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Abstract

In this paper, we give analogues of the local uncertainty inequality for the Dunkl transform on R?, and
indicate how the local uncertainty inequality implies a global uncertainty inequality.
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1. Introduction

Uncertainty principles play an important role in harmonic analysis. They state that a
function f and its Fourier transform f cannot be simultaneously and sharply localised.
That is, it is impossible for a nonzero function and its Fourier transform to be
simultaneously small. Many mathematical formulations of this general fact can be
found in [4, 5]. In particular, the well-known Heisenberg—Pauli-Weyl uncertainty
principle [6, 14] states that for every f € L*(RY),

( fR 2P fR TR dv) = 5 NES dx)z.

This inequality proves that if a function f is highly localised then its Fourier transform
J cannot be concentrated near the given fixed point. However, this inequality does not
exclude the fact that the Fourier transform f may be concentrated in the neighbourhood
of several separated points. In [3, 8, 9], Faris and Price answered this question and
showed that this situation cannot occur either. More precisely, they established the
so-called local uncertainty principle.

In this paper, we consider RY with the Euclidean inner product (-, -) and norm
Iyl :=+/(y,y). For a € R)\{0}, let o, be the reflection in the hyperplane H, c R¢
orthogonal to a:
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A finite set R ¢ R?\{0} is called a root system if R NR.a = {-a, @} and 0, R =R
for all @ € R. We assume that it is normalised by |a|> =2 for all @ € R. For a root
system R, the reflections o, @ € R, generate a finite group G C O(d), the reflection
group associated with R. All reflections in G correspond to suitable pairs of roots. For
a given 8 € RY\ U, en H,, we fix the positive subsystem R, :={a € R : (@, ) > 0}.
Then for each a € R eithera € R, or —a € R,.

Let k: R — C be a multiplicity function on R (that is, a function which is constant
on the orbits under the action of G). As an abbreviation, we introduce the index

y=ve= ) ka).

acR,

Throughout this paper, we will assume that the multiplicity is nonnegative, that is,
k(a) > 0 for all @ € R. Moreover, let wy, denote the weight function

we) = [ | Ken )@, yeRre,
acR,

which is G-invariant and homogeneous of degree 2y.
We denote by i the measure on R? given by dui(y) := wi(y) dy; and by L (R?),
1 < p < oo, the space of measurable functions f on R, such that

/p
A1l == (LJ lFor d,uk(y)) <o, 1<p<oo,

Ifllze = ess sup | f(y)| < oo,
yeR4

and by L,’: a d(Rd) the subspace of Lf (RY) consisting of radial functions.
For f € L,i(Rd) the Dunkl transform is defined (see [2]) by

Fr(Hx) == c fR , Ex(=ix, )f) du(y), x€RY,

where ¢y, is the Mehta-type constant given by

) -1
= ( f e b2 dﬂk(y)) : (1.1)
Rd

and where E;(—ix, y) denotes the Dunkl kernel. (For more details see the next section.)

Many uncertainty principles have already been proved for the Dunkl transform,
namely by Résler [11] and Shimeno [12] who established (by two different methods)
the Heisenberg—Pauli—Weyl inequality for the Dunkl transform, by showing that, for
every f € L{(RY),

d 2
( f PLAOF dya o ) f DRI i) = (y+ 5 Il (1)
R4 R4 2 k
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This says that if f is highly localised then 7(f) cannot be concentrated near a single
point, but it does not preclude 7 (f) from being concentrated in a small neighbourhood
or more widely separated points. In fact, the latter phenomenon cannot occur either,
and it is the object of the local uncertainty inequality to make this precise. The first
such inequalities for the Fourier transform were obtained by Faris [3], and they were
subsequently sharpened and generalised by Price [8, 9]. Building on the ideas of Faris
and Price, we show a local uncertainty principle for the Dunkl transform ;. More
precisely, we will show the following results.

