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Abstract

We develop methods for constructing explicit generators, modulo torsion, of the K3-groups of imaginary quadratic
number fields. These methods are based on either tessellations of hyperbolic 3-space or on direct calculations in
suitable pre-Bloch groups and lead to the very first proven examples of explicit generators, modulo torsion, of any
infinite K3-group of a number field. As part of this approach, we make several improvements to the theory of Bloch
groups for K3 of any field, predict the precise power of 2 that should occur in the Lichtenbaum conjecture at —1
and prove that this prediction is valid for all abelian number fields.
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1. Introduction
1.1. The general context

Let F be a number field with ring of algebraic integers Of. Then, for each integer m > 2, the algebraic
K-group K,,,(OF) of Quillen is a fundamental invariant of F, constituting a natural generalisation of
the ideal class group of OF if m is even and the group of units of O if m is odd. By fundamental work
of Quillen [49] and Borel [7], this abelian group is known to be finite if m is even and finitely generated
if m is odd.

In addition, as a natural generalisation of the analytic class number formula, Lichtenbaum [42] has
conjectured that the leading coefficient £ (1 —m) in the Taylor expansion at s = 1 —m of the Dedekind
zeta function g (s) of F should satisfy

|Kom—2(OF)|
|K2m—l(oF)t0r|

Here we write |X| for the cardinality of a finite set X, Kp;;—1(OF)or for the torsion subgroup
of K3n-1(OF), Ry, (F) for the covolume of the image of Ky,,—1(Of) under the Beilinson regulator
map and n,, r for an undetermined integer.

Borel [8] proved that the quotient of £;.(1 — m) by R, (F) is rational (see Theorem 2.1), but the
identity (1.1) has been proved unconditionally only for F an abelian extension of Q (cf. Remark 2.8).
Moreover, it still is a difficult problem to explicitly compute, except in special cases, either |K2,,-2(OF)|
or R, (F), or to give explicit generators of K»,,—1(Op) modulo torsion.

As our contribution to a solution, in this article we clarify the integer n,, r, determine the precise
relation between various Bloch groups without ignoring any torsion, develop techniques for check-
ing divisibility in such groups and, in the Bloch group of each imaginary quadratic field F, algo-
rithmically construct an element that gives rise to a subgroup of index |K>(Op)| in the quotient
group K3(Op)/K3(OF )ior- (The number fields F of lowest degree with infinite K3(Of) are precisely
the imaginary quadratic ones.) These results are of independent interest, but combining them allows us
to give |[K2(OF)|, the value of R,(F) and explicit generators of K3(Op)/K3(OF )or, for all imaginary
quadratic fields F of absolute discriminant at most 1000. These data are available online [62] and give
|K>(OF)| for several interesting new cases. We note that it contains the very first proven examples of
explicit generators of a nontrivial K3(Of)/K3(OF ) for any number field F, solving a problem open
ever since K3-groups were introduced.

£5(1 = m) = £2"mF R (F). (1.1)
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Our construction of the element in the Bloch group for an imaginary quadratic field F is based on an
ideal tessellation of hyperbolic 3-space on which GL, (OF) acts. After original work in Dupont-Sah [21]
and Neumann-Zagier [47], where the gluing condition for hyperbolic tetrahedra was formulated in an
algebraic way, the first calculations of Bloch elements from hyperbolic tessellations were, to the best of
our knowledge, implicit in preliminary versions of [64], as well as in [65] and [28]. (Those tessellations
give rise to elements in a Bloch group; see, e.g., [43].)

Other explicit constructions, generally based on a triangulation of a hyperbolic manifold of finite
volume and its homology, or on group homology, often lead to elements in a Bloch group for C or Q
instead of a number field (see, e.g., [18]), sometimes even tensored with Q (see, e.g., [30, Theorem
1.2], which also discusses higher dimensional analogues). Among the earlier results on elements of
Bloch groups that are closest to our own are [46, Theorem 6.1], which gives an element associated
to an oriented hyperbolic 3-manifold of finite volume, and [4, Corollary 6.2.1], which obtains such
elements from group homology in an essentially geometric way. By contrast, we argue directly on the
combinatorics of the tessellation under the action of GL,(OF ), resulting in a much simpler construction.
In particular, our tetrahedra are not ‘decorated’, we do not need any hyperbolic 3-manifold, or group
homology, and we construct our element directly for a given imaginary quadratic field F in such a way
that it can be explicitly computed algorithmically.

We want to highlight a very interesting by-product of our methods and calculations. For a field F,
Bloch, in the seminal work [5], constructed, modulo some torsion, a subgroup of K3(F )i“d, the ‘quotient
of indecomposables’ of K3(F). This inspired the paper [55], in which Suslin defines, for infinite F, a
‘Bloch group’ B(F) that describes K3(F)™ modulo some specific torsion. Although it superficially
looks very similar to the group from [5], the precise relation between them is mysterious because Bloch’s
construction is based on relative K-theory, whereas Suslin’s is based on group homology. Still, they are
expected to be very closely related.

Instead of the construction of [5] we use a variation based on an idea in a 1990 letter of Bloch
to Deninger, as worked out in [14, 19], that gives a subgroup of K3(F)™ modulo torsion. (We note
in passing that the precise relation between this variation and the original construction in [5] is not
known even though both use relative K-theory.) We map B(F) to the group from [14] in Theo-
rem 3.25 but it is not a priori clear whether this is compatible with the relations of both groups
with K3 (F)ind,

If F is an imaginary quadratic field, then from the tessellation we obtain an element in B(F') modulo
some torsion, which under our map gives an element in K3(F)™ modulo torsion. From the precise
statement of (1.1) for F as obtained in Section 2 we can then verify for many such F that our map
induces an isomorphism between B(F) modulo torsion and the subgroup from [14] and that the latter
is the whole of K3(F)™ modulo torsion. This provides the first concrete evidence that such statements
might hold for all fields. For more details we refer to Section 3.5.

1.2. The main results

We now discuss the main contents of this article in some more detail.

In Section 2 we address the issue of the undetermined exponent n,, r in (1.1) by proving that
the Tamagawa number conjecture that was formulated by Bloch and Kato in [6] and later extended
by Fontaine and Perrin-Riou in [27] predicts a precise, and more or less explicit, formula for it. For
m = 2 we can make this conjectural formula completely explicit by using a result of Levine [41]. Using
results of Huber and Kings [32], of Greither and the first author [17] and of Flach [25], relating to the
Tamagawa number conjecture, we can then prove the (unconditional) validity of (1.1) for all m if F is
abelian over Q, with a precise expression for n,, r.

This result is essential for our subsequent computations but is also of independent interest. However,
the arguments in Section 2 are technical in nature and because these methods are not used elsewhere
in the article we invite any reader whose main interest is the determination of explicit generators of
K3-groups to read this section up to the end of Subsection 2.1 and then pass on to Section 3.
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In Section 3 we shall introduce, for any field F, a pre-Bloch group p(F) based on (possibly degenerate)
configurations of points. Our approach differs slightly but crucially from that in [29, §3], but this
ostensibly minor improvement is essential to finding explicit generators of K3-groups because we do
not ignore any torsion. We also analyse the corresponding variant of the second exterior power of F* in
detail, bearing applications in computer calculations in mind.

If F has at least four elements, we shall relate p(F) to the pre-Bloch group p(F) of Suslin [55]
(cf. [61, VL5]) in a precise way and use this to determine the torsion subgroup of the resulting modified
Bloch group B(F) for a number field F. For an imaginary quadratic field F it turns out that B(F) is
torsion free, making it much more suitable for computer calculations than B(F).

The section actually starts with a review of some earlier results, including one from [14] that enables
us for a field F to construct a homomorphism ¢, natural up to a universal choice of sign, from B(F)
to K3(F)™ modulo torsion. This is the map mentioned at the end of Subsection 1.1, for which it is
unclear how it fits in with the relation between B(F) and K3 (F)™ of [55], but this way our computations
are compatible with those in [14] and shed light on the relation between the construction of Bloch [5]
and of Suslin [55].

In Sections 4 to 6 we specialise to consider the case of an imaginary quadratic field k.

In this case we shall, in Section 4, use the theory of perfect forms to obtain a tessellation of hyperbolic
3-space H3 on which PGL;(Oy) acts and from this construct an explicit well-defined element S, of
the group B(k). Humbert’s classical formula for ¢ (2) in terms of the volume of a fundamental domain
for the action of PGL,(O) on H? allows us to relate the image under the Beilinson regulator map of
Yk (Bgeo) to {7 (—1). From the validity of a precise form of (1.1) for F = k and m = 2 it then follows
that i (Beeo) generates a subgroup of index |K>(Og)| of the maximal torsion free quotient K3(k)tifnd
of K3 (k).

The proof that S, is in B(k) is lengthy and detailed, because it relies on a precise study of
the combinatorics of the tessellation constructed in Section 4 and, for this reason, it is deferred to
Section 5.

Then in Section 6 we use results from previous sections to describe two concrete approaches
to finding an explicit generator of K3(k)gld and the order of K»(Of) for an imaginary quadratic
field k.

The first approach is discussed in Subsection 6.1. It depends on dividing Bgeo by |K2(Ok)| directly
in B(k) by generating elements in it using a method involving exceptional S-units (described in Sub-
section 6.3) and the defining relations in B(k). These computations do not use the validity of (1.1), but
they rely on, and complement, earlier work of Belabas and the third author in [2] on the orders of such
K>(0Oy). In particular, they show that the (divisional) bounds on |K, ()| obtained in loc. cit. (in those
cases where the order could not be precisely established) are sharp.

The second approach, discussed in Subsection 6.2, does rely on the known validity of (1.1) for F = k
and m = 2 in an essential way. Combining it with some (in practice sharp) bounds on | K (O )| provided
by [2], we can draw algebraic conclusions from numerical calculations on elements of B(k) obtained
using exceptional S-units, which leads to the computation of a generator of K3(k)tipd (or of B(k)) as
well as of |K>(Oy)| in many interesting cases. As a concrete example, we show that |K>(O)| = 233
for k = Q(V—4547), thereby verifying a conjecture from [12].

Some of the techniques of Section 6 can be applied to an arbitrary number field F, for which
essentially nothing of a general nature beyond the result of Borel is known. Doing this can be used to
test the validity of Lichtenbaum’s conjectural formula (1.1) for m = 2, but for the sake of brevity we
shall not pursue these aspects in the present article.

The article then concludes with two appendices. In Appendix A we shall prove several useful
results about finite subgroups of PGL,(Oy) of an imaginary quadratic field & that are needed in earlier
arguments but for which we could not find a suitable reference. Finally, in Appendix B we shall give
details of the results of applying the geometrical construction of Section 4 and the approach described
in Subsection 6.1 to an imaginary quadratic field & for which |K5(Oy)| is equal to 22.
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1.3. Notations and conventions

As a general convention we let F' denote an arbitrary field (assumed in places to be infinite) or a number
field and k an imaginary quadratic field.
For a number field F we write O for its ring of integers, D - for its discriminant and r; (F) and r, (F)
for the number of its real and complex places, respectively.
For an imaginary quadratic field k we set
D, /4 if D; = 0 mod 4,
W =wg =
(1++/Dy)/2 if Dy =1 mod 4

so that kK = Q(w) and Oy = Z[w].
For an abelian group M we write My, for its torsion subgroup and M for the quotient group M / My,
The cardinality of a finite set X will be denoted by |X|.

2. The conjectures of Lichtenbaum and of Bloch and Kato

It has long been known that the validity of (1.1) follows from that of the conjecture originally formulated
by Bloch and Kato in [6] and then reformulated and extended by Fontaine in [26] and by Fontaine and
Perrin-Riou in [27] (see Remark 2.5(iii)). However, for the main purpose of this article, it is essential
to know not just the validity of (1.1) but also an explicit value of the exponent 7, . In this section we
shall therefore derive an essentially precise formula for n,, r from the assumed validity of the above
conjecture of Bloch and Kato.

For each subring A of R and each integer a, we write A(a) for the subset (27i)¢ - A of C.

For a Z,-module M we identify My with its image in Q), - M := Q) ®z, M, and for a homomorphism
of Z,-modules 6 : M — N we write 6 for the induced homomorphism M — Nyt We write D(Z5)
for the derived category of Z»-modules and DP*"(Z;) for the full triangulated subcategory of D(Z»)
comprising complexes that are isomorphic (in D(Z;)) to a bounded complex of finitely generated
Zy-modules. (Note that, because the ring Z, is regular, such complexes are precisely those that are
quasi-isomorphic to a perfect complex.)

2.1. Statement of the main result

Throughout this section, F denotes a number field.

2.1.1.

We first review Borel’s theorem. For this, we fix an integer m > 2 and recall that Beilinson’s regulator

map
reg,,: Kom-1(C) > R(m - 1)

is compatible with the natural actions of complex conjugation on K7,,—1(C) and R(m — 1). For each
embedding o : F — C, we consider the composite homomorphism

oy reg,,
reg,, » : Kom-1(0F) = Koju-1(C) — R(m - 1),

where o, denotes the induced map on K-groups. We let {;.(1 — m) be the first nonzero coefficient in
the Taylor expansion at s = 1 — m of the Dedekind zeta function (g (s) of F and set d,,,(F) to be r(F)
for even m and r{ (F) + rp(F) for odd m.

Theorem 2.1 (Borel’s theorem). For each integer m > 2 the following hold:

(i) The rank of Kz;y—2(OF) is zero.
(ii) The rank of Koym—1(OF) is dy, (F).
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(iii) Write reg,, g for the map Kom-1(OF) = [14. posc R(m — 1) given by (reg,, ,)o. Then the
image of reg,, r. is a lattice in the real vector space V-1 = {(¢s)o ¢ = Co }, and its kernel is
Kom-1 (OF)tor~

(iv) Let Ry, (F) be the covolume of the image of reg,, r, with covolumes normalised so that the lattice
W ={(co)olcr =Co and c; € Z(m — 1)} has covolume 1. Then {F (s) vanishes to order
dn(F)ats=1-m,and {;.(1 —=m) = gm.r - Rn(F) for some qp r in Q*.

2.1.2.
For each pair of integers i and j with j € {1,2} and i > j and each prime p there exist natural ‘Chern
class’ homomorphisms of Z,-modules

Kai-j(OF) ® Zp — H' (O [1/p]. Zp (1)) 22)
S
F.i.j.p
(with more details for p = 2 being provided by Weibel [58]), and a second c J p Was constructed using
étale K-theory by Dwyer-Friedlander [23]. By [53, Prop. 3], they commde if p # 2. For p = 2 there is
a third, introduced independently by Kahn [34] and by Rognes and Weibel [50], which will play a key
role for us. All of these maps are natural in O and have finite kernels and cokernels (see Lemma 2.19
and Theorem 2.21 for c il ,) and hence induce isomorphisms of the assocmted Q ,, -vector spaces

The first such homomorphism ¢ was constructed using higher Chern class maps by Soulé [52]

Because we are mostly interested in p = 2, we usually write c3 Fi ~and c . for c and c ] 5
The main result of this section, on the number g, ¢ in Theorem 2. 1(iv), 1s then the fé)llowmg Here
detg, (@) is the determinant of an automorphism « of a finite-dimensional Q,-vector space.

Theorem 2.3. Fix an integer m > 2. Then the Bloch-Kato conjecture is valid for the motive
h°(Spec(F))(1 — m) if and only if one has

Kom—2(0F)|
=(-=1 S:n(F)zrz(F)+tm(F) . L ' 04
dnr =D K21 (O or| 24
Here we set

s (F) = [F:Q]%3 —r2(F), ifmiseven,

SR N PR L= if m is odd,

and t,,(F) := ri(F) -t} (F) + t2,(F) with

-1, ifm=1(mod4)
b (F):=3-2, ifm=3(mod4)
1, otherwise

and t2,(F) the integer that satisfies

2 —
2m ) = Jeok (e, )] - 27 ) = detg, ((Qa - €}, ) 0 (Q2 - Y, )71 (mod Z3),
where a, (F) is O except possibly when both m = 3 (mod 4) and r1(F) > 0, in which case it is an integer
satisfying 0 < a,,(F) < ri(F).

Remark 2.5. (i) The main result of Burgos Gil’s book [13] implies that the mth Borel regulator of F is
equal to 29 F) . R (F). So (2.4) leads directly to a more precise form of the conjectural formula for
{5 (1 —m) in terms of Borel’s regulator that is given by Lichtenbaum in [42].

(ii) The proof of Lemma 2.19(ii) gives a closed formula for the integer a,, (F) in Theorem 2.3 (also

see Remark 2.20 in this regard). In addition, in [41, Th. 4.5], Levine shows that S Fol and hence also
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0157,2,1, ¢ 18 surjective. It follows that t%(F ) = 0, so that the exponent of 2 in (2.4) is completely explicit in
the case m = 2. However, in order to make the kind of numerical computations we perform in Section 6.2
for m > 2, it is important to have an explicit upper bound on ¢2,(F), and such a bound follows directly
from Theorem 2.21.

(iii) Up to sign and an unknown power of 2, Theorem 2.3 is proved by Huber and Kings in [32, Th.
1.4.1] under the assumption that c%’m’j’p is bijective for all odd primes p, as conjectured by Quillen
and Lichtenbaum. Suslin has shown that the latter conjecture is implied by the Bloch-Kato conjecture
relating Milnor K-theory to étale cohomology. Following fundamental work of Voevodsky and Rost,
Weibel completed the proof of this last conjecture [60]. So our contribution to Theorem 2.3 consists of
specifying the sign (which is easy) and the exponent of 2.

If F is an abelian field, then the Bloch-Kato conjecture for 2°(Spec(F)) (1 —m) is known to be valid.
Up to the 2-primary part, this was verified independently by Huber and Kings [32] and by Greither and
the first author [17], and the 2-primary component was subsequently resolved by Flach [25]. Theorem
2.3 thus leads directly to the following result.

Corollary 2.6. The formula (2.4) is unconditionally valid if F is an abelian field.

Example 2.7. For an imaginary quadratic field k, Corollary 2.6 combines with Theorem 2.1(iv),
Remark 2.5(ii) and Example 3.1 to unconditionally prove the equality £; (-1) = —127Y K2 (O%)| Ra (k).

