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Abstract. We determine the extent to which the collection of I'-Euler—Satake
characteristics classify closed 2-orbifolds. In particular, we show that the closed,
connected, effective, orientable 2-orbifolds are classified by the I'-Euler-Satake
characteristics corresponding to free or free abelian I and are not classified by those
corresponding to any finite set of finitely generated discrete groups. These results
demonstrate that the I'-Euler—Satake characteristics corresponding to free abelian I’
constitute new invariants of orbifolds. Similarly, we show that such a classification is
neither possible for non-orientable 2-orbifolds nor for non-effective 2-orbifolds using
any collection of groups I'.

2010 Mathematics Subject Classification. Primary 57R20, 57S17; Secondary
22A22, 57P99.

1. Introduction. In a recent paper [9], Christopher Seaton and Carla Farsi
introduced the I"-sectors of an orbifold Q, a generalization of the inertia orbifold of O
that is defined for any finitely generated discrete group I'. In this context, the inertia
orbifold (originally defined by Kawasaki in [10]; see also [1, 5]) corresponds to the case
I' = Z; similarly, the k-multi-sectors of Chen and Ruan (see [1] or [5]) correspond to
the case when I' = [y, is the free group with k generators.

The I'-Euler-Satake characteristic of an orbifold Q, denoted x£5(Q), is defined to
be the Euler—Satake characteristic of the I'-sectors of Q. In [8], it is shown that several
Euler characteristics that have been defined for orbifolds correspond to the I'-Euler—
Satake characteristic for a specific choice of I'. Hence, the I'-sectors offer a framework
in which to generalize the Euler characteristics of Bryan and Fulman (see [3]) and
Tamanoi (see [16, 17]) to closed orbifolds that are not necessarily global quotients. In
particular, the stringy orbifold Euler characteristic defined for global quotients in [6]
and for general orbifolds in [14] corresponds to the case I' = Z2.

In this paper, we address the question of whether the TI'-Euler—
Satake characteristics classify closed, connected, two-dimensional orbifolds. The
diffeomorphism-types of all closed 2-orbifolds are well known (see e.g. [18] or [2]).
Here, however, we express this classification in a framework generalizing the familiar
classification of closed 2-manifolds. An additional motivation of this investigation is to
explore the extent to which the I'-Euler—Satake characteristics constitute new invariants
for orbifolds. Indeed, from their definition, the degree to which collections of the I'-
Euler-Satake characteristics depend on one another is unclear. We will see, however,
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that the characteristics corresponding to abelian I" are in some sense independent; the
class of two-dimensional orientable orbifolds is sufficiently large to illustrate this fact.
In this case, each I'-Euler—Satake characteristic corresponds to the I'’-Euler—Satake
characteristic for an abelain I'". In the future, we will investigate classes of orbifolds
that may indicate the differences between abelian and non-abelian I,

To simplify notation, for a closed orbifold Q, we define

X(])S(Q) XZ/S(Q)

Then for [>1, these Euler characteristics correspond to the orbifold Euler
characteristics defined for global quotients in [3] (note that our X(%S(Q) corresponds
to x21(M, G) in [3] when Q is given by the action of a finite group G on a manifold
M). It is observed in [8, Section 4.1] that X(‘IE)S(Q) also corresponds to the Euler—
Satake characteristic of the /th inertia orbifold of Q and the Euler characteristic of the
(underlying topological space of the) / — 1st inertia orbifold.

If Q is an abelian orbifold (i.e. all isotropy groups of Q are abelian), it is easy to
see that

X([S(Q) = X[F,S(Q),

where [F; denotes the free group with / generators; in particular, this follows from
Lemma 3.14 of this paper. Therefore, X(‘,E)S (Q) is the Euler—Satake characteristic of the
[-multi-sectors of Q (see [1]).

Of primary interest will be the case of a closed, connected, effective, orientable
2-orbifold Q, for which the X 5(Q) will play a dominant role. Our first main result is a

positive classification of these orblfolds using the X(,) .

THEOREM 1.1. Let Q and Q' be closed, connected, effective, orientable 2-orbifolds
such that XUS(Q) = X(]S(Q/) for any infinite set of non-negative integers . Then Q and

Q' are diffeomorphic.

It is well known (see e.g. [11]) that closed, connected, orientable, two-dimensional
manifolds are completely characterized by their Euler characteristic. If Q is a manifold,
the I'-Euler—Satake characteristic of Q reduces to the usual Euler characteristic for any
I'. Hence, Theorem 1.1 constitutes a generalization of this result to orbifolds. However,
this class of orbifolds is large enough to produce the following.

THEOREM 1.2. Let N > 2 be an integer and let & be any finite collection of finitely
generated discrete groups. Then there are distinct closed, connected, effective, orientable
2-orbifolds Qy, O, ..., Qn such that for eachT" € &,

XES(01) = xE5(02) = - = xES(Ow).

It follows that the classification of Theorem 1.1 cannot be improved upon using
the I'-Euler—Satake characteristics. Note that Theorem 3.13 is a slightly more general
version of Theorem 1.2, though clumsier to state.

The outline of this work is as follows. In Section 2, we recall the necessary
definitions and summarize the pertinent preliminary material. We study effective,
orientable 2-orbifolds in Section 3 and prove Theorems 1.1 and 1.2. In Section 4, we
demonstrate through examples that the hypotheses of Theorem 1.1 cannot be relaxed.
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2. Background and definitions. In this section, we briefly introduce the required
definitions and fix notation. For a more thorough background on orbifolds, the
reader is referred to [1] or [4]; see also [2, 12] or [18], and note that the orbifolds
in these latter references correspond to effective orbifolds. We will have the occasion to
consider non-effective orbifolds only in Example 4.1 and only in the form of a global
quotient.

