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Abstract

Pointwise bounds for characters of representations of the classical, compact, connected, simple Lie groups
are obtained which allow us to study the singularity of central measures. For example, we find the minimal
integer k such that any continuous orbital measure convolved with itself k times belongs to L2, We also
prove that if k = rank G then 4** € L' for all central, continuous measures . This improves upon the
known classical result which required the exponent to be the dimension of the group G.
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1. Introduction

In this paper sharp, pointwise bounds for characters of representations of the classical,
compact, connected, simple Lie groups are obtained. Our prime motivation is to use
these estimates to study the singularity of central, continuous measures.

In [8] Ragozin proved the striking fact that if G was such a group and . was a central,
continuous measure on G, then u%™¢ e L!(G) (the product here is convolution). This
implies, in particular, that if g is not in the centre of G, then TrA(g)/deg . — 0O as the
degree of the representation A tends to infinity [11]. Ragozin’s result was improved
by one of the authors in [2] where it was shown that if g does not belong to the centre

The authors would like to thank E. Zorzitto for helpful conversations.

The research of the first author and the third author was partially supported by NSERC.

The hospitality of the University of Waterloo is gratefully acknowledged by the second author.
© 2000 Australian Mathematical Society 0263-6115/2000 $A2.00 + 0.00

61

https://doi.org/10.1017/51446788700001841 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001841

62 Kathryn E. Hare, David C. Wilson and Wai Ling Yee [2]

of G, then

Tr(g)
deg )

S C(g) (deg A)—Z/(dim G—rank G) .

A consequence of this bound on the trace function is that if ¥ > dim G/2 and u is a
continuous orbital measure, then u* € L?(G), while if u is any central, continuous
measure then p* € L'(G).

In this paper we improve these results, obtaining the following theorem for classical
Lie groups of rank n.

THEOREM 1.1. Let G be a compact, connected, simple Lie group of type A,, B,, C,
or D,. For every g not in the centre of G there is a constant c(g) such that

TrA(g)
deg A

< c(g)(degA)~*

for all representations A if and only if

1/(n—1) ifGistype A,_, or Dy;
1/@n —1) if Gis type B,;
2/2n—1) ifGistype C,,n#3;
1/3 if G is type Cs.

s <

(In contrast, dim G — rank G = O(n?).)

From Theorem 1.1 we are able to show that if G is type A,_;, C, forn # 3 or
D,, and y is any continuous, orbital measure, then u* belongs to L?(G) if and only
if k = rank G = n. Furthermore, if p is any continuous, central measure, then "
belongs to L'(G). For type B, the condition is k > 2n.

Key to proving Theorem 1.1 is to understand the structural properties of maximal
subroot systems. These are discussed in Section 2. In Section 3 we use these properties
and computational arguments based on the Weyl character formula to establish the
specified pointwise upper bounds on the trace function. Examples are found in
Section 4 which prove these upper bounds are best possible. Applications to the study
of the singularity of central measures can be found in Section 5.

2. Notation and structural properties of subroot systems

2.1. Notation Let G be a compact, connected, simple, non-exceptional Lie group
of rank n. Let Z(G) denote its centre and W be its Weyl group. Denote by e, ... , e,
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the usual unit vectors in R™, where m = n + 1 in type A, and m = n otherwise, We
take a maximal torus T with ¢ the set of roots for (G, T) described below.

Type Root system ¢ Base A={a;:j=1,...,n}
A, lei—¢ :1<i#j<n+1} a =€ — €4
B, (e, x(eixe):1<i#j<n} a =e¢ —e¢yforj#n
a, =e,
C, {£2e;,t(eite):1<i#j<n} aj=¢ —e forj#n
o, = 2e,
D, {X(eite):1<i#j <n} aj=¢e —ejforj #n

, = €, + €n

The set of positive roots associated with the base of simple roots A is denoted by ¢+,
the fundamental dominant weights relative to A are denoted by A;, ..., A,, and A*
is the set of all dominant weights. The set A* is in a 1-1 correspondence with G;
0 € G is indexed by its highest weight A € A*. The degree of o, is denoted by d,.
The weights of A € A* are given by

MMA)={ueA:wu) <iforallw e W},

where u < A means A — u is a non-negative integral sum of positive roots. We set
p= Z};l A;. According to the Weyl dimension formula [13] the degree of A is given
by

2.1 ]_[(p+l,a)/(p,a).
acdt

For general facts about root systems we refer the reader to [5].

Giveng € T welet (g) = {a € @ : a(g) € 27 Z} and let d*(g) = d(g) (| P*.
It is easily seen that ®(g) is a subroot system of ¢ and that ®*(g) is a complete set
of positive roots of this subroot system. It is known that (g) = & if and only if
g € Z(G) [1, page 189]. When ®(g) is empty g is called a regular element of G .

For g in the torus, the Weyl character formula ([13]) states

e”® Y wdetwexpi(p + A, w(g))
Haed>+ (elr® —1) '

This determines Tr A on G as characters are class functions.

When g € Z(G) an application of Schur’s lemma shows that |TrA(g)| = d,,
hence the interest is when g ¢ Z(G). It was shown in [2] how one can evaluate the
Weyl character formula (by considering suitable directional derivatives if ®*(g) is
not empty) to obtain

ITrA'(g)l _ C( ) Izwewdetw naed>+(g)(p + A” w(a)) €xXp l(p + A'! w(g)),
dA =8 na€¢+ (p + A-s 0,’) ’

Tri(g) =

22
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A, n=2
1 2 n—1 n
0
B, n>3 - - . —O=3=0
2 3 n—1 n
1
Cp,n=>2 O=——==0——0— —O=x=0
0 1 2 n—1 n
0 n—1

D,, n>4 >>—<%
2 3 n-2

FIGURE 1. Extended Dynkin diagrams.