(@) If0<s<y+d/2,thereis a constant K = K(s, k) such that for every f € L]%(Rd)
and every measurable set E ¢ R? such that 0 < (E) < oo,

12
( fE TN dar)) < KCs, K3EeED* )l

(b) If s>y +d/2, there is a constant K’ = K’(s, k) such that for every f € L,%(Rd)
and every measurable set E ¢ R? such that 0 < i (E) < oo,

1/2
( fE T d) < K G kG EN 2L Oy AL

We shall use the local uncertainty inequality (a) to prove a global uncertainty
inequality for the Dunkl transform %y, that is, for all f € L{(R?) and 5 > 0,

([ W duco)( [ bPIFAOP duu) > . I,

where C(s, k) is the constant given in Section 4. This inequality generalises the
Heisenberg—Pauli—-Weyl inequality given by (1.2).

This paper is organised as follows. In Section 2 we list some basic properties of the
Dunkl transform F. In Section 3 we show a local uncertainty principle for the Dunkl
transform ;. In the last section we deduce a global uncertainty inequality for F.

Throughout this paper, C will always represent a positive constant, not necessarily
the same at each occurrence.

2. The Dunkl transform on R¢

The Dunkl operators D;, j=1,...,d, on R4 associated with the finite reflection
group G and multiplicity function k are given, for a function f of class C! on R?, by

fO) = o)

0
Dif):= 5 f0)+ ), ke, ===

acR,

Forye R4, the initial problem Du(-, y)(x) = yu(x,y), j=1,...,d, withu(0,y) =1
admits a unique analytic solution on R¢, which will be denoted by Ej(x, y) and called
the Dunkl kernel [1, 7]. This kernel has a unique analytic extension to C¢ x C%.
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The Dunkl kernel has the Laplace-type representation [10]
Edmy%=j‘é”WD@L xeR’, yeC’,
R

where (y, 7) := Zl‘?lzl yizi and Iy is a probability measure on R¢, such that
supp(l'y) C {z€ R [z] < |x]}.
In our case,
|Ex(—ix,y)| <1, x,yeR’
Ifd=1and G =7, (see[1]),

Xz
En(x,2) = 3, _10(x2) + T5y+1/2(x2), x€eR, zeC,

+1

where
( XZ) 2n

In+vy+1)

I,(xz) =Ty + 1) Z YT
£ 22

is the modified spherical Bessel function of order 7y (see [13]).

The Dunkl kernel gives rise to an integral transform, called the Dunkl transform
on R? introduced by Dunkl in [2], where already many basic properties were
established. Dunkl’s results were completed and extended later on by de Jeu [7]. The
Dunkl transform of a function f in L}(R?) is

ﬂmm:quwmmwmm reR%
R’I

We notice that F( agrees with the Fourier transform ¥ that is given by

TKfXJ):=(2ﬂY””‘f‘ef“*”foodw, xeRY.
Rd

Some of the properties of the Dunkl transform ¥ are collected below (see [2, 7]).
(a) L'- L*-boundedness. For all f € L;(RY), we have Fi(f) € L°(RY) and

IFe(Plly < cullfllz- 2.1)

(b) Inversion theorem. Let f € L} (R?), such that F(f) € L, (R?). Then

fx) = ﬂ(ﬁ(f))(—x), ae xeRY.

(c) Plancherel theorem. The Dunkl transform ¥ extends uniquely to an isometric
isomorphism of LZ(R¢) onto itself. In particular,

A1z = Iz 22)

https://doi.org/10.1017/5S0004972712000780 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712000780

320 F. Soltani [5]

3. Local uncertainty inequalities

This section is devoted to establishing a local uncertainty principle for the Dunkl
transform . More precisely, we will show the following theorem.

Tueorem 3.1. (1) If 0 < s <y +d/2, then for every f € Lz(Rd) and every measurable
set E C R? such that 0 < i (E) < oo,

172
( fE NP du) < K, @ EY D iz, G
where .,
_ 2y+d aly+5—15) \/@r+d
K(S, k)_ 2,)/+d_2s(27+(d/2)1"(—y+ %)Sz) .

(1) If s >y +d/2, then for every f € L,%(Rd) and every measurable set E C RY such
that 0 < i (E) < oo,

1/2
( fE TUAOF da) < K G, BN P00 A, 3.2)

where

I( 2§td (1 - ZYZJ;d ) 2 Qy+d=25)/2s\1/2
KDLy 1 (d)2) + 1)(27 +d ) ) '
To prove this theorem we need the following two lemmas.