An orbifold Qis most succinctly defined to be a Morita equivalence class of orbifold
groupoids, i.e. proper étale Lie groupoids. Such a groupoid § is called a presentation
of the orbifold Q, and two orbifold groupoids G and G’ present the same orbifold if
and only if they are Morita equivalent. In this case, their orbit spaces |G| and |G’| are
naturally homeomorphic, and we say that they are diffeomorphic as orbifolds.

Fix a proper étale Lie groupoid G with space of objects G and space of arrows
G,. For each x € Gy, there is a neighbourhood V', € Gy of x diffeomorphic to R” such
that if G, denotes the isotropy group of x, then there is a G -action on V, and the
restriction G|y, is isomorphic as a Lie groupoid to the translation groupoid G, x V.
We let 7, : Vi — |G| denote the quotient map into the orbit space of G. In this way,
the definition of an orbifold in terms of orbifold charts is recovered, as {Vy, Gy, 7y}
gives an orbifold chart for Q near the point representing the orbit of x. Note that we
can always take x to correspond to the origin in R” and G, to act linearly; we then
refer to {Vx, Gy, .} as a linear chart. If y is another point in Gy in the orbit of x, then
G, and G, are isomorphic. Hence, if p € |G| denotes the orbit of x, then we can define
G, to be (the isomorphism class of) G.. The point p € |G| is a non-singular point if G,
is trivial and a singular point otherwise.

We say that the orbifold Q is effective if G is an effective groupoid, or equivalently
if the local Gy-actions on the V, are effective. The orbifold Q is closed if it does
not have boundary as an orbifold, i.e. Gy is a manifold without boundary, and the
orbit space |G| is a compact topological space. By connected, we mean that |G| is a
connected topological space. The orbifold is oriented if Gy is equipped with a G-
invariant orientation; if G admits an orientation, we say that Q is orientable. Note that
each of these qualities is preserved under Morita equivalence so that they describe the
orbifold Q as well as the presentation G.

If Q is a closed, connected, effective, two-dimensional orbifold and x € Gy, then
G, is a finite subgroup of O(2) (with respect to any inner product on V). It follows
that G, is either a cyclic group acting as rotations, a group isomorphic to Z/27Z acting
as reflection through a line, or a group isomorphic to a dihedral group whose action is
generated by reflections through two lines (see [18]). The singular points associated to
these actions are referred to as cone points (or elliptic points), reflector lines and corner
reflectors, respectively. Only the first of these three preserves an orientation of R?;
hence, if we assume further that Q is orientable, then the singular points are isolated
cone points with cyclic isotropy. By the order of the cone point, we will mean the
order of the isotropy group. It follows that the underlying space is homeomorphic to
a closed, connected orientable surface, and the set of singular points corresponds to a
finite collection {p1, ps, ..., px} of cone points.

A closed, connected, effective, orientable, two-dimensional orbifold, then, is
determined by the genus g of the underlying space, a non-negative integer k
indicating the number of cone points and an integer m; > 2 for i = 1,2, ..., k with
my < mp < --- < my, indicating the order of each cone point. We will use the notation
X4(my, ..., my) to denote this orbifold. Note that we will often refer to the genus of
the underlying space of Q simply as the genus of Q.
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Let Q be an orbifold. For each finitely generated discrete group I', we associate
to Q an orbifold Qr called the I'-sectors of Q. We recall this construction briefly (see
[9] for more details). Let Sgr denote the space of groupoid homomorphisms from I
into G or equivalently group homomorphisms from I" into an isotropy group G, of G.
Then 8(5 has the structure of a smooth manifold, possibly with connected components
of different dimensions. There is a natural G-action on Sgr by pointwise conjugation,
and the groupoid G" = G x S} is a presentation of the orbifold of I'-sectors Or.
If {V,, Gy, m,} is a linear chart for Q and ¢, : ' — G, is a homomorphism, then
{V,@"'), Ce, (¢x), nff"’} is a linear chart for Qr near ¢,, where V,é *) denotes the subspace
of V, fixed by the image of ¢, Cg (¢,) is the centralizer of the image of ¢, in G,
and ry* denotes the quotient map of the Cg_(¢y)-action. The connected component
Q(l) of Or corresponding to the identity homomorphism (into any isotropy group)
is diffeomorphic to Q. We denote the connected component of a homomorphism
¢y : T — Gy by Q(¢). Note that the Z-sectors correspond to the inertia orbifold, and
the [F;-sectors correspond to the /-multi-sectors (see [7]; see also [1] or [5] for the
definitions).

In the case that Q is presented by M x G where G is a finite group acting on
the smooth manifold M, then our description of the I'-sectors corresponds to that of
Tamanoi in [16, 17], where

o= [ MY xCo). (1)

(¢)eHOM(I",G)/ G

Here, the union is over conjugacy classes (¢) of homomorphisms ¢ € HOM(T, G). In
this case, we use (M; G)() to denote M@ x Cg(¢). Note that this description coincides
with ours more generally for G a Lie group with certain restrictions on the action (see
[7, Section 3]).

The Euler—Satake characteristic was first defined in [15], then called the Euler
characteristic as a V-manifold. Satake’s definition generalizes directly to the non-
effective case. Given a simplicial decomposition 7 of the underlying space of Q such
that the order of the isotropy group G, on the interior of each simplex ¢ € 7 is constant
(which always exists; see [13] or [8]), we define

(_ l)dim o

xes(Q) = Z |G—|

oeT

The Euler-Satake characteristic clearly reduces to the usual Euler characteristic in the
case that each isotropy group of Q is trivial, i.e. in the case of a manifold.

