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APPROXIMATION THEOREMS FOR MANIS VALUATIONS 

BY 

MIROSLAV ARAPOVIC 

ABSTRACT. Throughout this paper rings are understood to be com­
mutative with unity. In this paper we prove the general approximation 
theorem for valuations whose infinite ideals have large Jacobson radicals. 
We give an example in which it is shown that approximation theorems for 
Manis valuations do not hold in the general case. Also we prove that every 
valuation pair (Rv, Pv) of a total quotient ring T(R) whose infinite ideal has 
large Jacobson radical is a Priifer valuation pair. 

Throughout this paper rings are understood to be commutative with unity. In this 
paper we will prove the general approximation theorem for valuations whose infinite 
ideals have large Jacobson radicals. We will give an example in which it is shown that 
approximation theorems for Manis valuations do not hold in the general case. Also we 
prove that every valuation pair (Rv, Pv) of a total quotient ring T(R) whose infinite ideal 
has large Jacobson radical is a Priifer valuation pair. 

We consider Manis valuations of a commutative ring. Properties of Manis valuations 
of a commutative ring can be found in [7] and [6], Chapter X. 

Let ( v, G) and (w, A) be two valuations on a commutative ring R and w = cp • v where 
9 is an order homomorphism of the group G onto the group A. Then we say that w 
dominates v and we write w > v. Valuations v and V are called dependent if there exists 
a valuation w with w > v and w > v' and w(R) =£ {w(l), w(0)}; and they are called 
independent otherwise. Note that w > v implies that v_1(°°) = w_1(oo). It is easy to 
show that w > v if and only if Av C Aw and v_1(o°) Q Pw Q Pv, where Av and Aw are 
valuation rings and Pv and Pw are positive ideals of v and w ([7], Proposition 4). Let 
(/?, P) be a Priifer valuation pair and let Rx be an overring of R, i.e. let R\ be a ring 
with RQR\Q T(R) where T(R) is the total quotient ring ofR. Then there exists a prime 
ideal Pi ofR such that P\QP and {Rx, P{ ) is a Priifer valuation pair ([2], Theorem 2.5). 
Therefore, if v and w are Priifer valuations of a total quotient ring T(R), then w > v 
if and only if Aw ~D Av, where Av and Aw are valuation rings of v and w. 

Much of the notation and terminology of the three next paragraphs comes from [8], 
pages 126-127. 

Let v,-, Vj be two incomparable valuations on a commutative ring R, Vh V, be the 
corresponding valuation rings, Ph Pj be the corresponding positive ideals and let G,-, G, 
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be the corresponding value groups. Let v^i00) = vj\°°) and let P be the maximal 
prime ideal of V, and V, such that P C Pt and P Q Pr Certainly, P D y,'1 (°°) = v/1 (<*>) 
and P = v^C00) = v/^oo) if and only if the valuations v,- and vy are independent, i.e. 
the valuation v, A v, is trivial, where v, A v} is the valuation on R such that v, A v, > 
y,-, V/ A Vj > Vj and there is no valuation v such that v > vh v > v, and v < v,- A v7. Since 
the valuations v, and vy are incomparable it follows that P i= Pt and P i= Pj. Let A/;, 
A;/ be the isolated subgroups of the groups G,, Gj respectively corresponding to P. Then 
A/7 = Gi9 Aji = Gj if and only if the valuations vt and y,- are independent. If v,"1^) =£ 
v^C00), then the valuations v,- and y,- are independent and let again A0 = G,-, Ay, = G7. 
Let 

0 / 7 :G,->G,/A,7 , ejr.Gj^Gj/bji 

be the natural homomorphisms. The groups G//A/y and G;/Ay/ are ordered isomorphic 
with the value group of v, A y,-, and consequently they can be identified. 

A pair (a,, a7) E G,- x G7 is called compatible if, in the preceding identification, 
0,7 (a,-) = Qji(cLj). Let Vj,. . . , vs (s > 2) be pairwise incomparable valuations of/?. 
Then ( a b a 2 , . . . , a s ) E G | x G2 X . . . x G5 is called compatible if and only if every 
pair (a,, a,-) (/ ^ j) is compatible. If a, = v,(x), a, = v7(x) (x E R), then the pair 
(a,, a7) is compatible since v,(x) = w(x) = v;(x), where 

w = v/ A vy, V/(-r) = 0/7(v,(x)), Vj(x) = Ojj(Vj(x)). 

