AN UNSOLVED PROBLEM ON THE POWERS OF 2*

K. MAHLER
(Received 19 October 1966)

Let « be an arbitrary positive number. For every integer » = 0 we
can write

23)" = gut7a,

where

gn = [«(3)"]
is the largest integer not greater than «($)", i.e. the integral part of «(2)",
and 7, is its fractional part and so satisfies the inequality

07, <1

We say that « is a Z-number if

(1) 0=s=r, <% for all suffixes » = 0.

Several years ago, a Japanese colleague proposed to me the problem whether
such Z-numbers do in fact exist. I have not succeeded in solving this problem,
but shall give here a number of incomplete results. In particular, it will
be proved that the set of all Z-numbers is at most countable.

1
Assume that « is a Z-number. Evidently

3
1T np1 = —2—(gn+rn)'
Here g, and g,,, are integers, while 7, and 7, lie in the interval
J=101%).
Hence one of the following two cases must hold.
(A) g, is an even number, hence 3g, is an integer. Since
3 3
0= 2" <0
necessarily
— 3 — 3
En+1 = 28n and Vo1 = 275
* Presented as the 1966 Behrend Memorial Lecture at the University of Melbourne,

14 October 1966.
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(B) g. is an odd number and so both numbers 3g,F3 are integers.
Since 37, +% cannot lie in J, we now must have

Snnl = %gn‘i"% and Vot1 = %’n_—%
Put
0 if g, is even,
"_=1 if g, is odd.

- The two cases (A) and (B) can then be combined in the one formula
(2) Ent1 = %g’n—*_%an’ Yu1 = %7,,-——%8,“
We also see that the case (A) can hold only if

0r, <1

and case (B) if "
isr, <4
Hence ¢, may also be defined by
. _{0 fo<sr, <3
" 1 ifi<r, <4

From (2),

8o = —%EO_I—%gI’ & = #—%81+%g2’ Yy a1 = —_%8n—1+%gn'
Since
&ot+70 = (3)"(ga+7.),

it follows from these equations that

(3) g = —Heotia+3) et -+ 3)" et +3)"gn
and similarly also
(4) 7o = +¥eo+Fe1+(3) 20t -+ (B)" e a )+ (3)7a

These equations can be generalised. For this purpose put

a = a and «, = (3)"a.
Then
)™ gnt7m) = )" = B)™"% = LuintTmin,

and it follows in analogy to (3) and (4) that for all suffixes m and #,

(5) gm = _—%'{sm+%8m+1+ (%)28m+2+' . '+ (%)n_18m+n—l}+ (%) ”gm-f-n
and

(6) Ym = +31'{'9m+§'€m+1+ (%)2€m+2+’ ’ '+(%)"“1€m+n_1}+(%)"’m+n-
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3

The formula (6) for 7,, immediately implies a convergent series for
this number. For all 7,,,, lie in the interval J, while the factor (¥)" tends
to zero as #n tends to infinity. It follows therefore that for all suffixes m = 0,

(7) 3, = Em+%8m+l+(%)28m+2+' o
and in particular,
(8) 87y = ep 3o+ ()26t - -

Here the convergence is in the sense of ordinary real analysis.

Consider next the formula (5) for g,,. The last term (%)"g,.. of this
formula is a rational number the numerator of which is divisible by at least
the n-th power of 2. In the so-called 2-adic analysis in the rational number
field one considers numbers as small if they are divisible by a high power
of 2 in the numerator, and as large if such a power of 2 occurs in the deno-
minator. In this 2-adic sense the sequence of numbers (%)"g,.., tends to
zero as » tends to infinity. We may therefore write

9) —38, = ent2e,i1t (3) 260t o in the 2-adic sense,
and in particular,
(10) —3gy = g9+2e,+ (8)26, 4 - - in the 2-adic sense.

It is rather interesting that the same series converges in two different
senses and to two different limits.

From this we can already deduce the fact the set of all Z-numbers is at
most countable. For if the integer g, = 0 is given, then, by § 1, the cor-
responding sequence of integers ¢,, &, &, - - - is determined uniquely, and
so, by (8), also the fractional part ,. We may express this result as follows.

(11) For any given non-negative integer g, theve exists at most one Z-number
in the interval [g,, g,-+1), and this Z-number lies in fact in the first
half (g,, 8o+3) of this interval.

