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MEAN VALUE THEOREM FOR THE m-INTEGRAL
OF DINCULEANU

BY
PEDRO MORALES

1. Introduction. The classical mean value theorem asserts that if f is a real,
bounded, Riemann integrable function defined on a finite real interval a<¢<b,
then [2 f(¢) dt=(b—a)y,, where inf,<; <, (1) Yo <SUp, <<y f(f). The extensions
of Choquet [3], Price [15], and of this paper generalize the fact that y, belongs to the
closure of the convex hull of f([a, b]). The version of Choquet ([3, p. 38]) applies to
a continuous function on a compact interval with values in a Banach space; that of
Price ([15, p. 24]) applies to a bilinear integral of a special type containing the Birk-
hoff integral [2]. The m-integral of Dinculeanu [6] (specialization of Bartle’s *-
integral [1]) leaves intact the Lebesgue dominated convergence theorem and is
strong enough to support an extended development. The paper is organized as
follows: the object of §2 is to express the integral of a bounded m-integrable
function as a limit of Riemann sums; §3 gives Price’s generalization of ‘“‘convex
hull” [15]; the theorem of the paper is established in §4; §5 gives applications to
vector differentiation which, for continuously differentiable functions, contain
results of Dieudonné [5] and McLeod [13].

I wish to express my thanks to Professor Geoffrey Fox for his guidance and
encouragement.

2. Riemann expression of the m-integral. Let m: + — X be a measure of bounded
variation |m| defined on a o-algebra = of subsets of a set 7, with values in a Banach
space X. The functions in question are |m|-measurable applications of T into a
Banach space Y. We suppose a continuous bilinear application of X'x Y into a
Banach space Z. Then, if f: T— Y is |m|-measurable and essentially bounded,
it is m-integrable and f fdm is an element of Z ([1], [6]). This is the context of
Dinculeanu [6], slightly specialized in that we assume the space T to be |m|-inte-
grable.

LeEMMA 2.1. Given an m-integrable function f and arbitrary >0, there is a finite
partition (T))1 <1< Of T, T; € 7, such that |m|(T,) <« and, for 1 <i<n, the oscillation
of fonT,is <e.

Proof. There is a mean Cauchy sequence (f;) of r-step functions converging
|m|-almost everywhere to f. By the Egorov theorem, there exists B € = such that
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|m|(T— B) < e and (f,) converges uniformly to f'on B. So there is an index #, such
that, for the corresponding step function

0= St 0=SO] < o2

for all € B. We may suppose the B; disjoint, then it suffices to let Ty, ..., T,,_, be
the nonempty intersections of the form B,NB, and T,=T—B.

LEMMA 2.2. Given a bounded |m|-measurable function f, there exists a sequence of
finite partitions of T:

TMisisw, T ET), n=1,2,... such that, for t € T?,

kn

lim > m(Tf() = f fdm,

uniformly with respect to the choice of the t! € TP.

ProoF. Put M=sup;.r |f(¢)|, and let €>0 be arbitrary. Let (7}); <;<, be the
partition of Lemma 2.1. For arbitrary ¢, € T},

3 m(T)f(6) ffdml

S ([ rwyam=] 100 dm)|

IA

"; [ 1r@=rdim

S [ v@-r@rdim+ [ 1rw-roldim)

e |m| (T)+2Me.

IA

It suffices to take a sequence of partitions of this form with e=e¢,, €, — 0.

3. Generalized convex hull. Consider the set C;={(As, ..., &) | =0, X7 A=
n=1,2,...}. If E is a subset of a Banach space X, every (Ay,...,A,)eC;
determines the set of vectors 27 Ax; (x; € E), called convex combinations of ele-
ments of E. Now let £(X, X) be the Banach space of all continuous linear maps of
the Banach space X into itself, and consider the set

c={(T1,...,Tn)1ne$(X,X), ST =1y, n= 1,2,...}-
1

Given two elements ¢1=(T11, ceey Tlm), ¢2=(T21, e ey Tzn) Of C.
‘;{’1952 = (T11T21, cors I1aTop, oo oy T1nToss - - s TlmT2n)
belongs to C. A subset C* of C is multiplicatively closed if ¢,, ¢, € C* implies
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¢1¢, € C*. Considering A>0 as the element x — Ax (x € X) of Z(X, X), C, is a
multiplicatively closed subset of C.