If valuations v1? v2, . . . , v5 are pairwise independent, then every (al5 a2, . . . , a5) 
E Gj x G2 x Gs is compatible. 

Many approximation theorems for valuations of a field are known. For example, 
([8], Theorem 3, page 136) is the general approximation theorem for valuations of a 
field. Approximation theorems for Manis valuations are proved in [7], [3], [4], and [5]. 
In [7], [3] and [4] approximation theorems for valuations with the inverse property are 
proved. For a definition of the concept of the inverse property see [7], page 196. In [5] 
an approximation theorem is proved for a Manis valuations of a ring R with large 
Jacobson radical. For the definition of the concept of rings with large Jacobson radicals 
see [5], page 423. In this paper we prove the general approximation theorem for 
valuations whose infinite ideals have large Jacobson radicals (Theorem 3). 

The main result of this paper is Theorem 3. To prove Theorem 3 we use the following 
lemma and Theorem 2. 

LEMMA 1. Let v,, v2, . . . , vn be valuations of a commutative ring R with value groups 
Gj, G2, . . . , Gn respectively and let (QLX, a2, . . . , a„) E G\ X G2 X . . . X G„. Then 
there exists x E R such that vt(x) < a,- (/ = 1,2, . . . , n). 

PROOF. Let n = 2. Take x', x" E R such that V,(JC') < a,, v2(x") < a2. If V2(JC') < 
a2 or VI(JC") < a! we may take x = xf or x — x". If v2(Y) > a2 and vx(x") > a , , w e 
may take x = x' + x" since then 

v,U) = vi(jr') < a,, v2(x) = v2(x") < a2. 
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Let now n > 2. We may suppose that a, < 0 (/ = 1, 2, . . . , «). Suppose that the 
statement is true for n - 1. Take x\ x" E R such that V/(V) < a, (/ = 1, 2, . . . , 
n - 1) and V,(JC") < a, (/ = 2, 3, . . . , n). We may assume that v,(Y) =£ V,(JC") 

(/ = 1, 2, . . . , n) Namely, we have V,(JC"") =£ V/(JC") for some nonnegative integer m 
( i = l , 2 , . . . , /i) and V,(JC"") < a, (/ = 1, 2, . . . , n - 1). If V„(JC') < a„ or v{(x") 
< aj we may take JC = JC' or x = JC". If v„(x') > a„ and v,(x") > a,, then for x = x' 
+ x" we have V/(JC) < a, (/ = 1, 2, . . . , n). 

Let v be a valuation of a domain D such that v-1(o°) = 0. By writing v{a/b) = 
V(A) — v{b), A, b E D, fr =£ 0, we obtain a valuation of the quotient field Q of D. v 
extends v and v and v have the same value group. 

We now consider integral domains having Jacobson radical different from zero. For 
example, 7 ^ 0 for every semi-quasi-local domain. 

THEOREM 2. Let D be an integral domain and let J =£ 0, where J is the Jacobson 
radical of D. Let v, (/ = 1, 2, . . . , n) be incomparable valuations of D with value 
groups Gj (i = 1 , 2 , . . . , n) and let v,~ (oo) = 0 (/ = 1, 2, . . . , n). Let (a,, . . . , a„) 
E G\ X . . . X Gn be compatible, and let ax, . . . , a„G D. Then there exists x E D such 
that V/(JC — fl,) = a / ( / = 1, 2, . . . , n) if and only if 

V/(a/ — ÛJ) < a, =̂> a, — V/(a/ — fl;-) E A ;r 

PROOF. Let 2 be the quotient field of D. Then there exists y E Q such 
that Vj(y — A,-) = a, (/ = 1,2, . . . , rc) by [1], Theorem 2. We will prove that there 
exists x E D such that v,(x — A,-) = a,(/ = 1,2,. . . , n). We have y = a/b; a,b E D. 
Let M E J, u =£ 0. Let 8, E G, be such that 

8/ < -|v/(wfc)| - \vi(ai)\ - |otf-| ( / = 1 , 2 , . . . , n). 