Lemva 3.2, If f € L (R?) with f(x) = F(|x]), then

K'(s, k) = (

Jrad

— 1 ~ 22+1
fR df(x)d#k(x)—Ckz/lr(/l_’_l) fo F(n***at,

where
A=y +—= 2
= ’y 2 .
Proor. Using the spherical-polar coordinates x = rx’, where x’ € S9!,
f F(x) dug(x) = f FEx wi(x') do(x)+ ! at.
R 0 Jsd
If f(x) = F(|x]), then
f J(x) dp(x) = f wi(x") dor(x’) f Foy* .
Rd gd-1 0
On the other hand, from (1.1),

c,;l = f wi(x) dO'(x')f e/2 2rrd=1 gy
ga-1 0

=2TA+1) f wi(x') dor(x').
Szl—l

https://doi.org/10.1017/5S0004972712000780 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972712000780

[6] Heisenberg—Pauli—-Weyl uncertainty inequality for the Dunkl transform on R? 321

Thus,
1
/ d / —
fsdl W) do () = ST
and | .
d = F(O)©*! dr,
fR O dun) = e fo 0
which completes the proof of the lemma. O

LemMa 3.3. Let s >y + d/2, then for every measurable function f on R¢,

T(A)r(1 - 441 ( s )@7*””/25)”2

< _
Al < ( 2T +2) \A+1

LA 7 £
k
(3.3)
where J-2
A=y+——=.
YT

Proor. Inequality (3.3) holds if [|f]l;2 = o or [|(Ix])* fll;z = co. Assume that [|f]|;2 +
||(|x|)“'f||L,% < 0o. We write

1y = [ 1 P LRI + 1) dp).

From the hypothesis s > y + d/2, we deduce that the function x - (1 + |x[>*)~! belongs
to L} (R?) N L2(RY), and, by Holder’s inequality,

2 dp(x) f 2s 2
1, < ([ )+ PP dusco)
d .
= ([, s, + s gy,

1+ |x|?s

However, by Lemma 3.2,

f d,llk(X) B 1 foo t2/1+1 Ut
re L+x2 2T+ 1) Jy 1472

DL - 421
2T+ Ds

Replacing f(x) by f(rx), r > 0, in the last inequality gives

reshra - )

2y+d 2 2y+d-2s s 2112
AR, + P AR

2
< 87 57
Wy < S mr s 1)s

However, let g be the function defined on (0, co) by

2y+d 2 2y+d-2 2
§(r) = PR, + P72 D)
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Then the minimum of g is attained at the point

s () flz s
o=l ) )

and
2—((2y+d 2y+d
111 (@r+D19) 1)) fll( s

s Qy+d-2s)/2s
g0 = ——( )

A+1\A+1
Then we have the desired inequality

r(AHrQa - 44
2T +2) (/1 +1

)(2y+d—2s)/2s)1 2

71y <

which completes the proof of the lemma.

(71

1-(2y+d)/2 2v+d 2
1A S DR 1(1x0) fII( yrafs

[m|

Proor or TeorEM 3.1. For >0, let B, = {x: |x| < r} and B¢ = RY\B,. Denote by y3,

and y g the characteristic functions.
(i) Let f € Li(Rd ). By Minkowski’s inequality, for all » > 0,

IFCxellz < IFEChxs el + IF s el
< GulENPIFL )i + IFC sl
hence it follows from (2.1) and (2.2) that
IFeC el < cxGueE) N fx ey + 1 iz
On the other hand, by Holder’s inequality,
sl < 10D, izl 1z
By Lemma 3.2 and the hypothesis s <y + d/2,

d d 71/2 —S S
s ey < (exly + 5 = s @@r(y+ 5)) @2 dad Sl

Moreover,
I xsellz < M)~ xmelle 10D Az < 7 IAxD” £l -
Combining the relations (3.4)—(3.6), we deduce that
I el < 07 + anGudE) P @P=)) () Al 2,

where

( c )1 /2
\y+ 4 —92rdary + 4
However, let g be the function defined on (0, co) by

