MULTIPLIER SYSTEMS FOR HILBERT’S AND
SIEGEL’S MODULAR GROUPS

by KARL-BERNHARD GUNDLACH

Dedicated to Prof. Robert A. Rankin on the occasion of his 70th birthday

1. Introduction. The classical generalizations (already investigated in the second half
of last century) of the modular group SL(2, Z) are the groups I'r = SL(2, o) (o the principal
order of a totally real number field K, [K : Q] = n), operating, originally, on a product § of
n upper half-planes or, for n =2, on the product $,xX_; of an upper and a lower
half-plane by

aPrV+p® a™r™ 4 pm a b

=", 1) L) = (__c‘”q-(”+d“) e C(H)T(n)+d(n)) for L= [ d]

(1.1)
(where v, for v e K, denotes the jth conjugate of »), and I, =Sp(n, Z), operating on
9, ={Z|Z=X+iYeC"™,'Z=2Z, Y>0} by

(1.2)

Z—> M(Z)=(AZ+B)(CZ+D)™" for M=[A B].

C D
Nowadays I'y is called Hilbert’s modular group of K and T, Siegel’s modular group of
degree (or genus) n. For n = 1 we have I'q =T, =SL(2, Z). The functions corresponding to

modular forms and modular functions for SL(2, Z) and its subgroups are holomorphic (or
meromorphic) functions with an invariance property of the form

f(L@)=J(L,7)f(r) for LeTlyx or f(M(Z)=JM,Z)f(Z) for MeT,,
(1.3)

J(L,7) for fixed L (or J(M, Z) for fixed M) denoting a holomorphic function without
zeros on O (or on 9,,). A function J, defined on 'y X 9 or T',, X ,,, to be able to appear in
(1.3) with fs£0, has to satisfy certain functional equations (see below, (2.3)-(2.5) for Iy,
(5.7)-(5.9) for I',,) and is called an automorphic factor (AF) then. In close analogy to the
case n =1, mainly AFs of the following kind have been used:

J(L, 7)=v(L)N(ct+d) =v(L) ﬁ (7P +dDY for T, (1.4)

i=1

J(M, Z) = v(M)det(CZ + D)" for T, (1.5)

with a complex number r, the weight of J, and complex numbers v(L), v(M). AFs of this
kind are called classical automorphic factors (CAF) in the sequel. If r¢ Z, the values of the
function v on I' (or I',.) depend on the branch of (.. .)". For a fixed choice of the branch
(for each LeTx or MeT,) the functional equations for J, by (1.4), (1.5), correspond to
functional equations for v. A function v satisfying those equations is called a multiplier
system (MS) of weight r for I'x (or T,.).
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For SL(2, Z) and its subgroups. MSs of any complex weight exist. If n > 1, conditions,
however, are different. In 1941 Maass [10] showed that for K =Q(/5) the Hilbert
modular group I'x has MSs of integral weights only (r € Z) and its theta sub-group has MSs
of integral and half integral weights (2re Z). In 1962, Christian [1] proved that the weight
r of a MS for a subgroup of finite index in I'x or I, has to be a rational number if n>1, in
particular reZ for T, itself. Two more results for the weight r of a MS are available. In
[6], reZ was shown for ') and for a certain extension of degree 2 of I'g(3. In 1982,
Endres [2] proved 2reZ for the theta subgroup of T, n>1.

The method of proving r € Q and deriving an upper bound for the denominator of the
weight r of a MS in all cases mentioned above was as follows. On the subgroup A with
¢=0in (1.1) (or C=0in (1.2)), J does not depend on 7 (or Z), as a consequence J is an
abelian character on A. Owing to the existence of certain units if n > 1 ([10, §1], [1, Chapter
I11, §3]), the commutator subgroup of A is of finite index in A; hence J*=1on A, keN
depending on the unit used. Secondly, there are relations involving matrices Ty, Ts, . .. of
finite order in 'y (or I',) and elements L,,L,,...€A. These relations, together with the
functional equations for v, imply re @ and supply a number geN, depending on k, such
that gre Z. This method does work satisfactorily (i.e. ends with a reasonably small g) only

in special cases, because a unit is needed leading to a small value for k, and fails for most
subgroups, requiring the existence of suitable matrices of finite order {(compare [2, pp.
285, 287], where a conjugate of the theta subgroup T, ¢ of T, has to be used, because I'; o
itself does not contain a matrix of the special form necessary).

The method employed in this paper is applicable to any subgroup I' of finite index in I';
(orI',), n>1, and works as follows. Injections can be constructed of the upper half-plane
9, into H (or H,) and associated embeddings of groups A, conjugate in SL(2,R) to
congruence subgroups of SL(2, Z), into I" such that restriction of a MS v of weight r for T
yields a MS 7, of weight nr for A. While there are MSs of any complex weight for A, the
values are not arbitrary, ¥, must satisfy a congruence derived by Petersson [12, (70)] (see
(3.5) Section 3) connecting nr, the volume of the fundamental domain of A, and the values
of ¥, for certain generators of A. From this congruence, for fixed A, r e Q can be derived
(actually, to show reQ, only the cases I'=Tx and I'=T", need to be considered, compare
Theorems 3.1, 5.2). To find an upper bound for the power of a prime q dividing the
denominator of r one has to select several embeddings leading to groups Ay, A,, ... such
that from the respective set of congruences the values ¥, , 7,,, ... can be eliminated to
some extent ending in the result that the denominator of q'r (for an explicitly given [) is
prime to g. Selecting the embeddings and the elimination process require a certain amount
of elementary algebraic number theory. The method, being a reduction to n =1, relies
heavily on the knowledge of subgroups of SL(2, Z) and the rules for calculations with MSs
for these groups. For this information the reference is Rankin’s book on modular
functions and forms [13].

The paper is organized as follows. Section 2 contains (for the Hilbert modular groups)
the necessary definitions, the basic facts about MSs, and the construction of the embed-
dings of the groups A, mentioned above, into I'y. The main general result for Hilbert’s
modular groups is derived in Section 3 (Theorem 3.3). One has to distinguish two cases
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for I'y operating on a product of n half-planes, some of them upper half-planes, some
lower half-planes, namely 6 = 1 (an even number of lower half-planes in the product) and
8 =—1 (if the number of lower half-planes is odd). For § =1 and even n the result is
2nreZ. In the other cases the denominator of nr can contain only prime factors g with
(@—1)|(n—1) for odd n and with (q—1) | n for even n; an upper bound for the exponent
of q in the denominator of nr is given in Theorem 3.3. For n = 2 better results are proved
in Section 4, e.g. reZ for § = 1 and fields K with discriminant dy =0, 5 mod (8) (Theorem
4.1) and, independent of 8, 2reZ for all symmetric Hilbert modular groups of real
quadratic number fields, reZ if dgx=5 mod (8) (Theorem 4.2). These results have to
depend on the value of the discriminant, since, for dx =1 mod (8), MSs of weight 2 for the
modular group and for the symmetric modular group do exist. In Section 5 the application
of the method to T',, and its subgroups is presented.

