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Fitting classes of finite solvable groups were first considered by Fischer, who
with Gaschutz and Hartley (1967) showed in that in each finite solvable group
there is a unique conjugacy class of "^-injectors", for $ a Fitting class. In general
the behaviour of Fitting classes and injectors seems somewhat mysterious and
hard to determine. This is in contrast to the situation for saturated formations
and ^-projectors of finite solvable groups which, because of the equivalence of
saturated formations and locally defined formations, can be studied in a much
more detailed way. However for those Fitting classes g that are "locally defined"
the theory of g-injectors can be made more explicit by considering various
centralizers involving the local definition of g, giving results analogous to some
of those concerning locally defined formations. Particular attention will be given
to the subgroup B(<5) defined by

where the set {300} of Fitting classes locally defines 3 , and the Sp are the Sylow
p-subgroups associated with a given Sylow system S — B(Q) plays a role very
much like that of Graddon's g-reducer in Graddon (1971). An g-injector of B(Q)
is an g-injector of G, and for certain simple g B(Q) is an g-injector of G.

All groups will be finite and solvable. Recall that a class g of groups is a
Fitting class if 3f is closed under taking normal subgroups and if in each group G
there is a unique normal subgroup that is maximal with respect to being in $;
this subgroup, the g-radical, will be denoted by G5. If g and § are Fitting classes
then the extension class

is a Fitting class.

DEFINITION 1 (Fischer, Gaschutz and Hartley (1967)). J/gf is a Fitting class
then V ^ Gis an %-injector ofG i/iV <i<i G implies that N (~\V is an ^-maximal
subgroup of N, where ^-maximal means maximal with respect to being in 3 .
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26 Patrick D'Arcy [2]

By Fischer, Gaschutz and Hartley (1967) Satz 1 each group has a unique
conjugacy class of ^-injectors. It is easily seen that V an ^-injector of G implies
V 2; W%, for all W subnormal in G.

The following two propositinns hold for an arbitrary Fitting class, with
the proof of Proposition 4 needing the lemma and first theorem of Fischer,
Gaschutz and Hartley (1967). However when the Fitting class is locally defined
the required results of Fischer, Gaschutz and Hartley (1967) can be replaced
by Lemma 8 and Remark 14 below (which are independent of Proposition 4).

PROPOSITION 2. / / g is a Fitting class and G e %% where 9t is the Fitting
class of nilpotent groups, then G% is an ^-maximal subgroup of G.

PROOF. Suppose G% <^ F <Z G with F eg . If F = G then G3 = G so we
may assume F < G. As G/Gs is nilpotent there is a maximal subgroup M of G
such that F ^ M<i G. This means that

M5 = M n G5 = G5 ^ F g M

and so by induction M5 = G5 = F.

For ease of reference we quote the following

LEMMA 3 (Fischer, Gaschutz and Hartley (1967)). If g is a Fitting class,
R<iG, GjReSft, U an ^-maximal subgroup ofR, Vand Wft-maximal subgroups
of G with U ^ VnWthen Vand Ware conjugate in G. (cf. Lemma 8).

PROPOSITION 4. / / g is a Fitting class, G e gStSl and V ^ G then V is an
^-injector of G if and only if V 2: G5 and V is an ^-maximal subgroup of G.

PROOF. Suppose that V 2; Gg and is an g-maximal subgroup of G. If the
3f9t-radical of G is R then G/ReW. We have F n R < F e g s o Vn Re%.
Also Vri R ^ Gs n R = G$ = R%. Thus by Proposition 2, as Reg9t,
V n i? = R% is an ^-maximal subgroup of R. By Fischer, Gaschutz and Hartley
(1967) there is an g-injector Wof G so similarly W n R = G3. Hence by Lemma 3
V and W are conjugate in G i.e. V is an g-mjector of G.

DEFINITION 5. 4̂ Fitting class 5 is locally defined by the set {3fO)}P(=s
of Fitting classes %(p), for p in a set E of primes, if

g = £2 n
p

where £„ is f/ie c/ass of n-groups (for a set n of primes).