Remark 2.8. Independently of connections to the Bloch-Kato conjecture, the validity of (1.1), but not
(2.4), for abelian fields F was first established by Kolster, Nguyen Quang Do and Fleckinger in [38] (the
main result of loc. cit. contains certain erroneous Euler factors, but the necessary correction is provided
by Benois and Nguyen Quang Do in [3, §A.3]). The general approach of [38] also provided motivation
for the subsequent work of Huber and Kings in [32].

2.2. The proof of Theorem 2.3: a first reduction

In the sequel we abbreviate r|(F), r,(F) and d,,,(F) to ry, rp and d,,, respectively. The functional
equation of {F () then has the form

n . gIF:Q1/2 s "
éVF(l_S)Zz n (|DF|]) ( I'(s) ) ( I'(s/2)

IDp[V2 \xlFQl ] \T(1 - s) r((l-s)/z))'s“F(s) 2.9

with T'(s) the Gamma function. Because {r(s) converges at s = m we have {r(m) > 0. In addition,
the function I'(s) is analytic and strictly positive for s > 0, is analytic, nonzero and of sign (—1)%‘”
at each strictly negative half-integer n and has a simple pole at each strictly negative integer n with
residue of sign (—1)". So from (2.9) we find that {f (s) vanishes to order d,,, at s = 1 — m (as stated in
Theorem 2.1(iv)), with leading term of sign equal to (—1)F*@15 =2 if m is even and to (—1) ¥ i
m is odd, as per the explicit formula (2.4).

Therefore, in view of Remark 2.5(iii), in order to prove Theorem 2.3 it now suffices to show that the
2-adic component of the Bloch-Kato conjecture for 4°(Spec(F))(1 —m) is valid if and only if the 2-adic
valuation of the rational number £7.(1 — m)/R,,(F) is as implied by (2.4). After several preliminary
steps, this will be proved in Subsection 2.4.

2.3. The role of Chern class maps
Regarding F as fixed we set

Ky j = Kom—j(OF) ®Zy and Hj, := H (0F[1/2], Za(m))
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for each strictly positive integer m and each j € {1,2}. We also set

Y = H(Geyr, l_[ Zry(m - 1)),

F—C

where G¢,r acts diagonally on the product via its natural action on Z,(m — 1) and via post-composition
on the set of embeddings F — C.

We recall that in [34] Kahn uses the Bloch-Lichtenbaum-Friedlander-Suslin-Voevodsky spectral
sequence to construct for each pair of integers i and j with j € {1,2} and i > j, a homomorphism of
Z,-modules c ;= cF i of the form (2.2) for p = 2.

We write R[.(Ofp [1/2],2-(1 - m)) for the compactly supported étale cohomology of Z,(1 — m)
on Spec(Ofp[1/2]) (as defined, for example, in [15, (3)]). We recall that this complex belongs to the
category DP"(Z,), and hence the same holds for its (shifted) linear dual

C?, := RHomz, (RT. (O [1/2],Z2(1 = m)), Zo[-2]) .

In the sequel we shall write D(—) for the Grothendieck-Knudsen-Mumford determinant functor on
Dperf(Zz), as constructed in [36]. (Note, however, that, because Z, is local, one does not lose any
significant information by (suppressing gradings and) regarding the values of D(—) as free rank one
Zp-modules and so this is what we do.) We shall also write /\%zM for the (standard) ath exterior power
of a Z,-module M if a is a nonnegative integer.

Proposition 2.10. The map C 1 combines with the Artin-Verdier duality theorem [45, Chap. II, Th.
3.1] to induce a natural ldentlﬁcatlon of Zy-lattices

|Km,2|

D(C:) = (2" 1y (F)
) = O

dpm dm
(o K1) ©2, Homez, (/\ " Yin. Zo), 2.11)

where the integer t} (F) is as defined in Theorem 2.3.

Proof. We abbreviate c jtoc and set b, := ry if m is odd and b,,, := 0 if m is even. Then a
straightforward computatlon of determinants shows that

D(Cy,) =D(H(C;)[0]) @ D(H' (C3)[-1])
= D(H,,[0]) ® D(H,,[-1]) ® 27" D(¥,u [-1])
= (D(ker(c1)[0]) ™" ® D(Ky,1[0]) ® D(cok(c)[0])) ® (D(ker(cz)[-1])7"
®D(Kma[-1]) ® D(COK(Cz)[—l])) ® 27" D(Y,,[-1])
. Iker(cy)|-Jcok(ca)|  [Km.2|
| ker(c2)|-[cok(ct)] [(Ku, 1ol

Km 1,if) ®z, HOHIZZ(/\ Yin, Zo).

Here the first equality holds because Cy, is acyclic outside degrees zero and one, the second follows
from the descriptions of Lemma 2.14 below, the third is induced by the tautological exact sequences

0 — ker(c;) — K, ; 5, H{;, — cok(cj) — 0 for j = 1,2 and the last follows from the fact that for
any finitely generated Z,-module M and integer a the Z,-lattice D(M [a]) equals (|Mi|)~" - /\Z2 My
with b = dimg, (Q; - M) for a even and | M| - Homzz(/\g2 Ms,Z5) for a odd. So it suffices to show
that the product of 2727 and | ker(c;)| - |cok(cz)|/ (] ker(cz)| - |cok(cy)]) is (2’1)"1"(F).
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This is an easy computation using that by [34, Th. 1] there are integers | 4 and rq s such that

|ker(c;)| = |cok(c;)| =1, if2m—j=0,1,2,7 (mod8)
|ker(c;)| =2", |cok(c;)| =1, if2m—j=3 (mod 8)
|[ker(cj)| =2"4, |cok(c;)| =1, if2m—j=4 (mod 8) (2.12)

|[ker(cj)| =1, |cok(c;)| =25, if2m—j=5 (mod 8)
|ker(c;)| =1, |cok(c;)| =2, if2m—j=6 (mod 8)

andry4 =715 =0if r; =0, whereas forr; > 0Qonehasri4 >0,r15>0andri4+r15=r]. O

Remark 2.13. In [50] Rognes and Weibel use a slightly different approach to Kahn to construct maps
of the form CE i Their results can be used to give an alternative proof of Proposition 2.10.

In the sequel we write 2o, Zr and Z¢ for the sets of Archimedean, real Archimedean and complex
Archimedean places of F, respectively.

Lemma 2.14. The Artin-Verdier duality theorem induces the following identifications.

(i) H(Cy,) = H'(Op[1/2], Zy(m)).
(i) H'(Ch)or = H*(OF [1/2],Z2(m)).
(i) H'(C2 )t is the submodule

P 2 HGep. Za(m - D) & P H (G, Zatm —1) - o & Zo(m = 1) - 7))

weXp weXe
of

Y= @ H(Gejr, Za(m - 1)) @ @ H(Gep, Za(m = 1) - oy @ Zo(m — 1) - Ty),

weZp weXe

where for each place w € X¢ we choose a corresponding embedding o, : F — C and write o,
for its complex conjugate.

Proof. For each w in £, we write Ry (F)y,Z>(1 — m)) for the standard complex that computes Tate
cohomology for F,, with coefficients Z;(1 — m) and RT's (F,,,Z,(1 — m)) for the mapping fibre of the
natural morphism

RF(FW9ZZ(1 - m)) - RFTate(Fw’ZZ(l - m)) .

We recall (see, e.g., [15, Prop. 4.1]) that Artin-Verdier duality gives an exact triangle in DP*f(Z,) of the
form

Cr. = EP RHomg, (RTA(Fy, Za(1 = m)), Za[-1])
W EXo (215)

— RU(OF[1/2].Z5(m))[2] — C,[1].

Explicit computation shows that RHomz, (R’ (F\y, Z2(1 —m)), Zy[—1]) is represented by the complex

Zy(m - 1)[-1], ifwe Ze
89 s} 89
(Zz(m—l)——"'—>Zz(m—1)——'"—>Z2(m—1)——m—>~-~)[—l], ifWGZR,

with &% equal to multiplication by 1 + (—=1)"*" for i = 0,1. From this and the fact that
H?(OF[1/2],Z2(m)) is finite, the long exact cohomology sequence of (2.15) directly implies claims (i)
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and (ii). It also gives an exact sequence of Z;-modules as in the top row of

0 —= H'(Cos — Dyyex. H'(Fw,Za(m = 1)) — H(Op[1/2],Z2(m))

L |
DB es. H (Fyy, Zo(m)) == @D, s H>(Fyv, Zo(m)),

where the right-hand vertical map is the isomorphism induced by [45, 1.4.20(b)]. We define 6 so that

the square commutes, which respects the direct sum decompositions of its source and target (see the

proof of [15, Lem. 18]). Because H>(F,,, Z,(m)) is isomorphic to Z, /27, for w € g and m odd, and
vanishes in all other cases, this diagram implies the description of H' (Cp,)t in claim (iii). O

Remark 2.16. The proof of Lemma 2.14 also shows that [32, Rem. after Prop. 1.2.10] has to be modified.
In terms of the notation of loc. cit., for the given statement to hold one must replace det(7>(r)*) by
|HO(R, T»(r))| - det(T»(r)*) instead of the asserted det(A°(R, T>(r))).

2.4. Completion of the proof of Theorem 2.3

We write Eg for the set of embeddings F — C with image in R and set ¢ := Hom(F,C) \ Eg.
For each integer a we set W g := []¢, (270)“Z and W, ¢ := []¢_(27i)“Z and endow the direct sum
Wy = Wy r ® W, ¢ with the diagonal action of G¢/r that uses its natural action on (27i)™'Z and
post-composition on the embeddings F — C.

We write 7 for the nontrivial element of G¢/r and for each G¢/r-module M we use M* to denote
the submodule comprising the elements upon which 7 acts as multiplication by +1.

Then the perfect pairing

(Q&z Wq) X (Q&z Wi—g) — (270)Q
that sends each element ((c), (¢.)) to X, coc’; restricts to induce an identification
Homz (W, (27)Z) = Wi_, 5 ® Wi—a.c/(1 +T)Wi_a.c)

and hence also

Homgz(W,,2) = W, 3 & (W_ac/(1 = T)W_a0).

In particular, after identifying Q® (W_,,c/(1 - 7)W_4,c) and Q® W*_ . in the natural way, one obtains
an isomorphism

Q® WX, = Homg(Q® W,,Q) (2.17)
that identifies W*, with a sublattice of Homz (W}, Z) in such a way that
| Homz (W}, Z) /W, | =27, (2.18)
We then let 3, be defined as the composition
Bm :R® K1 (Op) > R@W, | = Homg(R® W,_, .R)

with the first map equal toreg,,, ;- as in Theorem 2.1(iii) and the second induced by (2.17) witha = 1-m.
The map S, is bijective and we write 3, . for its induced isomorphism of R-vector spaces

dm din
R® (/\Z Kom-1(OF)) ®H0mz(/\z Homz (W}, ,7),Z) > R.
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Making explicit the formulation of [16, Conj. 1] (which originates with Fontaine and Perrin-Riou
[27, Prop. 111.3.2.5]) and the construction of [16, Lem. 18], one finds that the Bloch-Kato conjecture
for h%(Spec(F))(1 — m) uses the map f3,, rather than reg,, r- In addition, if one fixes a topological
generator 77 of Zy(m — 1), then mapping 7 to the element of Homg ((27i)!™™Q, Q) that sends (27i)! ™™
to 1 identifies Y,,, in Lemma 2.14 with Z, ® Homz(W;_,7Z).

1-m>
Given these observations, the discussion of [32, §1.2] shows that the Bloch-Kato conjecture asserts

the following: if one fixes an identification of C with Cy, then {}.(1 —m) is a generator over Z, of the
image of D(C;,) under the composite isomorphism

dm d’"
Cy-D(Cy) =Cy - ((/\Z2 Km,1) ®z, HOIHZZ(/\Z2 Y, Z7)) = Cy.

Here the first map is constructed as (2.11) was but using c% .1 instead of cﬁ .1 and coefficients C, as

opposed to Z;, and the second isomorphism is C; ®g S, «. (Note that c‘lg has finite kernel and cokernel
by Lemma 2.19.)

Combining the above and Proposition 2.10, one then finds that the Bloch-Kato conjecture predicts
the image under C; ®g ;.. of the lattice on the right-hand side of (2.11) to be equal to

Zy - {j(1=m) - detg, ((Q2 - €3y ) © (-, )7TH7N

Moreover, because R, (F) is defined with respect to the lattice W _, rather than Homz (W} ,Z), the
formula (2.18) implies that

dm dm 7
(G ®r ,Bm,*)((/\zz K 1,1) ®2, HOIIIZZ(/\Z2 Yin,23)) =2 - Ry (F) - Zp C Cs.
Now to deduce (2.4), by direct substitution, we only need to note that Lemma 2.19 implies

2am<F)|COk(Clsc,m’1,tf)|7l - detq, ((Q2 - Ciﬁ,m,]) 0 (Q2- C?,m,l)fl) €Z;

for an integer a,,(F) as in the statement of Theorem 2.3.
The remainder of Theorem 2.3 is now an immediate consequence of part (ii) of Lemma 2.19.

Lemma 2.19.
(i) One has deto, ((Q2 - ¢, ) o (Q-cK )™ ez,
(ii) The kernel and cokernel ofcfp’m’] are finite. If 20m(F) = |cok(c§’m,l,tf)|f0r am(F) = 0, then

20 cok(c} )| - detg, (Qa - ) 0 (Qa Rl )7 € 25

Moreover, a,,(F) = 0 except possibly when both m = 3 (mod 4) and ry > 0, in which case one has
am(F) = r1’5 - 1.

Proof. Set F’ := F(V-1) and A := Gp//p. With 6 denoting either ¢, . |, cPF .| orck, .| we write

F' il
0F for the corresponding map for F. Then there is a commutative diagram

Kom1(OF) ® Zy 25 H'(Op[1/2], Zo(m))

| T

Komo1(OF) ® Zy —2E% H'(Op[1/2],Z2(m))

with the vertical maps the pullbacks. Because 6 is natural it is A-equivariant; hence, by using the
projection formula we may identify Q, - 6 with

H(A, Q2+ 05): HY(A, Kom-1(OF) ® Qo) — HY(A, H' (Op/[1/2],Qa(m))) .
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By [23, Th. 8.7 and Rem. 8.8] we have that CDF m.1 18 surjective and because it is a map between

ﬁmtely generated Z,-modules of the same rank, the induced map c? is bijective. This also holds

F’mltf

DF
for cF,’m,l because ri(F’) = 0 in (2.12), so that ¢ := Crrmott © (c¥

automorphism of the Z,[A]-lattice H' (O [1/2], Zs(m) ). Therefore,

) !'is a A-equivariant

detq, ((Q2 - CIEFm Do (Q- clﬁ m. )
—deth(H (A, Q- C m1)°H (A, Q- CF,ml) )
= detg, (H*(A, Q2 - ¢))

is in Z7, proving claim (i).

We shall prove in Theorem 2.21 that c L if has finite cokernel. This implies that c | has finite
kernel and cokernel because its source and target are finitely generated Z,- modules of the same rank.
For the remainder of the claims in (ii), by (i) it suffices to prove those with c ’m’l replaced by c& Foml:
By (2.12) one also knows that c Fom1® and hence also CK m.1. 1S surjective except possibly if m = 3
(mod 4) and r; > 0. In the latter case, the Z,-module Km 1 ‘is torsion free (by [50, Th. 0.6]) and, because
r1 > 0 and m is odd, it is straightforward to check that |Hm wor] = 2 (see, for example, [50, Props.

1.8 and 1.9(b)]). In this case, therefore, the computation (2.12) implies the equality |cok(c® Fom.l tf)l
271 cok(ck P =257 !. The remaining part of claim (ii) now follows immediately by a computation

with determinants using any fixed Z,-bases of (K2,_1(OF) ® Zo)¢ and H/ (O [1/2], Zy(m) ). O

Remark 2.20. In [34, just after Th. 1] Kahn asks whether for m = 3 (mod 4) andr; > Oonehasr; 5 =1
in (2.12) (so that a,,,(F) = 0 for all m). He points out that it amounts to asking whether, in this case,
the image of H' (O [1/2],Z,(m)) in H'(Op[1/2],Z/2) ¢ F*/(F*)? is contained in the subgroup
generated by the classes of —1 and the totally positive elements of F*.

2.5. An upper bound for t2,(F)

We now fix an integer m > 2. For a number field E, we let E” := E(V-1) and write cg for Soulé’s
2-adic Chern class map

% iat Komo1(Op) ® Zy — H' (0p[1/2], Za(m)) .

In the proof of Lemma 2.19 we used that cok(cF i) is finite. Although this is commonly believed to
be true, we were not able to locate a proof in the literature (cf. Remark 2.24). In addition, and as already
discussed in Remark 2.5(ii), for numerical computations one must have a computable upper bound for
its order 2/m (F) For this, we prove the following result.

Theorem 2.21. |cf | is finite and divides [F' : F]1%F) ((m = 1))4F) Ky, »(Of1)).

As preparation for its proof, we first consider universal norm subgroups in étale cohomology. To do
this we write F, for the cyclotomic Z,-extension of F’, and we let F, be the unique subfield of F.,
with [F,, : F’'] =2" forn > 0. We also set I := Gz /r- and write A for the Iwasawa algebra Z,[[I']].
For each A-module N and integer a we write N(a) for the A-module N ®z, Z,(a) upon which I' acts
diagonally. For a finite extension E of F’ we set OF := Og[1/2].

We define the ‘universal norm’ subgroup H. (O’.,,Z;(m)) of H'(0".,,Z,(m)) to be the image of
liinn H' (O n Z>(m)) in H'(0O’.,,Z,(m)) under the natural projection map, where the limit is taken
with respect to the natural corestriction maps.

Proposition 2.22. The index of HL(0".,,Z,(m)) in H' (0%, Z,(m)) is a divisor of |Kam-2(Of:)|.

Proof. We write Cg, for the object of the derived category of perfect complexes of A-modules that is

obtained as the inverse limit of the complexes RT'(O Fi Z,(m)) with respect to the natural projection
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morphisms

RT(Of, . Za(m)) — Za[Ty] ®% 1] RT(OF, . Za(m)) = RU (O, Zo(m)).

We recall that there is a natural isomorphism Z; ®% C% =RT(0%,,Z(m)) in DP"(Z,) and that this
induces a natural short exact sequence of Z;-modules

0 = Zp ®z,(iry) H'(C%) 5 H'(O}., Za(m)) — H(T, H*(CL,)) — 0. (2.23)

In addition, in each degree i one has H'(C2) = liLnn H(O = Zy(m)), where the limits are taken
with respect to the natural corestriction maps. We therefore have im(x) = HL (0., Z,(m)) and the
A-module H*(C?,) is isomorphic to (lim H*(0O, ,,Zz(l)))(m -1).