Another result concerns the modulus of v. Most methods for constructing modular
forms work, for reasons of convergence, only if all values of v are of modulus 1, which is
generally introduced as an extra assumption (1], [9], (13, (3.1.4, 11)]). While this is
necessary for n =1 (subgroups of SL(2,Z) of genus p,> 0 have MSs violating |v|=1 even
for reZ), as an easy byproduct of the proof of the rationality of r, it is proved here
(Theorems 3.2, 5.3) that for n> 1 the values of v are roots of unity. This was asserted in
1977 by Grosche [4, Satz p. 192], but his proof is not valid, relying on his Lemma 3 [4, p.
191] stating that v is an abelian character, which in general is false (see the counter-
example at the end of Section 5).

In view of the experience with subgroups of SL(2,7), it is doubtful whether MSs of
weights r with 2r¢ Z will have arithmetical applications. The knowledge that, in certain
cases, such MSs do not exist, can, however, be very useful (see [2], where this fact for the
theta subgroup I' 4 of T, n>1, is used to show that for n =8 the zero divisor of the
classical theta function is irreducible).

2. Hilbert’s modular groups and multiplier systems. Let
(i) K be a totally real number field, [K:Q]=n,

(ii) o the ring of algebraic integers of K,

(iii) dg the discriminant of K, b the different,

(iv) (v), for v e K, the ideal generated by v,

(v} 9, the upper half-plane, §_, the lower half-plane, in C,

1 0
(vi) E the unit matrix in K%?, E =[ ]

01

Hilbert's modular group for K is the group

a b

P=Te={LIL=|" | abcdeodetl=1]<SLR K).

c
The n different injections of K into R map K onto the conjugates K, ..., K™ <R. To
each K© one assigns a complex variable &, the jth conjugate of 7= (+, ..., ™). The
canonical isomorphisms of K(r) onto K®(+®) (with +— +®), for j=1,...,n, map a
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rational function R(7)e K(7) onto its conjugates R”(7%). Calculation with elements from
K(7) always stand for simultaneous calculations with the conjugates in K9(r®), i=j=n.
For R(r)e K(7), trace and norm are defined by

YR(@)=Y RGP,  NR@)=]]ROG?).
i=1 i=1
To each L eSL(2, K), one assigns a transformation
1 a b
7> L(7)=(at+b)(cr+d) for L = e dl) (2.1)
i.e. a simultaneous transformation
T(i) — LG)(T(i)) — (a(j)'r(j)-i- bG))(c(i)T(i)+ d(j))—l (1 Sj < n)_
By (2.1), a subgroup A <SL(2, K) commensurable with I" (i.e. ' A has finite index in T’
and in A) acts as a group of analytic automorphisms on a product
©e=‘belx‘©ezx' . ‘X@e" (ez(ela e ’en,)) (22)
of half-planes ., ¢, ==+1, 1=j=n.
An automorphic factor (AF) of A on §, is a mapping

J:AXH,—~C
such that

(2.3) J(L, 1), for fixed L € A, is holomorphic without zeros on §,,
24) JUM,7)=J(L,M(1))J(M, 7) for L, MeA, 1€9,,
(2.5) J-L,n)=JL,7)if L, —LeA, 1€9..

An AF is called a classical automorphic factor (CAF) if

J(L, 1) = v(L)N(cr+d)  for L:[‘C‘ Z]GA,Te@e (2.6)

with a complex number r, the weight of J, and complex numbers v(L), L € A, the value
v(L), for each L € A, of course, depending on the choice of the branch of log(c¥+® +d?)
on 9., 1=j=n. v is called the associated multiplier system (for the chosen branch of the
logarithms).

The automorphic factor, defined in [13, 3, 1] for n =1, is the CAF, as defined here,
with the additional restrictions that the weight r (k in [13, 3.1]) is real and |v(L)|=1 [13,
(3.1.4, 11)]. For n>1, however, reQ and |v(L) =1 can be proved from (2.3)—(2.6) (see
Theorems 3.1, 2). The term CAF is used, because some other automorphic factors have
found applications lately. (For a discussion of all possible automorphic factors for n =2,
see [3]).

From (2.3), (2.4), it follows that J(—E, 7)=+1; (2.5) is equivalent to

J(-E,7)=1, it —EeA. 2.7)
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A suitable choice of the branch of the above mentioned logarithm on §, is

log(laz+B)=loglaz+B|+iarg.(az+B) for a,BecR,az+B+#0,
with

—mr<arg;(az+B)=w for ze€9H, —m=<arg (az+B)<wm for zeH_, (2.8

(see [5]). As usual, for matrices

* * P * *
L I M S
m, m, a B h;y Ry

from SL(2,R) and z € §,, one puts

27w, (M, LY=arg,(m,L(z)+m,)+arg,(az +B)—arg.(n,z +n,) (2.9)

(in [12], [13], w(M, L)= w,(M, L)). w(M, L) takes only the values —1, 0, 1 and
; wi (M, L)+w_;(M,L)=0. (2.10)

Using, for reC, 1€, and L € SL(2, K), the notation
(L, 1) = N(ct+d) =exp(r¥ log(ct +d)) (L = [a Z]), 2.11)
c
from (2.9), for L,, L,e€SL(2, K), we have (as in [13, (3.1.15)] in the case n =1)
L, L L )
a,gr)(Ll’ Lz) — l-"r( 1> 2(’!'))”’r( 2 ’T) — ez"""‘(”we(Ll’Lz)' (212)
P«r(Lle, T)

a”(L,,L,) depends on L,, L., r, e, but not on 7, and is 1 if reZ.
A multiplier system (MS) of weight r for A on 9, can now be defined as a mapping

v:A— C\{0}
such that

(2.13) v(L{Ly)=a"(L,, Lyv(L)v(L,) for L, L,cA,
2.14) v(—E)=exp(—mir¥e) if —EcA
(Ye=e,+e,+...+e,). Then
J(L,7)=v(L)N(cT+d)y, for LeA, e,

is a CAF of weight r for A on 9, if and only if v: A — C\{0} is a MS of weight r for A on
D
LemMmA 2.1. Let A be a subgroup of SL(2, K) and

J(L, 7)=v(L)p, (L, 7) (LeA, 7€9)
a CAF of weight r for A on 9., Se€SL(2, K). Then
J(STILS, 7) := (S, P, (S, STILS(#)) (L, S(1)) (LeA,re®.) (2.15)
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is a CAF of weight r for ST'AS on 9,,

Js(ST'LS, 7) = vs(ST'LS)u,(ST'LS, 1) (2.16)
with
vs(STILS) = (L, S)a®(S, ST'LS) 'w(L). (2.17)
That (2.15) defines a CAF is well known. (2.3)-(2.5) for Js are easily checked (as in
the proof of [13, (3.1.17)]). Expressing o"(L, S) and ¢(S, S™'LS) in (2.17) in terms of
values of u, according to (2.12) immediately gives us (2.16). For special values of vg we
have the following lemma.

