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AN EXAMPLE CONCERNING BERGMAN
COMPLETENESS

WLODZIMIERZ ZWONEK!

Abstract. We construct a bounded plane domain which is Bergman complete
but for which the Bergman kernel does not tend to infinity as the point ap-
proaches the boundary.

The disc with center at a € C and radius r > 0 we denote by A(a,r).
We denote also £ := A(0,1). For a € C, 0 < r < R < oo we denote the
annulus P(a,m, R) = {2 € C:r < |z —a| < R}.

Let D be a bounded domain in C". Let us denote by L?(D) square
integrable holomorphic functions on D. L?(D) is a Hilbert space with the
scalar product induced from L?(D). Let us define the Bergman kernel of D

Kp(z) =supd L ey 2ol
1200

For the basic properties of the Bergman kernel and other functions intro-
duced below see e.g [Jar-Pfl].

It is well-known that log Kp is a smooth plurisubharmonic function.
Therefore, we may define

1/2

n
0*log Kp(2) o, o
; X) = E ———X. X D, X e C".
ﬁD(Zv ) = 82]8§k JNk , & € ’ €

The function Bp is a pseudometric called the Bergman pseudometric.
For w, 2 € D we put

bp(w, z) :=inf{Lg, (a)},
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where the infimum is taken over piecewise C'-curves « : [0,1] — D joining
w and z and Lg, (o) := fol Bp(a(t); o (t))dt.

We call bp the Bergman distance of D.

A bounded domain D is called Bergman complete if any bp-Cauchy
sequence is convergent to some point in D with respect to the standard
topology of D.

Any bounded Bergman complete domain is pseudoconvex.

The proof of the Bergman completeness is often based on the proof of
the convergence of the Bergman kernel to infinity as the point approaches
the boundary, i.e. the following property

() DBI;THD Kp(z) = oo
All known Bergman complete domains have the property (). On the other
hand there are domains satisfying (%) which are not Bergman complete
(take the Hartogs triangle). Let us recall some known results on Bergman
completeness and the property (x) :

—if D is a bounded hyperconvex domain in C", then D satisfies (x)
(see [Ohs 2]) and D is Bergman complete (see [Blo-Pfl] and [Her]),

—if D is a bounded domain in C satisfying (%) , then D is Bergman
complete (see [Chen 2]),

— all other known examples of Bergman complete domains (i.e. non-
hyperconvex) satisfy (*) , too (see [Chen 1], [Her|, [Jar-Pfl-Zwo] and [Zwo]).

As already mentioned it has not been clear whether the condition (%)
is necessary for a domain to be Bergman complete. As we show below it is
not the case. The example given by us is a bounded domain in C (Theorem
5). Let us underline here that the domain is given completely effectively.
As a by-product we also get an effective example of a bounded fat domain
in C not satisfying () (see Corollary 3). For the non-effective proof of the
existence of such a domain see [Jar-Pfl-Zwo].

Below we restrict our considerations only to one-dimensional domains.

For a domain D C C and a function f € O(D) we denote ||f||p =
HfHL%(D). For f,g € L3 (D) we denote (f,g)p = [, fgdAs.

For a fixed point zg € C, 0 < r < oo we define Oy(P(zp,7,00)) as the

set of holomorphic functions ¢ from O(P(zg,r,c0)) such that their Laurent
G—n
20:1 (z—z0)™"

function we also denote (p)_1(z) := Zajzlo and (p)_2(z) :==> ", (Z‘:;‘)n.

expansion in P(zg,r,00) is of the form p(z) = > For such a
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Let us formulate the following two simple estimates, which we shall use
very extensively in the sequel:

LEMMA 1. Let ¢ € O(A(20,R)) (0 < R < 00). Then for any 0 < r <
R the following inequality holds:

2
2 r 2
1Pl < Fallellacor):

Let ¢ € Oog(P(z9,7r,00)). Assume that r < s < t and r < t. Then the
following inequality holds:

logt — log s

2 2
||90||P(z0,s,t) < HQDHP(ZO,N)'

logt — logr

At this place let us write down some technical property that we shall
use in the sequel. Namely, the function u(z) := %, x > 1, where 0 <
a < b < 1, is increasing, so u(x) < u(2), x € (1,2). Moreover, u(2) < 2u(1),
if @ and b are small enough, for instance if a,b < exp(—4).