Henceforth (until final specialization), C* denotes an arbitrary multiplicatively
closed subset of C. If E is a subset of the Banach space X, every (T3, ..., T,) € C*
determines the set of vectors >7 Tix; (x; € E), called C*-convex combinations of
elements of E. A subset of X is C*-convex if it contains all C*-convex combinations
of its elements; and the smallest C*-convex set containing a given subset E of X is
the C*-convex hull of E, denoted CF[E]. The symbol C,[E] will denote the classical
convex hull of E; in the case C*=C,; we have CE[E]=C,[E].

LEMMA 3.1. The operator C§: 2¥X — 2% has the following properties:
(i) E<CE[E]

(ii) E<F implies CX[E]1< C&[F]

(i) CF[CTIEN=CFIE]

(iv) 21 TCSIEI=CSIE] ((Ty,...,T,)eC¥)

Proof. The only part which is not immediate is the inclusion >t ; T;C¥[E]
< C¥[E]. But an element of the left member is of the form >, Tix;, (T4, ..., Ty)
e C*, x, € C¥[E], and, since C§[E] is C*-convex it contains this C*-convex com-
bination of its elements.

LEMMA 3.2. For a subset E of the Banach space X,
C*[E]={z T,xil(Tl,...,T,,)EC*, xiEE, n=1,2,...}
i=1
is C*-convex.

Proof. Let x=>7, Tix;, =T, ..., T,) € C*, x; € C*[E], so that
= 2T, b= TP TE)ECY, xek,

and

n
() 5 ()

Z TiT5Px35,).
i=1 74

Fori=1,

1 1) — 1 2 1) — 1
Z T, T{PxP Z Z T\ T PT2xP Z Z T\ T;P. . . TPxib.
Jj1 J2 i1 in
Fori>1,

(D) — (i - 1) (1) 4(1)
Z TiTh Xi Z Z T 11 14Xy
7 Ji-1 Ji

=S..STTP. . .TPxP
1Y 71

= (1) (1) 5.
=3 .S TIR. . TR,
7 In
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We then have
n
— (1 (1) 4-(1)
X = izljz e jozTh’...T,,'fx,‘.
= 1 n

Since x{? € E, and the operators of this last sum are the components of ¢, .. .4,
x € C*[E].

This lemma identifies Cg with the Price operator C* ([15, p. 8]).

In order to apply this generalized convexity to integration, we will define a
special multiplicatively closed subset C* of C in terms of a given measure m: =
— Z(X, X), of bounded variation, satisfying the

Axiom of Price ([15, p. 20]). For every 4 € =, m(A4)=0 or m(A) is bijective.

We note that every scalar measure on a o-algebra is of bounded variation
([6, pp. 47, 50]) and obviously satisfies the axiom of Price.

Let Q denote the set of all finite disjoint sequences A=(4,), 4; € 7, >, m(4,;)#0.
Let C' denote the subset of C consisting of the finite sequences having one of the
forms:

4® = (3 ma0) “mia)) @ <j<m,

$@ = (map( 3 m) ) asjsm @eo.

i=
In the rest of the paper, C* denotes the smallest multiplicatively closed subset of
C containing C'.
Lemma 3.3. 3 m(A)CS[E]= (S m(4)CSIE] ((4) € Q).
Proof. By (iv) of Lemma 3.1,

CHtEl = 3 (Ima))  maCEE] = (Smd)) 3 ma)CaiE)
LeMMA 3.4. If m: = — R is a positive measure, C¥[E1< Co[E].