Now for each n > 0, class field theory identifies H*(O F,,Zz(l))tor with the ideal class group
Pic(0O/, ,) of 0% , and HZ(OF,,ZZ(I))tf with a submodule of the free Z;-module on the set of places

of F, that are elther Archimedean or 2-adic. Hence, upon passing to the limit over n and then taking
I'-invariants, we obtain an exact sequence of Z;-modules

0 — H'(TX,(m-1) - H[H(ECL) -  HTC.LIT/TIm - 1),
Ve (F)USe (F’)

where X/, is the Galois group of the maximal unramified pro-2 extension of FZ, in which all 2-adic
places split completely, X, is the set of 2-adic places of F’ and I',, is the decomposition subgroup of v
in I". Because m > 2 it is also clear that each H*(T", Z,[[T"/T',]](m — 1)) vanishes. We therefore have
that HO(T", X/, (m — 1)) = H*(T", H*(C?%,)), and by (2.23) it now suffices to show that H*(T", X/, (m — 1))
is finite and of order dividing |K2;;,—2 (O f)|.

Next we recall that, by a standard ‘Herbrand quotient’ argument in Iwasawa theory (see, for example,
[57, Exer. 13.12]), if a finitely generated A-module N is such that Hy(T", N) is finite, then HO(F, N) is
both finite and of order at most |Hy(I", N)|. In addition, because F” is totally imaginary, the argument
in [51, §6, Lem. 1] (see also the discussion in [40, just before Lem. 1.2]) shows that Hy (T, X2, (m — 1))
is naturally isomorphic to the ‘étale wild kernel’

WKS,, o (F) = ker(H(Op Za(m) » ) HX(F,,.Za(m)))
W ey (F/)USeo (F”)

of F’, where the arrow denotes the natural diagonal localisation map. Hence, to deduce the claimed
result we need only recall that, because F” is totally imaginary, the group H>(0/, s Lo (m)) is naturally
isomorphic to Kp,,,—2(Of+) ®z Zy, which is finite by (2.12). m}

Turning now to the proof of Theorem 2.21, we consider for each n the following diagram:

Koot (0, 22" ——"2 s B0}, (2/2")(m) —2 H'(F}. (Z/2")(m))

l | l

m-Cgs on

Kom-1(05,, 2/2") ———— H'(0,,(Z/2")(m)) ——> H'(F’,(Z/2")(m)).

Here we let cg on: Kpp1(0%.,Z/2") — H'(0O’.,(Z/2")(m)) be the Chern class maps of Soulé, as
discussed by Weibel in [58], the arrows ¢, and ¢ are the natural inflation maps, the left-hand vertical
arrow is the natural transfer map and the remaining vertical arrows are the natural corestrictions. The
results of [58, Prop. 2.1.1 and 4.4] imply that the outer rectangle of this diagram commutes. Therefore,
the first square also commutes because the maps ¢, and ¢ are injective.
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Because the first square is compatible with change of # in the natural way, we may then pass to the
inverse limit over n to obtain a commutative diagram

F2)n

hm sz I(OFHZ/Zn) % hm H (OF/,ZZ(m))

l l

m-Cp

Kom-1(0},) ®2Zy —————— H' (0}, Za(m)).

Here we use that, because K,,-1(0%,) is finitely generated, 11m Kom-1(0%,,Z/2") identifies with
K2m-1(0%,) ®z Z, in such a way that the limit (m - cg7 on ), is m - cF'

Now the image of the right-hand vertical arrow here is H' (O, 1> Z3(m)) and, because each F;; contains
all roots of unity of order 2", from [58, Cor. 5.6] one knows that the exponent of cok((m - Cr7 27)n)
divides m!. From the commutativity of the above diagram we then deduce that im(m - cg-) contains
m! - HL (0., Z(m)), so that im(cg ) contains (m — 1)! - HL (0., Z(m)). This inclusion implies

that cok(cp ) is finite of order dividing

H' (0%, Zo(m) )t '
HL (0%, Zo(m) )¢

HL (0%, Zo(m) e
(m—1)!-HL (0%, Z(m) )

and hence also |H' (07, Z,(m))/HL (0%, Z2(m))| - ((m — 1)) (F")_Proposition 2.22 now implies
that Theorem 2.21 is true if F = F’.

For the remaining case of Theorem 2.21 we assume F # F’, write 7 for the nontrivial element of A
and note that [58, Prop. 4.4] implies that there is a commutative diagram

Kom-1(0%,) ®2Z — s HY(O}, Zo(m))s

2
lTAl lTA

Kom1(0%) 82 Zy —— 5 HY (O}, Zo(m) )¢

where the maps Tg are induced by the respective actions of 1 + 7 € Z[A]. It follows that the index
of cp(im(7}))) in im(77) divides |cok(cp)|. From the projection formula we see that im(77)
contains 2H' (O, Z>(m) ), so that its index in H' (O, Z»(m))s divides 2% (F) because the latter is a
free Z,-module of rank d,,(F). The statement of Theorem 2.21 for F now follows.

Remark 2.24. The argument of Huber and Wildeshaus in [33, Th. B.4.8 and Lem. B.4.7] aims to show,
amongst other things, that Cok(clsp m.1.2) is finite. However, this argument uses in a key way results

of Dwyer and Friedlander from [23, Th. 8.7 and Rem. 8.8] that relate to ¢P¥

To complete this argument one would thus need to investigate the relation between cok(clgFm \») and
cok(c

S
rather than Crom1.2

Fm12)

3. K-theory, wedge complexes, and configurations of points

Let F be an infinite field. Then it is well known by work of Bloch and (subsequently) Suslin that K3 (F)
is closely related to the Bloch group B(F) (as defined in Subsection 3.3.4). However, the group B(F)
often contains nontrivial elements of finite order and so can be difficult for the purposes of explicit
computation. With this in mind, in this section we shall introduce, for any field F, a slight variant E(F )
of B(F') over which we have better control.

We shall also construct a natural (but unique up to a universal choice of sign) homomorphism ¥ ¢
from B(F) to K3(F )lnd (see Theorem 3.25) and are motivated to conjecture, on the basis of extensive
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computational evidence, that Y is bijective if F is a number field (see Conjecture 3.33). We note, in
particular, that these observations provide the first concrete evidence to suggest both that the groups
defined by Suslin in terms of group homology and by Bloch in terms of relative K-theory should be
related in a very natural way and also that Bloch’s group should account for all of K;"d(F ), at least
modulo torsion (cf. Remark 3.34).

If F is imaginary quadratic, then the groups B(F) and K3(F )tifn“1 are both isomorphic to Z (see

Corollary 3.29 for B(F)) and we shall later use y/F to reduce the problem of finding a generator of

K3 (F )lifnCl to computational issues in B(F).

3.1. Towards explicit versions of K3(F) and reg,

In this section we review some earlier results that we shall need.

3.1.1.
We first recall some basic facts concerning the K3-group of a general field F. For this, we write K3 (F
for the quotient of K3(F) by the image of the Milnor K-group Ké"’ (F) of F.

We recall that if F is a number field then the abelian group Ké"[ (F) has exponent 1 or 2 and order

211(F) (cf. [59, p-146]), so that K3(F )tifnd identifies with K3(F)¢ and hence is a free abelian group of
rank r,(F) as a consequence of Theorem 2.1(ii).
We further recall that for any field F the torsion subgroup of K3(F)™ is explicitly described by

Levine in [41, Cor. 4.6].

)ind

Example 3.1. For an imaginary quadratic field & in Q, the latter result gives isomorphisms
K3 (k)5 = HO(Gal(Q/k). Q(2)/Z(2)) = H(Gal(Q/Q). Q(2)/Z(2)) = Z/24Z,

where the first equality is valid because complex conjugation acts trivially on Q(2)/Z(2) and the second
follows by explicit computation. For any such field k the abelian group K3 (k)™ = K3 (k) is therefore
isomorphic to a direct product of the form Z X Z/24Z.

3.1.2.
For an arbitrary field F' we set

F* @7 F*

%2 X
ANF” = >
((—x) ® x with x in F*)

a quotient of the usual exterior power F* ®z F*/{(x ® y+y ® x with x, y in F*). We write a A b for the
class of a ® b in A>F%, and note @ A b + b A a is trivial.
We next let Z[ F] be the free abelian group on F := F \ {0, 1} and define the homomorphism

S5 Z[F’] — A*FX (3.2)

by sending [x] to (1 — x) A x for each x in F”.

We write D: C* — R for the Bloch-Wigner dilogarithm. Its value at z is defined by Bloch in [5] by
integrating log |w| - darg(1 — w) — log |1 — w| - darg(w) along any path from a point zg in R” to z. We
recall that, by differentiating, one easily shows the identities

D(z)+D(zH =0, D(z)+D(1-2) =0, D(z)+D(Z) =0,

D(x)—D(y)+D()XC)—D(i:i}).,.p(i:)YC::):O’ (33)

for x, y and z in C” with x # y.
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We note, in particular, that the third identity here implies that the map iD from C” to R(1) is
equivariant with respect to the natural action of complex conjugation.

We quote a result connecting these notions to K3 (F )lif"d. It underlies our construction of elements in
K3 (F )tipd for a number field F (in particular, in Section 4, for F' imaginary quadratic).

Theorem 3.4 ([14, Th. 4.1]). With the above notation, the following claims hold.

(i) There exists a homomorphism
¢r: ker(6a,F) — K3(F)i

that is natural up to sign and, after fixing a choice of sign, functorial in F.

(ii) If F is a number field, then the cokernel of ¢ is finite.

(iii) There exists a universal choice of sign such that if F is any number field and o: F — C is any
embedding, then the composition

reg,: ker(62,r) ——% K3(F)" = K3(F)g ——% K3(Cy¢ —= R(1)

is induced by sending each element [x] for x in F® to iD (o (x)).

3.2. Analysing our wedge product

In this section we obtain explicit information on the structure of A2F*fora general field F. With an eye
towards implementation for the purposes of numerical calculations, we pay special attention to the case
that F is a number field.

3.2.1.
We first consider the abstract structure of A2FX.

Proposition 3.5. For a field F, we have a filtration
{0} = Fily C Fil, C Fil, C Fil; = A*F*

with Fily the image of F\. ® F*

tor tor

and Fil, the image of FX. ® F*. Then

tor

F$ ® F*
Fﬂz — tor : : ~
((=x) ® x with x in Fg.)

and there are natural isomorphisms

FX
Fil; /Fily = A*FX. = tor 72 tor
O {(=x) ® x with x in F,

®z FX

tor

Fil, /Fil| ~ Ftir ® Ft>f<
Ft>f< ®z Ft>f<
(x ® x with x in Ff)’

Fils /Fil, ~

with the last two induced by the quotient maps FX. ® F* — FX

tor tor

® Fif and F* ® F* — F} ® Fj.

Proof. By taking filtered direct limits, it suffices to prove those statements with F* replaced with a
finitely generated subgroup A of F* that contains —1. We can then obtain a splitting A =~ A @ Ay and
find that the quotient for A is isomorphic to

Ator ® Ator 5 Ator ® Atf @ Atf ® Ator @ Atf ® Atf
(((~u) ®u, (—u) ® c,c ® u,c ® ¢) with u in Ay and ¢ in Ay)
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Our claims follow for A if we prove that the intersection of
Ator ® Agor ® Ator @ At ® At @ Agor ® 0
with the group in the denominator equals
(((—u) ®u,u®c,c ®u,0) with u in Ay, and ¢ in Ag)
because the latter is the product
((—u) @ u with u in Ayr) X ((v ® ¢, c ® v) with v in Ay and ¢ in Ag) X {0} .

From the identity (—uc) ®uc—(—c)®c = (—u) Qu+u®c+cQuin AQ A itis clear that this intersection
contains the given subgroup. In order to show that equality holds, choose a basis by, ..., b of Ay and
assume that, for some integers m;, the last position in

Zmi((—ui)®u,~,(—ul~)®c,~,ci®u,-,c,~®ci) 3.6)
i

is trivial. If b, has coefficient a; ; in ¢;, then 3; miaij = 0 for each j; hence each }; m;a; ; is even,

Z mi(-1)®c; = Z Zmiai,j(_l) ®b;

J
is trivial and in the second position of the element in (3.6) we can replace each —u; with u;. ]

Remark 3.7. Clearly, Fil; is trivial if F' has characteristic 2. It is also trivial if the characteristic is
not equal to 2 but F* contains an element of order 4: If u in F* has order 2m with m even, then
uAu=(-1)Au=m(u A u)in A°’F*, and ged(m — 1,2m) = 1. Finally, if F has characteristic not
equal to 2, and F* does not contain an element of order 4, then by decomposing Fy;. into its primary
components, one sees that Fil; is cyclic of order 2, generated by (—1) A (—1).

Corollary 3.8. Let F be a number field, n the order of Fi5. and cy,ca, ... in F* such that they give a
basis of Fi. Letm = 1 and u = 1 if n is divisible by 4 and m = 2 and u = —1 otherwise. Then the map

ZImZ X &, ZInZ X ®;<;Z — A*F*
(a, (bi)i, (b j)ij) — u® Au+ Z uli Roc; + Z c?i‘j Acj

i<j
is an isomorphism.

Proof. The domain has a filtration Fil; for / = 0, 1, 2 and 3 by taking the last 3 -/ positions to be trivial,
and under the homomorphism we map Fil; to Fil; as in Proposition 3.5 so it induces a homomorphism
Fil;/Fil;_1 — Fil;/Fil;_; for [ = 1, 2 and 3. For [ = 1 this is an isomorphism by Remark 3.7 and for
[ =2 and [ = 3 by Proposition 3.5. We now apply the five lemma. O

Remark 3.9. (i) One can get finitely many of the ¢; in the corollary by taking a basis of the free part
of the S-units for a finite set S of primes of the ring of integers O of F. If one extends S to S/, then one
can add more c; in order to obtain a similar basis for the $’-units.

(ii) For a generator u of F,}\, of order 2/ and finitely many of the ¢; in the corollary, which together generate
a subgroup A of F*, the isomorphism of the corollary becomes explicit on the image of AZA by writing
its elements in terms of the generators and using ¢; A cj+c¢; A c; =0ifi # j, ¢; Aci =(=1) A ¢;,
uAci+c; Au=0,as well as that u A u equals (—1) A (-1) for / odd and is trivial for / even.
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3.2.2.
Any field extension F — F’ induces a homomorphism from A2F* to A%(F’)*. We determine its kernel
for F = Q and F’ imaginary quadratic. This will be important for Theorem 4.7.

Lemma 3.10. Let d be a positive square-free integer, and let k = Q(V—d). If d # 1, then the kernel of
the map /~\2Q>< — AR2k* has order 2, with (=1) A (=d) as nontrivial element. If d = 1 then the kernel
is noncyclic of order 4 and is generated by (—1) A (=1) and (-1) A 2.

Proof. The given elements are easily seen to be in the kernel (for Q(V~1) use that 2 = V=1(1 — V-1)?
and that V=1 A V-1 is trivial by Remark 3.7). In addition, by Proposition 3.5 (or Corollary 3.8 with
the prime numbers as c;) the elements generate a subgroup of the stated order. It is therefore enough to
check the size of the kernel.

Clearly, from the description in Proposition 3.5 the kernel is contained in Fil, on A%Q. Because the
map on the Fil;-pieces is surjective by Remark 3.7, with kernel of order 2 if d = 1 and trivial otherwise,
we only have to show that the kernel for Fil, /Fil; has order 2.

For this we use the description of Filp/Fil; in Proposition 3.5. If |k .| = 2m, then the kernel
corresponds to the kernel of the map Qj;/2 — k;;/2m given by raising to the mth power, because —1
is the mth power of a generator of k.. We solve ™ = ua®™ with a in Q*, u in k5, and « in k* or,
equivalently, a = va’? for some v in k. because u is an mth power in k.

After some calculation, we find for d # 1 that a is of the form +b? or +d - b2 for some b in Q*, and
for d = 1 that it is of the form +b? or +2b2. In either case, this leads to two elements in Qi} /2 that are
in the kernel, as required. m]

3.3. Configurations of points, and a modified Bloch group

In order to be able to apply Theorem 3.4 in our geometric construction of elements in the indecomposable
K3-groups of imaginary quadratic fields in Section 4, it is convenient to make technical modifications
of well-known constructions of Suslin [55] and Goncharov [29, p. 73]. As a result, we shall be able to
be more precise about torsion in the resulting Bloch groups and some of the homomorphisms involved.

However, in order to be able to take finite nontrivial torsion in stabilisers of points in PIF into account
and to be able to work with groups like PGL; (F) instead of GL,(F) whenever necessary, we are forced
to work in somewhat greater generality.

3.3.1.

Let F be a field and fix two subgroups v C v’ of F*. (Typically, we have in mind v = {1} or {1}, and v’
the torsion subgroup of the units of the ring of algebraic integers in a number field.) Let A = GL,(F)/v.
Let £ be the set of orbits for the action of v/ on 2\ {(0,0)} given by scalar multiplication, which has
a natural map to PL.. The extreme cases v/ = F* and v/ = {1} give £ = P}, and £ = F?\ {(0,0)},
respectively. For n > 0 we let C,(£) be the free abelian group with as generators (n + 1)-tuples
(lo, ..., 1) of elements in £ such that if /; and /;, have the same image in PL, then L, =1 (see
Remark 3.15 for an explanation of this condition). We shall call such a tuple (lo, . ..,[,) with all [;
distinct in £ (or, equivalently, in P},) nondegenerate, and we shall call it degenerate otherwise. Then A
acts on C,,(£) as v € v/, and with the usual boundary map d: C,,(£) — C,_1(£) for n > 1 given by

d(lo, ..., 1) = Z(—l)i(zo, ol L,
i=0

where Z indicates that the term /; is omitted, we get a complex
S ClL) B G3(L) S GaL) 5 Ci (L) S Co(L) (3.11)
of Z[A]-modules.
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For three nonzero points pg, p; and p, in F2 with distinct images in PL., we define cr>(po, p1, p2)
in A%F* by the rules:
o cr2(gpo, gp1,gp2) = cra(po, p1, p2) for every g in GLy (F);
o ¢er2((1,0),(0,1),(a,b)) =a A b.!
Using direct calculations it is immediately verified that one has cr;((0, 1), (1,0), (a, b)) = b Aa and
cry((1,0), (a,b), (0,1)) = (—ab ") Ab™' = b Aa, so that cr is alternating. It is also clear that if we
scale one of the p; by A in v/, then cr2(po, p1, p2) changes by a term A A ¢ with ¢ in F*. Let

R2FX

2 X 1% X
ANF AF" = — . 3.12
/v (A A ¢ with A in v’ and ¢ in FX) (3-12)

We then define a homomorphism
for: Co(L) = R2FX /v R FX

by letting it be trivial on a degenerate generator (ly, /1, />) and by mapping a nondegenerate generator
(lo, 11, 12) to cra(po, p1, p2) with p; a point in [;. (We suppress v’ from the notation.)
We next define a homomorphism

fr: C3(L) = Z[F]

as follows. On a degenerate generator (lo, /1, [2, [3) we let f3 r be trivial, and we let it map a nondegen-
erate generator (lo, [y, 2, [3) to [cr3(lg,[1, 2, [3)], the generator for the cross-ratio cr3 of the images of
the points in P}D. Recall that cr3 is defined by rules similar to those for cry:

o cr3(glo, gl gl gl3) = cr3(lo, 11, 2, I3) for every g in GLo(F);

o er3([1,0],[0,1],[1, 1], [x, 1]) = x for x in FP.

