< P(R,m) (mQ)
pTL

pnd p(n-i-l)d

)

where P(g ) is the Hilbert polynomial of R with respect to m. If p" >
m, then there exists a universal polynomial function Pﬁd(Xo, ..., Xq) with

rational coefficients such that
Prm)(@")  Prm)@")

i P6d(é07él)"'7éd)
pnd p(n—i-l)d :

L.H.S. <
pn

Therefore, combining this with Proposition 2.11, part (1), we get a universal

polynomial function P{(Xo, ..., X4, Y) with rational coefficients such that
L, R\ 1 R <Pf(ég,él,...,éd)Jr(nop—l)C
(pn)d "] (anrl)d Tt = pn pnfd+2 :

Since d > 2, the corollary follows. [
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83. Hilbert—Kunz density function and reduction mod p

REMARK 3.1. Let R be a standard graded integral domain of dimension
d > 2, with Ry = k, where k is an algebraically closed field. Let N = ¢(R;y) —
1; then, we have a surjective graded map k[Xy, ..., Xy] — R of degree 0,
given by X; mapping to generators of R;. This gives a closed immersion
X =Proj R — P¥ such that Ox(1) = Opw (1) | x. Therefore, if

- +d—1 - +d—2 -

is the Hilbert—Samuel polynomial of R, with respect to m, then, the Hilbert
polynomial for the pair (X, Ox(1)) is

_(m+d-—-1 o (m+d—2 L
xex oxmy ="y T —a (M) e o

Since R is a domain, the canonical graded map R=®,R, —
®mHO(X, Ox(m)) is injective.

Let Zx be the ideal sheaf of X in Pév ; then, we have the canonical short
exact sequence of (’)szv—modules

0—ZIx — Opy — Ox —0,

and the image of the induced map f, : HO(PY, OPkN (m)) —
H°(X,0Ox(m)) is Rn. Now, by Exp XIII, (6.2) (in [SGA 6]), there
exists a universal polynomial P5d(t0, ..., tq—1) with rational coefficients
such that the sheaf Zx is m = P4(éy, . . ., €4_1)-regular. Therefore, the map
fm 1s surjective for m > m.

In particular, we have

(1) Ry = HX,Ox(m)), for all m >m, and
(2) the sheaf Ox is m-regular with respect to Ox(1).

Next, we recall a notion of spread.

DEFINITION 3.2. Consider the pair (R, I), where R is a finitely gen-
erated Zso-graded d-dimensional domain such that Ry is an algebraically
closed field k of characteristic 0, and I C R is a homogeneous ideal of finite
colength. For such a pair, there exist a finitely generated Z-algebra A C k,
a finitely generated N-graded algebra R4 over A, and a homogeneous ideal
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InC Ry such that R4 @4 k=R and I =Im([4 ®4 k). We call (A, Ra,14)
a spread of the pair (R, I).

Moreover, if, for the pair (R, I), we have a spread (A, R4, I4) as above
and A C A’ C k, for some finitely generated Z-algebra A’, then (A’, R/, I4/)
satisfy the same properties as (A, R4, [4). Hence, we may always assume
that the spread (A, R4, I4) as above is chosen such that A contains a given
finitely generated Z-algebra Ag C k.

NOTATIONS 3.3. Given a spread (A, R4, l4) as above, for a closed
point s € Spec(A), we define Ry = R4 ®4 k(s) and the ideal Iy = Im(I4 ®4
k(s)) C Rs. Similarly, for X4:=Proj Ra, we define X;:=X ®k(s) =
Proj Rs, and, for a coherent sheaf V4 on X4, we define V, = V4 ® k(s).

REMARK 3.4. Note that for a spread (A, Ra,Ia) of (R,I) as above,
the induced map 7 : X4 := Proj R4 — Spec(A) is a proper map; hence, by
generic flatness, there is an open set (in fact nonempty as A is an integral
domain) U C Spec(A) such that 7 |z-1(y): 7' (U) — U is a proper flat
map. Therefore (see [EGA IV, 12.2.1]), the set

{s € Spec(A) | X ®@gpec(a) Spec(k(s)) is geometrically integral}

is a nonempty open set of Spec(A). Hence, by replacing A by a finitely
generated Z-algebra A’ such that A C A’ C k (if necessary), we can assume
that 7 is a flat map such that for every s € Spec(A), the fiber over s is
geometrically integral.