Proof. Since C; is multiplicatively closed and contains C’, (because m is positive),
and C* is the smallest such subset of C, we have C; > C*. Hence every convex
subset of X is C*-convex, and therefore CF[E]< Co[E].

4. Mean value theorems. In this section the bilinear context is specialized as
follows: E is a Banach space, Y=Z=E, X=%(E, E), and the continuous bilinear
map is (¢, x) — ¢(x) (p € L(E, E), x€ E).

THEOREM 4.1. Let the measure m: v — F(E, E) be of bounded variation and
satisfy the axiom of Price. For every m-integrable functionf: T — E, [ f dm=m(T)y,,

Yo € CELF(D)], and y, is unique if m(T) #0.
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Proof. It suffices to consider the nontrivial case m(T)#0, then y, is unique if it
exists, by the axiom of Price. If fis bounded, by Lemma 2.2, there exists a sequence
of finite r-partitions of T: (T1"); <i <, such that

Kn
lim ¥ m(IDSE) = [fam @ e

 i=1

By Lemma 3.3,

3. mansene 3 manci @) = ( 3, ma) o)
= m(T)C3f(D)],

so that the limit f fdm belongs to m(T)CE[f(T)]. Since x —m(T)x (x€ E) is a
homeomorphism (axiom of Price),

m(T)CSf(T)] = m(T)CSA(D)],
and the proof for the bounded case is complete. There remains the case where fis
not bounded. We note that, for n=1,2,..., 4,={t| teT, |f(¢)| <n} € r.Choose
wo € f(T) and
set

f(t), ted,
Wo, teT—A,.

70 = {

The f, are |m|-measurable ([6, p. 91]) and the sequence (f,) converges pointwise to
f- Also, for n>|wo|, |fu(#)|<|f ()|, for all teT. Since the Lebesgue dominated
convergence theorem holds for the m-integral ([6, p. 136]), we have

'}i_{r;ff,,dm=ffdm.

By the theorem for the bounded case,

ff,. dm = m(T)y,  yee CUADI < UMD

The inequality
|Yo=val = [m(T)=*(n(T)y,—m(T)y))| < |m(T)~*| |m(T)y,—m(T)y,]

implies the convergence of (y,) to a point y, € CF[f(T)]. By the continuity,

ffdm = lim m(T)y, = m(T)ye.

REMARKS.
1. Let m: r — E be a measure of bounded variation with values in a Banach
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algebra E, such that m(A4) has an inverse whenever m(4)+#0. Then for every m-
integrable function f: T — E,

f fdm = mT)ye, yoe CR@D)]

(yo unique for m(T)#0). In fact, considering E as a subspace of Z(E, E), this is a
special case of 4.1.

2. Let E be a real Banach space and let u: 7 — R<Z(E, E) be a positive
measure. Applying 4.1, with scalar multiplication playing the role of the continuous
bilinear map, we have, for every p-integrable function f: T— E,

f Fdu = wT)yer yo€ CUT DN,

because CE[f(T)]< Colf(D)].
3. The Remark 2 contains the following theorem of Choquet ([3, p. 38]): If fis a
continuous application of a compact interval [a, b] into a Banach space,

[[rayai = 6-aye, yoe TG DL

(Since f([a, b)) is compact, therefore separable, f'is Lebesgue measurable.)

Let o7 be an algebra of subsets of 7"and let 4" be a hereditary subring of 7. Let
E be a Banach space and let m: &/ — Z(E, E) be an additive function of bounded
semi-variation, absolutely continuous (A47). Consider the space of 4 "-almost
totally measurable functions ([6, p. 154]) f: T — E. Such functions admit the Rie-
mann representation of 2.2, by construction, and the integral of an almost totally
measurable function vanishing on . "-negligible sets is the integral of an A-
equivalent totally measurable function; therefore we have what is needed to carry
out the first part of the proof of Theorem 4.1 for such functions; so we have, in
this context:

THEOREM 4.2. Let m: o/ — L(E, E) be an additive function of bounded semi-
variation, absolutely continuous (AN"), satisfying the axiom of Price. For every almost
totally measurable function f: T — E, vanishing on A -negligible sets, [ f dm=m(T)y,

Yo € CSLF(T)] (¥, unique for m(T)#0).