Given a finitely generated discrete group, we define the I'-Euler-Satake
characteristic of Q to be the Euler—Satake characteristic of the I"-sectors of Q; i.e.

xE3(0) = x&s(Or).

The Euler—Satake characteristic of a disconnected orbifold is of course equal to the sum
of the Euler—Satake characteristics of the connected components. See [8] for properties
of the Euler—Satake characteristic and I'-Euler—Satake characteristics.

3. The I'-Euler—Satake characteristics of effective, orientable 2-orbifolds. In this
section, we restrict our attention to closed, connected, effective, orientable 2-orbifolds.

https://doi.org/10.1017/5S001708951000042X Published online by Cambridge University Press


https://doi.org/10.1017/S001708951000042X

CLASSIFYING CLOSED 2-ORBIFOLDS WITH EULER CHARACTERISTICS 559

In Section 3.1, we determine a formula for the /th Euler-Satake characteristics in
this case and use this formula to prove Theorem 1.1. In Section 3.2, we construct for
each finite collection of non-negative integers / an arbitrarily large (finite) collection
of orbifolds such that the /th Euler—Satake characteristics coincide. In Section 3.3, we
generalize to arbitrary I', proving Theorem 1.2.

3.1. The classification for free Abelian I'. Let Q be a closed, connected, effective,
orientable 2-orbifold. As mentioned in Section 2, Q is of the form X,(m;, ..., my) for
some non-negative integers g and k and integers 2 < m; < mp < --- < my. Let G be an
orbifold groupoid presenting Q. We begin by describing Qr in this case.

Given a finitely generated discrete group I', a homomorphism ¢, : ' = G
corresponds to a choice of a point x in an orbifold chart {V,, G, 7y} for Q and a
homomorphism I' — G, which we also denote ¢,. If ¢, is trivial so that its image is the
trivial group, then it is on the same connected component as all such homomorphisms,
and Q(¢) is diffeomorphic to Q. Otherwise, 7r,(x) = p; is one of the singular points of Q,
and ¢, corresponds to a non-trivial homomorphisms into Z/m;Z acting on V, = R?
by rotations. It follows that the (Im ¢,)-fixed-point subset of R? consists of a single
point x, and ¢, is the only point in the connected component Q(¢) of Or. A chart
for Q(¢) is of the form {Vf" Co(py), "} = {{x}, Z/miZ, 7 *}, so that Q(¢) is a point
equipped with the trivial action of Z/m;Z. As the local groups of Q are abelian, and
as the singular points of Q are isolated, the G-orbits of non-trivial homomorphisms
¢, are trivial. Hence, for each cone point p; with isotropy group Z/m;Z, there are
exactly [HOM(T', Z/m;Z)| — 1 connected components corresponding to p; with trivial
Z/m;Z-action.

We use these observations to derive the following, which gives a formula for the
Ith Euler-Satake characteristic of a closed, connected, effective, orientable 2-orbifold.

PrROPOSITION 3.1. Let Q= Xq(my,...,my) be a closed, connected, effective,
orientable 2-orbifold with notation as above. Then for each integer | > 0,

k
XP@=2-2g—k+) m" (®)
i=1

Proof. Let T be a simplicial decomposition of Q subordinate to the singular
strata (see [13] or [7]); in this context, this means simply that each singular point p;
corresponds to a vertex of 7. Then

D (=DM = x10,(0)
oeT a9 2g’

where x:,,(Q) denotes the usual Euler characteristic of the underlying space of Q. It
follows that

X6, (Q) = xes(0)

— Z( l)dlma k+z_

oeT

=2—2g—k+2—.

i=1

https://doi.org/10.1017/5S001708951000042X Published online by Cambridge University Press


https://doi.org/10.1017/S001708951000042X

560 WHITNEY DUVAL ET AL.

Now, let />0 be an integer. Each cone point p; of order m; corresponds
to [HOM(Z',Z/m;Z)| — 1 = m! — 1 identical Z'-sectors, each given by a single
point equipped with the trivial action of Z/m;Z. It follows that the Euler—Satake
characteristic of the corresponding I'-sector is 711,-’ and hence

k k
1 1
XGQ@) =2-22—k+) EJFE (mf—l);i
i=1 i=1
k

=2-2¢—k+) m"

i=1
completing the proof. O

Note that as x(‘g)s(Q) = xes(Q), the case / =0 of equation (2) coincides with
[18, Equation 13.3.4] for orientable orbifolds (which do not have corner reflectors).

It is easy to see that distinct 2-orbifolds may have the same Euler-Satake
characteristic even when they have homeomorphic underlying spaces, as illustrated
with the following.

EXAMPLE 3.2. Let g > 0 be an integer and Q the orbifold with underlying space
¥, and nine cone points, each of order 3. Let Q' be the orbifold with underlying space
>, and eight cone points, each of order 4. Then

xes(Q) = —4 —2g
= xes(Q).

However, there can be only finitely many orbifolds with the same Euler—Satake
characteristic.

LEMMA 3.3. Let Q be a closed, connected, effective, orientable 2-orbifold of genus g.
Then there are only finitely many closed, connected, effective, orientable 2-orbifolds with
the same Euler—Satake characteristic.