Lemma 2.2. Under the conditions of Lemma 2.1,

a b

vs(STILS) = v(L) if L or ST'LS = [ 0 4

], d»0
(d >0 meaning d°>0, 1=j=n).

This follows from [13, (3.2.17, 21)] by which, for such matrices, o{(L,S)=
oS, STILS)=1.

LemMA 2.3. Let A be a subgroup of SL(2, K), Ay a subgroup of A, [A:Ag]=h <o,

h
A= U AoL; AoLM = AoLonyjy for MeA (6M, Hefl,..., h})
~

J

and J, a CAF of weight r for Ay on .. Then

h
](M’ T) = H “’r(L]': T)“‘r(Lja M(T))_IJO(LiMI'O_(II\/l,]')v LO(M.i)(T))’
=1

1

for MeA, 1€, is a CAF of weight hr for A on 9..
This is well known [1, (122)]. Using
“’r(MlM21 T) = (*)“’r(Ml’ MZ(T))Mr(MZ’ T) (Mls MZE SL(Z; K))’

where (*) denotes a factor which does not depend on 7 (see (2.12)), we can easily check
(2.6) for J. (2.3)-(2.5) follow exactly as in the proof of [13, (3.1.17)].

REMARK 2.1. The definition of Js in Lemma 2.1 and of J in Lemma 2.3 is independent
of the choice of the branch of w,(L, 7)=N(cT+d)".

This follows from the fact that another choice of the branch of A(cT+d)" results in
the multiplication of w,(L, 7) by a factor which is independent of 7.
For £co, £#0, put

p=IN(&)l, S=signN(§), E*=N(/E (2.18)
If ,/p denotes the positive square root from p then
AE) = {r| 7= jp 2 zePycO,  e=(sign £V, .., sign £ (2.19)
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@
(7 z meaning, of course, 7"):—5——2 1<]<n> is an analytic subvariety of .. If
P /P

L =[ ag b0+\/p

, ay, by, co, do€Z, detL,=1 (2.20)
Cod P do ] 0> Do, Co, o 0

then
=[a0 bog]el‘, —E—Lo(z) L(M/ z) for ze9, (2.21)

Cog* do +
and, therefore, L(9((£))=91(¢). The next theorem is proved exactly as in [5, §5] (for
n=2).

THEOREM 2.1. Let £co, £#0, e=(sign &P, ..., sign £™), let p, 8, £* be defined by
(2.18),

a bo +p
Fm(e):={L0|L0=[ ° o

cod /P do

Tage is a group conjugate to the congruence subgroup T3(p) of To=SL(2,2) in SL{2,R). If
Jis a CAF of weight r for T on 9, then

], Ao, b07 Cos dOEZ9 det LO = 1}'

J(Lo, 2):= (L — z) (L given by (2.21))

+/p
is a CAF of weight nr for Ty, on ©,. The associated MS is given by
L 0 dy>0,
5(Ly) = {"( ) . for co#0 or do (2.22)
v(L)exp(—mir¥(1—e)) for ¢o=0 and d,<O0.

That Ty, is conjugate in SL(2,R) to
b
T(p) = {M|M= [Z d"], a,b,c,deZ,det M= 1}
is trivial. (2.3)-(2.5) for J are easily verified. (2.6) for J follows from

v(L)N(cog* (:/— z) +d ) =yp(L) ,-ljl (cod pz +dy),

where, because of the choice of the branch of log(co&*r+d,) for 7= z according to

/P
(2.8) on the left hand side, the principal value of log(cyd +«/Ez +d,) has to be chosen for
co# 0 or do>0, which is in accordance with (2.8) for z € 9,, whereas for ¢,=0, d,<0,

N(do)r = 1—[ (e-rn' IdOD' H (e—'rn' !dol)r = e—'rriry(l—e)e‘rrinr ldolnr
i=1 j=1
e=1 e=—1

(with P(1-e)=1—e;+1—e,+...+1—¢,), which gives (2.22).
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3. Weight and modulus of multiplier systems for Hilbert’s modular groups.

THEOREM 3.1. For a subgroup A of SL(2, K), commensurable with Hilbert’s modular
group T of a totally real number field K of degree n>1, acting on 9., there exists a
{(minimal) number g(A, ¢)eN with the following property: if J is a CAF of weight r for A on
O. then

reQ, g(A,erez

and if Ag is a subgroup of finite index in A and J, a CAF of weight r, for Ay on 9. then
g(A, e)[A . Aolroe Z.

The second part is a consequence of Lemma 2.3, stating that, from a CAF of weight
ro for Ao on 9,, one can construct a CAF of weight [A : Aglr, for A on ©.. The restriction of
J to TN A is a CAF of weight r for TN A on §.. For n>1, TN A has to be a congruence
subgroup of T, so one can restrict J to a principal congruence subgroup I'(a)cI'N A for
some integral ideal a # (0). Lemma 2.3 yields a CAF of weight hr, h =[I":T'(a)], for T.
The existence of g(T', ¢) has been proved by Christian {1, Satz 1] fore=(1, ..., 1). In fact,
the proof does not depend on the special value of e. The existence of g(I',e) can also be
proof along the lines of [5], the proof for n =2 given there {5, Satz 10] does not depend
on the value of n>1, as is shown below (3.8). Hence g(I',e)hreZ, q.e.d.

THEOREM 3.2. Under the conditions of Theorem 3.1, the MS v, associated with a CAF
of A, is of modulus 1 (i.e. lv(L)|=1 for all L € A) with roots of unity as values.

By #(L)=w(L)>*»9, LeA, a MS of even integral weight 7=2g(A,e)r of A is
defined, which, because of (2.13), (2.14) and

o™(L,,Ly)=1, exp(—mif¥e)=1 for FeZ,2|F,

is an abelian character on A. As mentioned above, there is a principal congruence
subgroup I'(a) = A. The commutator subgroup of I'(a) is of finite index in T (see [8]); hence
#(L), LeT(a), is a root of unity, but, for Lo< A, a suitable power, say L&eT(a), thus
#(Lo)* =#(LY) is a root of unity.