4

Much more can be said about the possible Z-numbers and their integral

parts g,.
All the fractional parts r,,, where » = 0, 1, 2, - - -, lie by construction

in the interval J = [0, ). This means by (7) that for every suffix m the
inequality

(12) emtFemirt (3)2empat- - <3
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is satisfied. In this set of inequalities each of the numbers ¢,,, €,,,1, €pyz, = °
can assume only either of the two values 0 or 1.
It is then, firstly, immediately clear that for no m simultaneously

Em = Emyy = L.
For this would imply that

8m+%‘9m+1+(%)28m+2+ e Z g > %»
contrary to (12). Therefore
(13) if m<nand e, =c¢, =1, then n = m-+2.

From the inequalities (12) one can deduce restrictions on those suffixes
m for which simultaneously ¢, = ¢,., = 1, ¢,,,; = 0. We omit this discus-
sion because no use will be made of the results so obtained.

Denote from now on by
M = {m,, my, mg,---}, where 0=m, <my, <my<---
the set of all suffixes m for which ¢,, = 1. Thus
_ { 1 ifmeM,
"0 if m¢M.
In other words, g,, is even or odd according as to whether m is, or is not,
an element of M.
Further put
szgmk (k=l»2»3"”)'
so that all the G, are odd.
On applying the equation (5) with

m=my; and m+n = m,,,

thus with
Em = 1, Emil = Emag = "7 T Epyp1 T 0,
it follows that
Gk = _%+ (%)mkﬂ_m'GIw]:
hence that
(14) G = (meom T2,

This formula leads to the following algorithm connected with our
problem.
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We shall use the notation
2¢||H

to denote that H is divisible by 22, but not by 29+

6

Put
3G,+1

(15) ak - mk+1—mk—l, Hk _

Then, by (14), the following properties hold.
Forevery k = 1,

(16) Gpisodd; H,iseven; a,=1; 2%||H,; and G, = (3)*H, is odd.

Thus, starting with any odd integer G,, these formulae allow to deter-
mine successively the integers

Hy, a;; Gy, Hy, a;: Gy, Hy, ag; - - .

If G, was the integral part of a Z-number, then this algorithm can be
continued indefinitely. It thus provides a necessary (but not a sufficient)
condition for G, to be the integral part of a Z-number.

By way of example, if we start with G, = 13, we obtain the following
sequence of integers.

G, =13 H =20 a, =2
G, = 45 H, =68 ay=2
G; = 153 H, = 230 ay =1
Gy = 345 H, =518 ag=1
G = 777 H, = 1166 as=1
Gg = 1749 Hy = 2624 ag = 6
G, = 29889 H, — 44834 a; =1
Gg = 67251 H, = 100877.

Since Hy is odd, the algorithm breaks off, and there is no Z-number between
13 and 14.

In spite of much computer work, no integer G, is known for which the
algorithm does not break off. It is thus highly problematical whether there
do in fact exist Z-numbers.

7

If the existence of Z-numbers is assumed, further properties of such
numbers can be obtained.
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Let us deal with the possible frequency of Z-numbers! We have
already seen that there can be at most one Z-number in each interval
between consecutive integers g and g+ 1 where g = 0. Thus, for z > 0,
there are not more than x+1 Z-numbers between 0 and z. This estimate
can now be replaced by a stronger one.

Let us first consider Z-numbers with odd integral parts, say with the
integral part G,. Put

b, =a,+1 and ¢, =a;—1 (k=1,2,3,---),
so that by (16),
b, =2 and ¢, = 0 for all A.
By (15) and (186),
Gr = —3+(3)"Crin.

On applying this equation repeatedly, we find that
(17)  Gy=—H1+E)+ B) et - (G)rtort e 104 )0ttt oGy
Here

B, = _%{1+ (%)b1+ (%)b1+bg+ <ot (%)b,+b,+...+b..}

is a rational number with an odd numerator and with a denominator which
is a power of 3.

8

Let now ¢ be an arbitrarily large positive integer. For the given Z-
number there exists just one suffix » such that

(18) bytbyt- b, <t < bytbyteetb,g.
There further is a unique integer s, satisfying

1<s, =201
such that
B, =s, (mod 2%),

i.e. that the numerator of B, —s,, is divisible by 2¢. It is then clear from (17)
that also

(19) G, =, (mod 2%).