Proof. We let Q = X,(my, ..., my) as above and m = my, = _rrllaxk m;. Then
k 2—-2¢—k k
2 gk QT2 Rmy
m m
< xes(Q).
Let Q' = Xy (m), ..., my,) be another orbifold such that xzs(Q) = x£s(Q'). Then as
each m; > 2,
2-2¢g—km+k ;
G2 Mk (@)

m

y

1
:2—2g/—k/+zg
=1

<2-2¢. 3)
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It follows that
k(m—1
g/ < g + g’

2m

implying that there are only a finite number of possible values of g’ > 0. Using the
estimate [(2 — 2g — k)m + k]/m < 2 — 2g’ — k' /2 from equation (3), it follows that

2k(m — 1
k’§4g—4g’+(m—),

implying that for each possible value of g, there is a finite number of possible values
of K = 0.

To complete the proof, we fix values of g’ and kX' and show that there are a
finite number of possibilities for the orders m, ..., m;c/. Note that if k¥’ = 0, there is
nothing to prove, so assume k' > 0. Without loss of generality, we assume as above
that m) <m) <--- <mj,. As xgs(Q) = xes(Q'), we have

2g —g) +K — k+zm, Z—. (4

i=1 m;

LetCi=2(g —g)+ kK —k+ Z, ' L denote the left side of this equation. If C; < 0,
then as K’ > 0, there are no solutlons for the m}, so assume that C; > 0. Then as

1K
=2 S

we have that

and hence that there is a finite number of possibilities for ml Fixing one such m} and

returning to equation (4), we let C; = 2(¢g' — g) + k' — k — ar T Z, , ’7 and then

v

1 kK —1
G=) —<—

P "
Hence either C; < 0, yielding no solution for m}, ..., mj,, or

, k’ -1

m .

It follows that there is a finite number of possibilities for »7).
Continuing in the same way, we see that given values of m}, ..., m} for somei < k',
there is a finite number of possibilities for n7;, ;, completing the proof. U

ES
o - For

i+1°

This is no longer the case for the higher Euler—Satake characteristics x
instance,

X(]Sg(Q) =2-2
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coincides with the usual Euler characteristic of the underlying space (note that this is
the case in arbitrary dimension; see [8]). It follows that this characteristic coincides for
any orbifolds with the same underlying space. For / > 1, infinite families of orbifolds
whose /th Euler-Satake characteristics coincide can be constructed.

ExaMmpLE 3.4. Fix integers j, [ > 2 with j odd. For each odd integer k > 1, the
orbifold Qy of genus g = %k(/" ~1 — 1) with k cone points, each of order j, satisfies

XS0 =2 2gi —k +]k
=2.

It is clear, then, that none of the /th Euler—Satake characteristics classify this class
of 2-orbifolds. However, as stated in Theorem 1.1, any infinite collection of the /th
Euler—Satake characteristics is sufficient for classifying this class of orbifolds. We have
the following technical result before proceeding to the proof of Theorem 1.1.

LEMMA 3.5. Let £ be a set of non-negative integers. Suppose Q and Q' are closed,
connected, effective, orientable 2-orbifolds such that

X (0) = x; (@)

for [ € £ Suppose Q and Q' both have at least one cone point of order m. If Q is the
orbifold formed by removing a cone point of order m from Q and Q' the orbifold formed
by removing a cone point of order m from Q', then

x5 (Q) = x;(Q)
forle L.
Proof. We simply note that
XS = xES(Q) + 1 — !
= XS @)+ 1 —m!
= x55(Q),
foreach/ e £. U

Proofof Theorem 1.1. Assume Q and Q' are distinct, connected, effective, orientable
2-orbifolds such that x*(Q) = x(;’(Q') forevery /in some infinite set £ of non-negative
integers. Let Q = Xg(my,...,my) and Q' = Xg(m|, ..., m;,) as above. If k=0 or
k' = 0, then the result is trivial, so assume not. By Lemma 3.5, we can assume without
loss of generality that ny, > m;,.

For each / € £, we have by Proposition 3.1 that

k K
2-2g—k+ <2m5_1> =2-2¢ —kK'+ (Z(m;)/_l) .
i=1

i=1
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Noting that the right-hand side is zero for at most one value of /, it follows that for
I € £ sufficiently large,

k
2-2¢g—k+ (mel>

i=1

k! =
2-2¢ — K+ (Z(m;)’—‘>

i=1

Based on the order relationships between the m; and m}, we have that

k k
2—2g—k+<2m§—1> (Zmi“)—k—Zg
i=1

i=1

>
K - Kk
2—zg—k+<§}my*> 24 (mp)!
i=1 i=1
/-1
oM = k—2g
- (m,'(,)l_l + k’(m,'(,)l_l
m! k+2g

T K D) K+ D,

1 me \'! k+2g
K +1\m, (k" + 1)(m), )=

However, as my > mj,, it follows that

I

lim —
I—oo k' +1 m,’(,

1 (mk>l_1 k+2g

a contradiction. It follows that 0 = Q'. Il

3.2. Negative classification results for I' free abelian. In this section, we
demonstrate that Theorem 1.1 cannot be improved upon in the case of closed,
connected, effective, orientable 2-orbifolds. For any finite collection of the /th Euler—
Satake characteristics, we construct an arbitrarily large (finite) collection of orbifolds
whose /th Euler—Satake characteristics coincide. Specifically, the goal of this section is
to prove the following, which will be used to prove Theorem 1.2 and Theorem 3.13. In
particular, the perhaps mysterious conditions of the orders of the cone points imposed
throughout this section will allow us to extend to the I'-Euler—Satake characteristics
for arbitrary I in Section 3.3.

