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AN INEQUALITY FOR COMPLETE
SYMMETRIC FUNCTIONS

BY

SAMUEL A. ILORI

Consider the identity
l—[ (l—ait)_1= Z ’I'r(aly--"am)t',
i=1 r=0

where a;,...,a, are positive real numbers. Then for r=1,2,3,... T, =
T,(ai,..., an) is called the rth complete symmetric function in a,,..., Gm
(T(): 1).

— k k
Tr_Zall...amm,

where the summation is over all permutations (ki,...,k,) satisfying the
conditions 0<k;<r (1<=i=m) and ) k; =r. We then define the rth complete

symmetric mean g, as
m+r—1\"1
q, = ( ) T,

r

where (m+r—1 7r) is the number of terms in T,. Then by Theorems 220 and
221 in [1] we have the inequalities:

(1) (4)°<Gr-1G+1

for r=1,2,3,... unless all the a are equal, and

2 (@) <(g+0)""""

for r=1,2,3,... unless all the a are equal. The inequalities (1) and (2) also

follow from part (b) of Theorem 2 and its Corollary in [3] where k=—1.
The purpose of this note is to generalize the inequality (1) in the same way as

Menon did for elementary symmetric functions in [2]. Define for r=1,2,3,...

and 0=t=<1, the functions

q.()= [Tn—J;_—l—] ,

r
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where [n k] is the t-binomial coefficient defined by
[n] _(1-mQa- Y (1= R
k (1“[)(1—[2)-..(1_tk) )

[n O0]=1and[n k]=0,for k<O (cf.[2]). Note that q,(0) = T, and q,(1) = gq,.
We then have the following

TueoreMm. For r=1,2,3,... and positive real numbers a,, . .., a, we have

@) (@ 0F<(“)a 000

(0=t=1) unless all the a are equal.

Proof
mtr=2l[m+r]{m+r—1\> ,
[ r—1 ][r+1]( r )q,
m+r=1Pm+r-2\[m+r
) e
_(m+r-1(r+ DA-"A-1t)q? - (r+1) q:
(m+nrA=1"""HA-t"g 16,41

r qr—lqr+1 ’
(since
1-¢ (m+r—-D(A-t""") ) r+1 .
—=1 d =1|< 1)).
1= M -y ;o (using (1))
Therefore,

GOF _r+1
B0 7

b

and this proves (3).

RemMARk. When t = 1, the inequality (3) is less sharp than the inequality (1).
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