It does not, however, follow that » is trivial on a suitable principal congruence
subgroup (i.e. v(L)=1 for all L eT'(a)), as claimed in [4, Korollar 2]. A counter-example
can easily be constructed. Take n =2, dx a prime congruent to 1 mod (8). There exists a
MS v of weight 3, namely the multiplier system of a certain theta series for I' on 9y, [7,
p. 30]. Let ¢, be the fundamental unit of K with ¢5”>1 (and £ <0), take m eN Na and

put
L1=[1+m50 —me} ]’ L2=[1—m80 -me} ]
m 1—me, m 1+ me,

Then L,, L,eT(), from [13, (3.2.6)], w(L", L) =1, w(L®?, L?)=0, and, conse-
quently, from (2.12),

0'8{3)1)(111, L,)= exp('rri(wl(L(ll), L(zl)) + W—1(L(12), L(zz)))) =-1.
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(2.12) yields
V(Lle) = _V(Ll)V(L2)~

At least one of the values v(L,L,), v(L,), v(L,) has (o be different from 1.
In order to calculate g(I',e) or, at least, a small multiple of g(I',e} for n>1, one
proceeds as follows. For geN, q# 1, put

Z,={xy™"|x, yeZ,y prime to q}.

Then Z,=7 and
a=bmodZ, (a,beC)

means thata—beZ, i.e. a and b differ only by a rational number which is integral for q.
Let v be a MS of weight r for T on ©,. There is a k = («'V, ..., k®) such that [9, p.

543] 1
V([ 0 ‘i‘]) =e?m% forall aeco. (3.1)
For L, ST, by (2.13),
v(SLS™'S)= o (SLS™", S)v(SLS™H)w(S),
v(SL)=a"(S, L)v(S)v(L).

1
If L= [ . ‘1”] by [13, (3.2.17, 21)], both o-factors are 1; hence
v(SLS™)=w(L) for L= [3 ‘i‘] (3.2)

Taking

0
S=[8 _J,eaunitino,e#:tl
0 ¢

(such a unit exists for n>1, k totally real), (3.2) together with (3.1) gives us
ez-rriffxala — V(SLS_I) — V(L) - e21ri9’xoz;
thus
Pe(e?—1acZ forall aco (3.3)

and consequently
kek, (g2~ Dked . (3.4)

From Theorem 2.1, for éco, N(§)=ps, peN, §==1, signtV=¢, 1=<j=n, we
obtain a MS v, associated with v, of weight nr for the group Iy, on 9, which is
conjugate to T'a(p) in SL(2,R). In order to use condition [12, (70)]

Z M+ Z C—"'Enr(po—1+@> mod Z (3.5)
h=1 m=1 lm 2

1
for the existence of 7, we have to calculate the terms in (3.5). (po— 1+%) is o times the
T
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volume of the fundamental domain of Ty, which is 5 for p=1 (Tyy =Tg), and
15 (p+1),if p is a prime. Iy, ..., l, are the orders of the elliptic fixed points (I, =2, I, = 3,
eo=2 for p=1, 1,€{2,3}, 1=m=e, for peN), O=c,<l.,—1, c.€Z, 1sm=e,.
exp(2min,) are the values of ¥ for the standard generators of the parabolic subgroups of
Toe for the cusps. For the cusp = of [y, we have, by (2.22), (3.1),

ey )y )

If p=1, we have only one cusp and (3.5) is
Pré+ic,+3c,=15nr mod Z. (3.6)

If p is a prime, we have another cusp at 0; using (2.22), (3.1), (3.2), we find

e Ly Dol DAL G T D)
Al e

(3.5) is
Pr(E+6)+3t,+H=Fnr(p+1) mod Z (3.7)
with
t2= Z Crns t3= Z Cin-
it nls

Let g €N be a multiple of 6 and of (e2—1) in o for a unit € of o, € # £1 (or, better, the
smallest multiple of 6 which is in the ideal generated by e32—1,...,¢e%_,—1 for a set
€15 - . . » En—q Of fundamental units of o). Take any & € o such that sign ¢’ =¢, 1=<j=<n, and
W (&) =p is a prime (such £ always exists). Then, from (3.3) and (3.7), we get

Hé(p+Dnrez, (3.8)

i.e. reQ, the denominator of r divides $5g(p + 1)n. If there is a unit £ in o with sign ¢’ =
e, 1=<j=n(eg fore=(1,...,1) or(-1,...,-1)) we can take £ = ¢ and use (3.6) instead
of {3.7), obtaining
gnreZ (for £ a unit). (3.9)
If we take n =2, ¢, the fundamental unit with ¢{’>1, we have the following examples
from (3.9):
dK=5’ €0=%(1+\/5), 8(2)_1=8’
dK=8, €0=1+\/2’
de=12, £,=2+3, £2-1=23¢,
dg =13, £o=13(3+/13), e5—1=3¢,

reZ foralle,

o
Il

-

reZ foralle,
reZ fore==x(1,1),
reZ foralle.

m
<)
|
—
il
(3]
o
oS
Il

oQr o
o

-

(3.10)
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For other discriminants, however, § may be quite large, as the following examples show:

de=4.6, £o=5+26, e2—1=46¢,, g=24,
de=4.14, e,=15+4V14, £2-1=8V14g,, g§=2%.3.7,

de=4.66, €,=65+8V66, e3—1=16V66g, §=2°.3.11.

To obtain an estimate of the denominator of r, valid for fixed n and e for all totally real
number fields of degree n, one has to proceed more subtly than just use (3.6) or (3.7) for a
single value of &

For a prime qeN, choose keN, k=3, and myeN, q ¥ mg, such that

moq“ked!,  HnrgteZ, (3.11)

For {e€o, { prime to q, by Dirichlet’s prime number theorem we can choose a number
£eo such that (¢) is a prime ideal of degree 1 in o, sign £”=¢, and

£={¢mod(g") in o. (3.12)
If we take {=a€N, q t a, we have
£=a mod(q"), &*=a" " "mod(q"), p =8N (£)=8a" mod(g*) (3.13)
and p=38a"+pq*, peZ. From (3.7), (3.11), (3.13), we obtain
(a+8a""NFx +3t,+3t;=15nr(1+8a") mod Z,,. (3.14)
If 2| n, for a =+b, b eN, multiplying (3.14) by 6, we get
+6(b+8b" )Pk =4nr(1+8b") mod Z,.
and, by adding the congruences for b and —b,
0=nr(1+8b") mod Z,, (3.15)
If =1, we can take b=1 and obtain 2nreZ, for every prime q; hence
2nreZ for 2|n,6=1. (3.16)
If §=~1, a number beZ, q ¥ b, can be chosen such that
mod(q) for (q—1) 4 n,
b"#1<{ mod(q'*® for n=(q-1)g'm,q ¥ m,q#2, 3.17)
mod(q'*®) for n=(q-1q'm,q ¥ m,q=2.