Consequently,

TeA@ _ o Dwew Tacorp (0 + 4, w@)|
4 - Moo+ A

Thus in order to find pointwise bounds on the trace functions off the centre of G it
is useful to understand the structures of the subroot systems properly contained in .
It clearly suffices to analyze those subroot systems which are maximal in the sense
that there is no other proper subroot system containing it. These subroot systems are '
always associated with regular subalgebras, (although not always of maximal rank)
and hence their diagrams are subdiagrams of the extended diagram of the original
root system (see Figure 1). Note that the additional vertex, labelled 0, is identified
with the highest root ap.) Once all these subdiagrams have been identified we can
determine all possible sets of positive roots associated with maximal subroot systems
by considering Weyl conjugates of the bases corresponding to the subdiagrams.

We illustrate how to do this to find the positive roots of all maximal subroot systems
for type B,. The other types are sunimarized below.

(2.3)

2.2. Maximal subroot systems of type B, Consider the extended diagram of
Figure 2. Notice that if vertex 0 or 1 is removed the remaining subgraph is still type
B, and thus is not proper. If vertex 2 is removed we are left with type A, x A; x B, _,.
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0
extended B, —0———0==x0
2 3 4 n-2 n—1 n
1
0
o]
Dy x B,_» o——-o0— —O0————O0=—==0
3 4 n~2 n—\ n
o]
1
0
Dy, x B,_; <+ . —0 o— —Oo=—2=0
2 k-1 k n-1 n
1
0
D,,_I X A] -0 (o}
2 3 4 n-2 n
1
0
D, —O0—o0
2 3 4 n-2 n—1
1 -~
B._, o——o——o— - —O0———0—=0

FIGURE 2. Maximal subdiagrams for B,.

Because the highest root is e; + ¢, the two roots making up A; x A; (in the base
we have chosen) are {e, + e,}, which for simplicity are referred to as D,. If any of
vertices 3 through n — 2 are removed, say vertex k, we have type D, x B,_;, where
k > 3,n — k > 2 and Dj; is understood to be the obvious root system. It has base

fag, ar, ... ey} U {apgrs - .., Q)
which in terms of A may be expressed as
{esrteei—ep:2<i<k—1)U{e,—eq,en:k+1<i<n-—1}).
The Weyl group acts as the group of permutations and sign changes of the set

{er,...,e}. Thus any set of positive roots associated with the subroot systems
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of type D, x B,_, is of the form
le,te :i<j;i,je)}Ule,eixe :i<jsi,j,ledh}

where J; and J, are disjoint subsets of {1, ... , n} of sizes k and n — k respectively.

If vertex n — 1 is removed the subroot system is type A; x D,_; and the root in
A, is short. The sets of positive roots associated with this type of maximal subroot
system are of the form

{ejUlate 1l <jsl,j#i})
When vertex n is removed we are left with type D, and positive roots
leste :1<i<j<n}

If vertices 0 and 1 are both removed we are left with the maximal system B,_, and the
sets of positive roots are Weyl conjugates of

{eneste :1<i<j<nl#l}
and thus are of the form
{e,e; L g :i<.j;i,j,l;£n0}.

If any other two (or more) vertices are removed from the extended graph we clearly
do not have a maximal subroot system.

Notice that of all these maximal subroot systems only types Dy x B,_,and A; x D, _,
are also of maximal rank.

2.3. Summary of maximal subroot systems In the charts which follow J, and J,
denote disjoint subsets of {1, ... , n} in types B,, C, and D,; and disjoint subsets of
{1,... ,n+ 1}intype A,.

Type Maximal Positive roots of the maximal subroot systems
subroot
systems

A, Ao lee—e¢ 1 <i<j=<n+1;ij#no

Ay x A,y lee—ei<jii,jehUle—e 1i<jiijelhl,
where |J}| =k+1>2,|hl=n—k>2
B, B..; {e,eixe i <j;i,j, 1% no)
D, fe.te :1<i<j=<n}
Dy x B,_; leixe :i<j;i,je h}Ule,ete ti<jii,j,lel),
where |J|| =k > 2,{h|l=n—-k>2
Ay x D,_, {e}Ufete 1 <jl,j#i)
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C. A, {sie; —sje; : 1 <i < j <n}, wheres; = %1
CGxCox {2¢,e,xe :i<j3ij,ledy)
U2e, et e i i <jii,j,lelr),
where |J}| =k =1, |Lhl=n—-k>1

D, D, leste :i<jii,jF#ne}
An_i {sie;—sje; : 1 <i < j <n}, wheres; = %1
and an even number of 5; = —1

DkXD,,_.k {e,-:l:ej :l<],l,] GJ,}U{e,»:i:ej l<],l,j GJz},
where [Ji| =k >2,|hl=n—-k=>2

Here D, is understood to mean {e; &+ e,} and C, = {2¢;}. C, and D; are the obvious
root systems.

3. Upper bounds for the trace function

In this section we establish the sufficiency of the choice of s in our main result.
Each Lie group type must be handled separately, taking into account the possible
choices for ®*(g).