Remark 3.13. From the GL,(F)-equivariance of cr3 one sees by a direct calculation that, for ly, I1, I, I3
different nonzero points in F 2,

det([y 13]) det([L2 14])
det([l1 14]) det([1> I3])

As is well known, from this, or by a direct calculation, we see that permuting the four points can give
the following related possibilities for a cross-ratio: x, 1 — x 1, (1- )c)‘1 for even permutations and 1 —x,
x71, (1 = x~ 17! for odd ones, with the subgroup V; of S4 acting trivially.

ers(lo, I, I, 1) =

3.3.2.
In the next result we consider the homomorphism

(%’:F: Z[F*] - R’FX/v' A F*

that sends each element [x] for x in F” to the class of (1 —x) Ax. If v/ is trivial then this is still the
map 2, F of (3.2).

Lemma 3.14. The following diagram commutes:

(L) —L— (L)

lﬁ,F \LfZ,F
sy
Z[F’

2

] —=5 RPF* /v AF*
1Goncharov, in [29, §3], maps this to (-=1) A (=1) +b A a.
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Proof. Tt suffices to check this for each generating element (ly, 1, I, [3) of C3(L).

For (ly, 11,1, 13) nondegenerate this follows by an explicit computation. Specifically, by using the
GL,(F)-invariance of both f3 r and f> r and the GL,(F)-equivariance of d one can assume that
lo, 11, I, I3 are the classes of (a, 0), (0, b), (1, 1) and (xc, ¢) in £ for some a, b and ¢ in F* and x in Fb,
which results in [x] in Z[ F°] under f3.F and the class of (1 —x) Ax under f> p od.

For a degenerate tuple (o, [1, l», [3) the commutativity is obvious if {ly, (1, l2,/3} has at most two
elements because then f> r is trivial on every term in d(lo, 1, l2, [3).

If {lp,11,15,13} consists of A, B and C with A occurring twice among ly, [, I, and I3, then up
to permuting B and C the possibilities for (lg, [y, [5,13) are (A, A,B,C), (A,B,A,C), (A,B,C,A),
(B,A,A,C), (B,A,C,A) and (B, C, A, A). After cancellation of identical terms with opposite signs in
d(lo, l1, I, I3), we see that commutativity follows because f> r is alternating. O

Remark 3.15. The argument used to prove Lemma 3.14 provides the motivation for considering only
tuples (lo, ..., I,) of elements in £ such that if /;, and /;, have the same image in IP’IIF then l;, = 1;,. It
seems reasonable to define f> r and f3  to be trivial on tuples for which some points have the same
image in ]P},. Starting with such a tuple (A, A’, B,C) where A and A’ have the same image but A, B
and C have different images, we require that f, r takes the same value on (A, B, C) and (A’, B, C) and
so must limit the amount of scaling between A and A’ to v’.

3.3.3.
We now set
Z[F"]

P = e G

Then the diagram in Lemma 3.14 induces a commutative diagram

b L) S L) —4 o (L) —2 i1 (L) S (L)

l lfs . 2 l (3.16)

O—)p(F)—)/\Fx/v AFX —> 0

in which 6" denotes the map induced by 6 2F- (If v* is trivial we use the notation 4, , for the induced
map.) We observe that we could take GL,(F)-coinvariants in the top row because of the properties
of f3,r and f> r. In particular, the map f3 ¢ induces a homomorphism H3(C.(L)cL,(F)) — B(F )yrs
where we set

B(F), =ker(d) y) .

We shall denote this latter group more simply as B(F) if v is trivial.
The following result provides an explicit and very useful description of the relations in p(F).

Lemma 3.17. The subgroup (f3.r o d)(C4(L)) of Z| F®] is generated by all elements of the form

[x] = Y]+ [y/x] = [(1 =) /(1 =0T+ [(1=y™)/(1=x1)] (3.18)
forx #yin F* and

[x] + [x"'] and [y] +[1 - y] (3.19)
forx and y in F".
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Proof. We note first that for each nondegenerate generator (lo, .. ., l4) of C4(£) one has

4 —~
(f,r od)((lo,...,14)) = Z(—l)ich(%, ol 1),
=0

where 5, - E are distinct points in ]P’Ilp and Z indicates that the term Z is omitted.

In view of the invariance of cr3 under the action of GL;, (F') and the fact that for cr3 we can use points
in ]P’}p, we may assume that the points are (1,0), (0, 1), (1,1), (x,1) and (y, 1) for x # y in F”. Then
under f3 g o d this yields the element (3.18).

Let now (lo, ..., ls) be a degenerate generator. Then its image under f3 r o d is trivial if {lo, ..., 14}
has at most three elements because then all of the terms in d(l, ..., l4) are degenerate. On the other
hand, if {ly, . . ., 4} has four elements, then after cancelling possible identical terms in d(/y, . . ., /4) and
applying crs to the result we see that it is of the form

[era(my, ... ,mg)] —sgn(o)[cr3(Mo (1), - - - Mo (a))]

for a permutation ¢ in S4 with sign sgn(o-) and four distinct points 71; in P}V. The subgroup generated
by these images coincides with the subgroup generated by the terms (3.19). (This shows, in particular,
that the map f3 r is alternating.) O

Remark 3.20.

(i) If v’ is finite of order a, then multiplying an element in B(F), in the bottom row of (3.16) by a
gives an element in B(F).

(ii) For o: F — C an embedding of a number field, the map Z[F"] - R(1) in Theorem 3.4(iii), which
maps a generator [x] to iD (o (x)), by (3.3) induces amap D, : p(F) — R(1).

3.34.
We next show that if |F| > 4 then B(F) as defined above is naturally isomorphic to a quotient of the
‘Bloch group’ B(F) that is defined and studied by Suslin in [55] if F is infinite and treated in [61,
Chap. VI, §5] for |F| > 4. This result motivates us to regard B(F) as a modified Bloch group (which
explains our choice of notation). In fact, we shall establish the precise relation between our groups B(F)
and p(F) and the corresponding groups B(F) and p(F).

Following those two sources, for a field F with |F| > 4 we set its pre-Bloch group to be

Z[F"]
(1] = ]+ [2] + [1=25] - [125] withx, yin Fo,x # y)

1

We then define its Bloch group B(F) to be the kernel of the homomorphism

p(F) = (F*®F")s

o (3.21)
[x] ,x® (1 -x),
where we set
F*® F*
(F*® F)y = - -
(x®y+y®x withx,yin F*)
and write a %) b for the class in the quotient of an element a ® b.
We further recall the existence of an exact sequence
0 — Tor(FX, FX)~ — K3(F)™ — B(F) — 0, (3.22)

https://doi.org/10.1017/fms.2021.9 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.9

22 David Burns et al.

natural in F, where Tor(F*, F*)~ denotes the unique nontrivial extension of Tor(F*, F*) by Z/2Z
for F of characteristic different from 2 and Tor(F*, F*) otherwise and K3(F)™ is the cokernel of the
natural homomorphism from the Milnor K-group Ké"’ (F) to K3(F). We also recall that the element
cr = [x] + [1 - x] of B(F) is independent of x in F” and has order dividing 6 by [55, Lem. 1.3, 1.5] or
[61, VI.5.4] and that cg in B(Q) has order 6 [55, Prop. 1.1].

3.3.5.
Lemma 3.17 implies that p(F) is obtained by quotienting out p(F) by the subgroup generated by all
elements of the form [x] + [x~!] with x in F” and [y] + [1 — y] with y in FP.

Because the latter elements generate the same group as the element cr defined above, we are
motivated to consider the following short exact sequence of complexes (with vertical differentials):

0 — ([x] + [x~'] withx in F*) — p(F)/{cF) —> P(F) — 0

lf [

0o — (x%(—x) with x in F?) — (FX® F¥), — A*F* — 0.

Theorem 3.23. If |F| > 4, then the homomorphism f above is bijective. In particular, the diagram
induces an isomorphism B(F)/{cr) — B(F).

Proof. A calculation shows that f maps the class of [x] + [x~] to x % (=x), so f is surjective.

To prove that f is injective, recall that by [55, Lem. 1.2] or [61, VL.5.4], the map F* — p(F) sending
xto [x]+[x']ifx # 1 and 1 to O is a homomorphism with (F*)? in its kernel. We shall consider its
composition with the quotient map to p(F)/{cF), giving a surjective homomorphism

g: FX = ([x] + [x"] with x in F®),

with the target in p(F)/{cp). If —1 is a square, then we already know that [—1] + [-1] = 0 in p(F).
If —1 is not a square, then 2 # 0, so 2[—1] = 2cF — 2[2] = 2¢cF + 2[%] = 3cp in p(F) (cf. [55,
Lem. 1.4] or [61, VI.5.4]). In either case, we have that {+1}-(F*)> C ker(g) and that im(g) is the
subgroup generated by the classes of [x] + [x~!] with x in F. We also want to consider ker(f o g).
For this, we fix a basis B of F*/(F*)? as F,-vector space, making sure to include —1 in B if —1
is not a square in F*. For b in B, the homomorphism F*/(F*)> — F, - b ~ F, obtained from
the projection onto F,-b can be applied twice in the tensor product in order to give a composite
homomorphism FX ® F* — F*/(F*)? @ F*/(F*)> — F, ® F, ~ F,. This induces a homomorphism
hy: (F* ® F*); — Fy, mapping x ® y to the product of the coeflicients of b in the classes of x and y
in F*/(F>*)?. If x in F¥ is in ker(f o g), then Ay (x ® (=x)) =0 for all b. If —1 is a square, this means
that x is a square. If —1 is not a square, then x or —x must be a square. In either case, it follows that
ker(fog) C {+1}-(F*)%. Because {#1}-(F*)? C ker(g) and g is surjective, it follows that f is injective.

Now that f is an isomorphism, the snake lemma implies the isomorphism in the theorem. O

Remark 3.24. Note that in the above proof it also follows that ker(g) = {+1}-(F*)?. Therefore, g
induces an isomorphism from F*/{x1}-(F*)? to the subgroup of p(F)/(cr) generated by the classes
of [x]+[x~"] with x in F”, given by mapping the class of x to the class of [x]+[x~!], and f og induces an

isomorphism from F*/{+1}-(F*)? to the subgroup of (F* ® F*),, generated by the x ® (—x), mapping

the class of x to the class of x & (—x).

3.3.6.
We can now state the main result of this section. It concerns the map ¢ in Theorem 3.4.
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Theorem 3.25. The map ¢r induces a homomorphism yg: B(F) — K3(F)ti]?d for any field F.

Proof. In view of Lemma 3.17, it suffices to show that ¢F is trivial on all elements of the form (3.18)
and (3.19).

If F is a number field F then this follows from Theorem 3.4(iii), (3.3) and Borel’s theorem, Theo-
rem 2.1, by letting o~ run through all embeddings of F' into C.

In order to see that it holds for all fields F as in Theorem 3.4, we can tensor with Q, in which case
the construction underlying the construction of the map ¢ in Theorem 3.4 is the simplest case of the
constructions that are made by the second author in [19].

One then verifies that the elements in (3.18) and (3.19) are trivial by working over Z[x, x~!, (1-x)7']
or Z[x,x ', (1 =x)7!,y,y7", (1 = y)7!, (x = y)~'] as the base schemes, along the lines of the proofs
of [19, Prop. 6.1] and [20, Lem. 5.2]. We leave the precise details of this argument to an interested
reader. O

Remark 3.26. In this remark we let v’ be trivial and explain the advantages of the definitions that we
have adopted in comparison to those used by Goncharov in [29].
For this, we recall that in (3.8) of loc. cit. a key role is played by the map in (3.21) that sends

a generator [x] to x ® (1 — x). Our group A*F is a quotient of (FX ® F*¥), (cf. the diagram just
before Theorem 3.23) and 6, . maps [x] to the inverse of the image of x ® (1 —x) in A2F*.

Now the map that Goncharov constructs from nondegenerate triples of nonzero points in F to the
right-hand side of (3.21) is not itself GL, (F)-equivariant because letting a matrix with determinant ¢
act changes the result by ¢ ® (—c). In addition, the calculation with the points (a, 0), (0, b), (1, 1) and

(xc, ¢) in the proof of Lemma 3.14 would similarly result in the element x ® (I=-x)+c ® (—=c), which
is not what one wants.

Whilst these problems could be simply resolved by multiplying any of the relevant maps by a factor
of two, this would in the end lead to either a smaller subgroup of K3 (F )ti?d if we multiply f3 r by 2 ora
(new) Bloch group that is too large (if we multiply Goncharov’s boundary map by 2; cf. [46] and many
other papers). It is therefore better to avoid the problem by replacing the right-hand side of (3.21) as the
target of the boundary map by its quotient AR2F%.

But the elements of the form [x] + [x~!] that are in the kernel of 6,  could then result in a
potentially large and undesired subgroup in the kernel of the boundary map, even modulo the 5-term
relations (3.18) (see Theorem 3.23 and its proof). To avoid this, we have also imposed the relations (3.19)
when defining p(F) by working with degenerate configurations.

3.4. Torsion elements in Bloch groups

In this section we study the torsion subgroup of the modified Bloch group B(F) of a number field F by
means of a comparison with the Bloch group B(F') defined by Suslin (and recalled in Subsection 3.3.4).

In this way, we find that B(F) is torsion free if F is equal to either Q or an imaginary quadratic
number field, or is generated over Q by a root of unity (of any given order). In the case of imaginary
quadratic fields, this fact will then play an important role in Section 4.

3.4.1.

For the sake of simplicity, we formulate and prove the next result only for number fields. In its statement,
if p is a prime number, then we denote the p-primary torsion subgroup of a finitely generated abelian
group by means of the subscript p. Because all torsion groups here are finite and cyclic, this determines
their structures.

Proposition 3.27. Let F C Q be a number field. For a prime p, let p*® be the number of p-power roots of
unity in F, and let r be the largest integer such that the maximal totally real subfield Q(u,r)* of Q(upr)
is contained in F. Then the orders of the p-power torsion subgroups in the various groups are as follows.
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Prime | |Tor(F*,F*)5| | |K3(F)M| | |B(F),| | |B(F)p| | Condition
p" 4 {p ¢k
pz5 P’ P’
1 1 {pEF
3r 3r—1 {3 ¢ F
p=3 3¢ 3r
1 1 B eEF
zrfl 2r—2 [4 ¢ F
p= 2 2s+1 2r+1 )
1 1 (4 eF

(Noter 22ands > 1ifp=2,andr > 1ifp =3.)

Proof. We compute |K3(F )g‘d| (which is faster than using [61, Chap. IV, Prop. 2.2 and 2.3]).
Let A C Z}, be the image of Gal(Q/F) in Gal(Q(u p~)/Q) = Z. Then there are identifications

Ks(F)p® ~ H(Gal(Q/F), Qp(2)/Z,(2) = ) _, ker(Qp/Z, S Qu/zp).

where the first follows from [41, Cor. 4.6] and the second is clear.

We assume for the moment that p # 2. Then r = 0 is equivalent with A ¢ {+1} - (1 + pZ,), so
some a® — 1 is in Zy, and the resulting kernel is trivial. For » > 1, we have A C {£1} - (1 + p"Z,) but
A ¢ {+1}-(1+p"'Z,). Then 1 +p"Z, C A because p is odd; hence, A2 = 1+ p"Z,, and the statement
is clear. .

To deal with the case p = 2, we note that A is the image of Gal(Q/F) in Gal(Q(u2~)/Q) = Z7 =
{£1}-(144Z;). Then A C {£1}- (1+2"Zy) but A ¢ {*1} - (1+2"*1Z,), for some r > 2. In this case,
A contains an element of {1} - (1 +2"Z%), and A% =1+2"*1Z,, from which the statement follows.

We always have r > s. If {5, is in F, then r = s because Q({pr)*({2p) = Q(Lpr). If &pp is
not in F, then s = O for p # 2, and s = 1 for p = 2. The entries for |B(F'),| are now immediate
from (3.22). From this, we recover that B(Q) has order 6 and so is generated by cg. Then we can
compare the sequences (3.22) for the field Q and for F. Using that K3(F)™ is cyclic and that cQ

tor

maps to ¢ under the injection K3(Q)"d — K3(F)d, it follows that 3cx has order 2 if and only if
{4 ¢ F and that 2cF has order 3 if and only if {3 ¢ F: In order to have those orders, we must have
|Tor(F*, F*),| = [Tor(Q*,Q*),| for p = 2 or p = 3, respectively. (Cf. [55, Lem. 1.5].) This gives the

entries for |§(F)p| =|[(B(F)/{cF))pl. O

If F is a number field and p a prime number, then combining Theorem 3.23 and Proposition 3.27
gives a precise statement when B(F) has no p-torsion.

Theorem 3.28. Let F C Q be a number field. Then, for a given prime number p, the group B(F) has
no p-torsion if and only if the following condition is satisfied:

- if p > 5, then either Q({,)* € F or Q({,) C F;
- if p = 3, then either Q({9)* € F or Q(&3) C F;
- if p =2, then either Q(V2) = Q({)* & F or Q({4) € F.