For q# 2, (3.15) with this choice of b gives
nrez, for (q—1) 4 n, nrq'*tez, for n=(q-1)q'm, qtm. (3.18)

For g=2, p=-b"=-1mod(4) ((3.13) with a=xb, q=2, k=3). For such a prime p,
however, I{(p) and, therefore Ty, has no elliptic fixed point of order 2, t, =0 in (3.14),
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and by multiplying (3.14) by 3 instead of 6 we get
+3(b—b""NPx=3inr(1—b") mod Z,,
inr(1-b")eZ, instead of (3.15), which, with b from (3.17), gives
nr2*'ez, for n={(q-1)q'm, qtm, q=2. (3.19)
If 2% n, for a =4, b, b eN, multiplying (3.14) by 6, we get
128Px=nr,  6(b+8b" Pk =3nr(1+8b")mod Z,,
and from these congruences (3(b+8b"" ") eZ!)
O=inr(b"'-1)(b—8) mod Z, (3.20)
beZ, q ¥ b, can be chosen such that
mod(q)  for (q—-1)4 (n-1),
b 1#£1{mod(q'*?) for n—-1=(g—-Vq'm q ¥ m,q#2, (3.21)
mod(q'*®) for n—-1=(q-1)q'm,q 4t m,q=2.

As n—1is even, b can be chosen such b8 (=+1)mod(q) if q# 2, and b# & mod (4) if
q=2. For q# 2, (3.20) with this choice of b gives

nreZ, for (-4 (n—1), nrg'*'eZ, forn—1=(q—1)qg'm, at n, q#2. (3.22)
For q=12, we get '
nr2*2ez, for n—-1=(q-1)g'm, qtm, q=2. (3.23)

Collecting our results (3.16, 18, 19, 22, 23) we obtain the following theorem.

THEOREM 3.3. Let v be a MS of weight r for Hilbert’s modular group T of a totally real
number field K of degree n>1 on 9., e=(eq,...,e,), 8=e;...¢e,
(@) If 2|n, 8=1, then 2nreZ.
(b) If 2| n, 8 =—1, the denominator of nr has only prime factors q with (q—1)|n. We
have

nr [1 q"9"eZ with n=(q~1)¢"“m,, q + mq, for q prime.

(@—Djn

(c) If 2 ¥ n, the denominator of nr has only prime factors q with (q—1) | (n —1). We have
2nr [ q'9*'eZ withn—1=(q-1)q'®m,, q ¥ my, for q prime.

@-vln~1
For special values of n, from Theorem 3.3 we have:
(3.24) if n=2 then d4reZ for 6=1, 2> .3reZ for §=-1;
(3.25) if n=3 then 2°.3%¢7Z;
(3.26) if n=4 then 2°reZ for §=1,2°.3.5reZ for § =—1.
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For fixed n, by a more detailed investigation, depending on the value of n, improvements
of the general results of Theorem 3.3 are possible (see Section 4 for n =2).

Our method can easily be directly applied to subgroups of T', yielding better results
than by simply multiplying g(T, ¢) by the index of the subgroup in I" as in Theorem 3.1.
An example is given by the next theorem. '

THEOREM 3.4 (Maass [10]). Put K = Q(./5). The Hilbert modular group Ty has MSs of
integral weight only, the MSs of the theta subgroup
To= {L|L= [“ Z]GFK,aEdEO orbECEOmod(2)}
c

are of integral and half-integral weight.

The assertion for I is the example dx =5 in (3.10). Put £ =+1 fore==%(1, 1), £ = £¢g,
for e=(1,-1) (e0=3(1+V5), e’>1, £<0). Then Iy, =Tqg (Theorem 2.1), the
restriction of Tx o to A(&) yields the theta-subgroup Ty of T'q=SL(2, Z). The volume of
the fundamental domain of T'q is 7, the right-hand side of (3.5) is 3r. [q ¢ has two cusps
and one elliptic fixed point of order 2. Multiplying (3.5) by 4, we get

4n,+4n,=2rmod Z. (3.27)

exp(2min,) and exp(2win,) are values of ¥, the MS associated with the MS v of 'k, for
1

parabolic matrices LyeI'qe Which are conjugate to a matrix of the form [ 0 );’] in Tg;

hence dy> 0 if ¢o=0 in the notation of Theorem 2.1, and (by Theorem 2.1, Lemma 2.2)

5(Lo)=v(L)= v(S[(l) ‘;‘]s-l) = VS([(l) ‘;‘]) = g2t (3.28)

for suitable a €0, SeTg, with Lel'x, We have
e3=1mod(2), (e2)2-1=4¢3. (3.29)

As the principal congruence subgroup T'x(2)={L|Lelg, L=Emod(2)}cTk, is a
normal subgroup of 'k,

3 -3 _ 1 -3
[8" 93], [1 Eo “]erx(z)cs-lrx_es, [ &o “]es-lr,(,es,

0 &, 0 1 0 1
(3.30)
(a from (3.28)). By the same reasoning as in (3.3) with £ =3,
3 L B]_ o
4.9"(5808 e Z for all 0 1 € S FK.OS'
Taking B8 = £5°a (3.30), we obtain 4%kga € Z and, from (3.28), (3.27),

0=2rmodZ.
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4. Multiplier systems for Hilbert’s modular groups of real quadratic fields. For
n =2, let D be the square-free kernel of the discriminant dy. Then K=Q(vD) and &*

(2.18) is given by
g*‘_—ul_uz\/D f0r §=u1+ u2\/D€K (ul, uze@). (4.1)

The result of Theorem 3.3 for n =2 (3.24) can be improved.
First the factor 3 for § =—1 in (3.24) can be removed. If D=1mod(3), choose
{=+D in (3.12). For
&£=1/D mod(3¥) in o,
we have
E—-¢¥=42/D mod(3*), p=-N(£)=D mod(3%), p=1mod(3)

instead of (3.13), and, multiplying (3.7) by 6, we get
+6%(x2/D)=r(1+D)mod Z; and hence 0=2r(1+ D) modZ,,

i.e. reZ,, as 34 2(1+D).
If D=2 mod(3), choose

¢=+by/Dmod(3*), beZ, b*D#8mod©9), 3/tb.
Then
£—£¥=+2b/D mod(3%), p=—-N(&)=b2D mod(3%), p=2 mod(3).

For p=2mod(3), T'3(p) has no elliptic fixed points of order 3, for otherwise there would
be a matrix

*
hl X ]el“%(p) with x;x;=1mod(p),  x,+x2=%1,
2

which would resuit in a solution for
x*+x+1=0mod(p) or y?+2y+4=0mod(p) for y=2x p+#2.
But, for p=2, there is no solution, and for p#2, (y+1)?+3=0mod(p) would imply
(_—3> =1, which is impossible for p=2 mod(3). Thus t;=0 in (3.7) and, multiplying (3.7)
byp2, we obtain
£29(k2bvD)=4r(1+b*D)mod Z, and hence r3(1+b?D)=0mod Z,,

i.e. reZ,, since 3° 1 2(1+b2D).
If D=0mod(3), choose

¢=+b(1+vD)mod(3*), beZ, bAD-1)#¥8mod(9), 34 b.
Then
E—¢*=12bJDmod(3¥), p=-N()=b* (D-1)mod(3*), p=2mod(3).