Therefore, for any closed point s € Spec(A) (i.e., a maximal ideal of A),
the ring Ry is a standard graded d-dimensional ring such that the ideal
I, C Ry is a homogeneous ideal of finite colength. Moreover, X is an integral
scheme over k(s).

Proof of Theorem 1.1. For given (R, I), and a given spread (A, Ra, [4),
we can choose a spread (A', Rar, I4/), where A C A’ such that the induced
projective morphism of Noetherian schemes 7: X4 — A’ is flat, and,
for every s € Spec(A’), the scheme X is an integral scheme over k(s) of
dimension =d — 1. Let Ry = ®;>0(Rar)i, and let (Ra/); be generated by
N elements as an A’-module. Then, the canonical graded surjective map

A/[Xo,. . .,XN] —)RA/

gives a closed immersion X4 =Proj Ry — P}, such that Ox o=
(’)PZX/(I) |x,,- Let Xy =X ®@k(s). Then, Xs = Proj Rs, and Ox, (1) is the
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canonical line bundle induced by Ox,,(1). Let so = SpecQ(A) = SpecQ(A’)
be the generic point of Spec(A’). We now have the following.

(1) The Hilbert polynomial for the pair (X5, Ox, (1)) is

_(m+d-—1 _(m+d—2
X(Xs,oxs(m))—€0< do1 >—€1< d_o >

o ()T,

where the coefficients é; are as above for (X, Ox (1)) (from char 0).
In particular, dim X;=d — 1 and we have the following.

(2) By Remark 3.1, there exists m = P4(é, ..., é4_1) such that (Ry),, =
HY(Xs, Ox,(m)) for all m > m, and (X5, Ox, (1)) is m-regular.

(3) Moreover, by the semicontinuity theorem (Chapter III, Theorem 12.8
in [H]), by shrinking Spec(4’) further, we have h'(Xs, Ox,(m)), and
hY(Xs, Ox,) is independent of s, for all i > 0.

(4) Again, by shrinking Spec(A’) (if necessary), can choose ng € N such
that (Ra/)}° C Is. This implies that (R,)}° C I, for all s € Spec(A4’).

Let s € Spec(A’), and let ps =char k(s). We sketch the proof of the
existence of the map fg, 1, :[1,00) =R and its relation to epr(R,I)
(note that we have proved this in a more general setting in [T4]). By
Proposition 2.11, for any given s, the sequence {f;}, of functions is
uniformly convergent. Let fr, 1, (x)=lim, o0 frn(Rs, Is)(z). This implies
that limy oo [ fu(Rs, Ls)(x) = [ fr,,1.(2), as, by Lemma 2.10, there is
a compact set containing U,supp f,(Rs, Is). On the other hand,

1 s
egk(Rs, Is) = lim —/ (Rn]>

n—00 p?d I.Lps
s 1
= lim ndﬁ( an> + lim — [fn}
n—oo p mss n—oo p >0 Is s mpn
60(Rs) . o
=g + nh_}rglo 1 fn(Rs, I)(x) dx
60(RS) o0

where my is the graded maximal ideal of Rs and eg(Rs) denotes the Hilbert—
Samuel multiplicity of Rs with respect to mg.
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Now, by Proposition 2.11, there exists a constant

u d—2
C=20g, + 1 <m+n0 (Z di) - 1) (P + di1Pd + P,
i=1
which is independent of the choice of s in Spec(A’) (as Cg, =
ph®(Xs, Ox.(1))), such that

(13) | fn(Rs, Is) — fui1(Rs, L) < C/p»~ 42, foralln>1.
In particular, for given m > d — 1,
c ¢ C 1 20
me57Is _fRS,[S < |l—+=4+=4+--- < )
N e A ==

As s — sg, we have ps = char k(s) — oo, which implies

(14)  forany m>d—1, wehave lim | fn(Rs, Is) — fr, 1| =0.
Ps— 00

This completes the proof of Assertion (1) of the theorem.
It is easy to check that there exists a universal polynomial function
Pg¢(Xo, . . ., X4) with rational coefficients such that for Cy := Pg (€, . . . , €4)
e

we have
1 E( R, ) B eo(Rs)
pd \ mb* d! S

Moreover, for every n >1, the function f,(Rs,Is) has support in the

compact interval [1, nou|. Therefore,

1 Rs 1 Rs
Ay) = |—4 — l
()= 1 (IB”?]) py e (LSL”?L“J‘
Le R _GO(RS)
S ppd” \m? d!

nop
= [ R 1)@ = (R 1)) o
1

By (13), we have

C 2C) (nop — 1
(A1)<p§+(})?i_z+2).