8(r) =1~ + ap(u(E)' a2,

https://doi.org/10.1017/5S0004972712000780 Published online by Cambridge University Press

(3.4)

(3.5)

(3.6)


https://doi.org/10.1017/S0004972712000780

[8] Heisenberg—Pauli—-Weyl uncertainty inequality for the Dunkl transform on R? 323

Then the minimum of the function g is attained at the point

25 2/Qy+d)
_ E))~1/Cr+d).
0 ((Z'y +d- 2s)ak) ((E))

and

(B,

2y+d  (Qy+d=2s)ap\>/ D
g(ro) = ( )

2y +d—12s 2s
Then we have the desired inequality

1Tl < Ks, )@ E) D) fll 2.

where

2 d C +4—S s/2y+d)
K(s. k) = Y+ ( Wy + 3 )) _

— d
2y +d = 25\2r+@DT(y + £)s?

(i) Suppose that the right-hand side of (3.2) is finite. Then, according to
Lemma 3.3, the function f belongs to L,i(Rd) and

I el < Gl EN Il
< (BN I£ 1,
< K'(s. b ED I, e 1l

where

K'(s, k) =

ll

(27+d (1 — 27+d Y/ 2 Qy+d=25)/2s\1/2
“ranr(y + 4+ 1)(27 +d ) )
which completes the proof of the theorem.

Remark 3.4. If we interchange f and 7;(f) in (3.1) and (3.2), then:
(a) If0<s<vy+d/2, then for every f € L}(R?),

sup (e EN U fxellzz) < KGs, DI Fa( -

ECRY, O<pyi(E)<oo

The left-hand side is known to be an equivalent norm of the Lorentz space Li”m,

where
22y +d)

b= v a—as
(b) Ifs>vy+d/2,then forevery f € Li(Rd),
sup (e E) Pl fxell)
ECRY, 0<ui(E)<oo

< K/ 0GB P I F Pl

The left-hand side is known to be an equivalent norm of the Lorentz space L,”.
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4. Heisenberg—Pauli—Weyl inequality

In this section, we shall use the local uncertainty inequality (3.1) to prove an
analogue of the Heisenberg—Pauli—Weyl uncertainty inequality.

TueorEM 4.1. Forall f € Li(Rd) and s > 0,

([, P duco) [ BP0 dun) > €. DA

where C(s, k) is the constant given by

2y +d-2s )2(227”1“(7 + Oy + 4+ 1s? )2‘v/<2y+d>

s, k)z( 4y +2d

y+4-s

Proor. First, suppose that 0 < s <y + d/2. Let r > 0. Then, by (2.2),

If1E; = IFCHIE; = fB FePHON duety) + fB RO du(). @)

Consider

[ O i = [ OO o

we deduce that

f FeAON du) < 2D FrCIE- 42)
B
By the local uncertainty inequality (3.1) and Lemma 3.2,
[ 0P dmon < e, “3)
B,
where
( 2y +d )2 ( y+4-s )2s/(27+d)
2y +d - 25) \22r+d0(y + HI(y + € + 1)s2 '

Combining the relations (4.1)—(4.3),

13, < CPID" A1, + I FCPI-
However, let g be the function defined on (0, o) by

§(r) = CPID" A1, + r D FC -
Then the minimum of the function g is attained at the point

VClII(aD* fllzz
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and

£(ro) = 2VCIxD* Al Iy Fe ()l -
Then we have the desired inequality

A1 < 2V Al D FrC Pl (4.4)

Second, suppose that s >y + d/2. By Holder’s inequality and (2.2),

and

1/2
f 1O dpar(x) < ||f||Lg( f Lol dm(x))
R4 R4

12
fR PIFOOI da) < 1 fR DIFOOF du)

The value of s in (4.4) can be replaced by 2s, and doing so repeatedly, (4.4) is extended
to any positive s. O

RemMark 4.2. The previous inequality generalises the Heisenberg—Pauli—Weyl
inequality (1.2) proved by Rosler [11] and Shimeno [12].
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(2]
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