THEOREM 3.1. Let G be a compact, connected, simple Lie group of type A,, B,,
C, or D,. For every g ¢ Z(G) there is a constant c(g) such that

Tra(g)
deg A

< c(g)(degA)™

Jorall h € G provided

1/(n=-1) ifGistype A,_, or D,;
1/2n—-1) if G is type B,;
2/2n—-1) ifGistype C,,n # 3;
1/3 if G is type C;.

s <

PROOF. Inequality (2.3) together with the Weyl dimension formula (2.1) show that
it is sufficient to prove that there is some constant ¢ such that for all w € W and
representations A,

Macorp (o + 2, w@))| _
nae¢+ (p + )\'1 ‘x)l-s
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Indeed, as ¢ € ®(g) if and only if w(a) € ®(w™'(g)), it suffices to prove there is a
constant ¢ such that

I_I e<b+’(p + )"v a) 1
= — = o+ A, ) (p+r,a) <c
nae¢+ (p + A” a)l : ale:[*” aeﬂd’*’

(3.1

whenever ®* is the set of positive roots of some maximal subroot system, and this is
what we show in each case.

Throughout this proof we assume o+ can be expressed in terms of the fundamental
dominant weights as ZL, m;X;. We also assume m; = max,_, ,m; The letter ¢
denotes a constant which may vary from one line to another.

One common technique we use is an induction argument. We often partition ®*
(and ®*') into two sets, one of which is a positive root system (subroot system) of
smaller type. The product we need to study corresponding to these roots of smaller
type are handled by the induction assumption. Another common technique is to count
the number of positive roots «, from some appropriate set, such that (p + A, @) is
(essentially) maximal and see that there are enough of these terms occuring in the
product with a negative exponent to make the product suitably small. Both these ideas
are used in Case 1.1 below (when the maximal subroot system is type A,_, in type
A,). In other cases, the arguments are slightly miore delicate, but always they are of
an elementary, combinatorial nature.

Type A,

Case 1.1 Maximal subroot system is type A,_,.

We proceed by induction on n. If n = 1, then ®*’ is empty and consequently s = 1
suffices. So assume inductively that (3.1) is satisfied with s = 1/(n — 1) whenever
d+ is the set of positive roots of type A,_; and &' is the set of positive roots of a
subroot system of type A,_,.

Let ®* be the set of positive roots of type A, and let ®* be the set of positive
roots of a subroot system of type A,_;; ' isasetof theform{e; —e; : 1 <i <j <
n+1;i,j # nel.

First assume k& < ny — 1 (which implies, in particular, that ny # 1). Partition ¢*
as &7 U &7 with

O ={e,—e€:2<i<j<n+1} and & ={e,—¢ :2<j<n+1}
Similarly partition &+ as &' U &7, where

¢T'={ei-ej 251<] §n+1’ la.’ #"0}
and
D) =f{ei~¢ :2<j <n+1;j#no).
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The set ®} may be viewed as the positive roots of type A,.; and ®]" as the positive
roots of a subroot system of type A,—_, (considering the vectors to be in R” by omitting
the first (zero) coordinate). Whena € @7, then (0 +A, @) isequal to ( Y, miA;, @),
thus the inductive hypothesis may be applied to conclude that if s < 1/(n — 1), then

[Te+r0r [T e+ro ' <ec

aed} aedf\O}
Since the cardinality of ;" is n — 1 we clearly have

1—[ (p+ 1, @) <cmi" V.

+
aed;

Recallthate; —e,, = A;+- - -+An-1. Ask < no—1 thismeansthat (o+2A, e, —e,,) >
my, and since e, — e,, € &3\ P, we obtain the inequality

[T G+r ey <m

aed\ o}
Therefore,

n (p+ A, ) l—[ w+xra)!< cmz("_”“'l,

acd}’ acdi\0}

This is bounded if s(n — 1) + 5 — 1 < 0, that is, when s < 1/n, giving the desired
result.

Otherwise k > no (and ny # n + 1). In this case we partition ®* into &' U &5,
where @}’ is the subset of ®* consisting of all the words e; — ¢; with i, j #n + 1,
and

Q) = (e — e : 1 <j <n3j # nol.

Similarly partition ®* so that 7 \®;" = {e,, — e,+,}. Again the inductive hypothesis
can be applied to the factors of the product corresponding to @ € ® and @, and
this observation reduces the problem to proving

Jle+r0 [T e+rer <c

aed)’ acdF\dF
fors <1/n. As
(p+)‘-7eno_en+l)=(p+A’A-no+"'+A'n) ka

the required inequality can be established in the same manner as the first part.
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Case 1.2 Maximal subroot system is type Ay x A,_,_, wherek,n —k—1> 1.

We again proceed by induction on n. Notice that a maximal subroot system of this
type is not found in type A, or A,, and consequently the initial step of the inductive
hypothesis is with n = 3 and ®*' the set of positive roots of type A; x A;. We leave
it to the reader to verify the hypothesis for this initial condition.

We assume inductively that (3.1) holds with s = 1/(n — 1) whenever ®* is the set
of positive roots of type A, and ®* istype Ay X A,_y—, forsomekandn—k—2 > 1,
and proceed to verify the induction step for type A,.