This proves Assertion (2). Now, similarly, Assertion (3) easily follows
from (14). [

Proof of Corollary 1.2. This is easy to deduce from Theorem 1.1. 0
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84. Some properties and examples

Throughout this section, R is a standard graded integral domain of
dimension d > 2, with Rg =k, where k is an algebraically closed field of
characteristic 0, and I C R is a homogeneous ideal of finite colength. Our
choice of spread satisfies conditions as given in Remark 3.4.

DEFINITION 4.1. We denote fp°; = lim,, .o fR,,1,, if it exists, where for
(R, I), the pair (Rs, I;) is given as in Definition 3.2 and Notations 3.3.

DEFINITION 4.2. For a choice of spread (A, Ra,14) of (R,I), as in
Remark 3.4, and a closed point s € Spec(A), we define Fpg, : [0, c0) —
[0, 00) as

HSd(Rs)(z) = Fr,(x) = lim F,(Rs)(x),
where Fy,(Rs)(z) = ——

One can check that
Fr,:R—R isgiven by Fg (z)=0 for z <0,
and Fgr, (7)=eo(R)x?1/(d—1)! for x>0,

where eg(R) is the Hilbert—-Samuel multiplicity of R with respect to
m. Hence, we denote Fg, (z) = Fr(z). Moreover, for any n > 1, we have

limp, 00 Fn(Rs)(x) = Fr,(z) = Fr(2).

PROPOSITION 4.3. Let R and S be standard graded domains, where Ry =
So =k, where k is an algebraically closed field of characteristic 0 with I C R
and J C S homogeneous ideals of finite colength, respectively. Then,

frRi(®) and f$(x) emist = fRugius(x) exists,

where R#S = ®Bpm>o0Rm Qk Sm. Moreover, in that case, we have

frys 1ps(x) = Fs(2) fg1(x) + Fr(2) f5 () — fR(2)f5(@).
In particular, f_ satisfies a multiplicative formula on Segre products.

Proof.  Let us denote f* = fi’; and ¢>° = f&°;. For ¢ =py, where p, =
char k(s), we denote f; = f,.(Rs, I5) and g = fn(Ss, Js), where s € Spec(A)
denotes a closed point and (A, Ra, I4) and (A, S4, J4) are spreads.
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For any n > 1, we have

fn(Rs#Ss, Is#t ) (x) = Fn(Rs) () g, (2) + Fu(Ss) (@) f,(2) — fr(2) g5 (2).

For a spread (A, Ra, I4), let ng and p be positive integers such that
(Ra)1™ C 14 and (Sa)1™ C Jyu, and also u(la), p(Ja) <p. Then, by

Lemma 2.10,
(15) U Swport (£)J | Support (g5) C[1, nopl.
n>0,s€Spec(A) n>0,s€Spec(A)

Moreover, there is a constant C7 such that, for any n > 1 and every closed
point s € Spec(A), we have

fa(@) S Fu(Rs)(z) <C1 and g, (7) < Fo(Ss)(z) < Ch,

for all z € [1, nop.
Since f*° and g exist, by Theorem 1.1(1), for given n > d; + dy — 2, we
have
lim f,=f>* and lim g, =g~

Ps—r00 Ps—>00

Therefore, by (15), for given n > dy + da — 2, we have

S Fn (o) (@)gp (@) + Fn(Ss) (@) fa(@) = fu(2)gn(2)
= Fr(z)g™(z) + Fs(2) [*(x) — [7(2)g™ (@).
Hence, for any n > dy + do — 2,

i fu(Bd#Ss, Lt ds) (@) = Fr(z)g™ () + Fs(2) [~ (2) — £ (2)g™ (2).