By Lemma 1 there exists v E D such that v,(v) < 8Z (/ = 1, 2, . . . , n). Clearly uvb 
E 7, Vi(uvb) < 0 and this implies v,{uvb + 1) = vt{uvb)\ furthermore v fa/uvb) > 
a, (/ = 1, 2, . . . , n). Consequently 

_ / uva \ _ (uva — uvbcij — flA _ /wvfl — uvbax — AA 
V " A ^ T T T " fl'J= V " A — ^ n — ) = v"v uVb ) 

_ / f l ai \ 
= V / l - - fl, - I = a z 

\b uvb' 
since vX{a/b) — fl,) = a, and V;(—(fl//wv&)) > a, (/ = 1, 2, . . . , n). Since «vfr E 
J it follows that wvfr + 1 is an invertible element of D, therefore vt{x — at) = a, 
(/ = 1,2, . . . , n) for x = {uva/{uvb + 1)) E D. For the converse of this theorem 
see [8], Theorem 3, page 136. 

As a special case of the preceding theorem we have the approximation theorem for 
independent valuations and the approximation theorem in the neighbourhood of zero. 

We now prove the general approximation theorem for valuations whose infinite 
ideals have large Jacobson radicals. 
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THEOREM 3. LetR be a ring and let v, (/ = 1, 2, . . . , n) be incomparable valuations 
ofR whose infinite ideals have large Jacobson radicals. Let G,(i = 1, 2, . . . , n) be 
the value groups of v, (i = 1, 2, . . . , n) respectively, let (a,, a2, . . . , an) E Gx X 
G 2 X . . . X Gn be compatible and leta\,a2,...,anER. Then there exists x ER such 
that Vj(x — a,) = a,- (/ = 1, 2, . . . , w) if and only if 

(1) v/(a/ - Oj) < a, =̂> a, - v,(tf, - a/) E AlV. 

PROOF. Let condition (1) be satisfied. We will prove that there exists xER such that 
Vi(x - a,) = a, (/ = 1, 2, . . . , n). Let v^oo) = v~\œ) ij E {1,2, . . . , « } . Then 
there exists x E R such that vt{x - at) = a, (i = 1, 2, . . . , n) by Theorem 2. See also 
[5], Proposition 3. Let now v^oo) =£ v/'Coo) for some / , j E {1, 2, . . . , «}. We will 
prove by induction on n that there exists x E R such that v,(x - at) = a{ (i = 1, 2, 
. . . , n). The theorem is true for n = 1. Let rc > 1. Let the valuations v, (/ = 1, 2, 
. . . , n) be so ordered that v/^oo) £ v^(oo) for every j E {1, 2, . . . , &} and 

VJ~+/(oo) = V^2(oo) = . . . = V^Coo). 

By the induction hypothesis there exists a E R such that vt(a - at) = a, (/ = 1, 2, 
. . . , / : ) and by Theorem 2 there exists fr E /? such that 

V/(Z? + a - at) = at (i = k + 1, lc + 2, . . . , n). 

Take 

u E J(v~\<x>) n vr'Coo) n v2"
,(oo) n ... n v^Coo) 

such that 

V/O) < — |ot,-1 - \vi(b)\ (i = k + \, k + 2, . .., n) (Lemma 1). 

Then v,-(l + u) = vt{u) and there exists v E R such that (1 + u)v — 1 E v'^oo). 
Therefore, we have 

V/((l + u)vb + a — at) = at (i = k + 1, k + 2, . . . , n), 

i.e., since vt{vb) > a, (/ = k + 1, k + 2, ..., n) it follows that 

Vi(uvb + a — at) = ai (i = k + I, k + 2, . .., n). 

If x = uvb + a, then since wv& E v^(x) Pi . . . Pi v '̂Coo), we have V/(JC - «z) = a, 
(/ = 1, 2, . . . , n). For the converse of this theorem see [8], Theorem 3, page 136. 

Approximation theorems for Manis valuations do not hold in the general case. We 
show this in the following example where two incomparable valuations of a domain are 
given for which the approximation theorem in the neighbourhood of zero does not hold. 