From Section 2.3 we know that any set of positive roots of type Ay x A,_;— in 4,
is of the form &% = &}’ U &3, where

O ={e;—e 1i<j;i,jel}
Oy ={e;—e¢:i<jsijel)

and J,, J, are disjoint sets whose union is {1,... ,n + 1}, of sizesk+ 1l and n — k
respectively. Without loss of generality we may assume 1 € J;.
Let

Vi={e—e:1l<i<j;ijel)

(W] is taken to be empty if the cardinality of J; 1§ two) and ¥, = ®7'\W]. Let ¥, be
the setof words e;—e;, i < j,ontheletters {2, ... ,n+1},and ¥, = {e,—¢; : j # 1}.
Then W, may be viewed as the set of positive roots of type A,_;, with ¥ U &3 a
subroot system of type A,_; X A,_,_;- Thus the inductive hypothesis may be applied
to yield

[T e+rer [ G+rer'=<c

aey udy’ aeW \¥|Ud}
1 2 1 2

whens < 1/(n — 1). (If ¥| is empty, then this is actually Case 1.1 which has already
been done.)
It remains to prove that for ¥ = {e, —¢; : j € Ji\{1}}ands < 1/n,

[Tee+ro J] (0+r0 " <e

ae¥; ac¥\¥;
If there exists some j € J, such that j > k + 1, then for some o € W,\W¥;
+r,a)=(p@+re—¢g)=(@+A A +--+A_1)=m.

Combining this with the fact that the cardinality of J; is at most n — 1 we obtain the
inequalities

[Te+re J] (o+r 0y caom™Pmt <c

aey) acW\V;

https://doi.org/10.1017/51446788700001841 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700001841

[11} Size of characters 71

whens < 1/n.
Otherwise, n + 1 € J, and there is some j < k which belongs to J,. (Indeed, all
Jj € J, must satisfy j < k.) Redefine

Vi={e—e¢:1<i<j=<n;ijelh}

¥, ={e,—e¢ :1<i<j<n}

and W, W correspondingly. The argument now follows from the fact that (041, ) >
m; fora = € — €y € ‘I’z\‘pé

Type B,

Case 2.1 Maximal subroot system is type B,_;.

The maximal subroot system &t = {e,, e; +¢; : i < j; i, j, ] # no}. We consider
the cases ng = 1 and no # 1 separately and assume s < 1/(2n — 1).

no = 1 : Notice (p + A, a) = O(m,) for all @ = e, e; + ¢; and these roots all
belong to d* \ &*'. Also, |®*'| = (n — 1), and thus

(32) I—[ (p + A_, a)-‘ I—[ (,0 + A., a)s—l < mi(n—l)zm’(cs—l)n'
acdt acdH\ o+
Since
1 n

<
2n—1"nt—-n+1

it follows that (3.2) is bounded whenev‘er s<1/(2n—-1).

no # 1 : Here we proceed by induction, leaving the initial step with n = 3 to the
reader. The words from & in ®* with letters from {2, ... , n} are the positive roots
of a subroot system of type B,_, in type B,_;. Thus the inductive hypothesis reduces
the problem to consideration of

[Tee+r0 [T G0+,

aeW¥’ aeW\W’

where W’ and W are the remaining roots in % and ®* respectively.

Set a; = max{m, : | < j}. Notice that {a;} is an increasing sequence and that
(p+X, e, —¢;) = O(a;). Also,both (p+ A, e;) and (0 + A, e; + ¢;) are O(m,). As
V' ={e, e Le :j#1,ne), this implies

[Te+ror=@+rey [] G+raer ] G+re

ae¥’ a=e +e;.j#Lng a=e;~e¢;,j#1,ng
no—1 n
s(n—1) s s s(n=1) _s(ng—2)_,,s(n—ngp)
<cm, I—[ a; n a <cmy" a, " Vm
=2 j=no+1

< cmz(zﬂ—"o— l)a;‘()no—Z) )
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Moreover, ¥ \ V' = {¢, £ e}, therefore

]—[ (p+ 1,0y =cmial ",
ae¥\¥’
Hence
[Te+r0 T (0+ra™" < om0 gimb-,

aey’ aeWw\¥’
and noting that both exponents are negative completes the argument.
Case 2.2 Maximal subroot system is type D,.
In this case ®* = {e; £ ¢; : 1 <i < j < n} and therefore ®* \ ®*' is the set of
all words of length one in ®*. Let b; = max{m, : I > i}. Then (p + A, @) = O(b;)
ifoa =e¢ ore; +¢ forany j > i. Also, (p + A, e; —¢;) < O(b;) whenever j > i.

Thus
[Te+rer [ +rer™= ] +rer[[o+r ey
axedt’ aedt\ ot a=e¢;te;,i<j i=1

n—1 n n
—i - 2n-2i4+1)-1
Scl—lb?s(n x)l—[b;v l=Cl—[b?(n i+1) ,
i=1 i=1 i=1

and this is clearly bounded for s < 1/(2n — 1).

Case 2.3 Maximal subroot system is type A, x D, _,.
The argument is essentially the same as Case 2.2.