Now, by Theorem 1.1(1), the proposition follows. 0

PROPOSITION 4.4. Let the pairs (R, 1) and (S,J) be as in Proposi-
tion 4.3. Let (A, Ra, 14), (A, Sa,Ja) be spreads for (R,I) and (S,J),
respectively, and let s € Spec(A) be a closed point. Suppose that fr, 1, > [
and fs,., 2 [$y- Then, 7

(1) frogs, 140, = [y 145 Moreover,
(2) if in addition Is N (Rs)1 #0 and Js N (Ss)1 # 0, then

fror,=TfRr and  fs,0, =15y = [rRas.14J = [Rus 4
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Proof. (1) Let us denote f*° = f7°; and g>° = ¢*°(S, J), and denote f* =

fR,.1, and ¢° = fg, j,.
We know, by the multiplicative property of the HK density functions (see
[T4, Proposition 2.18]), that

fros. 1,40, (x) = Fr(2)g°(2) + Fs(x) f*(x) = [*(2)g°(2)
= (Fr(x) = f*(2))g°(x) + Fs(x) f*(x)
> (Fr(z) = f*(x))g> (x) + Fs(x) f*(2)
= FR( 97 () + f*(@)[Fs(x) — g7 (z)]
Fr(2)g™(2) + [7(2)[Fs(x) — g7 (2)]

= fR#S,I#J(UC)a

)
)

where the third and fifth inequalities hold as Fr(z) > f*(z) and Fg(z) >
g°(x), for every s € Spec A, and the last equality follows from Proposi-
tion 4.3.

(2) Suppose that I and J are the ideals of R and S, respectively, and
s € Spec(A) is a closed point such that Is N (Rs)1 #0 and Js N (Ss)1 #0.
Then, we make the following claim.

Claim. Fr(x) > f*(z) and Gs(z) > ¢°(z), for all x > 1.

Proof of the Claim. 1t is sufficient to prove that Fr(z + 1) > f*(x + 1), for
x > 0. Choose an integer ng such that x > 1/p2°, where ps = char k(s). Let
q = p? for some n. For a given nonzero y € Is N (Rs)1, we have an injective
map of the Rs-linear map (R is a domain) ®,,>0(Rs)m —> &m>0 (Is[q})erq, of
degree ¢, given by the multiplication by element y?. Therefore, ¢(1. ,Eq])m+q >
U(Rs)m, for all m > 0. Since |xq] =m if and only if |(x + 1)q] =m + ¢, we

have g(LL ])L($+1)QJ >£(R5)L$QJ Hence, E(Rs/Is[q])L(erl)qj < €(RS)L(x+1)qJ -

g(]%s)\_aﬁqj
Therefore, fo(Ra, 1) ( + 1) < Fa(Ry)(x + 1) — Fa(Rs) ().
However,
. eo(R)z41 1 eo(R
Jim Fo(Rs)(@) = Fr,(2) = (E(d . Ol 7 @-1) (pg?o()dzl =0

where d =dim R. This implies that f*(z + 1) = fr, 1,(x + 1) < Fr(z + 1).
This proves the claim.
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Now, retracing the above argument, we note that fr us, 1,47, = ff%o# S.I47
if and only if

[Fr(z) — f*(2)]g°(x) = [Fr(z) — f*(2)]g™(z)
and
[Fs(x) — g% (@)]f*(x) = [Fs(x) — g™ (2)] /= (2).
)

Hence, by the above claim, we have fs<l‘ = f*(x) and ¢°(x) = ¢*°(z) for
all z > 1. For x =1, we have Fr(z) = f*(z) = f*(z) and Fg(z) =
9°°(x). This proves the proposition. 0

ExamMpPLE 4.5. Let R be a two-dimensional standard graded normal
domain, where Ry =k is an algebraically closed field of char 0. Let I =

m C R be the graded maximal ideal of R generated by hy, ..., h, of degree
1. Let X =Proj R be the corresponding nonsingular projective curve, and
let

0—V —e*Ox — O0x(1) —0

be the canonical short exact sequence of locally free sheaves of Ox-modules.
(Moreover, the sequence is locally split exact.)

Let (A, Ra, I4) and (A, X4, V4) denote spreads for (R, I) and (X, V),
respectively. Then, we have an associated canonical exact sequence of locally
free sheaves of Ox ,-modules

(16) 00— V4 — &"O0x, — Ox, (1) — 0.

Restricting to the fiber X, we have the following exact sequence of locally
free sheaves of Ox_-modules:

(17) 0— Vs — ®HO0x, — Ox,.(1) — 0.

Moreover, we can choose a spread (A, X4, Va) such that there is a
filtration
0=FoaCE1aC-- - CEsCE114a=Va

of locally free sheaves of Ox ,-modules such that
O:EOSCElsC"'CElSCEH—ls:‘/s

is the HN filtration of the vector bundles over X for s € Spec A.
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THEOREM 4.6. Let (R,I), (A,Ra,I4), and (A, Xa,Va) be given as
above. Then, for every closed point s € Spec(A), we have

(1) fr.1. 2[R and
(2) fro1, = fRy if and only if the fillration

O:EOSCElsC"'CEZSCEH—ls:Vvs

is the strongly semistable HN filtration of Vs on Xs. That is, for every
nz=l1,

0=F"Eys CF"FE1sC---CF"E,s CF"™E 1s=F"Vj

is the HN filtration of F™*Vj.