From here we proceed exactly as in the case D=2 mod(3) and get r € Z3. Thus we have

reZ, for n=2,86=-1. 4.2)
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Next, a smaller power of 2 can be taken in (3.24). If § =1, in (3.7) we have (by (4.1))
Pr(£+8¢EF) = P (£+ £%) = PTE. (4.3)
If D=3 mod(4), choose

£=/D mod(2*), then %£=0mod(2), p=N(£)=—-D mod(2*).
From (3.7), multiplying by 6, we have

0=r(1-D)mod Z,, 1-D=2mod(4)
and hence 2re?,.
If D=2 mod(4), choose
£=1+/D mod(2%), then %£=2mod(2%), p=N(§)=1-D mod(2¥)

and p=3 mod(4) (k= 3). There are no elliptic fixed points of order 2, t,=0 in (3.7) and,
by multiplying (3.7) by 3, we get

6%k =3r(2— D) mod Z,. (4.4)
By (3.24), 4re Z. Thus, multiplying (4.4) by 2 yields
12%k=r(2—D)=0mod Z,. (4.5)

For =1, n=2, we have e=(1,1) or (—1,—1) and can, therefore, put £€=1 or —1,
resulting in p = 1. Multiplying (3.6) by 6, we obtain

r=6%x or r=—6%xmodZ,. (4.6)

Applying (4.5), we find 2r € Z,. Using this result in (4.4), we get 6« =0 mod Z, which in
turn from (4.6) gives reZ,.
If D=5 mod(8), choose

§E%(b+\/D) mod(2¥), beZ, 24b, b%>— D =-4mod(32).
Then
FE=b mod(2), p=N()=3b*-D)mod(2*), p=-1mod(4).

There are no elliptic fixed points of order 2, t,= 0 in (3.7), thus, multiplying (3.7) by 3 and
using 4reZ (3.24), we get

3bFk =53r(1+3(b*-D))=0mod Z,, Fx=0modZ,.
Putting £ =1 or —1, as in the case D=2 mod(4), from (3.6) we obtain
r=16¥«x=0mod 7,, rei,.

If D=1mod(8), numbers from o with odd trace are not prime to 2 and numbers
prime to 2 with trace not divisible by 4 lead to p=3 mod(8); so the procedure used for
D =5mod(8) does not work here. Thus we have

reZ for D=2 mod(4), D=5mod(8), 2reZ for D=3 mod(4). 4.7
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If 6=-1, in (3.7) we have (by (4.1))
Pr(E+8EF)=P(E—EF)=2u,PxJD for &E=u,+uyyD.
If D=3mod(4), choose beZ, 2|b, such that D—b*=3 mod(8) and
E=+(b+vVD)mod(2¥), then p=-N(&)=D-b>mod(2%), p=3mod(4).

There are no elliptic fixed points of order 2, t, =0 in (3.7) and thus, muitiplying (3.7) by 3,
we obtain
+6PxVD=3r(1+D-b*modZ,, 0=r(1+D~b? modZ,,

and from this, because of D —b%=3 mod(8), 4reZ,.
If D=2 mod(4), choose

¢=+(1+vD)mod(2*), then p=-N(£)=D-1mod(2%).
Multiplying (3.7) by 6, we get
+12%x /D =rD mod Z,, 0=2rD mod Z,, 4reZ,.
If D=1 mod(4), choose
é=+JD mod(2%), then p=-N(£)=D mod(2").
Multiplying (3.7) by 6, we find
+129«xvD =r(D + 1) mod Z,, 0=2r(D+1)modZ,, 4rel,.
If D=5 mod(8), put
¢=31+yD)mod(2¥), then p=-N(&)=i(D —1)mod(2").
Multiplying (3.7) by 12 and using 4r € Z,, as just shown for D =1 mod(4), we obtain
12%xyD=2r(1+3(D—-1))=0mod Z,.
For £¢= D, we now get

riD+1)=12%«JyD=0mod Z,, 2reZ,.
Thus we have
2reZ for D=5mod(8) and &8=-1, 4reZ for §=-1. 4.8)

Collecting our results (4.7) and (4.8) and noting that D =2 mod(4) is equivalent to
dx=0mod(8) and D=3mod(4) is equivalent to dx=4mod(8) we obtain the next
theorem.

THEOREM 4.1. Let v be a MS of weight r for Hilbert’s modular group T of a real
quadratic field K on 9., e= (e, e5), 8 =e,e,. Then 4rel.

For special values of the discriminant dg we have:

(@) if8=1, dg=0, 5mod(8) then reZ;

(b) if =1, dg=4 mod(8) then 2reZ,

(c) if §=—1, dgy=5mod(8) then 2rel.
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For the symmetric modular group f‘e of a real quadratic number field K an even
better result can be proved. I, is an extension of degree 2 of I" (for a detailed discussion

see [5]), .
f.=TUTL,, L3=E, L,L=Ly*LL, 4.9)
with
a* b* a b § 0
L*z[c* d*] for L=[c d]er, L“:[o 1]
and

L (r)=6t%=(6r?,81") for 7=(r",+®)e.

For £eo, sign ¢V =¢;, |N(¢)|=p, a prime number, and by restriction of T, to AE), we
obtain an extension of Iy, namely (see [5, §3])

. 0 -1
Pne=TaouTee] 7]
()QI(E) AE) AE) 1 0

A CAF for fe is defined as usual by (2.3), (2.4) for L, Mef‘e, (2.5), (2.6) for LeT and

J(Ly, 7)=v(L,) independent of .
Then
J(L L, 7y=J(Ly, L)L, 7) = v(LOJ(L, 7).