Proof. Using Theorem 3.23, it is clear when B(F) has nontrivial p-torsion. With notation as in Propo-
sition 3.27, this is the case if and only if the following condition is satisfied:

- if p > 5,thenr > 1 and £, is not in F;

- if p=3,thenr > 2 and {3 isnot in F;

- if p=2,thenr > 3 and {4 is not in F.
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Negating this statement for each prime p gives the claimed result. m}
Corollary 3.29. We have that

@) E(Q) is trivial;
(ii) B(F) = zIIF Q2 jf F = Q({y) with N > 3;
(iili) B(F) ~ Z if F is an imaginary quadratic field.

ind

o and

In addition, in those cases the composition of the two homomorphisms Y : B(F) — K3(F)

K3 (F ti;ld — [ R(1), where o runs through the places of F, is injective.

Proof. We first let F be any number field. Then B(F) is a finitely generated abelian group of the same
rank as K3(F) by (3.22) and Theorem 3.23; hence, by Theorem 3.4(ii), the kernel of ¢ is the torsion
subgroup of B(F). Because of the behaviour of the regulator with respect to complex conjugation, in
Theorem 2.1(iii) we only have to consider all places of F, not all embeddings into C.

It therefore suffices to check that, for every prime number p, B(F) has no p-torsion if F is Q, a
cyclotomic field or an imaginary quadratic field. But this follows from Theorem 3.28. O

3.4.2.
We conclude this subsection with a result on p(Q) that we shall use in Sections 4 and 5.

Proposition 3.30.

(i) The torsion subgroup of p(Q) has order 2 and is generated by [2].
(ii) If k is an imaginary quadratic field, then the natural map p(Q) — p(k) and its composition with

0, are injective when k # Q(V-1), but for k = Q(V—1) both kernels are generated by [2].

Proof. To prove claim (i) we note that Corollary 3.29 implies that p(Q) injects into 7\2QX. We also know
from Proposition 3.5 (or Corollary 3.8) that the natural map (—1) ® Q* — R2Q* gives an isomorphism
with the torsion subgroup of the latter.

So we want to compute the kernel of the natural map (—1) ® Q* — K3(Q). Using the tame symbol
and the fact that {—1, —1} is nontrivial in K»(Q), one sees that this kernel is cyclic of order 2, generated
by (-1) A2 =8, ([2]). And 0 = [$1+[1-341=2[4]=-2[2].

Turning to claim (ii), we note that the kernel of the composition by Corollary 3.29(i) under GZ,Q must
inject into the kernel of A2Q* — A%k, which we computed in Lemma 3.10. In particular, because this
kernel is a torsion group, we see from Corollary 3.29(ii) that the kernel of the composition and that
of p(Q) — p(k) coincide as the torsion of p(k) injects into A2k* under 0, i

In addition, by claim (i), those kernels are either trivial or generated by [2]. They contain [2] if
and only if (—=1) A2 is in the kernel of A°’Q* — A%k, which by Lemma 3.10 holds if and only if
k =Q(V-1).

This completes the proof. O

Remark 3.31. Note that [2] = 0in p(Q(V—-1)) follows explicitly from (3.18) withx = V-1,y = —=V—1,
which gives [—-1] = 0, because [2] = —[-1] by (3.19).

3.5. A conjectural link between the groups of Bloch and Suslin

ind —, B(F) and Theorem 3.23 gives

tf
an isomorphism B(F ) 5 E(F ). (We ignore the case of finite fields because then all of these groups
are trivial.)

By Theorem 3.25, one also knows that the homomorphism ¢f in Theorem 3.4 induces a homomor-
phism of the form yg : B(F) — K3(F )g‘d. This in turn induces a homomorphism

If F is an infinite field, then (3.22) gives an isomorphism K3 (F

Yt B(F)y — K3(F)M,
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thereby allowing us to form the composition

i =~ = = lﬂ R B
K3(F)M S B(F)s > B(F) — im(r ) C K3(F). (3.32)

Both B(F) and im(y F () are described as the kernel of a map from an abelian group that is generated
by elements of the form [x] for x in F?, sending each [x] to the class of (1 —x) ®x in either (FX ® F*),
or a variant like A>F*. As mentioned in Subsection 1.1, these groups are widely expected to be closely
related even though there is no obvious map between them, the former being constructed using group
homology of GL,(F) and the latter using relative K-theory.

Our approach provides the first concrete evidence (in situations in which the groups are nontrivial)
to suggest that B(F) and im(y r ) should be related in a very natural way and that the latter is all of
K3 (F )tit?d. To be specific, if F' is a number field, then i i is injective by the proof of Theorem 3.28, so
by Proposition 3.4 the composite map (3.32) is an injection of a finitely generated free abelian group
into itself. One can therefore determine the (finite) index of im(YF ) in K3(F )tif‘.ld by comparing the
results of the regulator map on im(y r ) and on K3(F )[it’.‘d. Extensive evidence that we have obtained by
computer calculations in the case that F is imaginary quadratic (cf. Section 6) motivates us to formulate

the following conjecture.

Conjecture 3.33. If F is a number field, then Y i is an isomorphism.

Remark 3.34. As mentioned above, the map ¥  is injective and so the main point of Conjecture 3.33
is that im(yr ) = K3(F )tifnd. However, for a general number field F, this equality would not itself
resolve the problem of finding an explicit description of the resulting composite isomorphism in (3.32).
Of course, for F imaginary quadratic all groups occurring in the composite are isomorphic to Z, and so
the conjecture would imply that (3.32) is multiplication by +1. (Recall that i is itself natural up to a
universal choice of sign because this is true for ¢r.)

It would also seem reasonable to hope that (3.32) has a very simple description for any infinite field F,
such as, perhaps, being given by multiplication by some integer that is independent of F. Assuming this
to be the case, our numerical calculations would imply that this integer is +1. If true, this would in turn
imply that the isomorphism K3 (F )titf‘d — B(F)¢ constructed by Suslin in [55] could be given a more
direct, and more directly K-theoretical, description, at least up to sign, as the inverse of the composite
isomorphism B(F); — B(F)¢ — K3(F )ti;‘d where the first map is induced by Theorem 3.23 and the
second is Y F f.

4. A geometric construction of elements in the modified Bloch group

Let k be an imaginary quadratic number field and O its ring of algebraic integers. In this section, we
shall use a geometric construction, the Voronoi theory of Hermitian forms, to construct a nontrivial
element B, in B(k) ~Z.

To do this we shall invoke a tessellation of hyperbolic 3-space for k, based on perfect forms, to
construct an element of the kernel of the homomorphism d: C3(£) — C,(£) that occurs in (3.11)
with ' = k and v' = {1}. By applying f3  to this element we shall then obtain Be, by using the
commutativity of the diagram (3.16).

Furthermore, we are able to explicitly determine the image of this element under the regulator map
and compare it to the special value {; (—1) by using a celebrated formula of Humbert. This will in
particular show that the element i/ (Bge0) Of K3(k)ind that is constructed in this geometric fashion

i
generates a subgroup of index |K;(O)] (cf. Corollary 4.10(i)).

4.1. Voronoi theory of Hermitian forms

Our main tool is the polyhedral reduction theory for GL, () developed by Ash [1, Chap. II] and Koecher
[37], generalising work of Voronoi [56] on polyhedral reduction domains arising from the theory of
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perfect forms (see [63, §3] and [22, §2, §6] for a description of the algorithms involved). We recall some
details here to set notation.

We fix an embedding k¥ < C and identify k with its image. We extend this identification to vectors
and matrices as well. We use ~ to denote complex conjugation on C, which gives the nontrivial Galois
automorphism on k. Let V = H?(C) be the 4-dimensional real vector space of 2 x 2 complex Hermitian
matrices with complex coefficients. Let C C V denote the codimension O open cone of positive definite
matrices. Using the chosen complex embedding of k, we can view 3(?(k), the 2 x 2 Hermitian matrices
with coefficients in k, as a subset of V. Define a map ¢: 02\ {0} — H*(k) by ¢(x) = xx". For each
x € 02, we have that g(x) is on the boundary of C. Let C* denote the union of C and the image
of g.

The group GL,(C) acts on V by g - A = gAg’. The image of C in the quotient of V by positive
homotheties can be identified with hyperbolic 3-space H. The image of g in this quotient is iden-
tified with P}c, the set of cusps. The action induces an action of GL;(k) on H and the cusps of H
that is compatible with other models of H (see [24, Chap. 1] for descriptions of other models). We
let H =HUP;.

Each A € V defines a Hermitian form A [x] = X" Ax, for x € C2. Using the chosen complex embedding
of k, we can view O? as a subset of C2.

Definition 4.1. For A € C, we define the minimum of A as

min(A) := inf A[x].
xeO2\{0}

Note that min(A) > 0 because A is positive definite. A vector v € O? is called a minimal vector of A if
A[v] = min(A). We let Min(A) denote the set of minimal vectors of A.

These notions depend on the fixed choice of the imaginary quadratic field k. Because O is discrete
in the topology of C2, a compact set {z | A[z] < bound} in C? gives a finite set in O%. Thus, Min(A) is
finite.

Definition 4.2. We say a Hermitian form A € C is a perfect Hermitian form over k if
spang{g(v) | v € Min(A)} = V.

By a polyhedral cone in V we mean a subset o of the form

o= {Zn;/liq(vi) | A; > 0},

where v, ..., v, are nonzero vectors in O2. A set of polyhedral cones S forms a fan if the following
two conditions hold. Note that a face here can be of codimension higher than 1.

1. If o isin S and 7 is a face of o, then T is in S.
2. If o and o’ are in S, then o N o’ is a common face of o and o”’.

The reduction theory of Koecher [37] applied in this setting gives the following theorem.
Theorem 4.3. There is a fan £ in V with GL,(0O)-action such that the following hold.

(i) There are only finitely many GL(0)-orbits in X.

(ii) Everyy € C is contained in the interior of a unique cone in X.
(iii) Any cone o € ¥ with nontrivial intersection with C has finite stabiliser in GL;(0O).
(iv) The 4-dimensional cones in ¥ are in bijection with the perfect forms over k.

The bijection in claim (iv) of this result is explicit and allows one to compute the structure of £ by
using a modification of Voronoi’s algorithm [22, §2, §6]. Specifically, o is a 4-dimensional cone in &
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if and only if there exists a perfect Hermitian form A such that

o= Z Ayg(v) |4, =2 0¢.

veMin(A)

Modulo positive homotheties, the fan ¥ descends to a GL, (O)-tessellation of H by ideal polytopes. The
output of the computation described above is a collection of finite sets X, n = 1, 2, 3, of representatives
of the GL,(O)-orbits of the n-dimensional cells in H* that meet H. The cells in each X have vertices
described explicitly by finite sets of nonzero vectors in 92,

4.2. Bloch elements from ideal tessellations of hyperbolic space
The collection of 3-cells

X ={P1,P2,..., Py}

above gives rise, after choosing a triangulation of each, to an element in B(k), as follows.
We first establish a useful interpretation of a classical formula of Humbert in this setting. For the
sake of brevity, we shall write I" for PGL;(0O).

Lemma 4.4. Let I'p, denote the stabiliser in I" of P;. Then one has

K|
Z; T vol(P;) = =7 - £1(~1) .

Proof. One has

TP |

i

S 1 3
D i VolPo) = vol(P\E) = o~ Di|* - £i(2). (4.5)
i=1

Here the first equality is clear and the second is a celebrated result of Humbert (see [9], where the
formula is given for general number fields). The claimed formula now follows because an analysis of
the functional equation (2.9) shows that the final term in (4.5) is equal to —7 - £ (=1). ]

We next subdivide each polytope P; into ideal tetrahedra 7; ; with positive volume without introducing
any new vertices,

Pi=T; 1 UTipU---UT;,, . (4.6)

Here we assume that the subdivision is such that the faces of the tetrahedra that lie in the interior of the
P; match. An ideal tetrahedron T with vertices v, v,, v3, v4 has volume

vol(T) = D(cr3(vy, va, v3, v4)).

Here D denotes the Bloch-Wigner dilogarithm defined in Subsection 3.1.2 and cr3 denotes the cross-ratio
discussed in Subsection 3.3.1. The ordering of vertices is chosen so that the right-hand side is positive.

To ease notation, we let r; ; denote a resulting cross-ratio for 7; ;. We note that, though there is
some ambiguity in choosing the order of the four vertices of T; ; when defining this cross-ratio, the
transformation rules in Remark 3.13 combine with the relations in (3.19) to imply that the induced
element [r; ;] of p(k) is indeed independent of that choice.

We can now formulate the main result of this section (the proof of which will be given in Section 5).

By Corollary A.5 we know that each |I'p,| divides 24, so the coeflicients in the next theorem are
integers. We also note that, by Proposition 3.30, the map p(Q) — p(k) is injective unless k = Q(V-1),
that the map 2 - p(Q) — p(k) is always injective and that 2 - p(Q) is torsion free. Moreover, the
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composition of the map p(Q) — p(k) with 4, , : p(k) — A2k is injective if £k # Q(V-1), and
if k = Q(V-1) then this composition has the same kernel as the map p(Q) — p(k). Therefore, the
image of p(Q) in p(k) always injects into AZk* under 0, ¢

Theorem 4.7. Let k be an imaginary quadratic number field, with the polytopes P; and cross-ratios
[ri ;] chosen as above. Then the following hold.

(i) There exists a unique element Bq in the image of p(Q) in p(k), such that the element

O 24
BgeoZﬂQ'i'ZmZ[ri,j]
ij:1

i=1

belongs to B(k). If k # Q(V=2), then Ba belongs to the image of 2 - p(Q). In all cases the element
Bgeo s independent of the choice of representatives in ¥ and the resulting subdivision (4.6) into
tetrahedra.

(ii) If no stabiliser of an element in 3 or X3 has order divisible by 4, then there is a unique Bq in
p(Q), which lies in 2 - p(Q), such that the element

Bgeo :EQ"'Z %Z‘;[ri,j]
J=

i=1
belongs to B(k). Moreover, one has 2 + Boeo = Beeo and 2 - g = Bo.

Remark 4.8. The situation for k£ equal to either Q(V-1) or Q(V-2) is more complicated because the
order of the stabiliser of the (in both cases unique) element of X3 has order 24. For k = Q(\/—_Z) it
can be subdivided in several different ways, resulting in the exception in Theorem 4.7(i). In fact, the
subdivision in this case determines whether Sq either belongs or does not belong to 2 - p(Q), and both
cases occur; see the argument in Section 5 for more details.

Remark 4.9. It is sometimes computationally convenient to avoid explicitly computing the element Sq
in Theorem 4.7(i). In this regard it is useful to note that the injectivity in Corollary 3.29 combines with
Theorem 3.4(iii) and the equality D(z) = —D(z) in (3.3) to imply that

G 24 I

2+ Baso = ) ot 2 (i = 7).
i=1 =1

4.3. Regulator maps and K-theory

As we fixed an injection of k into C, by the behaviour of the regulator map reg, with respect to complex

conjugation (see (3.3)), we can compute regulators by considering only the composition

reg,
K3(k) — K3(C) — R(1).
By slight abuse of notation, we shall denote this composition by reg, as well.
Corollary 4.10. Assume the notation and hypotheses of Theorem 4.7. Then the following hold.
(i) The element Yy (Bgeo) satisfies
regz(‘/’k (IBgeo))

T =12 g ().

It generates a subgroup of the infinite cyclic group Kz (k tifnd of index |K»(0)|.
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(ii) If no stabiliser of an element in X3 or 3 has order divisible by 4, then K»(0O) has even order and

Vi (,égeo) generates a subgroup of K3(k tit?d of index |K,(0)|/2.

Proof. Before proving claim (i) we note that for each polytope P; in X3 one has
V=T -vol(P;) = > D([ri 1), (4.11)
j=1

where D is the homomorphism p(k) — R(1) that is defined in Remark 3.20(ii) with respect to
a fixed embedding k — C. This holds as vol(P;) = Z?;l vol(7;,;) and for each i and j one has
V=1 -vol(T; ;) = V=1 D(r; ;) = D([ri,;]).

Turning now to the proof of claim (i), we observe that, because the element g that occurs in the
definition of B, lies in the image of the map p(Q) — p(k), it also lies in the kernel of the composite
homomorphism reg, o x. One therefore computes that

regs (i (Ba)) = 3, ot D e (U ([7is1)
= P

m 1 n;
=24. RN D(lr; ;
Zl o ; (Lrij1)

=24V-1. i
i=1

1
vol(P;)
|FPi |

= —247V-1- ¢ (-1),

where the second equality follows from Theorem 3.4(iii) and Remark 3.20(ii), the third from (4.11) and
the last from Lemma 4.4. This proves the first assertion of claim (i), and then the final assertion of claim
(i) follows directly from Example (2.7).

For claim (ii) we note that, under the stated conditions, Theorem 4.7(ii) implies Bgeo = 2 - Bgeo, SO
this follows from the final assertion of claim (i). O

Remark 4.12.

(i) The condition in Theorem 4.7(ii) and Corollary 4.10(ii) holds for many fields Q(\/—_d). Ordered
by d the first five are Q(V-15), Q(V-30), Q(V-35), Q(V-39) and Q(V—-42). For the first, third
and fifth of those /. (Bgeo) generates K3(k)i as |K»(0)] = 2.

(ii) The example discussed in Subsection 5.3 shows that one cannot ignore the condition on the
stabilisers of the elements of Z; in Theorem 4.7(ii) and Corollary 4.10(ii). Specifically, in this case

the stabilisers of the elements of E; have order 2 or 3 and one element of Z; has stabiliser of order 4,
but Beeo generates B(k) and so cannot be divided by 2.

4.4. A cyclotomic description of Bgeo

Let k be an imaginary quadratic field of conductor N. Fixing an injection k — C, the image is in the
cyclotomic field F = Q(¢n) for {n = €2™/N . We shall identity Gal(F/Q) with (Z/NZ)*.
The following result shows that the image of the element B, constructed in Theorem 4.7(i) under

the induced map B(k) — B(F) has a simple description in terms of elements constructed directly from
roots of unity. (This result is, however, of very limited practical use because it is generally much more
difficult to compute explicitly in p(F) rather than in p(k).)

Proposition 4.13. The image of B in B(F) is equal to N Yaccal(F /i) [{y]-
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Proof. At the outset we note that there is a commutative diagram

v

K3(k)rd —= B(k) —2 Ks(k)rd —23 R(1)

LT T

K3(F)ipd —= B(F) —5 K3(F)ird —25 R(1),

~

where the isomorphisms are obtained from (3.22), as well as Theorems 3.23 and 3.28, and reg, is the
regulator map corresponding to our chosen embeddings of k and F into C.