Case 2.4 Maximal subroot system is type D,, x B,_,,; m,n—m > 2.
The positive roots of type D,, in type B,, were already treated in Case 2.2, so it
suffices to show

P=[Te+xay[Jto+10"

acy’ aeW¥

is bounded when
V' ={eetxe:i<j;ijleh and VW={ete:i€l,jelhl

We consider the cases 1 € J; and 1 € J, separately. The argument is much easier
when 1 € J; and hinges on the fact that in this case ¥ D {e; + ¢; : j € J;}. Thus

P<[Jeo+rer [Two+reatey[leo+rete

i€e) i<jel jeh

Let b; = max{m, : Il > i} and a@; = max{m, : | < i}. With this notation, for i < j we
have

b+ Xr,ei+e)=0(Mb), (P+xre)=0(b)
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(p+r,ei—¢e) <0(qa;), (p+Ai e —eg)=0().
Hence we can further bound P by

- — - _ 2 - -
P< Cl_[b:b-*‘(llzl ) a;(llzl l)b? 124 l—[a]s 1 < Cb-;(llzl +S20)~I12 na]-filzi l'

i
iEJz jE]z jEJz j€.12

The final product is bounded over all A since |J,| <n —2ands < 1/(2n —1).
Now assume 1 € J,. Here a further induction argument is useful. Partition ¥’ as
X,UX;and V¥ as ¥, U Y,, where

X|={e1,e,-iej:i<j,1;éi,j,l€.72}, X2={e1,e1:i:ej:1;éje./2}
and
Y|={e,»:l:ej:ieJl,17éj€J2}, Y2={e1:l:e,-:i€.ll},

and assume inductively that

]—[ (o +A,af ]_[(p +A,a)!

aeX) act;

<c

for s < 1/ (2n — 1). (The initial case is left for the reader). We need to check that

[Jeo+r e []to+r )"

aeX; 13 ¢]

<c

to complete the induction step. Since (0 + A, e; + ¢) = O(m,) for all i € /i,
and (p + A, e, — ¢;)*”! < 1, the product above is bounded by mi'xz'mf”””". As
|X,] = 2|J;] — 1 and J, has at least two elements the desired result is obtained.

This completes type B,.

Type C,
Case 3.1 Maximal subroot system is type A,_,.

When k = n then (o + A,2¢;) = O(my) foralli = 1,...,n and as these roots
belong to ®*\®* it follows that for s < 2/(2n — 1),

P = H (p+ A, a) n (p+ra) < m;(Z)mff_l)" <ec.

aedt acdH\d+

When k # n we proceed inductively. The words from ®* and ®*' built on the
letters {2, ... , n} form a subroot system of type A,_; in C,_, and thus our standard
induction argument reduces the problem to showing that

P=]J+rar J] o+re) " <q

aeW’ acW\¥’
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where W’ and W are the remaining words of ®*' and & respectively.

As ¥’ contains only one of e; % e,, it follows that (o + A,a) = O(m,) for at
least two @ € W\V’, namely, « = 2e,; and the one of e, £ ¢, which is not in ¥’.
Furthermore, |¥'| = n — 1, hence

(n=1)2(s-1)
P<m" "m°" 7",

and this is certainly bounded for s < 2/(2n — 1).

Case 3.2 Maximal subroot system is type C, x C,_,.

This case is much more delicate than any of the others. When n = 3 it can be done
by explicit calculation and we leave this for the reader. So we begin with n > 4 and
take s > 2/(2n — 1).

As the maximal subroot system is

O = {2¢, ) U{2e1,ei L e 1 i <j;i,j,1# i),

(3.1) can be written as

P=[Jo+r2e)y [T o+reatey[l(o+r entep|™ .
1=1

i<j#io j#io

Letb; = max{m,; : 1 > i}. Wheni < j then(p+ A, ¢e;+¢;) = O(b;)) = (p+ A, 2¢;).

Thus

(33) P=c[]o:[]B" " []6i" " [] 6 b ™" e,
i=1 i<ip i>iy J<ip

where

Q= ]_[ (p+2A,e— e,')x]—[ (o + 1, e — )|

i<j#io J#iy
Notice that Q is the product we considered for the problem of the maximal subroot
system of type A,_, in type A,_, (Case 1.1), and thus is bounded provided s <
1/ (n —1). This is true in our situation since we have the stronger inequality s <
2/(2n—1).

Simplifying, and using the fact that when i > i then b; < b,,, we obtain
P < cb{+(n—io)(s—l) b‘f("_H'l)_l b.f(n—i+l)

< cb} ]’£ A H A
and hence
(3.4) P< Cb.is;(n—-io+1+('l—io+l)('l—io)/z)—("—io) ]“I bf(n—i+l)—l 0.

i<ip
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To continue, we split the problem into two cases. First, suppose k > j,. Then
b; = my whenever i < ;. Recall also that Q is bounded, thus

P< cmi(n—io+1+(n—lo+1)(n—to)/2)~(n~ro) l_-[mkS(n-i+l)_l~

i<ip
Routine calculations reduce this to the inequality

s(n?+n)/2—n+1
P <m,

which one can check is bounded for our choices of n and s.

Now, suppose k < i,. A standard argument with inequalities shows that the expo-
nent of b;, in (3.4) is negative (fors < 2/(2n—1))if iy # n. Also,s(n—-i+1)—1<0
if i > 1. Consequently,

chiby B! if iy = n;
T et Q if iy # n.
We factor Q as
0= [[o+rea—e)p+re—e)'o,
J#Lip

where
s—1

o= ] +re—ey []lo+r.¢—ep

-~

i<j#Lip j#Lig

Q; is bounded being the product we consider for the problem of a maximal subroot
system of type A,_; in type A,_, (on the letters {2, ... , n}; note that the assumption
k < iy implies iy # 1). Also, as k < iy, (p + A, e1 — €;,) = O(m,), thus

p< b M P miT 00 i =
T et m " P my Oy if io # n.
But b, < b,_; and b; = m,, hence

cm® D2 if ip # n.