EXAMPLE. Let V be a valuation domain whose value group is isomorphic to the direct 
sum Z © Z of integral numbers with the lexicographic order and let K be the quotient 
field of V. Let M be the maximal ideal of V and let P be the prime ideal of V with 
(0) C P C M. The value group of VP is isomorphic to the group Z © Z/0 © Z. We 
denote (1 © 0) + (0 © Z) = T and 0 © 1 - T. We consider the polynomial ring K[x] 
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and l e t / 2 * = 0 akx
k E K[x]. v(f) = min {v(ak) + k-\} and vP(f) = min {vP(ak) -

k'\} define two Manis valuations on K[x] respectively. The valuation rings V, VP of 
these valuations are incomparable. Namely, for some a E M\P we have v( 1 /a) < 0, 
vP(\/a) = 0 and therefore \/a E VP, \/a f. V; and V(JC) = T > 0, vP(x) = - T and 
therefore * E V, JC ^ VP. The approximation theorem in the neighbourhood of zero does 
not hold for the valuations v and vP. Namely, we easily see that there does not exist an 
element g such that v(g) = 0, vP(g) > 0. 

THEOREM 4. Let T(R) be a total quotient ring. If(Rv, Pv) is a valuation pair ofT(R) 
whose infinite ideal has large Jacobson radical, then (Rv, Pv) is a Prufer valuation 
pair. 

PROOF. Let A be a regular ideal of Rv and A (£. Pv. Take x E A such that V(JC) = 0 
and vEy(v_1(oo)) such that v(j) = 0. Then xy E A nj(v~\oo)) and v(xy) = 0. Since 
A is a regular ideal of Rv there exists r E A such that r is a regular element of Rv. Then 
v(xy + r) = 0, xy + r E A and there exists z E Rv such that (xy + r)z — 1 E v'(oo), 
therefore 1 E A. Therefore, if A is a regular ideal of Rv, then A Ç Pv and consequently 
(/?v, Pv) is a Prufer valuation pair by [2], Theorem 2.3. 

COROLLARY. If the infinite ideal v~'(oo) of a valuation v of a total quotient ring T(R) 
is contained in only finitely many maximal ideals ofT(R), then (Rv, Pv) is a Prufer 
valuation pair. 

Let R be a ring and let v,- (/ = 1, 2, . . . , n) be valuations on R. Let P b e a prime 
ideal of/? such that P £ Uv,~\œ) and let JC E /MJV^COO). If the valuations v, (/ = 
1, 2, . . . , n) have the inverse property then there exists y E R such that v,(xy) = 0 
(/ = 1,2, . . . , n). Therefore, xy E P and v;(xy) = 0 (/ = 1, 2, . . . , « ) . In the 
following theorem we claim only that for every prime ideal P of R with P (£ U v,"1 (oo) 
there exists xP E P such that v;(xP) = 0 (/ = 1, 2, . . . , n). Therefore the following 
theorem generalizes Proposition 15 of [7]. 

THEOREM 5. Let vt (i = \, 2, . . . , n) be incomparable valuations of a ring R with 
the value groups Gt (i — 1, 2, . . . , n) and with the property: if P is a prime ideal of 
R such that P (£. Uv," (oo), then Vj(xP) = 0 (i = 1 , 2 , . . . , n) for some xP E P. If(a.\, 
a2, . . . , a j £ G| x G2 x . . . x Gn is compatible then there exists an a E R such that 
Vi(a) = at (i = 1 , 2 , . . . , n). 

PROOF. Let S be a multiplicative system of R generated by the set {xP\P a prime ideal 
of R such that P (£ Uv^'Coo)}. Then the ring Rs is a semi-quasi-local ring. Let (v/)5 

(/ = 1, 2, . . . , n) be the valuations on Rs corresponding in the natural way to the 
valuations v,- (/ = 1,2, . . . , n). Since Rs is a semi-quasi-local ring it follows that 
(v,)s(«A) = (*/(/= 1, 2, . . . , n) for some a/s E Rs. For a E R we have vt(a) = 
a, (/ = 1, 2, . . . , n). 

I want to thank the referee for his careful reading of the manuscript and several 
valuable suggestions for improvement of this paper. 
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