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Abstract

Let a, b, ¢ be relatively prime positive integers such that @ + b = ¢2. In 1956, Jesmanowicz conjectured
that for any positive integer n, the only solution of (an)* + (bn)’ = (cn)® in positive integers is (x, y, z) =
(2,2, 2). In this paper, we consider JeSmanowicz’ conjecture for Pythagorean triples (a, b, ¢) if a=c — 2
and ¢ is a Fermat prime. For example, we show that JeSmanowicz’ conjecture is true for (a, b, ¢) =
(3.4,5), (15, 8, 17), (255, 32, 257), (65535, 512, 65537).
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1. Introduction

Let a, b, c be relatively prime positive integers such that a” + b*> = ¢> with 2|b.
Clearly, the Diophantine equation

(na)* + (nby’ = (nc)* (1.1)

has the solution (x, y, z) = (2, 2,2). In 1956, Sierpinski [7] showed that there is no
other solution when n =1 and (a, b, ¢) = (3, 4, 5); and JeSmanowicz [2] proved that
whenn =1and (a, b, ¢) = (5, 12, 13), (7, 24, 25), (9, 40, 41), (11, 60, 61), then the only
solution of (1.1) is (x, y, 7) = (2, 2, 2). Moreover, he conjectured that for any positive
integer n, (1.1) has no solution other than (x, y, z) = (2, 2, 2). In [1], Deng and Cohen
showed that JeSmanowicz’ conjecture is true for (a, b, ¢) = (3, 4, 5). In [8], the authors
of this paper proved that JeSmanowicz’ conjecture is true for (a, b, ¢) = (15, 8, 17). For
related problems, see [5, 6].

In this paper, we obtain the following results.
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TueoreM 1.1. Let k be a positive integer. If Fy = 2% + 1 is a Fermat prime, then for
any positive integer n, the Diophantine equation

(Fx = 2)n)* + ¥ *1ny = (Fun)y* (1.2)

has no solution (x,y, z) satisfying z < min{x, y}.

THeOREM 1.2. Let k <4 be a positive integer and F = 22 4 1. Then, for any positive
integer n, (1.2) has no solution other than (x, y, z7) = (2,2, 2).

2. Proofs

Lemma 2.1 [4]. The only solution of the Diophantine equation (4m?* — 1)* + (4m)’ =
@m? + 1) is (x,y,2) = (2,2,2).

Lemwma 2.2 [1, Lemma 2]. If z > max{x, y}, then the Diophantine equation a* + b’ =
c%, where a, b and c are any positive integers (not necessarily relatively prime) such
that a®> + b* = %, has no solution other than (x, y, z) = (2, 2, 2).

LemMa 2.3 [3]. If the Diophantine equation (na)* + (nby’ = (nc)* (with a* + b> = ¢*)
has a solution (x,y, z) # (2,2, 2), then x, y, z must be distinct.

Proor oF THEOREM 1.1. By Lemma 2.1, we may suppose that n > 2 and that (1.2) has
one solution (x, y, z) with z < min{x, y}. By Lemma 2.3, it is sufficient to consider the
following two cases.

Case 1. x<y. By (1.2),
nx—z((Fk _ z)x + 2(2k—1+1)yny_") = F]Z( 2.1

If ged(n, Fy) = 1, then by (2.1) and n > 2 we have x = z, a contradiction. If gcd(n, Fy) =
F, then write n = Finy, where r > 1 and ged(Fy, ny) = 1. By (2.1),

WEF (= 2)% 4+ 2@ v T ) =

Noting that
god@ LT 1 (F - 2), F) = 1,

we have 2(2k71+1)yn{7xF Z(VX) + (Fy — 2)* = 1, which is also impossible.

Case 2. x>y. By (1.2),
WY (B = 2" = FL (22)

If gcd(n, Fy) = 1, then by (2.2) and n > 2 we have y = z, a contradiction. If gcd(n, Fy) =
F, then write n = Fyny, where r > 1 and ged(Fy, ny) = 1. By (2.2),

WD (Fy = 2 Y 20 ey - e
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Noting that (Fy — 2)*F;" 0™ + 2@+ > | and
ged((Fy — 2y F ™ 4207+ = 1,

we have another contradiction.
This completes the proof of Theorem 1.1. O

Proor or THEOREM 1.2. We know that Fy = 3 and Fy (1 < k < 4) are Fermat primes, so
by Theorem 1.1 and Lemmas 2.2 and 2.3, it is sufficient to prove that if k < 4 then (1.2)
has no solution (x, y, 7) satisfying y<z<xorx<z<y.
(i) By Lemma 2.1, we may suppose that n > 2 and (1.2) has one solution (x, y, z)
with y <z < x. By (1.2),
2@ = (S - (Fy - 20, (2.3)

If ged(n, 2) = 1, then by (2.3) and n > 2 we have y = 7 < x, a contradiction.
If gcd(n, 2) = 2, then write n = 2"ny, where r > 1 and ged(2, ny) = 1. By (2.3),

2(2k71+1)y — ni*yzr(z—y)(Fli —(F - 2)x2r(x—z)n116—1).
Then (2¥! + 1)y =r(z — y) and n; = 1. Thus,
Fi—(Fr-2)2""9=1. (2.4)

We have F; =1 (mod 3),z=0 (mod 2). Write z = 2z;; by (2.4),

=~

—1 X
( Fi) 2707 = (Fp = 227079 = (F = D(FY + ).