P {Cbis—_llm,i“"“"z if iy = n;
As n > 4 we have s < 1/3, and thus P is bounded in either case.

Case 3.3 Maximal subroot system is type C; x C,_; k,n —k > 2.
This is similar to Case 1.2 (but easier because of the fact that (o + A, e; + ¢;) =
O(m,) forall j).
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Type D,
Case 4.1 Maximal subroot system is type D,_,.
Assume s < 1(n — 1) and

OV ={eite 1 <i<j<nij+#no).

The case when k > ng can be done directly by counting, but is slightly different
from the earlier cases because of the fact that (e; + e,, A,—)) = 0. Observe that
PH\PY = {¢; L e, : i # ny} (Where ¢; — e,, should be understood to mean e,, — ¢;
when i > ng). Because k > ny,

€ + e, Vi # no, provided k # n — 1;
(p+r,a)=m fora={e +e, Vi#ngorn, ifk=n—1;

€ny — €n if k = n — 1 (so that ny # n).
Thus for all kK > ng, (0 + A, @) > m, for at least n — 1 elements in ®*\$*’, and so

n (o+A,a) " <mlPeD,

aedt\ o+

~

Combined with the fact that |®*'| = 2("}"), this yields

[Te+r0r [T (o+ray < emto-drebomb,

acd acdt\ P+

which is clearly bounded when s < 1/(n — 1).
Ifk=n—1andno=n,then(p+Xx,¢; —e,) = O(m) foralli=1,... ,n—1
and so the argument is similar.
Otherwise we proceed inductively. The words from ®* and ®*' based on the
letters {2, . .. , n} are a subroot system of type D,_; in D,_, and so are handled by the
inductive hypothesis, leaving us to show that

[Te+reaxey J] (e+r0

j#l.ng a=eyten,

is bounded. But this is quite routine because the assumptions k < ng—1andk #£An—1
ensure that (p + A, e; L e,,) = m,.

Case 4.2 Maximal subroot system is type A,_,.

It is convenient for the induction argument used in this case to assume ¢t =
{s;e; — s;¢; : i < j}, taking no consideration for the parity of the signs, s;. We leave
the initial case of n = 4 for the reader, so assume n > 4 and proceed inductively.
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Suppose first that k < n — 2. Applying the induction argument one can see that it
suffices to establish the boundedness of

(3.5) [[e+r0 J] (o+re

ae¥’ acW\¥’

’

where ¥ = {e; x ¢ : 1 <j <n}and ¥ = ¥ N o+, Because (p + A, a) > m, for
a = e, +e,_ and @ = e, +e¢,, atleast two of which belong to W\, and |¥'| = n—1,
the product above is at most cmi("'”““_” and hence is bounded whens < 1/(n —1).

If k = n, then let J denote the number of 5; = +1. Notice that if s; and s; are the

same sign, then |(p + A, s;e; + 5;€;)| > m,. A counting argument shows that

< em@ @)

[Teo+ra [T +re”

acdv acdt\ ot

and one can readily verify that this exponent is negative for our choices of s and n.
The case k = n — 1 is similar letting J denote the number of elements of
{S1,-.+ ) Su_1, —8,} equal to +1. '

Case 4.3 Maximal subroot system is type D, x D,_;; k,n —k > 2.

Here it is convenient for the induction argument to allow k or n — k to equal 1,
understanding that D, is the empty set. When n = 3 we can only have D, x D,, which
is actually just D,, and this was done in Case 4.1 of this section. (Indeed, Case 4.1
does Dy x D, for general n.) This begins the induction argument.

From the previous remarks one can see there is no loss of generality in assuming k
and n — k > 2. Moreover, we may assume

OV ={ete:i<j;i,je}Ulete i<j;ijedodh)

where J; and J; are disjoint subsets of {1,... ,n} of sizeskandn — k,and 1 € J,.
The induction argument applies to the factors with o = ¢; - ¢;, i, j # 1, thus we
need only consider the product over the remaining words:

(3.6) [T G+rer [ G+ro

a€ley ke l£j i) acleixe;:jels)
Ifk#n—1,then(p+A,e +¢)=mforallj € J,. If k = n—1,itis still true that
(p+A, e +¢)=>mforallj € J,exceptj = n,butthenalso (o4, e, —¢,) > my.
In either case there are at least |J,| positive roots « € {e; + ¢; : j € J,} such that
(p+ A,a) = my. As|J,] = 2 and |J,| < n — 2, this implies (3.6) is bounded when
s < 1/(n — 1) and completes the proof for type D,. O

REMARK 3.1. The expressions obtained for the maximal subroot systems of the
exceptional Lie groups, E¢, E7, and Ej, are too cumbersome for the application of
this method.
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4. Optimality of the upper bounds

In this section we demonstrate the optimality of the choice of s in the main theorem,
in the sense that there exist g € G and infinitely many representations A such that
TrA(g) = O(d)™*). The elements g in the torus T which we work with, and the
corresponding sets & (g), are listed below. Notice that the sets ®*(g) are the positive
roots of maximal subroot subsystems of type A,—, D,, C; x C,_; and D,_, in A,,
B,, C, and D, respectively.