Proof. We fix such an s € Spec A and let d =deg X (d independent
of s), and let the HN filtration of V; be

0=E0CE1C'--CEZCE1+1:VS.

By [L, Theorem 2.7], there is n; > 1 such that F"*V; has the strong HN
filtration. (Note that ny may depend on s.)

Then, by [T2, Lemma 1.8], for ps = char k(s) > 4(genus(X,))rank(V;)3,
the HN filtration of F™*Vy is

0=FEo C Eor C--- C Eoyy C Ep1o41) = F""Er=E;nC---C
Ei 1,141y =F""E;j=Eijo C Ej1 C -+ C Eit, C Ey,41)
Ei(ti—l-l) = Fnl*Ei«l»l — Ei+1,0 Cc---C Fnl*Vs

Let, for i >0 and j > 1,
1
ajj = ]@,u(Eij/Em,l) and 7y = rank(Ey;/E; (j_1))-
Let
o =1, and, for ¢ > 1, let u; = p(F;/E;—1) and r; =rank(E;/E;_1).
Note that, for any ¢ > 1, the only possible inequalities are

aopl 2 P12 Qo (tg+1) > 0 > Qo 2 it 2 G (1,41)
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and also note that a;; < 0. By [T2, Lemma 1.14], for a given i,

(18) ai; = pi+1 + O(1/ps),

where, by O(1/ps), we mean O(1/ps) = C/ps, where |C| is bounded by a
constant depending only on the degree of X and rank of V' (and hence is
independent of py).

Claim. If 1 — a;j, /d < © <1 — a;(j,41)/d, for some i > 0 and jo > 1, then we
have the following.

(1) *[az‘ﬂz‘j + d(x = V)rij] = =[piyari; + d(x — 1)ry;] + O(1/ps), for any
<k <ti+1, and —[a;ri; + d(z — 1)ry;] <0 if k < jo.

(2) Zk>]0+1[alkrlk +d(x — D] = —[pig1ripr + d(x — Driga].

We skip the proof of the claim.

We also recall that, for z, as in the above claim, by [T4, Example 3.3],
we have

fron (@) == lairg +d(x—1rgl — > [aggreg + d(x — D).
JjZjo+1 k>i+1,5>1

Let = > 1; then, 1 — p;/d <x <1 — pit1/d, for some i > 0. (Note that
—p; = 0.) Now, there are three possibilities.

(1) 1-— ,uz/d <x<l-— ai—l,(ti_1+1)/d- Then,

1—M<w<l—w, for some jo > 1,
d d
and
fron (@) == Y laiario +d@ =i )
Jjzjo+1
= > e+ d(z = Dry).
k>i+2

Therefore, by the above claim part (2),
fro (@) == Y [uere + d(z — 1y,

k>i+1

(2) 1—=aj_1,_,+1/d<x<1—a;/d Then,

frop(x) =~ Z [ + d(z — 1)rg].

k>i+1
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(3) 1—ap/d<x<1—pit1/d. Then

.. a/ .
1-— igo <x<1—%, for some jy > 1,
and
fron(@) == Y laijry +d(x — Vgl = > g + d(z — 1)rg].
Jjzjo+1 k>i+2

Therefore, again by the above claim part (2),
fRop, ()= = Y [pwrk + d(x — 1)r).
k>it1

By (18), we have that ff%f’[ =limy, 00 fR,,1, €xists, and

1<z<1l—m/d = frrl@)=- Zuiri—i-d(x—l)ri ,
Li>1

L= pifd<z<l—piafd = fF@)=— | mrk+da—1rg|.
k>i+1

This implies that fr, 1, > f7 for 1 <@ <1—ay,11)/d, and fr, 1, = fR; =
0 otherwise. This proves part (1) of the theorem.

(2) If Vi has strongly semistable HN filtration, then it is obvious that
fR..1, = [R ;- Let, as before, ny be such that ™"V has a strongly semistable
HN filtration in the sense of [L, Theorem 2.7].