PROPOSITION 3.6. Let L > 0 and N > 1 be integers. Then there are N distinct closed,
connected, effective, orientable 2-orbifolds Qy, Q», O3, ..., On such that for each | =
0,1,..., L,

xG0) = x5 = - = x5 (0w
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The common genus of these orbifolds can be taken to be any non-negative integer g.
Moreover, if R is any collection of 22 integers > 2, then the orders of the cone points of
the Q; can be taken to be elements of the set {2q + 1, 24> +q,9+2,2g+¢*: q € R).

First, we establish a number of results and constructions that will simplify the
arguments and notation in this section.

DEFINITION 3.7. Let Q = X4(my,...,my) and Q = X (m},...,m),) be two
orbifolds with the same genus. For any integer s > 1, we let

500 = X,(smy,...,smy)

denote the orbifold with the same genus and number of cone points as Q such that the
order of each cone point is multiplied by s. For any integer ¢ > 1, we let

1

t
t*Q=2g<m1,...,m1, mo, ...

t
Moy, ..., mk,...,mk>

denote the orbifold with the same genus as Q and each cone point of Q occurring ¢
times. We let

0®Q =S,(m,....;mp,mj, ... .m,)

denote the orbifold with the same genus as Q and Q' and the combined k + &’ cone
points of both Q and Q'.

Note that ® is clearly commutative and associative, and

r—/t‘q
x0=0®---®0.

Moreover, 1 x Q0 = 1o O = Q. In the case that the genus of Q and Q' is zero, O ® Q'
corresponds to the connected sum (defined in the same way as manifolds with the
additional assumption that the disks removed contain no singular points) so that  x Q
corresponds to the 7-fold connected sum of Q with itself.

LEMMA 3.8. Let L, s and t be non-negative integers. Suppose Q and Q' are closed,
connected, effective, orientable 2-orbifolds with the same number of cone points such that

X5 Q) = x( (@)
forl < L. Then if Q and Q' have the same genus,
X (% Q) = x( (1% Q)
and
X (50 Q) = x( (s 0 @)
foreachl < L.

Proof. Assume Q = X,(my,...,my) and Q' = Xy (m), ..., m;). The result then
follows from direct computations and application of Proposition 3.1. Il
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LEMMA 3.9. Let L be a non-negative integer, and let Oy, O}, ..., On, Oy be closed,
connected, effective 2-orbifolds. Assume that for eachj=1, ..., N, Q; and Q; have the
same genus and number of cone points, and

X0 (0) = x((Q)

for each | < L. Then there are closed, connected, effective, orientable 2-orbifolds

Q1,9Q),...,Qn, Qy all with the same number of cone points such that for each
j=1,...N,

Q=140
and

S ASY

for integers t; > 1, and
X0 (9Q) = x5 (Q)
foreachl < L.

Proof. For each j =1, ... N, let k; be the common number of cone points of Q;
and Q). Then set

N

;= l_[ k,‘,

i=1.i%j

Q=10
and
By Lemma 3.8,

X Q) = x5 (Q)

for each / < L. Moreover, each Q; and Q; has 1;k; = [TY, &; cone points. O

In the following lemma, we establish an infinite family of pairs of orbifolds with the
same /th Euler—Satake characteristic for / = 0, 1, 2 and a number of other properties,
each of which being required for constructions in the sequel.

LEMMA 3.10. For each integer q > 2 and each g > 0, let

Olg. gl = .29+ 1,2 + 1,2¢° + q)

and

Olg, ql = Zg(q + 2, 7 +2q. ¢ +29).
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Then

X(])S(Q[g q)) = X(zS(Q lg. g

for 1 =0,1,2. The orbifolds {Qlg, 4], Q’[g ql: g >0, q > 2} are all distinct. Moreover,
if Q and s o Q are elements of {Qlg, ql, Q'[g, q] : ¢ = 0, ¢ > 2} for some orbifold Q and

integer s, then s = 1.

Proof. Applying Proposition 3.1, for each integer g > 2 we have

XES(Qlg.qh = L —1-2¢
= X(O)S (Q'g, 9,

X(]Sg(Q[g Q]) =2- 2g
= X(lf(Q,[g q))

and

x5, (Olg, q) = 1 — 2 + 5¢ + 24
@) (Q/[g, q).

That these orbifolds are all distinct is obvious; it is impossible that Q[g, r] =
Q'[g, ql, as Q[g, r] has two smaller- and one larger-order cone point, while Q'[g, ¢] has
one smaller and two larger. Moreover, Q[g, r] = Olg, g] implies that 2r +1 =2g + 1
so that r = ¢, and similarly Q'[g, r] = Q'[g, ¢] implies that r + 2 = ¢ + 2 so that r = q.
The remaining claim is clear. O

LEMMA 3.11. For each non-negative integer L and any genus g, there is a pair
of distinct, closed, connected, effective, orientable 2-orbifolds Q and Q' with the same
number of cone points such that X(ZS(Q) = x(,S(Q ) for eachl < L. The common genus of
Q and Q' can be taken to be any non-negative integer g. Moreover, if R is any collection
of 2172 integers > 2, then the orders of the cone points of Q and Q' can be taken to be
elements of the set (2 +1,2¢> + ¢, g+ 2,29+ ¢*> : g € R}.

Proof. Throughout, we assume all orbifolds have a fixed genus g; note that the
constructions in this proof hold for any value of g.