We further recall (from, for example, [54, Prop. 5.13] with X =Y’ = Spec(F) and Y = Spec(k)) that
the composition K3(F) — K3(k) — K3(F) of the norm and pullback is given by the trace and that the
same is also true for the induced maps on K3(F)IM = K3(F)y and K3(k)!™ = K3 (k). By applying this
fact to the element of K3(F )ti?d corresponding to N[{n] in B(F), we deduce from the left-hand square
in the above diagram that there exists an element Sy in B(k) that maps to N 2aeGal(F k) [{y]in B(F).

We now identify Gal(F'/k) with a subgroup of index 2 of (Z/NZ)*, which is the kernel of a primitive
character y : (Z/NZ)* — C* of order 2, corresponding to k (so y(—1) = —1). Then from the above
diagram and Theorem 3.4(iii), one finds that (27i)~! - reg, (¥ (Beye)) is equal to

N g}r{]a _ g;]na N B évlr\lja
o L a2 L@
GeGal(F/k) n>1 FeGal(F/Q) n>1
N3/2
= 4—L(Q,X’ 2)
T
= —122,(-1)

as {x(s) = Lo(s)L(Q, x, ), with the GauB sum Y zcca(r/) X (@45 = iVN (see [31, §58]). (Cf. the
more general (and involved) calculation of [66, p. 421] or the calculation in the proof of [14, Th. 3.1]
withr=-1,{=1and O =Z.)

According to Theorem 4.7 one has (27i) ™" -reg, (¥k (Bgeo)) = —12-£; (—1) as well; hence i (Bgeo) =
Vi (Beyc) by the injectivity of reg, on K3 (k)M (cf. Corollary 3.29). It then follows that Baco = Beye

tf
because ¥ is injective. O

5. The proof of Theorem 4.7

Throughout this section we fix an imaginary quadratic field k£ with ring of integers O, as in Section 4.
In Subsection 5.2 we also use the embedding of k into C chosen there.

5.1. A preliminary result concerning orbits

We start by proving a technical result that will play an important role in later arguments.
We set V = k% \ {(0,0)} and let I" denote either SL,(O) or GL,(0O).

Lemma 5.1.

(i) ForvinV, O* acts on the orbit I'v, and the natural map V — IP’IIC induces an injection of T'v/O*
into P}(, compatible with the action of T'.
(ii) For vy and v, in'V, the images of T'vi/O* and T'v,/O* are either disjoint or coincide.

Proof. That O* acts on I'v is clear if k # Q(V—1) or Q(V-3) because O* = {1} and I contains +id,.
For the two remaining cases, O is Euclidean, and based on iterated division with remainder in O it is
easy to find g in SL,(0) with gv = (§) for some ¢ in k%, so if u is in O*, then uv is in the orbit of
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v because g~ ( 0 u-! )g maps v to uv. Alternatively, this follows immediately from [24, Chap. 7, Lem.

2.1] because if v = (a, B) and u is in O*, then (a, B) = (ua, up).

Now assume that g,v = cg,v with ¢ in k* and the g; in I". Then v is an eigenvector with eigenvalue ¢
of the element g5 g1 in T, which has determinant in O*. Hence, c is in ©O*, and g;v and g,v give the same
element in I'v/O*. So we do get the claimed injection, and it is clearly compatible with the action of T".

For the last part, suppose g;v| = cgav, for some ¢ in k%, v; in V and g; in I'. Then I'vy = ¢I'v, and
the result is clear. O

Proposition 5.2. If h is the class number of k, then we can find vy, . .., vy inV such that ]P’,l( is the disjoint
union of the images of the T'v;/O*. In particular, every element in ]PII( lifts uniquely to some T'v; | O%,
and this lifting is compatible with the action of T

Proof. By [24, Chap. 7, Lem. 2.1] we may identify I'\V with the set of fractional ideals of O and hence
M\V/k* = F\IP’,I( with the ideal class group of k. We can then apply Lemma 5.1. m]

5.2. The proof of Theorem 4.7

5.2.1.
We first establish some convenient notation and conventions.

For a 2-cell or, more generally, any flat polytope with vertices vy, ..., v, in that order along its
boundary, we indicate an orientation by [vi,...,v,] up to cyclic rotation. The inverse orientation
corresponds to reversing the order of the vertices. If we want to denote the face with either orientation,
we write (vy,...,vy,). In particular, an orientated triangle is the same as a 3-tuple [v{, vy, v3] of
vertices up to the action (with sign) of S3. Similarly, an orientated tetrahedron is the same as a 4-
tuple [vy, va, v3,v4] up to the action (with sign) of Ss. Recall that we defined maps f3 x and f>  just
after (3.12). As mentioned above, the map f3 x is compatible with the action of S4 by Remark 3.13
and (3.19). By the properties of cr, mentioned just before (3.12), the map f x is also compatible with
the action of S3 on orientated triangles if we lift them to elements of C3(£) for some suitable £.

5.2.2.

By our discussion before the statement of the theorem, the uniqueness of elements Sg and Bg with the
stated properties is clear. It is also clear that for any element Bq in p(k) the explicit sum fSgeo belongs
to (k). In addition, the uniqueness of Sg combines with the explicit expression for g, to imply
that 23g = B and, hence, that 2fgeo = Beco-

The fact that B, is independent of the subdivision (4.6) and of the choice of representatives in Z;
also follows directly from the equality in Corollary 4.10(i) and the injectivity assertions in Corollary
3.29, once Bge, is known to be in B(k).

Hence, to prove Theorem 4.7, it suffices to prove the existence of S and g in the stated groups
such that the sums Sge, and ,égeo belong to E(k), and to do this we shall use the tessellation.

This argument is given in the next subsection. The basic idea is that, for k different from Q(V—1)
and Q(V-2), the sum 2 12 |Tp, e Z;‘i ,[7i.;] has integer coefficients and belongs to the kernel
of (92 « because the faces of the polytopes P; with those multiplicities can be matched under the action
of I'. This argument uses that f, x is invariant under the action of GL, (k) and behaves compatibly with
respect to permutations, just as f3 .

The precise argument is complicated slightly by the fact that the subdivision (4.6) induces triangu-
lations of the faces of the P; that may not correspond, necessitating the introduction of ‘flat tetrahedra’,
which give rise to the term Bq. Also, the faces themselves may have orientation reversing elements in
their stabilisers. But the resulting matching of faces does imply that the explicit sum Bge, lies in the

kernel B(k) of 9 1

For the special cases k = Q(V-1), k = Q(V-2) and k = Q(V-3), we have to compute more
explicitly for the single polytope involved in each case.
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5.2.3.

We note first that each polytope P in the tessellation of H comes with an orientation corresponding to it
having positive volume. For a face (2-cell) F in the tessellation, we fix an orientation and consider the
group ®¢Z[F], where we identify [F'] with —[F] if F' denotes F with the opposite orientation.

To P we associate its boundary 9P in this group, where each face has the induced orientation.
Because the action of I' on H preserves the orientation, it commutes with the boundary map.

We now need to do some counting. For a face [ F], we let I'r denote the stabiliser of the (nonoriented)
face F and I'}. the subgroup that preserves the orientation [F]. We note that the index of I'}. in I'r is
either 1 or 2.

Let P and P’ be the polytopes in the tessellation that have F in their boundaries. If g is in 'z then
gP = Por P’,and gP = P precisely when g is in I'}.. Therefore I'y. =T'r N 'p.

It is convenient to distinguish between the following two cases for the I'-orbits of F.

oI'p =0 } If P and P’ in Z;‘ are such that their boundaries each contain an element in the I'-orbit of
[F], then P and P’ are in the same I"-orbit and hence are the same. Therefore, there is exactly one P
in XJ that contains faces in the I"-orbit of [F]. If two faces of P are in the I"-orbit of [F], then they
are transformed into each other already by I'p. Hence, the number of elements in the I"-orbit of F in
OPis [I'p : T'p] = [I'p : I';]. If P’ is the element in X} that has an element in the I"-orbit of [FT] in
its boundary (with P = P" and P # P’ both possible), then there are [['p : T'r] = [[p : T} ]
elements in the '-orbit of [F'] in the boundary of P’.

o I'r # I'j.. Note that in this case [['F : T';.] = 2. Here [F] and [F'] are in the same I"-orbit and, as
above, one sees that there is only one element P of Z; that has elements in this I"-orbit in its
boundary. Any two such elements can be transformed into each other using elements of I'p, so there
are [I'p : F}] of those in the boundary of P.

5.24.
In this subsection we prove Theorem 4.7 for k not equal to Q(V-1), Q(V-2) or Q(V-3).
In this case Corollary A.5 implies that the order of each group I'p, divides 12, and so both the formal

sum of elements in X3 given by
m
12
=) —1[P],
Tp=) Tl

i=1

and the formal sum of of tetrahedra resulting from the subdivision (4.6),

have integral coeflicients.

We extend the boundary map 9 to such formal sums, where for 77 the boundary is a formal sum of
ideal triangles, contained in the original faces of the polytopes P;. (Note that the subdivision (4.6) may
introduce ‘internal faces’ inside each polytope, but by construction the parts of the boundaries of the
tetrahedra here cancel exactly. This also holds after lifting all vertices to 9% because there is no group
action involved in order to match them. So we may, and shall, ignore those internal faces.)

The subdivision (4.6) induces a triangulation of each face F of each P; in X3. We let [A ¢ | denote the
induced triangulation. But if F is a face of such a P; with [F] # [F'], then the induced triangulations
[AFr] and [Ap+] (which may come from different elements in X3) may not match. Similarly, if gF and
F are both faces of P; with g in I'p,, then g[AF] and [Agr] may not match.

A typical example of nonmatching triangulations is that of a ‘square’ face F = [vy, vo, v3, v4] thatis
cut into two triangles using either diagonal, resulting in the triangulations [vy, v2, v4] + [v2, v3, v4] and
[vi,va,v3]+[vi,v3, v4]. But the boundary of the orientated tetrahedron [vy, v2, v3, v4] gives exactly the
former minus the latter. Using induction on the number of vertices of a face F it is easily seen that any
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two triangulations of [ F'] with the same orientation differ by the boundary of a formal sum of tetrahedra
contained in F. Such tetrahedra have no volume, and the cross-ratio of its four cusps is in Qb. We refer
to them as ‘flat tetrahedra’, and if [A},] and [A%] are two triangulations (with the same orientation) of
an orientated face [F], we shall write

‘[A},] = [AzF] modulo d (flat tetrahedra)’

if [Allp] - [A%] is the boundary of a formal sum of such flat tetrahedra.

In particular, if [Af] and [A +] are any triangulations of the faces [F] and [F] (so with opposite
orientation), then [Ap] + [Ag+] = 0 modulo d(flat tetrahedra).

We extend the boundary map to the free abelian group ®pex:Z[P] by linearity. For a given [F], in
d(np) we find 12 - [T’ |~ copies of [F] (up to the action of I'). If [F] # [FT] (i.e., if [F = T'}.), then
this equals the number of copies of [F'] and we combine [F] and [F'].

We consider four cases, based on the exponents of 2 in |[I'r| and |I'}.|. Note that I'J. is cyclic, so by
Lemma A.2 and our assumptions on k& we can write its order as 2°m withm = 1 or3 and s =0 or 1,
with the case m = 3 and s = 1 not occurring. Then |T'r| = 2|T'}.| with = O or 1.

(1) s =t =0.Here F' is not in the same I'-orbit as F, and in d(rp) the contribution of their I'-orbits
is % [F] + 1_”% [F*], modulo the action of I". Then for d(r7) they contribute % [AF] + % [A;]
modulo d(flat tetrahedra) and modulo the action of T".

(2) s=0andr=1.Here F and F T are in the same [-orbit, and in the boundary of 7 p, up to the action
of I', we have % [F] = %[F] + % [F']. Then in d(77) we obtain % [Ap] + % [ATF] modulo d(flat
tetrahedra) and modulo the action of I".

(3) s =1and ¢ = 0. This is similar to case (1) but now [F] and [F] both occur with coefficient 6
in d(7p) because m = 1. In d(zrp) we obtain 6[Afr] + 6[A}] modulo d(flat tetrahedra) and
modulo the action of T'.

(4) s =t = 1. This is similar to case (2) but now in (7 p) we find 6[F] = 3[F] + 3[FT], again
because m = 1; hence in d(nrr) this gives 3[Af] + 3[A;] modulo d(flat tetrahedra) and modulo
the action of T".

We see that there exists some @, a formal sum of flat tetrahedra, such that 77 + @ has boundary,
up to the action of I', a formal sum with terms [¢] + [¢'] with ¢ an ideal triangle. Lifting all cusps to
L =Tvi/O*]]--- I Tvy/O* as in Proposition 5.2 and applying f3 x as in (3.16), we see from the I'-
equivariance of f> ; and the fact that this map is alternating, and so kills elements of the form [¢] + [¢'],
that 3, 12+ [T'p, |-t Z;.‘;l [ri ;] + ' is in the kernel of 62‘?,:, where 8’ is the image of .

Note that 8’ lies in the image of p(Q) in p(k). Multiplying by |O*| = 2 and setting Bg = 28" we
complete the proof of Theorem 4.7(i) in this case.

The proof of Theorem 4.7(ii) is similar, starting with 3", 6 - ['p, |=1- Z;.’;l [r,;] (which has integer
coefficients under the stated assumptions). In this case the coefficients in the above cases (1), (2) and (3)
are divided by 2, and case (4) is ruled out by the assumptions.

5.2.5.
We now consider the special fields Q(V—1), Q(V-2) and Q(V=3).

In each of these cases either [I'p,| does not divide 12 or |O%| is larger than 2. However, one also
knows that X3 has only one element and its stabiliser has order 12 or 24 and so the result of Theorem
4.7(ii) does not apply. It is therefore enough to prove Theorem 4.7(i) for these fields.

If k = Q(V-1), then X is an octahedron, with stabiliser isomorphic to Sy. Using that an ideal
tetrahedron with positive volume in this octahedron must contain exactly two antipodal points, it is easy
to see that the subdivision is unique up to the action of the stabiliser. Hence the resulting element under
S3.k is well defined. Computing it explicitly as Zj’:l [r1,;] = 4[w] one finds that it is in the kernel of

62’k as w? = —1, so we can simply take Bo =0.
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If k = Q(V=3), then the polytope is a tetrahedron, with stabiliser isomorphic to A;. Computing its
image [r1.1] under f3; explicitly one finds [w] with w? = w — 1 and 52’,(([7‘1,1]) —wA(l-w) =
(=1) A (1) in A%k*, which has order 2 by Remark 3.7. So we can again take Bg = 0.

If k = Q(V-2), then the polytope is a rectified cube (i.e., a cuboctahedron), with stabiliser isomor-
phic to Sy, so it has six 4-gons and eight triangles as faces. By the commutativity of (3.16), for v’ = {1},
we can compute d, ; (2;[r1,;]) by choosing lifts of all vertices involved and applying f2 k to each of the
lifted triangles (with correct orientation) of the induced triangulation of the faces of P;. (This provides
an alternative approach for Q(V—1) and Q(V-3) as well.) Note that any triangulation of the faces
occurs for some subdivision: fix a vertex V and use the cones on all of the triangles that do not have V as
a vertex.

So we must consider all triangulations. Giving the six 4-gons, one of the two possible triangulations
at random resulted in (=1) A (=1) = (=1) A2 = 627,( ([2]) in A%k*. The other triangulations we obtain
from this one by triangulating one or more of the 4-gons differently. For each 4-gon, this adds the image
under d, , of the cross-ratio of the corresponding flat tetrahedron. Because the 4-gons are equivalent
under I, one easily computes this equals az,k( [2]). So by Proposition 3.30 we find that 62’k(2j [r1,;])
equals either O or 62, «([2]), and both occur. By Corollary 3.29, we must take Sg = 0 or [2], and by
Proposition 3.30 the latter is not in 2p(Q).

This completes the proof of Theorem 4.7.

5.2.6.
We make several observations concerning the above argument.

Remark 5.3. Let k not be equal to Q(V—1), Q(V-2) or Q(V=3). One can try to find a better element

than Be., by going through the calculations in the proof of Theorem 4.7 after replacing mp by an

element of the form 3"\ M - |T'p, |='[P;] for some positive integer M that is divisible by the orders of
the stabilisers I'p,. If we start with M equal to the least common multiple of the orders |I'p,|, then we
may have to multiply this element by 2 perhaps twice in the proof in order to ensure that the resulting

element in p(k) belongs to B(k):

(1) in order to ensure that the boundary 9 of the resulting analogue of 77 is trivial up to the action of T,
which is not automatic if some P; has a face with reversible orientation under I" and M - |I'p, [~ is
odd;

(2) in order to ensure that 3"\ M - |T'p, |~ Z;’;l [ri,;] + B’ is in the kernel of 62’,( and not just 6201:
where M results from (1), and B’ (coming from flat tetrahedra) is in p(Q), which we view as inside
p(k) by Proposition 3.30.

Note that in the second statement here we use |O%| = 2, which excludes k = Q(V=1) or Q(V=3).

For our k, the Hermitian form (x,y) — Nm(x) + Nm(y) + Nm(x — y) on C2, with Nm: k — Q
the norm, has minimal vectors {+(1,0), +(0, 1), +(1, 1)}. By [22, Th. 2.7], this means that the triangle
with vertices 0, 1 and oo is a 2-cell of the tessellation. The element (9 ~1) in " of order 3 stabilises
this triangle while preserving its orientation. Therefore, the 3-cells that share this triangle as faces have
stabilisers with orders divisible by 3, and M is divisible by 3.

Also, the elements (=} ) and (9 }) have order 2 and generate a subgroup of I of order 4. The first
has as axis of rotation the 1-cell connecting 0 and oo, so the axis of rotation of the second, which meets
this 1-cell, must meet either a 3-cell, or a 2-cell with vertices 0, co and purely imaginary numbers.
In the first case we start with M divisible by 6. In the second case, (2) above ensures that M is even
because the 2-cell reverses orientation under (¢ (1)) Because in this remark we are also assuming that

k # Q(V-2), we know from Corollary A.5 that the greatest common divisor of the orders of the I'p,
divides 12. So this method could lead to an element Bg, as in Theorem 4.7(i) but with 24 replaced by
either 6, 12 or 24.