REMARK 6. We may assume that (Vp)gO) = 5(p)Gp g g. Note that 2r is
also locally defined by the set {%0(p)^p} where 3f0Q>) is the Fitting class generated
by the class

{Fe%:F = OP'(F)}-
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If the theory were to parallel exactly that of locally defined formations one would
expect to have 'ft(p) equal to 500>)£P- However it is unclear if this happens, so
for the rest of the paper we fix the local definition and do not consider the question
of whether things are actually independent of that local definition.

From now on gf is locally defined with the local definition {^(p)}p 6 % satisfying

If L\H is a section of G, and K ^ G, then

An 5-maximal subgroup contains a number of these "centralizers".

LEMMA 7. IfF£G,Fe^, and S is a p-subgroup of G then F • CS(F/Fs(p))
is in ft; while if also F ^ G, F £He% then Cs(H/tfg(p)) ^ CS(F/F5(p)).

PROOF. Let C = CS(F/F3(p)); then [F ,C]^F 5 ( p ) . Thus F «=a FC and
F5(P)C is in g(p)£p S g. Therefore FC = F • Fmp)C is in g.

Assuming F<iG,F^HeF then

)y] ̂ Fn H9lp) = F5(p).

The conjugacy statement of the next lemma is a special case of Lemma 3
but the proof is different and does not involve the Carter subgroup.

LEMMA 8. If M-a G, GjMeyi, F is an %-maximal subgroup of M and
= {Sp} is a Sylow system of G reducing into NC(F) then

is an ^-maximal subgroup of G with F = C C\M. Any ^-maximal subgroup
H of G with F ^ H is a conjugate of C in G.

PROOF. We show first that C is a subgroup of G. Let

Ss = f ] SP a n d S" = SP- then
pe Z

Co = SL n fl (S" O NG(F)) • CG(F/F5(p))
P € S

is a well-defined group. By the Dedekind identity C = Co, so C is also a group.
Next we show that C is in g and that F = C n M. Let

= CsP(FIF^p));

then for p not equal to q

lAp,Aq] a = M n C S p S (FI(Fmp) n F5(g)))

using the fact that GjM is nilpotent, and also the three subgroup lemma, which
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is applicable since Ap ^ NG(F) and F5(p) «a NG(F). Because the Sylow system
<5 reduces into NG(F), S reduces as well into CM(F/(Fg(p) n FS(s))). Thus X has
as a Sylow p-subgroup, M n CSp(F/(F5(p) n Fs(l?))), which is a subgroup of F
by Lemma 7, since F is g-maximal in M. Hence [,4p, ^ J g ^ ^ F. Therefore
as Sp n F ^ ^ p (because Sp n F ^ FS(p)) we have proved that F -=a C and
C/Fe 9t. In particular F • Ap<i C; but by Lemma 7 F • ^4p is in g so we obtain
C = IT(F • ^ p ) e g . Finally F is an g-maximal subgroup of M < G and
F ^ C n M e g so in fact F = C r\M.

Now suppose H is any Qf-maximal subgroup of G which contains F. Then
f g f f nMe^f. Using again the fact that F is 5"max™al in M we have
F = H n M <i H. Let X = {Tp} be a. Sylow system of G reducing into H and
into NG(F). We shall show that H has the same form as C. Applying Lemma 7
we see that

since if is g-maximal in G and thus

H = I ] CTp(H/Hd(p)).
p e i

Again by Lemma 7 (with G replaced by NC(F)) we have (VpeE)

CTp(H/tf3(p)) = CTpnH(H/HS(p)) g CTj,(F/FS(p))

from which we obtain
H <; L = n CTp(FlFmp)).

p e l

L is a subgroup of G in F and so /f = L by the g-maximality of H. This completes
the proof for now H is conjugate in NC(F) to C (Sylow systems in NC(F) being
conjugate) and hence C is itself 3f-maximal in G.