5. Application to vector differentiation. Two points a, b of a Banach space define
the segment [a, b]={Ma+pb | A, n=>0, A+p=1}.

THEOREM 5.1. Let f: U — Y be a continuously differentiable application of an
open set U of a Banach space X into a Banach space Y, and let [a, b] < U. Given € >0,
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there is a finite sequence (x;); <;<n Of points of [a, b], and numbers A;>0 (1<i<n)
such that 3% =1, and

FO-1@=3 A ()=l < e
Proof. For the case X=R, [a, b]=[0, 1],

FO=10) = [ 7@y d (@, p.171)

and

f P dt = yo e CIF @O, TD] (Remark 2 of 4.1).

This means that there is a vector

n n
y = 21:7\‘f'(t,), tel0,1], A =0, 21: A=1

such that | y—y,| <e. The special case established, let [a, b] < U, and introduce the
function g(¢)=f(a+t(b—a)), 0<t<1. Then

|g(1)—g(0)—§Aig'(ml<e, te[0,1], A0, §A¢=1.

Since g'(¢)=f"(a+t(b—a))-(b—a), putting x;=a+1t; (b—a), we prove the general
case.

REMARK. The theorem implies the inequality
lf®)-f@| < sup |/ |b-al,

which appears in ([5, p. 155]) under a weaker hypothesis: the continuity of the
derivative is not assumed.

THEOREM 5.2. Let f: U—> R" be a continuously differentiable application of an
open set U of a real Banach space X into the real Euclidean n-space, and let [a, b]< U.
There is a sequence of n points x; belonging to [a, b] and n numbers X, >0 such that

ém =1 and f(b)—f(a@) = jmf'(xi)-w—a).

Proof. As in the proof of 5.1, it suffices to treat the case X=R, [a, b]=[0, 1],
and we have

JF)=f0) = Llf’(t) dt = yo € Col ([0, 1])]
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Since f'([0, 1]) is a compact subset of R, Co[f”([0, 1])] is compact ([4, p. 115]),
therefore closed, so that y, € Co[f7([0, 1])]. Since f'([0, 1]) is connected, the Fenchel-
Bunt theorem ([10, p. 36]) gives the required expression:

yo = 2 Aifl(ti), ti € [0, 1], Ai = O, 21 )‘i = 1.

CoOROLLARY. Let f: U > C™ be a continuously differentiable application of an open
set U of a complex Banach space X into the complex Euclidean n-space, and let
[a, b} < U. There is a sequence of 2n points x; belonging to [a, b] and 2n numbers
A =0 such that

2n 2n
EIZAi =1 and f(b)—f(a) = ; Af'(x)-(b—a).

Proof. It suffices to replace X by the underlying real Banach space and C" by
R2 ([5, p. 145]).

REMARKS.

1. For n=1, X=R™, 5.2 reduces to the classical mean value theorem for con-
tinuously differentiable functions ([14, p. 121], [12, p. 304]).

2. McLeod ([13, p. 203]), applying real value and convexity techniques, obtains
a mean value differentiation theorem which contains 5.2, for X=R.

3. There are other mean value theorems in the context of McLeod’s theorem 10,
for example, the following result of Dotson ([7, p. 144]): Let z,, z, be distinct points
of an open set U in the complex plane such that U contains the segment [z,, z,). If fis
a complex holomorphic function defined on U, there exists points wy, wy of [21, 5]
such that

J@) /@) _ R prwy) 4 Tm f/Gwo).
21— 29
This may be deduced by applying the classical mean value differentiation (or inte-
gral) theorem to the auxiliary function
Fry = L&t Emm) g o o),

21— 29
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