Below we shall consider sequences of positive numbers 0 < r; < s; < t;,
j =1,2,... and points z1, 29,... € E such that A(zj,tj) N A(zg, tg) = 0
for any j,k =1,2,...,j # k, 0 ¢& A(zj,rj), j =1,2,.... Additionally, we
assume that zy — 0. Then for such a fixed system of sequences we define
domains

Dy :=E\ (|J A(z,r)u{0}), N=1,2,....
j=N
In the sequel we shall also denote D := D1.

Additionally, we make some assumptions of the purely technical char-
acter that we impose on the sequences considered:

o _ |zl i s [2logs;
tp<exp(—4), 1, < =5, 5+ +/— <1,
1) 2 ot logr;
2logt; 2log s; ;
=R R o -5 RS RS T TR 00 RO
logr; logr; tj

Our first aim is to find some sufficient conditions for the system of

sequences considered above implying the following condition

(2) 111)1;12123 Kp(z) < .
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LEMMA 2. Assume the following inequalities:

(o] (o]
SN log sy
(3) Y =<0, Y < 00,
= tn = logry
= -1
4 < 0.
(4) szl logry o

Then there is a positive constant C' such that

r2

—1—( J 22)),Z€D.

K()<CKE |Z—Zj|2—7“j)

Z |z — z;]2( —logr])

COROLLARY 3. Let D be as above. Assume the convergence as in (3)
and (4). Assume also that zy > 0, N = 1,2,... and 2?21(—71 +

p
2y logry

o 5) < 0o. Then (2) is satisfied.

(ZJQ\]*TN)

It is easy to see that having given a sequence zy — 0, 0 < zy < 1,
N = 1,2,..., one may easily (completely effectively) construct sequence
{rn} such that the assumptions from Corollary 3 are satisfied.

Proof of Corollary 3. In view of Lemma 2 for —% < z < 0 the following
inequalities hold:

—1 Tj

+
log iz j (2§ —72)?

Kp(z) < C(Kgp(—1/2) +§:
7=1

The last expression is finite by the assumption of the Corollary. b

Proof of Lemma 2. Fix for a while some N > (. Consider arbitrary
F € L}(Dy). It is a simple consequence of the Laurent expansion of F in
the annulus P(zy,ry,ty) that FF = f + ¢ in Dy, where f € O(Dny1)
and g € Op(P(zn,7n,00)). It is easy to see that f € L?(Dy41) and g €
L3 (P(zn,7N, R)), where 1 < R < co. In view of Lemma 1 we have

2 2
2
HfHA(zNJ‘N) = t2 HfHA ZN7tN) = t2 HfHDNJrl
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Consequently,
2 2 2 TJQV
N

On the other hand Lemma 1 gives the following estimates

191Dy = Nallb iy iy tn)

2 2
= HgHP(ZN,’I‘N,l—‘rlzN‘) - HgHP(ZN,tN,l-i-|ZN|)

(6) - log(1+ |zn]) —logty 2
> (1- o ) g1 et o
log(1 + [zn]) — logrn
logtn
> (1 - 210g T’N) HQHP(zN,TNJHZND'

Now we want to find some upper estimates for the scalar product.