If the HN filtration of V; is not strongly semistable, then

0=F""EyCF"*EyC---CF"'E,C F"*E;,, = F"*'V
is not the HN filtration of F™*V . Therefore, there exists ¢ > 0 such that
Fnl*Ei =FEycCFEqC---C Fnl*Ei_H,

where E;; C F™*E;;,. Since a;1 > piy1, one can choose 1 — a;1/d < g <
1 — piy1/d <1—ajp/d. Now,

fror (@) = = lagri + dl@ = Drygl = > [pere + d(z — 1)ry]

Jj=z2 k>i+2
= [ajri +d(x — 1)ry] — Z [ery + d(x — )re] > fR-
k>it1
This proves the theorem. 0
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COROLLARY 4.7. Let C;y =Proj S1,...,C,=Proj S, be nonsingular
projective curves, over a common field of characteristic 0. Suppose that each
syzygy bundle Vg,, given by

0— VCZ- — HO(Ci, Oci(l)) X OCZ- — Oci(l) — 0,

is semistable. (For example, if deg Oc,(1) > 2genus(C;), then Vg, is
semistable; see [PR] and [T6, Lemma 2.1].)
Then, there is ng such that for all p > ng we have

(1) fisug#50),(T) = [§ 4. ps, (z) and

(2) fisuig#50), (@) = [ ps, (), for all x €R, if and only if (mod p)
reduction of the bundle Vi X --- KV, is strongly semistable on (Cy X
Lo X Cn)p

In particular,

(1) eXp(Si# - #Sn) exists and en ((S1# -+ #5n)p) = eFx
(S1# - - - #Sp), and

(2) ear((Si# - #Sn)p) = e (S1# - - - #Sn) if and only if (mod p)
reduction of the bundle Vi X --- XV, is strongly semistable on (Cy x
e X Cn)p;

where the HK density functions and HK multiplicities are considered with
respect to the ideal my# - - - #m,, for the graded mazximal ideals m; C S;.

Proof. The proof follows by Proposition 4.4 and Theorem 4.6. [

REMARK 4.8. With the notations and assumptions as in the corollary
above, one can easily compute fg7 4., s I terms of ranks of V; and degrees
of C;. In particular, if d; = deg C7 and do = deg C5, with r =rank V] > s =
rank V5, then it follows that

dldg 1 1 1 S
GrS1#S)=—+didy | —+ — + — + —
ek ($1#52) 3 + Gtz 254_632 6r2+6r2

NoTATIONS 4.9. Let R=k[z,y, z]/(h) be a plane trinomial curve of
degree d. That is, h = My + My + M3, where the M; are monomials of
degree d. As given in [Mo2, Lemma 2.2], one can divide such an h into
two types.

(1) h is irregular; that is, one of the points (1,0, 0), (0, 1,0), (0,0, 1) of P?
has multiplicity > d/2 on the plane curve h. Here, we define A\ = 1.
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(2) h is regular and hence is one of the following types (up to a change of
variables).

(a) h=a%ys2 fybrzbz 4 2102 where ay,by,c; >d/2. Here, we
define a=a;+b1—d, f=a1+c1—d, v=by+c1 —d, and A=
a1b1 + ageg — bies.

(b) h =294 x%1y229 4 yb2¢ where ag, ¢ > d/2. Here, we define o =
az, B=c, v=a9+c—d, and A = aoc — agb.

We denote A\, = A/a, where a = g.c.d.(a, 5, v, \).

COROLLARY 4.10. Let Sq,...,5S, be a set of irreducible plane trinomial
curves given by trinomials h1, . .., hy, of degree dy, . . ., d, > 4, respectively,
over a field of characteristic 0. Then, there are spreads {(A;, Sia, m;a)};
such that for every closed point s € Spec(A),

(1) fo(S1#t - #Sn) (@) = f§ 4.5, (), for all z€R, if char k(s)=
+1 (mod l.e.m.(Apy,s - - .5 An, ), where Ay, is given as in Notations 4.9.
In particular, there are infinitely many primes ps = char k(s) such that
the function fis,4..48,),, — [§ 4.5, = 0. Moreover,

(2) if, in addition, one of the curves, say Sy, is given by a symmetric
trinomial hy =z y* 4+ yM 2% + 2412 such that d # 5, then

fP(S1# - - - #Sn)(w0) > [S 4.5, (0), ifchar k(s) ==+l (mod Ap,),

for some xzog € R and for some | € (Z/\n,Z)*. In particular, there are
infinitely many primes ps = char k(s) such that f5(Si# ---#Spn) —
IS s, # 0.