Let L > 3 be an integer, and let ¢: {1,2,...,272} — {2, 3, ...} be the order-
preserving function whose image is R; that is, ¢(j;) < ¢(j») whenever j; < j,. For j =
1,...2572 Jet 0> = 0lg, q(j)] and Q;z = Q'lg, ¢(j)] be the orbifolds constructed in
Lemma 3.10. Here, the subscript 2 indicates that the Q;, and Qj/;2 have the same /th
Euler-Satake characteristic for / < 2. To summarize what follows, we construct from
these 272 pairs of orbifolds whose /th Euler—Satake characteristics coincide for / < 2 a
collection of 2-=3 pairs of orbifolds whose /th Euler-Satake characteristics coincide for
[ < 3. Continuing recursively, we construct a pair of orbifolds 0 = Q) L and Q' = Q] ;
whose /th Euler—Satake characteristics coincide for / < L.

The following describes the recursive step in detail. Let n > 3 and 1 < j < 257"
with j odd, and assume that there are orbifolds Q;, = Z(ai, as, ..., ar), Q]’-’n =
Eg(bl, bz, ey bk), Q_/’+1,n = Zg(C], Coyuvny Ck), and Q}Jrl‘n = Eg(dl, dz, ey dk) with
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ay, ay, ..., a4k, by, by .o b, 1,60, .00, Cly dy, o, ..., di > 2 integers such that
X(‘[E)S(Qj.,n) X(l (Q},n)
and
X0 (Qjarn) = X5 (Q1)

foreach/=0,1,2,...,n Note that this implies that

k
da =) b 5)
i=1

and

k k
Yoat=d (6)

i=1 i=1

foreach/=0,1,2,...,n.
If X(b;;il)(Qj»") Xn +1)(an) then the recursive step is unnecessary for this

pair, so set Qgi1y/2.0+1 = Qjn and Q(]'+1)/2,n+1 = Q],n~ Similarly, if X(n+1)(Qj+1,n) =
X(Eil)(Q_;#-l,n)’ then set Q12011 = OQjs1.0a0d O,y o 0y = Q) ,- Otherwise, define

k k
— § n 2 : n
81 = a; — bi
i=1 i=1

and

k k
— n n
X
i=1 i=1

Note that if §; = 0 then X(n+1)(QJ n) = X(n+l)(Qj, »), SO we can assume by switching the
roles of Q;, and @}, if necessary that §; > 0. Similarly, we assume with no loss of
generality that §; > 0.

We construct the orbifolds Q11)/2,,+1 and QE/. 1y/2nt1 88 follows. Let

Op+1y/2.n+1 = (B2 % Q) ® (81 * OQjt1,0)
and

Qs yantt = 2% ;) ® (81 % Oy ,)-
That is, Q(jt1)/2,»+1 1s given by

8 8 8 81 8 )l

—— —— —— —— ——
Zg al,...,dy, A2, ..., A2, ...y, Ay ooy lfey Cly ooy C1y C2y e ey C2y vvvy Cley oo o, Cic |
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and in+1)/2.n+l is given by

8 8§ 8 81 81 81

—_—T I —— —~— | — A ——
Yl b1, by, by i by o, Dpy D dy o d Ay o, L L d

Then we can express X(Ei])(Q(i+l)/2,n+l) - X(]:,vil)(Q2j+1)/2,n+1) as

k k
(2 — 28— (Sk +81k)+ 8, ) _dl +8 Zc;?)

i=1 i=1

k k
—(2—2g—(82k+51k)+522bf’+51 d,”>,
i=1 =1

1

yielding

8 <iaf - ibf’) + 81 (i el — id,”) = 8201 + 81(=82)
i=1 i=1 i=1 i=1 o
It follows that
X(',Zil)(Q(;H)/z,nH) = X(ﬁin(QE;H)/z,nH)-

Moreover, for each non-negative integer / < n, we can express X(I;;S(Q(j+l)/2,n+l) -
ES
Xa) (QE;‘H)/z,nH) as

k k
(z — 28— (S2k +81k) + 8, Y ™' + 5y Zc§—1>
i=1 i=1

k k
- <2 —2g— (82k + 81k) + 8, Y b7 + 5y Zd,?—l) :

i=1 i=1

resulting in

k k k k
5 (Zaf—‘ — Zbﬁ—l) +46 (Z ot - de“) =0
i=1 i=1

i=1 i=1

by equations (5) and (6).

For each n > 3, we apply this construction for each odd j with 1 <j < 257",
forming 257"~! orbifold pairs Q(+1)/2.4+1 and sz +1)/2.0415 DOtE that these are indexed
as Qrnti, Q;:n+1 for r=1,2,...,2"1 For each r, Orny1 and Q) ., have the
same number of cone points; hence, we can apply Lemma 3.9 to the collection of
{Orni1, Q) ppy :r=1,...,287""1} to assume that they all have the same number of
cone points, which is required in the next recursive step. The result is a pair of orbifolds
0= 01 and Q' = Q) ; with the desired properties. It remains only to show that O
and Q' are distinct.

While not all of the Q;> and @}, may have been used in this construction (if it

happens that X(ﬁf_l)(Qi,n) = X(ﬁi])(Q},n) or X(ii])(Qj-&-l,n) = X(I,:;f_])(Qj/'Jrl,n) for some ])9
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but note that both Q and Q' have at least three cone points each. Fix the smallest value
of j such that Q and Q' have cone points arising from Q[g, ¢(j)] and Q'[g, ¢(j)]. While
the roles of these two may have switched to ensure that §; and 8, are positive, only one
of Q and Q' can have cone points of order ¢(j) + 2 from Q'[g, ¢(j)]. As q(j) > 2 for all j
and ¢(j) is strictly increasing, it follows that all other cone points of the two orbifolds
must have order strictly greater than ¢(j) + 2, and hence that Q and Q' are distinct
orbifolds. U

LEMMA 3.12. Let L be a non-negative integer. Suppose Q and Q' are distinct, closed,
connected, effective, orientable 2-orbifolds with the same genus and same number of cone
points such that

X5 (Q) = x5 (Q)

for | < L. For any integer N > 2, there is a collection Q1, Q», ... Qy of distinct closed,
effective, orientable 2-orbifolds such that

x5 2(QD) = x5 (Q) = = x{’(Qw)
for I < L. Moreover, the orders of cone points of each Q; are those of Q and Q' only.