’<f7 g>DN’ < ’<f7 g>P(zN,TN,SN)‘ + ’<f7 g>DN\A(zN,5N)‘
< HfHP(ZN,’I‘N,SN)HgHP(ZNJ’NysN)
HIF DA s i) 1 DA\ A o)+
Since

2 2
2 2
11y < W o) S BN R ey < B s

and
2 2
HQHDN\A(ZN@N) < HQHP(ZN,SNJHZND

< log(1 + |2n]) —log sy
~ log(1+ |zn]|) — logrn

||g| |P(zN,rN,1+|ZN|)’

the following inequality holds

SN
(1) K9 pn| < —fllpya 19l Pen iy a+1zn)

93

N

2log sy

1Og?”N ||f”DN+1||g||P(ZN,’!’N,1+|ZN‘)
1(sn 2log sy 9 9
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Since

1E[Dy = IIf + 91Dy = Dy +9llDy +2Re(f. 9)ny,

the inequalities (5), (6) and (7) give the following estimates

2
r SN 2log sy
8 F 2 > 2 1 — _N _ — — _
( ) H HDN = HfHDN.H( t%\f tN 10gTN
2logtny sy 2log sy
2 =2 _—
+HgHP(ZN,T'N,1+|ZN|) <1 o 10g TN o E N lOg TN '

More generally, using the Laurent expansion of F € L%(D) in any
annulus P(z;,rj,t5), j =1,...,N we may find F; € Oy(P(z;,7;,00)) (the
choice of this F} is independent of N) and F¥ € O(Dy+1) such that F =
Fév +F + ...+ Fy on Dy, F' — Fj; extends to a function holomorphic
on D U A(zj,7). Note that F{¥ € L?(Dny1) and Fj € L2(P(zj,7;, R)),
] <R<oo,5=1,...,N.

Then in view of the inequality obtained in (8) applied recursively we
get the following estimate

N
115 = 3 | 12 Tl e
D= 2 kNP (zg,re,1+|2k]) log TL 1Og Tk tk
: , 2log s;
. ; log7;

X
o
—
/N
—_
h:\lt’) m\zw
SH|S

IRy, T (12 -2 - 2l
o llbya LVt~ — 7 — T |
N+l i=1 t? tj log ]
The convergence of the series Y x_; f—x implies the convergence of the

2
series > N_; :TN and, consequently, (3) implies that the infinite product
N

2
T[22 [2loes
o1 t? t; logr;
is positive.

s 2logt; 2log s; 55 - oy
Moreover, infj—; 2 {1 — ogr, 1/ Togr, t_j} is positive.
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This altogether gives the existence of an £ > 0 such that for any N

N

(9) 1F1 2 1EN Py + SO E o, s wegey))-
j=1

Our next aim is to show the local convergence of F' to a function Fj
holomorphic on E, = [Jx_; Dn. Then in view of (9) this convergence will
imply that Fp € L3 (E,) (consequently, we may treat Fy as an L?-function
on E). Note that the desired convergence follows from the local uniform
convergence of the series > 7%, |Fj(z)| on Dy, for any k = 1,2, ..., which is
proven below.

When we prove the above convergence then F' = Fy + Z?‘;l F; on Dy
and the following estimate will hold:

[e.e]
(10) 1FIB = e(1Fo I+ S 1E Boe, 1y 1ape,p)-
j=1
Let us introduce some auxiliary functions:

[(¢)-1(2)]?

2
Hcp—al(zj,rj,leg'D
B 1
™ 2nfz — 2, 2(log(1 + [5]) — logry)’

C @)
kj,—Q( )= p{||(90)

l%j7_1(z) := sup{ : @ € Oy(P(zj,15,00)), (¢)-1 #0}

-2 P(zj,r5,1+2;])

for any j =1,2,..., z € P(zj,1;,1 4 |2]).

Simple computations of the L?-norms (of the functions (¢)_3) imply
that there is some constant C' (independent of j) such that

i;/'j,72(z) < CKP(Zj,rj,oo) (Z)

2 2
_ Cr; K T - Cr; |
2=zl -z Wz — 22 —r3)?

z € P(zj,rj, 14 |2), j=1,2,....
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Note that for any & < N the following inequalities hold

N 2
(S 1E1)
j=k

IN
—

<
Il
ol

2
(B -1 ()] + () -2(2))))

IN
—

<
Il
ol

~1/2 ~1/2 2
) =11l ey ey b1y R 1 (2) + ‘|(F‘j)—2‘|P(Zj,7“j,l+|z]'Dk‘j,/72(z)))

(kj-1(2) + j2(2)) )

IN
—

<
[
E

N
(D UED ey ey + IED 2B 1y 1415,0)
i=k

N
(ks,1(2) + Fy,-2(2)) S NE e 0y 1515, 2 € Dis
j=k

I
-

<
Il
ol

which finishes the proof of the desired properties of Fy and (10) (use the
estimates for kj _1, k; —2, (9) and use the condition (4) to get for any k the
local boundedness of the last expression, independently of V).