1

Il
[}

Noting that gcd(F}' — 1, F}' + 1) =2, and F;_; is a Fermat prime, we have F}_| |
F' + lor F_ | F;' - 1. Moreover,

Fio=" + 1> + ) > Fo 41,

a contradiction.
(i) By Lemma 2.1, we may suppose that n > 2 and (1.2) has one solution (x, y, z)
with x <z <y. By (1.2),

k-1

(I'1 F,-)x = W (FE - 2@ sy, 2.5)
i=0

If ged(n, f;ol F;) =1, then by (2.5) and n > 2 we have x = z, a contradiction.
If ged(n, f;ol F;) > 1, then the form of n must be one of the following cases.
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Case 1. ged(n, [1¥) Fi) = Fy, where 1€ {0, ..., k—1}.
For fixed 1€{0,...,k— 1}, let n = F{n;, where @ > 1 and ged( ;‘;01 Fi,n)=1.

Let
k=1
T =] |F
i=0
i#4
By (2.5),
Ty = F2 = 2@y pe0=9, (2.6)

Subcase 1.1. k=1. Wehave Ty =1and Fy =3,s02*=1 (mod 3),z=0 (mod 2).

Subcase 1.2. k=2,3,4. We have Ty = 3,5 or 7 (mod 8). By (2.6), T{ =1 (mod 8),
so x=0 (mod 2). Moreover, T} =2° (mod F,). Noting that x=0 (mod 2), by
calculation, we have z =0 (mod 2).

Write z = 27y, x = 2x; (so, in particular, x; = 0 if k = 1). By (2.6),

2(2k-1+1)yF;r(y—Z) — (F]Z(l — Tf‘ )(F]Z(l + Tf])-

Noting that
ged(F =T, F' + T =2,
we have
P ) U S A D iy i
or
2| F2 4P, 2@l pa_h
Then

Pyl S 52412 (Fy + Fr = 2)" > Fil + T;‘l’
a contradiction.

Case 2. ged(n, [1%) F;) = F4F,, where 4, u € {0, ..., k— 1} and 1 < .
In this case, k=2,3,4. For fixed L, uef0,...,k—1}, let n= Fﬁ{Fﬁnl, where
@, B> 1and ged([1) Fi,n) = 1. Let

k=1
=\ |~
i=0
i#EAu
By (2.5),
Ty = Fi — 2@+ Dy petmd po=, 2.7)

Subcase 2.1. k=2. Wehave T» =1,s02°=1 (mod 3),z=0 (mod 2).
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Subcase 2.2. k=3,4.1f T, =3,50r7 (mod 8),thenby 7; =1 (mod 8), we have x =
0 (mod 2). If T, =17 (mod 32), then by 75 =1 (mod 32), we have x=0 (mod 2).
Moreover, T5 =2° (mod F,). Noting that x=0 (mod 2), by calculation, we have
z=0 (mod 2).

Write z =2z, x = 2x; (so, in particular, x; = 0 if k = 2). By (2.7),

2T RO RO — (F - TOY(FE + T3, (2.8)

As in the proof of Case 1, we know that (2.8) cannot hold.
Case 3. ged(n, [15, Fi) = FF,F,, where 4, u,ve{0,... . k—1}and A<p<v.

In this case, k =3,4. For fixed 4, u,ve{0,...,k—1}, let n= FjFﬁFan, where
@, B,y > 1and ged([155) Fi, n1) = 1. Let

;= || F
i=0
1#FAu,v
By (2.5),
Tf = Fi — 2@y pet=d po=a o= (2.9)

Subcase 3.1. k=3. Wehave T3 =1,s02°=1 (mod 3),z=0 (mod 2).

Subcase 3.2. k=4. If T; =3 or 5, then by T5 =1 (mod 8), we have x =0 (mod 2).
If 73 =17, then by T3 =1 (mod 32), we have x=0 (mod 2). If T35 =257, then by
T5 =1 (mod 512), we have x=0 (mod 2). Moreover, T3 =2° (mod F,). Noting
that x =0 (mod 2), by calculation, we have z=0 (mod 2).

Write z = 2z, x = 2x; (so, in particular, x; = 0 if k = 3). By (2.9),

2@y A pROI pYO7D) (B8 Iy(FS 4 T, (2.10)

As in the proof of Case 1, we know that (2.10) cannot hold.

Case 4. gecd(n, Hf:_ol F))=F,F,F,F,, where A, u,v,w€{0,...,k—1} and A<pu<
v<w. In this case, k=4. Let n:F;{FﬁFzFinl, where «,f8,v,6>1 and
ged([T5) Finni) = 1. By (2.5),

2141 -2 pBO-2) pY(-2) 60-2) _
Fp =2 v plUm I oI promO poTd =
Thus, 2° =1 (mod 3),z=0 (mod 2). With z = 2z;,
2@y pold RO YOI PO - (FY )(FY 4 1), (2.11)

As in the proof of Case 1, we know that (2.11) cannot hold.
This completes the proof of Theorem 1.2. O
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