Proof. Itis obvious that Q and Q' must have singular points, as otherwise X(ﬁ)s Q) =
X(‘E)S(Q’) implies that Q = Q'. By this observation and Lemma 3.5, we may assume
without loss of generality that O has r cone points of order m for some m > 2, and Q'
does not have a cone point of order m. Let k be the common number of cone points of
Qand Q.

Forj=1,2,..., N, we define

N—j j-1

Q=0® -0 ® 0®---®Q0 .

Then each Q; has exactly (N — j)r cone points of order m so that the Q; are distinct.

Now, let Q = Xg(ai, ..., ar) and Q' = Xy(by, ..., br) (so that in particular, a; = m
for r choices of i), and note that Y+, a/=' = 3% /=" for each / < L. For each
0</<Land1 <j < N, we compute

k k
X(%S(Qj) = 2_2g_(N_ 1)k+(N—])Zaf_l +(j_ I)be—l

i=1 i=1

k k
=2-2%-(N-Dk+(N=pY a ' +(G-DD a

i=1 i=1

k
=2-2%-(N-Dk+(N-1)> a "

i=l
As x(%S(Q_/) does not depend on j, we are done. ]

Proof of Proposition 3.6. By Lemmas 3.10 and 3.11, there exists a pair of orbifolds
with the desired properties. By Lemma 3.12, there are N such orbifolds. ]
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3.3. Negative classification results for general I'. Let & be a set of finitely
generated discrete groups, and let A = {I'/[I', '] : T" € &} denote the collection of
abelianizations of elements of &. Then each I'/[I", I'] is of the form Z/ @ G uniquely
for / > 0 and G finite by the Fundamental Theorem of Finitely Generated Abelian
Groups. Let § denote the set of G that appear in this decomposition for elements of 2;
that is

F=1(G:Z’®Ge).
Let B denote the set of primes p such that there is a G € § and g € G with |g|
divisible by p. In this section, we prove the following.

THEOREM 3.13. Let N > 2 be an integer. Let & be a non-empty set of finitely
generated discrete groups such that the ranks of the elements of A are bounded, and
B is finite. Then there are distinct, closed, connected, effective, orientable 2-orbifolds
01, 0, ..., Oy such that for each T € &,

xE301) = xE5(00) = - - = xES(Ow).

The common genus of the Q; can be chosen to be any non-negative integer.

In particular, note that the hypotheses of Theorem 3.13 are obviously satisfied
for & finite; hence Theorem 1.2 is a trivial consequence. First, we have the following.
Recall that an abelian orbifold is an orbifold Q such that every isotropy group of Q is
abelian.

LEMMA 3.14. Let Q be an abelian orbifold and T a finitely generated discrete group.
Then Qr and Qr r,r) are diffeomorphic. In particular, if Q is closed, then

XIJ*ES(Q) = Xr/ r, r](Q)

Proof- Let p : ' — T'/[T", I'] denote the quotient map. For each local group G, of
0, it is easy to see that as G, is abelian, the correspondence ¢, — ¢, o p is a bijection
between HOM(T'/[T', I'], G,) and HOM(T', G,). It clearly follows that

Sr/[r I st
. Ox —> ¢yop

is a bijective. See [8, Section 3.3] for a more general treatment of maps on sectors
induced by group homomorphisms, of which e, is an example.

Recall that if {V, G, m,} is a linear chart for G at x, then {V,é"’"> , Co (¢x), ™}
is a linear chart for Sgr at ¢,. As, Im¢, = Im¢, o p < Gy, it follows that e, is simply
the identity on charts and hence a G-equivariant diffeomorphism. It hence induces an
isomorphism of orbifold groupoids between G and G/I1"T1, O

It follows that, for abelian orbifolds Q and ',

Xt (0) = xf5(Q) YIeé

if and only if

X Q) =x>(Q) YA e
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Proof of Theorem 3.13. Suppose L is the maximum rank of the elements of 2.
If 5B is empty, then A contains only free abelian groups, and the result follows from
Proposition 3.6. So assume P # (.

Let P = {p1,p2, ..., pr}, and define

g:{1,2,....2F"Yy —(2,3,..})

:jl—)j(ZlL[pi)—l.

i=1

Then ¢ is order-preserving, and ¢(j) > 2 for each j. Moreover, for each i and j, ¢(j) = —1
mod p;. Hence 2¢(j) + 1 = —1 mod p;, and ¢(j) + 2 = | mod p;. It follows that ¢()),
2q(j) + 1, and ¢(j) + 2 are not divisible by any element of 3.

By Proposition 3.6, for any choice of genus, there are orbifolds Qy, ..., Qy such
that x75(01) = x(;°(Q2) = - -- = x(;*(Qw) foreach/ < L. Moreover, we can choose the
Q; so that their cone points all have orders ¢(j) + 1, 2¢()* + ¢(), 9() + 2, 24(j) + q(j)*
for values of j € {1, 2, ..., 2L-1-in particular, we use the function ¢ defined above in
the proof of Lemma 3.11.