Now we may prove the required estimate. In view of (10) we get the
following estimate

2|2
Kp(z) =sup { ’ﬁ;gH)%L :FecLli(D), F# O}

{ (R0 + Y32 ((B) 1 ()] + [(F)—2(2)])? Fio}
TEol% + S (T 1B gy + NEDN 2B rp) |

1
< —sup
€

z€D

(the functions Fj in the formula above come from the decomposition of F'
considered earlier). And then proceeding as earlier we have

1
Kp(z) < —sup
£
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12 s T1/2
{(uFouEK/ S U Al sy 2 )

Jj=1

2
HIE) -2l ey b1 B3 (Z))) }/{I\Fol\%

o0

+Z ([I(F; 1”P(zj,r],1+|zj\)+||( R zj,rj,1+|z]))}

m.—u

“(Kp(2) + Y (kj-1(2) + kj—2(2))), 2 € D,
7j=1

which finishes the proof of the lemma (use the estimates for l%%_l and k& i—2).

O

Remark 4. Note that the technical assumptions in (1) do not cause loss
of generality for z from the neighbourhood of 0 (in particular, it does not
cause any loss of generality in Corollary 3). The convergence of the series
in (3) and (4) implies that for j large enough the technical properties from
(1) are always satisfied. Therefore, because of the localization principle of
the Bergman kernel (see [Ohs 1]) the estimates as in Lemma 2 (for z from
the neighbourhood of 0) remain valid without these technical assumptions.

Let us formulate our main result.

THEOREM 5. There is a bounded domain D C C such that liminf,_ 5p
Kp(z) < 0o and D is Bergman complete.

Proof. The domain stated in the theorem will be some of the domains
considered earlier defined as Di. Below we shall impose some conditions
on the sequences implying that the domain has the property as desired.
Certainly, the point at which the Bergman kernel will not tend to infinity
will be 0 (all other points from the boundary force the Bergman kernel to
diverge to infinity while tending to them).

Let us start with a sequence z,, := %, n > 2. We also define n® different
points lying on the circle of radius x,,.

29T

Zn.j —xnexp(zﬁ), j=0,...,n°—1.
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Note that there is some C' > 0 such that ﬁ < |znk — Znj| and |zp0 —
Zni| < n—(fo for any n and for any j,k =0,...,n° — 1, j # k. Define

1
ty = nlg)

=310 n = exp(— , Sp = exp(—n).

We also define y,, := M

Note that for any n A(zn], 0) N A(zn gy tn) = 0, § # k. We also easily
see that for n,m large enough (for n,m > ng > 2) the circles 0A(0, yr,)
are disjoint from the discs A(zp,j,75), j = 0,...,n% — 1. Now we build a se-
quence {zy} by gluing together one by one the (finite) sequences {2, ; ;ial
(starting with n = ng). We associate to them the sequences t,, r, and s,
in such a way that ry (respectively, sy, tn), where N is such that zy is
associated to z, j, equals 7, (respectively, sy, t,). For indices large enough
the sequences satisfy the technical assumptions from (1).

Note that the convergence as in (3) and (4) for the sequences just
defined will be satisfied when we prove that

o0
5
na, < oo,
n=ng

log sn
log rn

where a, equals ‘;—: or or One can easily verify that this is

logr
the case.

One may also check that

5

SUP{ Z ( — xp|?(—logry,)

S ym

5.2
n-ry,

+ ):m:no,no+1,...}<oo.

(lym — wnl? = 13)?

Therefore, applying Lemma 2, we easily see that there is some M; < oo
such that the following inequality holds

(11) Kp(z) < M for any z € (J,;2,, 0A(0,y,) C D.