Proof. We can choose spreads (A,S;4) with the property that
char k(s) > max{dy,...,d,}?, for every closed point s € Spec(A). Now,
for any irreducible plane curve given by S = k[z,y, 2]/(h), let S — S be
the normalization of S. Then, it is a finite graded map of degree 0 and
Q(S) = Q(S) such that S is a finitely generated N-graded two-dimensional
domain over k. Now, for pairs (S, m) and (S, mS), we can choose a spread
(A, S4,my) and (A, S4, mS,) such that for every closed point s € Spec(A),
the natural map Ss =S4 ® k(s) — S4 ® k(s) is a finite graded map of
degree 0. This implies, for every x > 0,
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as kernel and cokernel of the map S; — S s are zero-dimensional. Therefore,
fssm, = f'§57m§s and f§5, = fg?mg. This also implies that ey i (Ss, mg) =

eHK(S’S, mS’S). (This inequality about eyx can also be~f0und in ~[Mol7
Lemma 1.3], WY1, Theorem 2.7], and [BCP].) Let 7 : X; =Proj Ss —
X =Proj Ss be the induced map. We also choose a spread (A, X4, Vy),

where V4 is given by
0—Va—0x, ®0x, ®Ox, — Ox,(1) —0

and gives the syzygy bundle V; with its HN filtration as given in Exam-
ple 4.5.
This gives a short exact sequence of sheaves of Oz -modules

0— ¥V —>0)~(s @OXS @Of(s — OXs(l) — 0.

Moreover, X is a nonsingular curve. If S is regular trinomial given by
h, then, by [T5, Theorem 5.6], the bundle 7*(Vs) is strongly semistable,
provided that char k(s) =41 (mod 2\p,). Therefore, by Theorem 4.6,
we have fz .6 = fgf’mg. This implies that fs, m, = 5y, for char k(s) =
+1 (mod 2)g,).

If S is an irregular trinomial, then, by [T5, Theorem 1.1], 7*V has an HN
filtration 0 C £ C ©*V. Therefore, 0 C L; C 7*Vj is the HN filtration and
hence the strong HN filtration (as rank V =2), for 7*Vj, for every closed
point s € Spec A. In particular, by Theorem 4.6, fs, m, = f§y,. for all such
s. Now, assertion (1) follows by Proposition 4.4(2).

If Sy =k[z,y,z]/(h1), where h; is as in statement (2) of the corol-
lary, then 7%V is semistable, but not strongly semistable, if char k(s) =
+2 (mod Ap,,). In particular, by Corollary 4.7, fs, ms,. > [S. ms,,» for
such s. Therefore, the statement (2) follows from Proposition 4.4(2). [

Appendix A

LEMMA A.1. For an integer d>2, there ewxist universal polynomi-
als Pid, Pi’d in Q[Xo,...,X;], where 0<i<d—2, such that if, for
a pair (X,0x(1)), we have X an integral projective variety of char
p>0 and dimension d—1, and Q a coherent sheaf of Ox-modules of
dim(Supp)Q =d — 2 and with the following respective Hilbert polynomials

(where dim suppQ < d — 2):

. m+d—1 e m-+d—2 _qyd—1s
e oxtm) =ao" T —a (M) ey
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and
+d—2 +d-3
e omy=a(" T ) (M) s 0 e

then we have the following.

(1) For 0<i<d—2, we have || <p? 1P, ..., ¢Ei+1), if there is a
short exact sequence of Ox-modules

0— & Ox(~d) — F.Ox — Q — 0.

(2) For 0<i<d—2, we have |¢;| <mbT P4(éy, ..., &), if Q fits in the
short exact sequence

0— Ox(—my) — Ox — Q—0
or in the short exact sequence
0—>Ox—>OX(mo)—>Q—>O

of Ox-modules.

Proof. Assertion (1): Note that for m € Z, we have
(A1) X(X, Q(m)) = x(X, Ox (mp)) — p™ 'x(X, Ox(m)).

We can express, for 1 <n<d—1,
(Y+n) - (Y +2)(Y +1) chw

where C)! =1, and, for j < n, the coefficient C]’TL is in the set

{Zx?...ml
:{1,...,n}}.