From (4.9), we have
v(Ly)?=1, v(L)J(L, 7)=J(LsL*Ls, Ly (7))v(Ly)

which results in the restriction

v(L for LeTl, 0,
v(LsL*Ls) = { ) . _ °* (4.10)
v(L)exp(—mi¥3(e—e*)signd) for Lel,c=0

(with (e¥, e%) = (e, €,)) for the associated MS, taking into account the choice of the
branch of log(c®r®+d®) for ¢ §,. On the other hand, a MS of weight r for T on ,
which satisfies (4.10) can be extended to a MS of weight r for I by putting J(L,, 1) =
v(L*)— 1 or —1 (see [5, §1]). J as defined in Theorem 2.1 is a CAF of weight 2r for
@ Juy- Here L, for Loe Ty, is given in (2.21), whereas

0 e 1ol e

(f‘e)m(e) has only one cusp (at «) and elliptic fixed points of order 2, 3 only if p# 2, 3 (there
is an elliptic fixed point of order 4 if p=2, and of order 6 if p=3). The volume of the
fundamental domain is, of course, half the volume for T'y,. Thus, instead of (3.7), by
multiplying (3.5) by 6, we get

6Fxé=3r(p+1)modZ for p#2,3. (4.11)
For 86 =1, choose

¢=+1mod(2%), then p=wN(¢&)=1mod(2),
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and, from (4.11), we have
+6Fx=rmod Z,, 0=2r mod Z,, 2reZ, for &=1. (4.12)
For 6 =—1, first choose
£=1mod(2%), then p=-N(¢)=-1mod(2¥)

and from (4.11) we have
6%k =3r(~1+1)=0mod Z,. (4.13)

If D=2mod(4), § =-1, choose
E=+(1+vD)mod(2¥), then p=-N(&)=%D-1)mod(2").
and (4.11) yields
+6%x(1+/D)=3rD mod Z,, 0=rDmodZ, 2reZ,. (4.14)

If D=3 mod(4), 8 =—1, choose ¢ with |N(&)|+# 3,
£=2++D, vD mod(2), giving p=D —4, D mod(2"),
which, from (4.11), yields
6.2%x +6FPxJD=3r(1+D—4), 6%xJD=3ir(1+D) mod(2*).
These congruences, together with (4.13), imply
=3ir(-4)=-2rmod Z,, 2reZ,. (4.15)
If D=1mod(4), § =~-1, choose

£=+J/D mod(2¥), then p=-N(¢&)=D mod(2%),
and, by (4.11), we get

+6SxVD=3r(D+1)modZ,, O=r(D+1)modZ,, 2reZ,. (4.16)
If D=5mod(8), §=~1, for £=2+./D mod(2*) we find p=D —4 mod(2*) and
129k +6FxJD=3(1+D—4) mod Z,, (4.17)
for £=3(1+vD) mod(2¥) we find p=1(D - 1) mod(2*) and
3%k +3%xyD=3r(1+ 4D —-1)) mod Z,. (4.18)

(4.17), (4.18), together with (4.13) yield
=4{-1-D+4+2+3D-1))rmod Z,.
Since —1-D +4+2=0mod(4), 3(D-1)=2 mod(4), we have
reZ, for D=5mod(8), 6=-1. (4.19)

Collecting our results (4.12, 14, 15, 16, 19) and taking into consideration Theorem
4.1(a) we obtain the following theorem.
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THEOREM 4.2. Let v be a MS of weight r for the symmetric Hilbert modular group f‘e of
a real quadratic field K on 9,, e=(e,, e,), 8 = e e,. Then 2reZ. For special values of the
discriminant dix we have:

@) if 6=1, dg=0, 5mod(8) then reZ;

(b) if 8=-1, de =5mod(8) then reZ.

REMARK 4.1. If § = —1, dix =1 mod(8), there exist MSs of weight 3 for I, e.g. the MS
belonging to a certain theta series [7, p. 30].

5. Multiplier systems for Siegel’s modular group. Siegel’s modular group of degree
(or genus) n is the group

I'=T, =Sp(n,Z)=Sp(n,R)NGL(?2~n, Z), 5.1
Sp(n, R) consisting of the matrices
— A B (n,n) tM[ 0 E] _[ 0 E]
M—[C D],A,B,C,DGR , _E 0M— “E ol (5.2)
The theta subgroup of T' is defined by
Ig=T,,={M|MeT,, A'C, B'D have even diagonal elements}. (5.3)
A subgroup A of Sp(n,R) operates on the Siegel upper half space
9.={Z|Z=X+iYeC™",'Z=2Z Y>0} (5.4)
by
Z—> M(Z)=(AZ+B)(CZ+D)™". (5.9)

An automorphic factor (AF) of A is a mapping

such that J:AX9,—C (5.6)

(5.7 JM, Z), for fixed M < A, is holomorphic without zeros on 9,
(5.8) JWMN, Z)=J(M,N(Z))J(N, Z) for M, Nec A, Z€,,
(5.9 J-M,Z)=JM,Z)if M, -MecA, Ze9,.
An automorphic factor J is called a classical automorphic factor (CAF) if
JM, Z)=v(M)det(CZ+D) for MeA, Z€ 9, (5.10)

with a complex number r, the weight of J, and complex numbers v(M), depending, of
course, on the branch of logdet(CZ+ D). v is called the associated multiplier system.
Usually that branch of logdet(CZ + D) is chosen, which, at Z =iE, coincides with the

principal value, i.e.
-7 <Imlogdet(Ci+ D)= (5.11)

Lemma 5.1. If J is a CAF of weight r on a subgroup A of Sp(n,R),
u. (M, Z)=det(CZ + D)" for Me Sp(n,R), Z € 9.,
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then, for S € Sp(n, R),
Js(S7'MS, Z):= p,(S, Z)u, (S, STIMS(Z)J(M, S(Z)), MeA,

is a CAF of weight r for ST'AS. The definition of Jg does not depend on the choice of the
branch of logdet(CZ + D).

The lemma is well known ([1], {2]) and as easily checked as in the case of the Hilbert
modular group (Lemma 2.1).

In (2, 1.1 Definition}], the condition (5.9) is omitted. For T, ', , and even n, (5.9) is a
consequence of (5.7), (5.8), (5.10). By (5.10), J is independent of Z for C=0, and,
therefore, by (5.8) a character on the subgroup of elements with C=0. Because of

1 0]f0 -111 0][ 0 1]_[_—1 0] ~
[0 —1][1 0][0 -1Jl-1 o) L o -1 (for n=2),
—E,, is a commutator in this subgroup; hence J(-E,,, Z)=1.

THEOREM 5.1. Let J be a CAF of weight r (with or without condition (5.9)) for T, (or
T,.e), and n>1. Then reZ (or 2reZ).

This theorem is due to Christian [1, p. 285] for I',, and Endres [2, Theorem 1] for
[, For n>2 put m=n-2 and

- [A 071 - [BO ~_co] ~_[D0] _[AB]
A‘[o Em]’ B‘[o 0]’ C”[o of P=lo g, * M=|¢c pJ

Then o
¢ okls &)
.J([é 1‘)]’[0 ig, ]) for Z€9,Mel, (orTyy)

is a CAF of weight r for I'; (or T',5). We can assume, therefore, that n=2 (and (5.9) is
satisfied, as mentioned above). With E = E,,

aE bE

“k dE]’[Z 0]) for zebl,L=[: Z]el“l (orTyq) (5.12)

J L, :=J([
(L, 2) 0 2
is an AF for I'; (or I'; 4). Because of

det(cEz +dE)=(cz+d)?>, J(~E,z)=J(~E4 zE)=1,

J is a CAF of weight 2r (with condition (5.9)) for Ty (or T';4). Put

= [«E B _[a B] -~[z O]
S—[yE SE for S= v ely, Z= 0 2 for ze9,. (5.13)

With the notation of Lemma 5.1, we have

Jo(S7ILS, 2)=J5(S7'LS, Z) for LeT, (orTy,). (5.14)
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Put

E
T(W)=[O 1‘;/] for W='WezZ?®?, M(V)=[(‘)/ ,‘?_1] for VeGL(2,2).