It follows from (11) that the Bergman kernel of D does not diverge to
infinity as the point approaches 0.
On the other hand take any n > ng and take a point z € DNIA(0, zy,).
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Then
—1
(12) Kp(z) >max{ =290 5o pf o1

=
20
W

B H _Z'nH2 mn,rn,2)

20

>

~ 27C?%(log 2 — logTy,)
20

2rC?%(n'9 4 log 2) oo 00
Now we are ready to prove the Bergman completeness of D. Suppose
that D is not Bergman complete. Then there is a Cauchy sequence {wy}
with respect to the Bergman distance converging to the boundary (in the
natural topology). It is easy to see that this sequence must converge to
0. Choosing if necessary a subsequence we get from the definition of the
Bergman distance that there are a constant My < oo and a continuous
function v : [0,1) — D such that lim;—o7y(t) = 0, v|j0,1—¢] i piecewise ct
and Lgp, (V[0,1-¢]) < Mz for any € € (0,1). Note that the graph of v must
intersect any set OA(0,x,) N D for n > n; with some n; > ng. Denote
this point of intersection by v,. Then it follows from the definition of the
Bergman distance that the sequence {v,} is a Cauchy sequence with respect
to the Bergman distance. But, additionally, it follows from (12) that Kp(vy,)
tends to infinity as n goes to infinity. We prove below that this is impossible,
which will finish the proof. We follow the ideas from [Chen 2].

By a result from [Pfl] there is a function f € L2 (D) such that || f||p = 1

on ) |2
and ‘[J;;( Jn)]‘) — 1 for some subsequence {vy;} (see [Chen 1] or [Chen 2]).

Since functions bounded near 0 are dense in L2 (D) (see [Chen 2], Lemma
4), there exists a function g € L?(D) such that ||f — g||p < % and g is
bounded near 0. Then we have

;_ If = gllp > L "J) 9@n,)l o _1F(vny) o)l
U"J \/KD Un \/KD Unj
— contradiction. .

Remark 6. The last part of the proof of Theorem 5 is based on the
density of functions from L2 (D) locally bounded in 0 in the space L2 (D). We
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quoted in this context the result from [Chen 2]. Actually, we may prove this
result in the special case of domains considered in Lemma 2 directly with
elementary methods (without the use of the solutions of the d-problem).
Namely, it follows from considerations in the proof of Lemma 2 that for any
F € Lj(D) we have F = Fy+ Y72, Fj, where Fj € Li(P(zj, 75,1+ |2])) N
Oo(P(zj,7j,)), j = 1,2,... are as in the proof of Lemma 2, Iy € L?(E)
and the convergence of the series is locally uniform on D. Define G := Fy+
Zé\;l F;. Then Gy — F locally uniformly. Assume that the convergence
is in L7 (D)-norm. Then F, may be approximated in L?(FE) by bounded
holomorphic functions on E and the functions F; may be approximated in
L3 (P(zj,rj,1+|z;])) by bounded holomorphic functions in P(z;,7;, 14 |z;]),
j =1,2,.... Consequently, this implies the density of H°°(D) in L?(D) (so
a little more than it follows from the result of Chen). To finish the proof
it is sufficient to show that Zjvzl Fj tends to 377, Fj in L?(D). But this
can be seen from the considerations similar to that in the proof of Lemma
2. Namely take 1 < k < [. Then

|Fy + Fig1 + ...+ Bl[D,
= [|Fel|D, + [1Frs1 + -+ Fillb, +2Re(Fy, Fp1 + ...+ Fi)p,-

The last expression is not larger than (repeat the reasoning from the proof
of (7))

) 9 Sk /2log sy,
(HFkHP(Zka,lHZM) [ For 4+ FlHDkH) (1 + E + log 7 > '

Repeating this reasoning we get that the last expression is not larger than

I min{l—1,5} 21
) Sim 0g Sm
S WE DG vy 11 (1 te T log 7'm, >
k

j= m=k m
The assumptions on the convergence from (3) and (9) easily finish the proof.
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