Fix some j, let ¢ = ¢(j), and let G € §. For any homomorphism ¢ : G — Z/(2q +
1)Z and each g € G, the order |g| must be divisible by the order |¢(g)|, which must
divide 2¢g + 1. However, |g| and 2¢ + 1 are relatively prime by construction so that
|¢(g)] = 1 and g € Ker ¢. Hence, ¢ is the trivial homomorphism. The same argument
applies to homomorphisms into Z/(2¢> + q)Z, Z/(2q + ¢*)Z, and Z /(q + 2)Z.

It follows that for any homomorphism ¢ : Z! © G — Z/mZ, where m = 2q +
1,2¢> + q,2q + ¢*, or ¢+ 2, each g € G is in the kernel, so that

X7ec( Q) = X ()

for each Z/ ® G € A and each j, completing the proof. O

4. Other classes of orbifolds. In this section, we demonstrate that the hypotheses
of Theorem 1.1 cannot be relaxed to include non-effective nor non-orientable orbifolds.
Note that in the case of a global quotient, it is convenient to describe the I'-sectors
globally as originally given in [16]. See equation (1) and [7, Section 3.1] for the
equivalence of these definitions.

EXAMPLE4.1. Let Z/6Z = (a) acton S° so that a acts as a rotation through 77/3, and
let O denote the resulting quotient orbifold. Then Q is effective, has underlying space
homeomorphic to S? and has two cone points, both with isotropy Z/6Z. Similarly,
let Z/6Z = (b) act on S*> where b acts by a rotation through 27 /3. Then the quotient
orbifold Q' has two cone points with isotropy Z/6Z, and every other point has isotropy
7/37. Let np, sp € S? denote the two fixed points of each of these actions. We claim
that x£5(Q) = x£5(Q) for every finitely generated discrete T

Let ¢ : a — b denote the obvious isomorphism and fix I" finitely generated and
discrete. Then ¢ — 1o ¢ of course defines a bijection between HOM(T, (a)) and
HOM(T, (b)). We note the following.

e If Im¢ = (1), then (5% (a))p) = S? x (a), diffeomorphic to Q, has Euler-Satake
characteristic § and (S (b))op) = S* % (b), diffeomorphic to (', has Euler
characteristic %
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o If Im¢=(a) or (a*), then (S%(a))y) = {mp,p} = (@) has Euler-Satake
characteristic % and (S?; (a))uog) = {np, sp} x (b) has Euler characteristic %

o If Im¢ = (a*), then (S (a))y) = {np, p} x (a) has Euler-Satake characteristic 1
and (5% (a))uop) = S % (b), diffeomorphic to Q' has Euler characteristic .

It follows that

XES (@(¢)) = XEs (@7)@0(;;))
for each ¢ € HOM(T', (a)), and hence that

xE3(0) = 1 E5(0).

Therefore, there is no finitely generated discrete I' such that x£5 distinguishes between

Qand Q.

ExXAMPLE4.2. Let Q and Q' be orbifolds homeomorphic as topological spaces to the
cylinder S' x [0, 1], with S' x {0, 1} singular and S' x (0, 1) non-singular as explained
below. Let By = S' x {0} and B; = S' x {1} denote the connected components of the
singular set of Q, and similarly let B and B} denote the components of the singular set
of of Q. Both orbifolds have four corner reflectors as follows, where D,, denotes the
dihedral group of order 2n. The orbifold Q has corner reflectors modeled by R?/Ds
and R?/Dyy on By; and R?/ D4 and R?/ Dy, on B;. The orbifold Q' has corner reflectors
modeled by R?/Ds and R?/Dy4 on Bj; and R?/Dyy and R?/Dy, on B). By examining
the components of the singular sets, it is clear that Q and Q' are not diffeomorphic.

As all dihedral groups under consideration have an odd number of rotations and
hence the centralizer of an element of order 2 is precisely the group generated by that
element, it is easy to see that the I'-sectors of Q for each finitely generated discrete
group I all occur in the following list:

e an orbifold diffeomorphic to Q,

e acircle with trivial Z/2Z-action and

* a point with trivial Z/nZ-action, where n = 3, 5,7, or 11.
Similarly, the I'-sectors of Q' are of the form

¢ an orbifold diffeomorphic to ¢,

e a circle with trivial Z/2Z-action and

e a point with trivial Z/nZ-action, where n = 3,5, 7, or 11.

There is an obvious bijection between homomorphisms from I'" into the local groups
of Q and homomorphisms from I' into the local groups of Q'. This bijection preserves
the diffeomorphism class of the corresponding sector in every case except that of the
trivial homomorphism, corresponding to the unique sectors diffeomorphic to Q and
Q'. However, by [18, Equation 13.3.4],

wes@ = (- 1-1-1-4)

__ —1867
- 1155

= xes(Q),

and it follows that x£5(Q) = x£5(Q') for every finitely generated discrete T'.
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Finally, we note that the constructions of orbifolds whose I'-Euler—Satake
characteristics coincide given above can be used to construct orbifolds of arbitrary
even dimension with the same properties.

COROLLARY 4.3. Let N, n > 2 be integers withn even. Let & be anon-empty collection
of finitely generated discrete groups such that, with the notation as in Section 3.3, the
ranks of the elements of U are bounded, and ‘B is finite. Then there are distinct closed,
connected, effective, orientable n-dimensional orbifolds Qy, Q», ..., Qn such that for
each" € &,

XE3(01) = xE5(02) = -+ = xE5(Qw).

Proof. Since the TI'-Euler-Satake characteristic is multiplicative (see [8,
Section 4.1]), we need only apply Theorem 3.13 and take the product of each 2-orbifold
with S"2. O
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