-, 0<j<n<d—1,{z1,...,z,}

Now, expanding Equation (A.1), we get
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(& _ _ _ _ _ _ _ _
Ty Ciem™ 0" = ) + G -
ok Gy (="
4+ 4 & [C«dflfi d—l—i( d—1—1 d—l)
(d—1—1)! d—1—i"M p P

_’_'”_}_C(c)l—l—i(l_pdfl)]_i_..._{_( 1)d 1ed 1[<1_pd71)]

q0 _ _ 3
q1
(d 3) [Cd3 d—3 Ojjf d4 Cd 3]
(=1)" gy d—1—i _d—1—i del—i  d—9—i 1
* m[cd—l—im + Cd_Q_im 4+ CO ]

o (1)1

We prove the result for g;, by induction on ¢. For ¢ =0, comparing the
coefficients of m%~2 on both sides, we get

d—2 dfl) €0 cd-1_ €1 __ %
(d—1!"42 (d-2)| (d-2)V

which implies
g0 <" (1Bl CS + |en]) < p N (EC TS + ).

Comparing coefficients of m?~*, we get

(T —pTh
€o i-1_ _ € d-2 | 1yl Giml a1
( ) Cd ) (d_2)!Cd—i + +( 1) (d—i)!cd_i
q0 d— q1 d—3 i di—2 d—i
— S ... -1 3
(d 2) Cd (d_3)!cd—z + +( ) (d—i)!Cd_z

This implies that

|gi—a| < pH|E0|CYT) + [E1|CT 2+ - -+ €109}
+ [|QO!C§:,2 + |Q1‘Cg:z3 4o+ ‘(Jz—?»\cgle_’]
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However,

p? Y |Eo|Cd=} 41611092 + - - -+ |61 | 0971

<PUECT + ECTT e+ G

Now, the proof follows by induction.

Assertion (2): For mg =0, the statement is true vacuously. Therefore, we
can assume that mg > 1. Now,

m-+d—2 _ m-+d—3
d—2 "od-3

(X, Q(m)) = qo( ) e (D) g,

q0 d—2,_d—2 d—2,_d-3 d—2

:(d—2)![Dd_2m + Dy sm®° 4 - - + D]
q1

(d—3)!

[Dj=gm"? 4+ DyZim™ 4+ 4 D]

(1" g1 a1 a1 pi-1-i, d-2-i
d—1—1) [Dg—1—im + D 5 m

4+ .4 Dg_l_i] 4+ ... 4 (_1)d*2qd72’

where D;? belongs to the set

{ngn...x;‘;
{xl,...,xk}:{l,...,k}}.

Y a=k—j 0<j<k<d-2

On the other hand,

__©
S (d—1)!
+ Cg:%(mo)(md*?) + md*4m0 4+ .- 4+ mg—?)) +eet Cij_l(mo)]
é B - - —
- ﬁ [C42(mo) (Mm@ + - - mT mg + - + md—?)
+ T 2(mo) (M + mTPmg + -+ mi) + -+ CT 2 (mo)]
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Again, we prove the result for ¢;, by induction on i. Comparing the

d—2

coeflicients for m*~=, we get

Cg 1m0
d—
D33

40
(d—2)!

d—2 d— ~2
Dd,Q = Cd 1m0 = |QO| <eo———— < Mmy.

(d)

Comparing the coefficients of m?~%, where 2 <14 < d, we get

490 d—2 a1 d—3 i—2 -2  d—i
——D% 2 — D& ... —1 D¢
-l T g Pe o EUT = P

€0 d—1, i—1 d—1,.i=2 |

= m(cd—ﬂ"% + Casomg +Cy7 L ymo)

€1 d—2, i—2 d-2,i-3 | d—2

- m(cdamé + Mg +CgZir1mo)
i—2 €2 d—i+1

+ - (=1)° m(cd—l—i—i)'

This implies that
’(Jz‘—zHDg:Z: < léol(Cy 4 11m6 Y+ C z+1m0)
+ |61‘( ng 2 Cd Z_,'_1’rno)

-+ lé@-fzr(CZii% =)

+ (ol D7+ la DG + - - - + lai-slI DG ).

Now, the proof follows by induction.

For Q such that 0 — Ox — Ox(mo) — Q@ — 0, we have x (X, Q(m —
mo)) = x(X, Ox(m)) — x(X, O(m —myp)), so we get the same bounds for
the ¢; in terms of the €; as above except that now D;-l is in the set

[y

{xl,...,xn}:{l—mo,...,n—mo}}.

Hence, the lemma follows. 0
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