The rational number B,, and so also the integer s,, depend only on ¢
and on the ordered set of integers &,, b,, - - -, b,,. Denote by T (¢) the number
of ordered sets of integers #, by, b,, - - -, b, which satisfy the left-hand
inequality (18). This number T'(f) is then also the number of all residue
classes s,, (mod 2*) in which there can lie odd integral parts G, of Z-numbers.
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One can easily obtain an upper bound for T (¢). The left-hand inequality
(18) is equivalent to the inequality
et s, S 1—2n;

hence T'(!) may also be defined as the number of ordered solutions #,
€y, €y, **, €, Of this inequality where now ¢,, ¢,, - -+, ¢, may run independ-
ently over all non-negative integers. For each separate value of #, this

inequality has
[t—~2n]+n) . t—n)
( n o ( n

solutions, and hence, summing over #,

o= ()¢ (2 (2

where all terms after the [3]-th vanish.
This formula may be written as

rosi=5(;)5(")

By the binomial theorem, it implies that T (f)41 is the coefficient of 2* in
the power series in powers of z for

d 1—{z(1+2z)}*+1
1 n VT
and hence T (t)+1 is also the coefficient of z* in the power series for
1
Put
1 5 1—4/5
A= +2\/ , B= 2\/ , sothat A4+B=1, AB=-1, A—B =+4/5.
Then
1 A B
1—z—22= (1—Az)(1—B = — .
z2—z2 = ( z)( 2) and f(2) WV (1——Az l—Bz)

On developing here f(z) into a series in powers of z, it follows at once that
1
(20) T(t) = 7 {At1—BH1} 1,

Actually, T(t)+1 is the (¢+1)-st term of the well known Fibonacci
sequence.
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Since trivially B*#! has the limit 0 as ¢ tends to infinity, and since
further 4 << 4/5, it also follows from (20) that, for sufficiently large ¢,

(21) T@) = (1+2‘/5)'.

9

By the definition of T (¢), there are T (¢) distinct residue classes (mod 2¢)
in which the integral part G, of a Z-number can lie when it is odd.
Consider next a Z-number « = g,+7, with even integral part g,, say

2™(|go-
Then
o 3o, ()2, -+, G)"a
likewise are Z-numbers, and they have the integral parts
80> 380, 3)280, - -+, 3™,
respectively. Here (3)™g,, = G, say, is an odd integer divisible by 3™,
and
o= 3"G6, 3= @G, )" =G

These m—+-1 products lie in the residue classes
(22) (3)#Gy (mod 29),
respectively, where u runs over the successive values u=m, m—1,
m—2,---, 1,0 If u = ¢ then (‘f,;)l‘G1 lies in the residue class = 0 (mod 2¢).

Thus to every odd residue class G, (mod 2f) containing the integral

part of a Z-number there correspond at most ¢ even residue classes (22) in
which there are likewise integral parts of Z-numbers.

(23) This implies that there cannot be more than

¢+1T¢)
odd or even residue classes (mod 2!) containing the integral part of a Z-
number.
10
Trivially,
15 << 207,
2

Thus, as soon as ¢ is sufficiently large, it follows from (21) that there exist
at most
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90.7- t-1

odd or even residue classes (mod 2f) in which there is the integral part of
at least one Z-number.
Denote now by z a sufficiently large positive integer, and choose the
integer ¢ such that
2 < xp—1 < 241,

Then every residue class (mod 2¢) contains at most two integers =< z—1.
Hence there can be at most fwo Z-numbers not greater than « the integral
parts of which lie in this residue class. By (23), the number of residue classes
which need be considered is only

2077 4-1 < 1507,
We obtain therefore the following result.

(24) For sufficiently large x there are at most
207

Z-numbers satisfying
0=Sa=Zz.

This paper dealt with the numbers « for which the fractional parts
r, defined in § 1 satisfied the inequalities
O§7"<%— (%:0,1,2,-..).

It is possible to establish a similar theory if all the #, are assumed to lie in
some other subinterval [¢, c+34) of [0, 1). It would be very interesting if a
similar theory could be established for subintervals of smaller length, or
perhaps even of arbitrarily small length.

Naturally, one can consider analogous problems for the products

a(%)n n=0127---

where « is again a positive number, and p and g are integers satisfying

p>a=2  (po) =1
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