Remark 5.4. In our calculations, we find the following for all fields k that differ from Q(vV-1), Q(V-2)
and Q(V-3):
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o the ged of the orders of the stabilisers I'p, is 6 or 12; that is,_3 does not occur;
o the sum X/, 12 - [Tp, |1 - Z;;l([ri,j] — [ri,;]) belongs to B(k), so that by Remark 4.9 and

Corollary 3.29(iii), this must be another expression for B, in B(k).

Unfortunately, we have not been able to prove either of these statements in general.

5.3. An explicit example

With the same notation as before Theorem 4.7, we consider the element 8" = 3" | M -|T'p, |-! Z;”: (rigl

of p(k), where M is the greatest common divisor of the orders |T'p,|. As in Remark 5.3, the proof of
Theorem 4.7 shows that there is a positive divisor e of 2|0*| such that d, , (ef’) is in the image of the

composition p(Q) — A2Q* — A%k, and it gives a way of computing e from the tessellation. But this
depends on choices — for example, on how one pairs the faces of the P; under the action of I" — so the e
found may not be optimal.

But one can also do this algebraically, by computing 8’ and determining a (minimal) positive integer e
with eﬁlk(ﬁ’) in the image of p(Q). For this we can use Corollary 3.8 and Remark 3.9: if § is a finite

set of finite places of k such that 7\20§ c A%k* contains & = 9, . (B), and A = Q* N OF, then one can

compute whether ed is in the image of A%A or not. If this is the case then one can find its preimage
in AQ* from Lemma 3.10, algorithmically determine whether an element in there gives the trivial
element in K;(Q) and, if so, express it in terms of (92’Q( [x]) with x in Q.

Note that a different subdivision (4.6) might a priori give rise to a different 8’ and a different e, but
the other choices are irrelevant in this algebraic approach.

For the reader’s convenience we illustrate this, and the methods of the proof of Theorem 4.7, in
the special case that k = Q(V->5). In particular, in this case we find that both methods give the same
element, which generates B(k).

The lifts to O (up to scaling by O*) of the vertices vy, ..., vg in the two elements P and P, of D
are the columns of the matrix

w+l 1 2 2 0 -w 1 —w+1

-2 0 w-1 w 1 2 -1 w+l)]" (5:5)
Both polytopes are triangular prisms, which we write as [a, b, c; A, B, C], for [a, b, c] and [A, B, C]
triangles, with A above a, etc. Such a prism can be subdivided into orientated tetrahedra as [a, A, B, C]
- [a,b,B,C] + [a, b, c,C], and the resulting subdivision of its orientated boundary is

[A,B,C] + [a,A,C] - |a,c,C] + [a,b,B] — [a,A,B] +[b,c,C] - [b,B,C] — [a,b,c]. (5.6)

Here the first and last terms correspond to the triangular faces, and the middle terms are grouped as
pairs of triangles in the rectangular faces.

Then Py = [v3,vs,va; Vi, v, v6] With I'p, of order 2, generated by g; = (viv3)(vava)(vsve) in
cycle notation on the vertices of P (v7 and vg are mapped elsewhere). It interchanges the orientated
faces [vi,v3,v4,ve] and [v3, vy, v2,vs] of Py, and those faces have trivial stabilisers. The orientated
face [va,ve, v4, vs| is mapped to itself by g; but its stabiliser is noncyclic of order 4, with one of
the two orientation reversing elements acting as & = (vovs)(v4ve). The two triangles [vy, v, v2] and
[v3,vs, v4] are interchanged by g, and both have stabilisers of order 2, with the one for [vy, v, V2]
generated by (vavg).

We have P, = [vy,vs,v3; V2, V7, vs] with I'p, of order 3, generated by go = (viv3vs)(v2vsvy). The
three orientated faces [v;, v7,vs, vi], [v7, Vs, v3, vg] and [vs, vo, vy, v3] are all in the same I'-orbit and
have trivial stabilisers. The two triangles [v1, vg, v3] and [v,, vs, v7] are necessarily nonconjugate (even
ignoring orientation) because I'p, has order 3, but both have (orientation nonpreserving) stabiliser of
order 6, which acts as the full permutation group on their vertices.
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We now subdivide both P; and P as stated just before (5.6). This gives an element

1
o= 37T = 3[v3, vi,va, ve] = 3[v3, vs, va, ve] + 3[v3, Vs, va, ve]

+2[vi,va,v7,v5] = 2[vi,v8,v7, V5] + 2[v1, V8, V3, V5] .

Applying f3 i to this element results in
B =T3w+3]-3[-3w+3]+3[tw+2] -2[-tw+ 1]
in p(k). Using (5.6) one can easily compute the boundary dr}.. Because

2 = {(vi,v3,v4,v6), (v2, V6, V4, V5), (V3,V4,V5), (V1, V8, V3), (V7,V2,V5)},

under the action of I' we can move the resulting triangles to the eight triangles that result from the
elements of X7, with one of the ‘squares’ giving rise to four inequivalent triangles due to the two ways
of triangulating a ‘square’, the other to only one inequivalent triangle.

In (&,Z[t])r, where ¢ runs through the triangles, the triangular faces in d(n7}.) coming from those
of Py and P, cancel under the action of I" (this uses that the coefficient of [P;] in 77. is even and the
triangular faces of P, have orientation reversing elements in their stabilisers). Of course, the ‘internal’
triangles created by the subdivision into tetrahedra always cancel. Using g1, g2, /1, > one moves the
triangles coming from the ‘square’ faces to the five inequivalent triangles coming from [v, v3, v4, ve]
and [v, ve, v4, vs]. This yields the sum of the elements

0[v4,v3,v1,ve]l =3([v3,vi,v6] = [V3,Va, V6] + [V, Ve, va] = [V1,V3,v4])
+2([v3,va,ve] = [v3,v1,v6] + 2([v1,v3,v4] = [V1, Ve, v4]))

and
3[vs, va, ve] —3[vs, va,v6] = [V5,va, v6] — [vs, V2, V6] — 8[vs, V2, va, 6],

where we used A;.

So d(nr — 20[v4,v3,v1,v6] + 30[vs,v2,v4,v6]) = 0 modulo the action of I" for 7y = 27} =
6[P1] +4[P,]. After multiplying by 2 in order to deal with the ambiguity of the lifts of the cusps to 02,
we then find the element

Bgeo = 4B’ = 4[3] + 6[4/5] € B(k),

because cr3([v4, v3, vi,ve]) = 3 and cr3([vs, va, v4, ve]) = 4/5.

To see if one could do better, as discussed just before this example, we instead compute 9, ; of
B’. This can be done easily using the matching of triangles under the action of I' as before, using the
commutativity of (3.16) for 82(?;, but because for this we have to lift the vertices to the column vectors in
©%in (5.5) (and not up to scaling by ©*) we pick up some additional torsion along the way. Alternatively,
one can choose a finite set of finite primes S for k such that, for every [z] occurring in 8’, both z and

1 — z are S-units and compute in A%k* as in Remark 3.9 and Corollary 3.8. The result is
() A5+ (-2) A3+ (- A2+ (-1) A (—w) =2 A (-5)

in A2k*. Here we used that [vs, va, vg] — [vs, V2, v6] under J2.x is mapped to (—%) A(=5)-2A(~w) =
(=1) A (—~w) =2 A (=5). The first three terms are in the image of p(Q), and if we multiply the last
by 2 then we obtain —4 A (=5) = —(-4) A (-5) = —(-4) A5+ (=1) A (—1), with the first again in
the image of p(Q). If (-=1) A (-1) would come from p(Q) then it would come from its torsion by
Proposition 3.30(ii), which is generated by [2]. By Lemma 3.10, the kernel of A°Q* — A%k has order 2
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and is generated by (—1) A (=5), and one easily checks using Corollary 3.8 that both (—=1) A (=1) and
(=1) A (=1) + (=1) A (=5) in A*Q* are neither trivial nor equal to 62’Q([2]) = (=1) A2. Therefore,
(=1) A (=1) in A%k is not in the image of p(Q). Multiplying by 2 again kills the term (—1) A (=1);
hence, 48 — 4[3] + 6[5] is in B(k) and is best possible for our choice of subdivision. (Note that this
element equals Bge, above as [‘51] = —[%] = [5]. Also note that these calculations show that 28’ — 23
is in B(k), in line with Remark 5.4, and that this element must also equal Baeo-)

In fact, K>(0O) is trivial by [2, §7], so by Corollary 4.10(i), ¥/ (Beco) is a generator of the infinite
cyclic group K3(k tif“d = K3(k), Beeo is a generator of the infinite cyclic group B(k) and the map
Yi: B(k) — K3(k)tipd = K3(k)¢ is an isomorphism.

Hence a different triangulation cannot give a better result. Also, both factors 2 in Remark 5.3 are
necessary, so the obstruction of ‘incompatible lifts’ under the action of I" is nontrivial.

6. Finding a generator of K3(k) and computing | K> (Oy)|

In this section, we again restrict to the case of an imaginary quadratic field k and set O := O. As in
Section 4, we fix an embedding o : k — C and regard k as a subfield of C.

We explain how to combine an implementation of an algorithm of Tate’s, which produces a natural
number that is known to be divisible by the order of K, (), with either the result of Corollary 4.10(i) or
just the known validity of the precise form of Lichtenbaum’s conjecture for k and m = 2 (cf. Example 2.7),
to deduce our main computational results.

At this stage we have successfully applied the first of these approaches to about 20 fields and the
second to hundreds of fields. In this way, for example, we have, for all imaginary quadratic fields of
discriminant bigger than —1000 determined the order of K, (), where not yet known, and a generator of
the infinite cyclic group K3 (k)tif“d that lies in the image of the injective homomorphism y constructed
in Theorem 3.25 (thereby verifying that £ validates Conjecture 3.33) and hence also the Beilinson
regulator value R, (k).

The results are available online [62]. In particular, for each of the listed imaginary quadratic number
fields k, the element 3., is such that its image ¢ (Baz) generates K3(k)ti;‘d, thus verifying Conjec-
ture 3.33 for all of those fields. The element Bg, is the element of Theorem 4.7, obtained in the way
described in Remark 5.4.

6.1. Dividing Bgeo by |K2(Ox)|

6.1.1.

The basic approach is as follows. An implementation by Belabas and Gangl [2] of (a refinement
of) an algorithm of Tate gives an explicit natural number M divisible by |K>(O)|. Because typically
M = |K>(0)|, for any element @ge, of ker(d2 ¢ ) that lifts Bee, We try to find an element « in this kernel
for which the difference M - @ — g, lies in the subgroup generated by (3.18) and (3.19). If one finds such
an «, then its class 8 in B(k) satisfies Beeo = M - B. From the result of Corollary 4.10(i) it then follows
that |K»(O)| = M, that B generates B(k), that y; () generates K3 (k)ti;ml and hence, by Theorem 3.4(iii),
that Ry (k) = | reg, (Y& (B))I-

6.1.2.
To find a candidate element @ as above we first use the methods described in Subsection 6.3 to
identify an element a for which one can verify numerically that M - D (@) = Dy (geo), With D the
homomorphism from Remark 3.20(ii). We then aim to prove algebraically that M - § = Bge, by writing
the difference M - @ — a@geo as a sum of explicit relations of the form (3.18) and (3.19).

To complete this last step we use a strategy that can be used to investigate whether any element of the
form }}; n;[x;], where the n; are integers and the x; are in kP, can be written as a sum of such relations,
using suitable finite subsets U of k.
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We let U consist of all x; and their images under the 6-fold symmetry implied by the relations (3.19);
that is, for u in U we also adjoin 1 — u, wl1-ul,(1- u‘l)‘1 = % and (1 - u)‘l.

Next, for u # v in U, we consider the element in Z[k"] obtained by putting x = x and y = v in (3.18).
We use the result only if all five terms are in U.

We then form a matrix A of width |U], as follows.

o For the first row we write ) ; n; [x;] in terms of the Z-basis {[u] with u in U} of the subgroup Z[U]
of Z[k].

o For each of the, n, say, 5-term relations that we have just generated, we add a row writing it in terms
of the basis.

o For each u in U we add rows corresponding to the relations [u] + [1 —u], [u] + [u""],
[u] = [1—u™"], [u] + [£] and [u] - [(1 — u)~'], resulting in, say, m rows in total.

Then the kernel of the right-multiplication by A on Z***" (as row vectors) gives the relations among
the various elements that we put into the rows of A. An element in this kernel with 1 as its first entry
encodes a rewriting of > ; n; [x;] as the sum of elements as in (3.18) and (3.19).

Unfortunately, this straightforward method is rarely successful. Instead, we may have to enlarge U,
and the computation can simply become too large. It was, however, done successfully, to some extent
by trial and error, for several imaginary quadratic number fields.

Example 6.1. The most notable example among those is k = Q(V-303), for which it is known from
[2] that |K>(O)| = 22. The results for this case are described in Appendix B.

Remark 6.2. We note that the method described above for verifying identities in B(k) only depends on
the definition of B(k) in terms of the boundary map &, x and the relations (3.18) and (3.19) on Z[k"]
that are used to define p(k). In particular, it does not rely on knowing the validity of Lichtenbaum’s
conjecture and so, in principle, the same approach could be used to show that an element is trivial
in p(F) for any number field F (although, in practice, the computations are likely to quickly become
unfeasibly large).

6.2. Finding a generator of K3 (k)gld directly

This approach relies on the effective bounds on |K,(O)| that are discussed above, the known validity of
Lichtenbaum’s conjecture as in Example 2.7 and an implementation of the ‘exceptional S-unit’ algorithm
(see Subsection 6.3) that produces elements in B(k). In particular, the reliance on Lichtenbaum’s conjec-
ture means that the general applicability of this type of approach is currently restricted to abelian fields.
To describe the basic idea, we assume to be given an element y that equals N, times a generator of
the (infinite cyclic) group K3 (k)ti%1d for some nonnegative integer N, .
Then one has | reg,(y)| = N, - R2(k) and so Example 2.7 implies that

L ren() N
221 KO

If one also has an explicit natural number M that is known to be divisible by |K, ()], then

regy (7) M
_ — 6.3
200 VKO ©3)

is a product of a nonnegative and a positive integer. Hence, if the left-hand side of this equality is
numerically close to a natural number d,, then N,, and M /| K> (O)| are both divisors of d, . In particular, if
one has an element y with d, = 1, then one concludes both that N,, = 1 (so that y generates K3 (k)tif"d) and
that |K>(O)| = M. We would therefore have identified a generator of K3(k ti%’d and determined | K, (0)|.

To find suitable elements y we proceed as described in Subsection 6.3 to generate elements « in the

subgroup ker(8 1) of Z[k"]. We then let y be the image under ¢ of the image of some such « in B(k).
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Note that it is not a priori guaranteed that a generator of K3 (k)ti;ld is contained in im (it ). However, if
this is the case (as it was in all of the examples we tested), then i is surjective and so one has verified
that k validates Conjecture 3.33.

6.3. Constructing elements in ker (02 1) via exceptional S-units

6.3.1.
In order to find enough elements in ker(d2 x), we fix a finite set S of finite places of k and consider
‘exceptional S-units’, where an S-unit x is exceptional if 1 — x is also an S-unit.

To compute with such elements it is convenient to fix a basis of the S-units of k; that is, a set of
S-units that gives a Z-basis of the S-units modulo torsion. (This is implemented in GP/PARI [48] as
‘bnfsunits’.) For each exceptional S-unit x we encode x and 1 — x using the exponents that arise when
they are expressed in terms of the basis and a suitable root of unity. Corollary 3.8 and Remark 3.9 then
enable us to compute effectively in A2k* with the elements (1 — x) A x.

Example 6.4. In the case k = Q(V-11) and S = {2, 93, 93} where g, = (2) is the unique prime
ideal of norm 4 and g3 and p; denote the two prime ideals of norm 3 in O, PARI provides the S-unit
basis B = {by, by, b3} with by = 2, by = _l+m and b3 = _l+m We find the exceptional S-unit

X % - —V3‘6” of norm 31—6, for which 1 — x has norm %, and write

x=-b'b3%,  1-x=-b]'by%b;.
It follows that
1-x)Ax=(-DA(=D)+(=1)Aby+(=1) Ab3+3(b; Ab3) +6(by A b3),
which corresponds to the element (T, T, 6 T, 0, 3, 6) under the isomorphism in Corollary 3.8.

This approach effectively reduces the problem of finding elements in ker(d2 ) to a concrete problem
in linear algebra. Of course, one wants to choose a finite set S of finite places for which one can find
sufficiently many exceptional S-units in k such that some linear combination of them in ker(d2 x) gives
a nontrivial element in (and preferably a generator of) the quotient B(k).

Note that, though one can check for nontriviality of an element 3 in B(k) by simply verifying that
its image under the map D is numerically nontrivial, in order to conclude that § is trivial we need to
know an explicit natural number M that is divisible by |K>(O)|. Then the quantity on the left-hand side
of (6.3) is numerically close to zero if and only if y = ¥ (8) is trivial. If that is the case, then the
injectivity of ¥, implies that the element g is itself trivial.

6.3.2.

Because B(k) is cyclic of infinite order, there exists a finite set S for which the above procedure can lead
to a nontrivial element. By Remark 4.9 one can take it to comprise all of the places that divide any of
the principal ideals O -r; ;, 0-7; ;,O-(1—r; ;) and O - (1 —7; ;) for the elements r; ; in Theorem 4.7. In
general, this set is far too large to be practical for the exceptional S-unit approach. Fortunately, however,
in all of the cases investigated in this article we found that a much smaller set suffices. In fact, it is often
enough to take S to comprise all places that divide either 2 or 3 or any of the first 10 (say) primes that
split in k.