Type Element g of T Positive subroot system ®*(g)

A, (—nx,x,...,x) eR™! e, —¢:2<i<j<n+1l}
where x = /(n+ 1)

B, (m,...,m) {este :1<i<j<n}

C, (7,0,...,0 {2e,}U{e; L ¢,2¢ i <j, k#1}

D, (m,0,...,0 este :1<i<j<n)

THEOREM 4.1. Suppose G is a compact, connected, simple Lie group of type A,,
B,, C, or D,. Let g be the element in T listed in the chart above and let . = mi,
with m an even integer (A = ms in type C;). Then

TrA(g)
deg A

> ¢(g)(degA)™
Jor some constant ¢(g) independent bf Adf

1/(n—1) ifGistype A,_y or D,;
1/2n—-1) if G is type B,;
2/2n—1) ifGistype C,,n # 3;
1/3 if G is type Cs.

The strategy of the proof is to first establish that
det w sgn ( l_[ (0 + A, w(a))) expi(p+ A, w(g))
aedt(g)
is constant over w € W. This fact, together with (2.2), show that
Inue®+(g)(p + 2, w(a))l
I_Iﬂ€¢+ (p + )\-! a)

and we shall see that it is a straightforward matter to prove that the latter ratio is O(d; *).
First, some preliminary results.

TrA(g) -
—d—\ z max &(e)
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LEMMA 4.2. Let A be any representation, let ®*(g) be as above and let w =
ww, € W where w, is a product of sign changes and w, a permutation. (w, = 1 in
type A,.) Then

) _ {det wy in type B,;

sgn + A, w(a
g (an (b @) (==~ det w intype A, C, or D,.

edt(g)

PROOF. Obviously sgn((p + A, wa(@))) = 1 whena =¢; + ¢;, ¢, 0r2e¢;. If i <
and w,(i) < wy(j), then sgn((p + XA, wy(e; — €;))) = 1, while if w, reverses their
order the sign is negative. Thus if we let

X={Gj):e—e € (g),i<jandw(i) > wr(j)},

then

Sgn( [T e+ k,w(a))) = (-D™.

aed+(g)

In type B,,
X={(,j):1<i<j=<nand w(i) > wr(j)},

hence (—1)*! = det w,. For the othet types the pairs (1, j) are never included in X
and therefore

detw, = (—1)XHIlT>1andwa>uw(Dil — ()X I+wa)-1
Hence,
(=D = (1)~ det w,

in types A,, C, or D,. This completes the proof for type A, as w, = w.
Next, assume w, is a simple sign change, say w,(e;) = —e; ifi = ipand w,(e;) = ¢;
otherwise. Then

o+Ar, wile,+e))po+r wie—e)=(@E+Ar e, +e)p+A e —e),

while of course (o + A, wi(e;,)) = —(p + A, ¢;,). Since *(g) only contains words
of the form e; + ¢; in types B, and D,,

[T e+rw@)=

acdt(g)

- nae¢+(g) 0+ 4, ) in type C,;
[ acor @0 + A @) in type B, or D,,.
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We can determine the effect of an arbitrary sign change by repeating this argument
the appropriate number of times:

) _ {(—1)”“3“ changes — detw,  intype C;

Sgn( n (p+ A, wi(a)) 41 in type B, or D

aedt(g)

This is also the determinant of w, in type D, since only an even number of sign
changes are allowed in the Weyl group.
Combining these observations completes the proof. il

LEMMA 4.3. Let g € G be as above and let . = Y m;A; with m; even (and
m, =m,_, =0 mod 4 intype D,). Let w € W, w = w,w,, where w, is a product
of sign changes (w, = 1 in type A,) and w, a permutation. Then

(=Dw=-1g intype A,, C, or D,;

expi(p+ A, w =
pilp ) {det w6 in type B,
Jfor some complex numbers 8 of modulus one which do not depend on w.

PROOF. Type B,. Here w; is clearly irrelevant. Expressed in terms of the standard
basis vectors the j'th entry of p + Y_m;A; is

YiimiAm/24n—j+1/2  ifj#m
(m,+1)/2 ifj =n.
The reader can easily check from this that if w; changes k signs, then
expi(p + A, w(g)) = (—=1)* = detw,d

for an appropriate choice of 6.
Type C,. In terms of the standard basis vectors

p+Zm,-A,-= (Zn:m,-—i-n,‘:mﬂ-n—l,... ,m,,+1>.
i=1 i=2

Suppose w,(1) = j. Then,

(p+ A, wy(g)) = (Zm,»+n-—j +1) .

i=j

As all m,; are assumed even,

expi(p + A, wa(g)) = (=1) "' expinm.
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Because g = —g, the sign changes have no effect on g and thus the argument is
complete.
Type D,. One can verify that if w,(1) = j, then
i(z,?;fm,. (Mo +my) 241 —j)n ifj <n—2;
(p+2,w@)=1+U+ muy+m,) /D7 ifj =n—-1;
+(m, —m,_)m/2 ifj=n
with the choice of + depending on w,. As these are all integer multiples of 7 the
choice of + does not affect the parity of (o + A, w(g)), and since m,, ... , m,_, and
1/2(m,_; £ m,) are even integers, it follows that for all choices of j we have
expi(p + A, w(g)) = (=1) expinm.
Type A,. The j'thentry of p + >_m;A; is

n+1(—(m1+1)—2(m2+1)+-~-+(m,-+1)(n~j+1)+-~+(m,,+1)).