(5.15)
Then

M(V)T(bE)YM(V) 'T(bE) ™' = T(b(V'V - E)).

As already mentioned, a CAF is a character on the subgroup of elements with C=0.
Hence

Js(T(b(V'V=E)),Z)=1 if M(V), T(bE)e §7'T,S (or §7'T,,S).
We have

a? a] [1 a] [ 0 —a] [ 1 O]
VIV-E= f V= VWV-E= f V= s
[a o] F 0 1rf -a a2l -a 1

and consequently

Js(T(a?bE), Z)=J§(T<b[(;2 g]+b[_0a ;f]),z)=1 (5.16)

T(bE),M([(l) ‘1’]) M([_la (1)])e§-lr2§ (or §7'T,,65). (5.17)

I'; has one cusp (at «), one elliptic fixed point of order 2, one elliptic fixed point of order 3
and the volume of the fundamental domain is 3. From (3.5), we have

if

nl+%cl+%c252r,%2m0dz (Cla CZEZ)'

From (5.16), (5.17) with S=E, a =b =1, we have

e M= j([(l) 1] z) =J(T(E), Z)=1,

and hence 1, =0,
r=6mn,+3c,+2¢c,=0mod Z.

I', ¢ has two cusps, one elliptic fixed point of order 2 and the volume of the fundamental
domain is . From (3.5), we have

Ni+tnatici=2r.3modZ (c,€2).
{N|NeTl,, N=E,mod 2} is a normal subgroup of I', contained in I',, and containing
M([_; (1)]) and M([(l) i]) (5.15). These matrices are, therefore, contained in §‘1F2,g§
for SeT;. The cusps of I';, are S™', SeT',. From (5.16), (5.17), we have, for a =2,

. ([1 4b " o [1 6]
Js([o 1],z>=J§(T(4bE),Z)=1 if [0 1]eslI‘1,¢,S
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il 53 419

4nel, 2r=4m,+4n,+2c;=0mod Z.

and

hence

Theorem 5.1 also is an easy consequence of Theorem 3.3. For a real quadratic
number field K there exists an embedding of 9, _; into ©, and a corresponding
embedding of the Hilbert modular group I'y into I';, taking 'k ¢ into I'; . The CAF of
weight r for I', (or T',6) yields a CAF of weight r for I'y (or T'x,) on H4 4. Taking
K =Q(/5), from Theorem 3.3, we have reZ for I'g, 2reZ for [k, The details are as
follows. In 5, Satz 2.2] with K =0Q(/5), put

w=o, p=45"1, e=(1,-1), w; =1, w,=3(1+5).
Then
1 1 W 0 ]

-lo 3 weliay o]
V“’_[o ' 1+.J5 (-.vy5) M=y w
For 1€ 9 1), in [5, Satz 2.2],

. . - (1)
Z(r)= M(Z(r)), Z(T)=[" N pQ?Ta,]ebz.

For ve K, put
L[ o - [ a o a B
v=[ 0 V(Z)] and L=[()_1§/ 3] for L=|:y S]EFK'
Then 3
MLM™'eTl, (orT,4) for Lelg (or Tge).

If J is a CAF of weight r for T, (or T',,), Jy is a CAF of weight r for M~'T,M (or
M™'T, ¢M). Because of

L<|:p(1)1_(1) 0 ]> _ [p(l)L(l)(T(l)) 0 ]
0 p @ 7(2) 0 p ) L(2)( 7(2))

-1 (1) @ _( )
P Y 0 pT 0 é 0
det([ 0 p(z)“y@)][ 0 p(z),r(z)] + [ 0 5(2)]> =N (y7+9),

and

by o
Jo(L, 7) = Ju(L, Z(1))

for LeTk (or Txe) and 7€ 9 -1y, a CAF of weight r is defined, q.e.d.

THEOREM 5.2. For a subgroup T of Sp(n,R), commensurable with Siegel’s modular
group T, of degree n>1, there exists a (minimal) number g(A)eN with the following
property: if J is a CAF of weight r for A then

reqQ, gMrez

https://doi.org/10.1017/50017089500006078 Published online by Cambridge University Press


https://doi.org/10.1017/S0017089500006078

MULTIPLIER SYSTEMS 79
and if Ag is a subgroup of finite index in A and J, a CAF of weight ry for A, then
g(A)A:AJrpeZ.

This theorem is due to Christian {2, Satz 1] for congruence subgroups of I',. It is
proved exactly like Theorem 3.1 as a consequence of the analogue of Lemma 2.3 (which
is as easily checked as in the Hilbert modular group case), the analogue of (3.9) (which is
Theorem 5.1 for T',)) and the fact that

AB]

1M, Z)=det(CZ+ DY for Ze,, M= [C D

feZ,2|7

is a CAF of weight ¥ for any subgroup A of Sp(n, 7).

THEOREM 5.3. Under the conditions of Theorem 5.2, the MS associated with a CAF J
is of modulus 1 with roots of unity as values

J(M, Z)=v(M)det(CZ+DY, |v(M)|=1, forZe,, Mz[fc\ g]eA_

This theorem has been announced in [4, Satz]; the proof, however, depends on [4,
Lemma 3], stating that a multiplier system v of weight r for a congruence subgroup ¥ of
I, defines a homomorphism v: ¥ — C™, i.e. is an abelian character, which is false. It is not
always possible, by a suitable choice of the branch of log(CZ + D)" in

J(M, Z)=v(M)det(CZ + D)"
for each M e ¥, to assure that v(M,)v(M,) = v(M,M,). E.g. [, , has a CAF of weight 3.

Put
vV 0 1 0
M"[o V]’ V‘[o —1]'

J is a character on the subgroup of elements with C=0. From M eI, , we have

JM, Z)=J(M?* Z)=J(E,, Z)=1, J(M, Z) = v(M)(det V)"
hence
v(M)*(det(V)¥?)2=1.

No matter, which branch of (det V)Y is chosen, ((det V)?)?=det V=~1; whence
v(M)2=—-1, but v(M?)=v(E,)=1. Theorem 5.3 is easily proved from Theorem 5.2
exactly as the corresponding result in Theorem 3.1.
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