DEFINITION 9. / / S = {Sp} is a Sylow system of G then the subgroup
B(Q) of G is defined by

B(Q) = S s n PI S> • CG(GS/G5(p)) = [ I CSj>(Gg/G8(rt),
p e l p e1

where ST = I I p s i ; S p and Sp = Sp<, and where the second equality follows
from the Dedekind identity.

The subgroup B(Q) will turn out to contain an g-mjector of G and in some
cases to be an ^f-injector of G.

LEMMA 10. / / M < < G then M n B(<5) = J5(S n M), w/jere S n M »s
the Sylow system of M to which S reduces.

PROOF. We may assume that M <3 G with OP(G) ^ M for some p in S.
Intersecting B(Q) with M gives
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M n B(<S) = CMnSp (G5/Gg(p)) • n Q (G3/G5(9)).

Because Gg/Gg(p) and Mg/M5(p) are p'-groups while Gs/M n Gg is a p-group,
the factors Gg/Gg(p) and Mg/Mg(p) are G-isomorphic, and thus

Now fix q unequal to p. We show that Q = CSq (Mg/Mg(9)) and Cs (Gg/Gg(?))
are equal. Let .4 = Gg/Gg(9), which is a g '-group on which the g-group Q acts.
By a corollary to the Schur-Zassenhaus theorem A = CA(A) • [A, Q] and
[A, Q] = [A, Q, Q]. We have [6 , Gg] ^ M n Gg = M 5 as Q ^ M, and so

Hence [A,Q,Q] = [Gg,Q,Q]GmJGm ? ) = 1 and A = C^Q). This just means
that g ^ CSq(GfilGfi(q)). The reverse inclusion follows trivially from Sq ^ M
and the lemma is proved.

LEMMA 11. If G^ ^ H ^ G, He% and Q reduces into H then H S B(<5).

PROOF. Since Gg and H are both in 5 they have Sylow p-subgroups respec-
tively Sp n Gg ^ Gg(p) and Sp n H ^ H5 ( p ) . We have

and

[if n sp) G5 n S"] ^ i/5(p) n Gs = Gg(p)

so that
[if nS p ,Gg]^G 5 ( p ) .

Hence
(VpeZ)fl n Sp ^ CSp(G8/G5(p))

and thus
H = [I H n Sp ^ B((S).

pe l

THEOREM 12. If V ^ G is such that <5 reduces into V then V is an 5 -
injector of G if and only if V is an ^-injector of B(Q).

PROOF. One method of proof would be to use Lemma 11 and the results
of Fischer, Gaschutz and Hartley (1967), including the fact that an g-injector
of a group G is also an ^-injector of any subgroup containing it. To keep things
within the context of locally denned Fitting classes we give a second proof,
based on Lemmas 8 and 10, of the sufficiency part of the theorem, noting that
necessity follows from Lemma 11.

Suppose that Fis an 5-injector of B(S).If M is a subnormal proper subgroup
of G then V n M is an 2f-mJector of M n B{Q), which equals B(Q (~\ M) by
Lemma 10. By induction on the group order V O M is an g-injector o f M i.e.
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V r\M is g-maximal in M. Now take M -a G such that GjM is nilpotent but
non-trivial. According to Lemma 8,

p e X

is g-maximal in G and W ^ F n M. We have

K = n (F n sp) ^ n cSp((F n M)/(F n

since F r i 5 p g F5(p) and (F n M)g(p) = FS(p) n M. Clearly S reduces into
W so by Lemma 11 V ^ W jS B(S). By assumption F is gf-maximal in £(S>)
and therefore V — W and is g-maximal in G. Thus F is an ^-injector of G.