The same kinds of calculations as used for the other types show that if w,(1) = j then
expi(p+ A, w(g)) =expi(p+24,g)(—1)Y " a

PROOF OF THEOREM 4.1. Combining these lemmas we clearly obtain

-~

detwsgn< ]—[ (p+)~,w(a))) expi(p+A,w(g)) =906

acdt(g)
and this is independent of w. Thus
TEAQ] | ) TRuey Macor (0 + 2, w(@))|
dA - nae¢+ (,0 + }\', CY) )

For type B, notice that ®*(g) 2 {e; ¢ : j # 1}. As A = mA; we have
(p+ A, e +e) > m,thus

> em?",

[T e+2r wy

aed*(g)

max
weW

Since also (p + A, e1) = O(m) and (p + A, ) is bounded independently of m for all
other @ € &1, it follows that d, = cm?'~! and hence
[TrA(g)] > Cd;l/(2n——l)
A

as claimed.
The other cases are similar. 0
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5. Singularity of central, continuous measures

A measure u on G is called central if 4 commutes with all other measures on G
under the action of convolution. Central measures are characterized by the fact that
their Fourier transforms are scalar multiples of identity matrices:

Tr A(x)
d,

w() =ayly, wherea, = /
G

We simply write 72() in place of a;.

An interesting class of singular, central measures are the orbital measures. The
orbital measure u,, supported on the conjugacy class C(g) containing g € G, is
defined by

/fdug =/f(tgt“’)dma(t) for f € C(G).
G G

Orbital measures are continuous if and only if g ¢ Z(G), the centre of G.

In [8] Ragozin proved that if g ¢ Z(G), then u$™¢ € L'(G). One can easily see
that ;(A) = TrA(g)/d,, and using this fact it was shown in [2] that if kK > dim G/2,
then u’; € L2. By appealing to the sharper results of this paper we can now prove:

~-

PROPOSITION 5.1. The measures u! belong to L*(G) for all g ¢ Z(G) if and only
if k > ko, where

n ifGistype A,_i; C,,n#3; or Dy;
ko= {2n if Gistype B,;
4 if G is type C;.

PROOF. From the Peter-Weyl theorem we know p € L? if and only if

Yo B W T |1, = Y2

AeG AeG

TrAa(g) [*
d

It was shown in Corollary 9 of [2] that ), .5 d] < 0o whent < —rank G/|®*|. This
fact, combined with Theorem 3.1, proves the sufficiency of the choice of k.

Necessity is a consequence of Theorem 4.1. For example, when G is type A, and
g=(—nx,x,...,x)forx =m/(n+ 1) we know

Zdz TI'A.(g) Z 2

reG m even

d-2 2-2k
2 88) ) dry,dp" = ¢ Y mr O,

m even m even

Tr mk

m)q
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which is finite only if 2n — 2k < —1. Thus we require k > n+ 1/2, butas k € N this
means k > n + 1 is a necessary condition. The other types are similar. d

REMARK 5.1. Of course, if uf € L? then u2* is a continuous function.

The same result can be proved for central, continuous measures compactly sup-
ported on the conjugates of a set of the form {x € T : ®*(x) = ®*'} for some fixed
set ¢*' as such measures p also have the property that [fZ(A)| < O(d;*) for s as in
the main theorem (see [2]). We should point out, in contrast, that for any a < 1 there
are central, continuous measures u such that Z(A) > d?~' for infinitely many A. This
is shown in [3] and is a consequence of the fact that although compact Lie groups do
not admit infinite central Sidon sets (an application of Ragozin’s original work) they
do admit central (a, 1)-Sidon sets forall @ < 1.

Finally, we are ready to improve upon Ragozin’s result on convolutions of arbitrary
central, continuous measures.

PROPOSITION 5.2. Suppose (., ... , i are central continuous measures and k >
ko. Then Ky k- % U € LI(G)

PROOF. The proof is essentially the same as Theorem 11 of [2] but uses the stronger
results obtained in Proposition 5.1. O

REMARK 5.2. Ragozin observed that p,’; is singular to Haar measure on G for all
k < dim G/dim C(g). As dim C(g) = 2(|®*| — [®*(g)]) ({7)) this means, for
instance, that if G is type A,, then u: is singular to Haar measure when k < n/2+ 1.
It remains open as to whether or not uj € L' for all ¢ € G\Z(G), when k is between
n/2 + 1 and n + 1 (other than for the trivial case A, where clearly £ = 2 is the best
possible result).

A measure 4 is called L?-improving if there is some p < 2 such that u* L? € L2,
Young’s inequality implies that all functions in L9, for some g > 1, are examples of
L?-improving measures. A question of current interest is to understand which singular
measures on compact groups are L?-improving. For example, surface measures on
analytic manifolds which generate G were shown to be L?-improving in [9]. In [10]
it was shown that if g was a regular element, then u, * L < L? if and only if
p > 1+ r/(2dim G — r). For arbitrary continuous, orbital measures we can prove:

PROPOSITION 5.3. If g € Z(G), then p, is LP-improving. Indeed, for any g ¢

Z(G), pg* LP C L?forp > 2 —2/(n+ 1) when G is type A,_,, D, or C,, n # 3;
p>2—-2/2n+1)intype B,; and p > 8/5 for Cs.
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PROOF. Proposition 5.1 tells us that the operator T;,(f) = u® * f maps L'(G)
into L2(G) whenever g ¢ Z(G). Since the identity map obviously maps L2(G) into
L?(G) an application of Stein’s interpolation theorem [12] (see also [4]) gives that
Wg * LP € L? for the choices of p listed. ]
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