Example 6.5. In the case k = Q(V—-303) it suffices to take S to be the set of places that divide either of
2,11 and 13 (all of which split in k) or 3 (which ramifies in k). Imposing small bounds on the exponents
with respect to a chosen basis, we already find 683 exceptional S-units in k. Setting w := (1+V-303)/2,
GP/PARI’s [48] ‘bnfsunits’ gives as a basis of the S-units the set

{-20+3w,2,-4 - w,-36 — w,4 - 0,28 —w,—12 + w}

of norms 2'0,22,25.3,27 . 11,23 - 11,2 - 13, and 2* - 13, respectively.
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Computing the kernel of ¢, x on the corresponding subgroup of Z[ k"] gives a free Z-module of rank
several hundreds, but most of the elements of a Z-basis for this kernel turn out to result in the trivial
element of p(k); that is, they correspond to relations of the type (3.18) and (3.19). In this case, with a set
of exceptional units that differed from the one used in Appendix B, but again using that |K,(0)| = 22,
we found using the approach described in Subsection 6.2 that

461 92T | 4 36[ ~@HIS | gzl gy medl ) g el )y =114 143] - 16] T23302320 ) | gg) 2530495

#1581 2523 )44 20221 )1 120[ ST 15[ S0 ) aa 2L ) 700 22 ) - 12045901 - 360 8L 1+ 520 €52 ) 4021 487 ) - 6 40

—2op @8 oo Ll sl -4 - sap L3y ap 3020y 1a 207

ind

in Z[ k"] belongs to ker(d, &) and that its image in B(k) is sent by i to a generator of K3 (k)§e.

Example 6.6. We now set k = Q(V—4547), so that O = Z[w] with w = “—’_24547. We recall that in
[12] it was conjectured that |K>(O)| = 233. In fact, though the program developed in loc. cit. showed
that |K»(O)| divides 233, the authors were unable to verify their conjecture because this would have
required them to work in a cyclotomic extension of too high a degree.

By using the approach described in Subsection 6.2, we were now able to verify that |K,(O)]| is indeed
equal to 233 and, in addition, that the element

132037 1207+ BTG - 6L | - LR 2150+ 8L 2 2+ 205 - L SRR 2055 ) 12812

+24[ 205314 74[ 22085 14 10 2@ | 1o 220840 | sqp = b2 1401 22023 | - 16] 293 14 12 22945 | - 10 =9 H2L o S g S

o1 2221l 8 a2 ) B o g

3lw-131 —S5wi6 —16w+6736 | , | ~16w=4523 20-5 1, 5 2043 | w4875 w4875 20-5 2041750
+ 2= g7 1 -4TG 1 =817 gy 1+ 20 gy 1= 26055 1+ 2159 1+ 2[ g | - 4145537 1 - 41 067 | - 2415572 1+ 121 2557557 |

1 2w-5 2w-5 2w+3 2w+3 2w-842 w+420 2w-5 2w-5 2w+3 w+420 w+420
— 23z 141405557 1 - MIgET 1 - 500555 1 - 8IS 1+ 4l Sgr | + 381 5577 1 - 300 =52 1 =21 1= 14025 1+ 1405556 1 - 009568 1

13 13 169 169 169 3494 w—-13298 4w-1684 16 w+4523 243 26 26 3
—OMNT] =20 5351 -2[g7 1 -4l 05 1 - 14l 5451 +4l 356 ] — 1005707 1 = 160 Fagsy 1 - 420 Pgggg = 1 + 2556 1+ 2[ 571 - 205 1 + 41 53]

- 16[ 3641260 4 10 BL@rtI3 | _ 54 3lecl6d | 6130) 1 6132 |4 8 8eBI00 |, 20] IR0 | _ 301 062 | _ 3 Sl |y 6 5wl | _ 1o Sy

Sewtl Sewtl 10012 52164 16044523 | , 41 841=176104
—4l90s53 1+ 240557 1+ 8100 1 - o2 -4l ] - 2057 | - I G5e = 1+ 41 sy

ind

of Z[k] belongs to ker(&,, ;) and that its image in B(k) is sent by ¥ to a generator of K3(k s

Appendix A. Orders of finite subgroups

In this appendix we again consider a fixed imaginary quadratic field k, embedded into C. The main
aim of this subsection is to prove, in Corollary A.5, that the least common multiple of the orders of
finite subgroups of PGL, () is either 12 or 24, with the latter being the case only if k = Q(V-1) or
Q(\/—_Z). The authors are not aware of a suitable reference for this in the literature or, in fact, of an
explicit classification of types of finite subgroups of PGL, () that do not lie in PSL,(0O). Because this
is not difficult, we include it for the sake of completeness.

Using the inclusions PSL;(0) c PGL;,(O) c PGL,(C) = PSL;,(C), our arguments are based on the
following classical result [24, Chap. 2, Th. 1.6] that goes back to Klein [35].

Proposition A.1. A finite subgroup of PSL,(C) is isomorphic to a cyclic group of order m > 1, a
dihedral group of order 2m with m > 2, A4, S4 or As. Further, all of these possibilities occur.

It seems that the finite subgroups of PSL;(0) have been studied more than those of PGL,(0) even
though it is harder to determine them.

An element y in SL;(O) of finite order has characteristic polynomial of the form x* + ax + 1 with
a in [-2,2] N O because the two roots must be conjugate roots of unity. Hence, a = +2, +1 or 0, from
which it follows readily that the image y in PSL; (O) of y has order 1, 2 or 3. In view of Proposition A.1,
this limits the possibilities of a finite subgroup of PSL,(0) to the cyclic groups of orders 1, 2 or 3, the
dihedral groups of order 4 or 6 and A4. Cyclic groups of order 2 or 3 can be obtained already in the

2
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subgroup PSL,(Z), generated by (9 3') and (9 =1 ), respectively. The occurrence of the dihedral groups

of order 4 and 6, and of A4, in PSL,(0) for k = Q(V—d) with d a positive square-free integer, depends
on the prime factorisation of d; see [39, Satz 6.8].

We now consider finite subgroups of PGL,(0). An element in PGL;(0) of odd order is contained in
PSL;(0): if an odd power of a 2 X 2-determinant is a square in O*, then so is the determinant. It follows
that the only finite subgroups that can occur in PGL,(O) but are not necessarily contained in PSL;(O)
are the cyclic groups of even order, the dihedral groups and S4. In order to obtain a complete answer,
we first look at elements of finite order in PGL; (k).

Lemma A.2. Let y be an element of finite order in GLy (k) andy its image in PGLy (k). Write ord(y)
and ord (%) for the respective orders of these elements.

(i) Fork = Q(V-1), one has ord(y) € {1,2,3,4,6,8,12} and ord(¥) € {1,2,3,4}.
(ii) For k = Q(V=2), one has ord(y) € {1,2,3,4,6,8} and ord(y) € {1,2,3,4}.
(iii) For k = Q(V=3), one has ord(y) € {1,2,3,4,6,12} and ord(y) € {1,2,3,6}.
(iv) For all other k, one has ord(y) € {1,2,3,4,6} and ord(y) € {1,2,3}.

Proof. Assume that y has order n, and let a(x) in k[x] be its minimal polynomial, so that a(x) divides
x™ — 1. The statement is clear if a(x) splits into linear factors, so we may assume that a(x) is irreducible
in k[x] and of degree 2. If a(x) is in Q[x] then it is an irreducible factor in Q[x] of x" — 1, necessarily
the nth cyclotomic polynomial because the mth cyclotomic polynomial divides x — 1 if m divides n.
So ¢(n) = 2,and n = 3,4 or 6. If a(x) is not in Q[x], then a(x)a(x) is irreducible in Q[x], it must be the
nth cyclotomic polynomial and k& must be a subfield of Q(£,,). Then ¢(n) = 4,son = 8 and k = Q(V-1)
or Q(V=2),orn = 12 and k = Q(V-1) or Q(V-3). (Note that n = 5 is excluded because Q({5) contains
no imaginary quadratic field.) The statement about the order of y follows by taking into account the
factorisation of x™ — 1 over k[x]. In general, the 2mth cyclotomic polynomial divides x™ + 1. But for k =
Q(V-1)andn = 12, som = 6, we also have x°+1 = (x> —i)(x3+i) in k[x], and a(x) divides one of those
factors. O

Remark A.3. In the cell stabiliser calculation for £k = Q(V-3) in [44] the symbol A4 should be a
dihedral group of order 12 in PGL,(0), where the subgroup in PSL,(0O) is dihedral of order 6.

We can now determine the types of finite subgroups in PGL,(O) that do not lie in PSL,(0).
Proposition A.4. Let G be a finite subgroup of PGL,(0) that is not contained in PSL,(0O).

(i) For k not equal to Q(\—m) withm = 1, 2 or 3, G is isomorphic to a cyclic group of order 2 or a
dihedral group of order 4 or 6. For k = Q(N—1) and Q(V-2), G can also be isomorphic to a
cyclic group of order 4, a dihedral group of order 8 or S4. For k = Q(N=3), G can also be
isomorphic to a cyclic group of order 6 or a dihedral group of order 12.

(ii) All of the groups listed in claim (i) occur.

Proof. We already observed that an element of finite odd order in PGL,(0) is contained in PSL,(0O),
so the groups listed in (i) are those not ruled out by combining Proposition A.1 with Lemma A.2.

It remains to show that all such groups occur. Various examples may, of course, exist in the literature,
but for the sake of completeness we give some here. In fact, for S4 we use the stabiliser of the single
element in X3 in our calculations for Q(V-1) respectively Q(V-2) (see Subsection 5.2.5).

Cyclic examples. If u in O* is not a square, then (g (l’) is not in PSL,(O) and its order equals the

order of u. This gives the required subgroups except for those of order 2 for Q(V-1) and of order 4 for
Q(V-2). The former can be obtained by using ((1) ‘E), which is not in PSL,(0) and has order 2, and

the latter by using ((1) \l_ﬁ), which is not in PSL,(0O) and has order 4.
Dihedral examples. If u in O* is not a square and has order m = 2, 4 or 6, then (49) and (9})

generate a dihedral group of order 2m. With u = —1 this constructs a copy of Dy, except for Q(V-1),
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but for this field we can use generators (‘(]) (1)) and ( \% (1) ) Taking u a generator of O gives a copy of

Dg for Q(V—1) and a copy of D, for Q(V-3).
For k not equal to Q(V-1), a suitable copy of D¢ is generated by (¢ 1) and (9}), whereas

for Q(V-1) we can use (9-!) and (1+\1ﬁ \T) Finally, a copy of Dg for Q(V-2) is generated by
(15 and (9°5).

S4-examples. For Q(V-1), the orders of ( (1) E“ ), ( ‘E ‘01 ) and (é _‘@1) are 2, 3 and 4, respectively,
and they generate a subgroup isomorphic to Sy.

For Q(V-2), one finds (_\;2“ _\?_1 ), (“?‘1 _\/\/?2“) and (\ﬁ22—1 ‘/?2“) have orders 3, 3 and

2, respectively, and they also generate a subgroup isomorphic to Sy. O

Corollary A.5. The least common multiple of the orders of the finite subgroups of PGL,(0) is 24 if k
is either Q(V—1) or Q(V-2) and is 12 in all other cases.

Proof. This is true for the groups listed in Proposition A.4, and the possible finite subgroups of PSL;(0)
(discussed before Lemma A.2) have order dividing 12. m]

Appendix B. A generator of K3 (k)M for k = Q(V-303)

For an imaginary quadratic field k = Q(V-d), with ring of integers O, Browkin [11] has identified
conditions under which the order |K,(Q)| is divisible by either 2 or 3 (for example, he shows that
|K>(0)] is divisible by 3 if d = 3 mod 9).

Moreover, all of the coeflicients in the linear combination S, that occurs in Theorem 4.7(i) are
divisible by 2 if k is not equal to either Q(V—1) or Q(V—2). In addition, if k is also not equal to Q(V-3),
then although Remark 5.3 shows that at least one of the coeflicients in Sg, is not divisible by 3, one
finds in practice that most of these coefficients are divisible by 3.

For these reasons, it can be relatively easy to divide Sy by either 2 or 3. But no such arguments
work for division by primes larger than 3, and this requires considerably more work.

It follows that if one uses the approach of Subsection 6.1, then any attempt to obtain a solution 8
in (k) to the equation |K»(O)| - B = Bgeo o1, equivalently (taking advantage of Remark 4.9), to the
equation 2|K>(0)| - B = 240, in order to find a generator of B(k), is likely to be much more difficult
when | K, (0)] is divisible by a prime larger than 3.

This observation motivates us to discuss the field £ := Q(V-303), for which O = Z[w] with w =
(1++v-303) /2. We recall that k was conjectured in [12] and verified in [2] to be the imaginary quadratic
field of largest discriminant for which |K,(0)]| is divisible by a prime larger than 3. More precisely, this
order was first conjectured and later determined to equal 22.

We apply the technique described in Section 4. The quotient PGL,(O)\H has volume

Vol (PGL, (O)\H) = -7 - £1.(~1) ~ 140.1729768601914879815382141215 . ... .

The tessellation of H consists of 132 distinct PGL; (0)-orbits of 3-dimensional polytopes:

87 tetrahedra

29 square pyramids

13 triangular prisms

1 octahedron

2 hexagonal caps — a polytope with a hexagonal base, 4 triangular faces and 3 quadrilateral faces as
shown in Figure B.1.

O O O O O

The stabiliser I'p in PGL,(0) of each of these polytopes P is trivial except for eight polytopes P.
It has order 2 for four triangular prisms and order 3 for one triangular prism, the octahedron and both
hexagonal caps. By Theorem 4.7, the tessellation and stabiliser data give rise to an explicit element Sgeo,
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Figure B.1. Hexagonal cap

which we compute by using the ‘conjugation trick’ of Remark 4.9 as %(2ﬁgeo) (see Remark 5.4 for why
we are allowed to divide by 2). The latter can be written as a sum of 188 terms a;[z;], where q; is in
27 and z; is in k”. By Theorem 4.7(i) and (4.5) we have Y, a; D(z;) = 24 vol(PGL,(0)\H) with D the
Bloch-Wigner dilogarithm.

Using the algebraic approach described in Subsection 6.1, we can find Ba, = > b;[w/] in B(k)
with image under the Bloch-Wigner function bounded away from 0, and it turns out that it suffices to
restrict the search to exceptional S-units where S consists of the prime ideals above {2,3, 11, 13, 19}.
Here 3 ramifies in O, and the other primes are the first four primes that split in O. One of the S, found
with smallest positive dilogarithm value has 110 terms and all coefficients +2.

By comparing 3 b;D(w;) with 3, a; D(z;) above, we expect SBgeo — 22 - Balg to be trivial in B(k). We
can prove this by writing a lift to Z[k"] explicitly as a sum of the elements specified in (3.18) and (3.19).
A linear algebra calculation in Magma [ 10] shows that this can be done as an integral linear combination
of 1,648 5-term relations, plus a good number of 2-term relations, so that, indeed, Sgeo = 22 - Bag.
(Note that B(k) by Corollary 3.29 injects into R under the dilogarithm, whereas one has to contend with
torsion if attempting this calculation in B(k) instead.) The elements S,, and Bge, are given below. The
5-term combinations are available online [62].

It follows from Corollary 4.10(i) that the resulting element i) (Sa,) generates K3(k)lnd This also

implies that ¢ : B(k) — K3(k)t‘fnd is bijective (as predicted by Conjecture 3.33).

Baeo= 1()8[“‘+4|+36[ @231 108 L) 4360 2L+ 64] m+3|+24|‘“+14|+12|3 ]+36| @]+ 64] L]+ 180] ‘"+3|+12[“‘4]+24[‘"+36]

88 55 |1 36[ 2192 | 4 g ot 4J+l3613w+l7J+180[w+3J+12[5(u+44j+30l9w+45J+12[w 6485 5123 |1 20[ 3525 |4 12 94438 |

120 919 48] G4 | 124 SQ25 |4 04 SWEIAS | o[ 324 | 4 24 424E065 |, 24 60295 |1 1 2017 | 4 12 WrL |5 9511424 1228

+48[35w+644]+24[4w+24]+]2[4w 28]+24[7w+76]+48[7w 28]+60[w7+%]+]2[ ]+24[5w 25]+24[w+11 ]+24[9w+99]+60[4w+8]

T 208

#2415 4 36 2T 14 360 2T 14 12 20410 |4 1o 2GEAL | 4 12 TS |4 61 5 |46 3 |4 121 Z59LI23 | 4 1] LLGH6 |, go[ 42429

#24[L5QHLS |05 5008 |y 1] 25@EIITS | 15[ @5 |4 70 3646 | g B0 |, 04 3420 |, 04 @I58 | 4 24 92522 |4 04 32420

P12 3T |1 12 QI |4 15[ 1504980 |, w+7]+24[3 6424 35T | 24 €236 |4 12 @476 |1 12 22602 |4 16 36221 |4 25 318 |

+48[ 39467 4 2] ‘5“’*'8370]+zs[‘%ﬁ]+7z[3uj‘ﬁ]+12[M]+12[%]+24[%]+12[M]+1z[“’“§¢]+36[~0§‘5]

+24] &

— 9
g 2642 | o) L )4 (2] 1@ 1 12 9072 14 0 T | gg] 2411424 LISWHIG00 | 30 9652 | 6 256867 | g Tagt6
+24[ 36(5);-713876 ] +24] u):—f(] 1 +24 3(1{X2() ] +24] (1223 ] +24] 7(1?-5%37 ] +6] 27(36_28 ] +6[ wg»279 1+ 12] 9(i)1+855 ] +12] 16(?7-{-9]55 1+28] a)g»G ]

#A[BHT | 1 16[ 3004627 || o4 4e2d |, 1o B4QIIB0 ) 4 54 9036 |, 1o 210A088 |, 1] a6 | 4 54 D028 |4 1 2SI | 1o w84

68130 4 12 WIS | g4 43l | 16 LLetd0 | 5[ 163602765 | g LLw=SL )y 360 21016 | 4 25 304274 4 25 S0 |, 1 254

+8[5w;20]+8[9¢Z)‘&)36]+4[wlg4]+4[501) +95 ]+4[?¢%+35]+4[w2+519]+]6[]0%};9209]+20[ 16() ]+28[w+5] 2[5 =Bw ] 12[=

52 265 35 22 ]

—Sw+49 —w-5 —9w+47 —w+20 —2w+19 ) —4w-24 —w-4 —2w+12 —2w+43
e e 1l B e e B R - R < Sl B B el B S el B B e ! R el R e

—w+6 =Sw+5 =25w+1148 —11w+77 =25w+1200 —w+6 —w+38 —6w+25 —15w+995
SOl=E R el =g - 2 =y - 2=y I 2 g 1 2T I - I - 2L - 2

—w+8 —w+77 =27 w+54 —3w-18 —8w+65 —w+3 “Tw+71 —16w+149 —w —18w+702
SR 2 =S - 2R - 10 =G - 12 S g - 12 =5 - 12 = | - 2 =g - 12 5 - 2 =)
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