REMARK 13. For a locally denned Fitting class % Theorem 12 provides
another proof of the existence of g-injectors since once it is shown that G not
in 5 implies B(<&) < G then by induction we may assume that B(<&) has an
g-injector which by Theorem 12 is an 3f-mjector of G. The statement (G not in
g implies B(Q) < G) can be proved as follows (cf. Corollary 15): if Ge^ftt then
by Lemma 7 and Proposition 2 B(<5) = G^eg and so using induction and
Lemma 10 we have that Geg9t"+ 1 implies B(®)eg9ln for n ^ 0, where
5R° = {I}and9t"+1 = 91 • 51".

For certain Fitting classes — including locally denned Fitting classes (as is
shown in Hartley (1969)) — an g-injector F is characterized by the condition:

F e g and (V# ^ V)V ^ /f5.

For the classes considered here this characterization comes easily from Theorem 12,
for suppose V S G satisfies the condition and G is not in 5- Then V is contained,
by Lemma 11, in B(<5) < G for some Q, is an g-injector of B(<5) by induction
and hence of G by Theorem 12.

If Bt = B(<5), B2 = B(<5 n JBiX-S, = B(Q nB^),- (noting that S
reduces into B(QJ) then by Theorem 12 and the decreasing nature of the B(Q)
there is an n such that Bn is an ^-injector of G. This process of obtaining the
g-injectors is analogous to that used by Graddon (1971) to obtain the 5"Pro"
jectors — the B(_Q) corresponding to the g-reducers, and the g-radical to the
g-normalizers.

We now examine some of the instances when B(Q) is actually in 3?-

THEOREM 14. B(<5) is in 5 if and only if all ^-maximal subgroups con-
taining G5 are "^-injectors.

PROOF. Suppose all 5-m a x 'm al subgroups containing G5 are ^-injectors.
By Lemma7(VpeE)
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and thus by hypothesis there is an 5-'nJector V of G with Ap :g V. Now V is
contained in a conjugate of B(<5) so by the definition of B(Q) (VpeS) \Ap\p

= | V\p = |B(S) | , (p-parts). Hence | F | = |S(<S)| as B(S) is a E-group, and
B((5) is an g-injector of G.

The converse is immediate from Lemma 11 and Theorem 12.

COROLLARY 15. For n^2, GeftW implies that 5(S)eg9f~2 .

PROOF. If G e g9l2 then B(<5) e 5 by Proposition 4 and Theorem 14. Now
if Geg-STT, n ^ 3, let M be the gSR"" '-radical of G. Then by induction and
Lemma 10

M n B(<3) = B(© n

Thus, as G/M is nilpotent, we have B(Q) e

THEOREM 16. B(S) is in %ifS has one of the forms

(a) g = .ft • H; (£$(. wlierc Si is a Fitting class, and (£j = (£,,, Gr = £ „ -,
/or mutually disjoint sets nt of primes such that the union of the nt is all primes.
Such 5 include classes of the type R31,

(b) 5 = Si • <InGK', for a set n of primes.

PROOF, (a) g has the local definition g ( » = .ft(T,. for p in nt. Let

2f = S,, n V0(G9IGMl)

where SK| is the Hall 7rrsubgroup associated with a Sylow system ®. Now
B(<S) = II 2j. Since each CtCr contains the nilpotent groups,

\Qt,Qj\ ^ CG(G9[Ga) ^ G9, for i *j.

Therefore Qfi^ <=i B(Q); but as QtGmi is normal in Qfi% and is in Rdt ^ g so
also is 2,Gg in g. Hence

(b) g now has the local definition g(p) = ^G,,, for p in rc, and 5 ( P ) = 8r
otherwise. Thus

= S.. • C

but G,,^ ^ CC(G8/Ga6n) g G5 since Ce(L,.(G)) g O,,.(G). Therefore

COROLLARY 17. / / g Ĵas either of the forms R • n , ^ , or 51 • &„(£„.
%-injectors of G are just those ^-maximal subgroups of G that contain Gg.
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Fischer has already pointed out this characterization for the special case
5 = 91. The proof of Theorem 16 depends on the special nature of the classes
considered so presumably B(<3) need not in general be in 5-
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