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LOCALIZATION PROBLEM OF THE ABSOLUTE RIESZ 
AND ABSOLUTE NÔRLUND SUMMABILITIES 

OF FOURIER SERIES 

MASAKO IZUMI AND SHIN-ICHI IZUMI 

1. Introduction and theorems. 

1.1. Let 5Z an be an infinite series and sn its nth partial sum. Let (pn) be a 
sequence of positive numbers such that 

Pn = Po + Pi + • • • + Pn-^tt a s U —> 00 . 

If the sequence 

(1) k = jjr È PA (» = 0, 1, 2, . . .) 

is of bounded variation, that is, £ \tn — 4- i | < °°, then the series £ an is 
said to be absolutely {R, pn, 1) summable or \R, pni 1| summable. 

Let / be an integrable function with period 2-K and let its Fourier series be 

OO CO 

(2) f(x) ~ %a0 + X) (fln cos wx + bn sin wx) = X An(x). 
n=l w=0 

Dikshit [4] (cf. Bhatt [1] and Matsumoto [7]) has proved the following 
theorems. 

THEOREM I. Suppose that (i) the sequence (pn/Pn) is monotone decreasing, 
(ii) mn > 0, (iii) the sequence (mnpn/Pn) decreases monotonically to zero, and 
(iv) the series 2Z i^nPn/Pn) is divergent. If 0 < a < b < 2ir, there is a function 

f integrable over the interval (a, b) and vanishing on the intervals (0, a) and 
(&, 2ir) such that the series Y, mnAn(x) is not \R, pn, 1| summable at the origin. 

THEOREM II. Suppose that (i) the sequence (pn/Pn) is monotone decreasing 
and (ii) the sequence (Pn/n

1+epn) decreases for a 6, 0 < 6 ^ 1. If 

OO 

Z (\An{x)\pn/Pn) < 00 , 

then the summability \R, pn, 1| of the Fourier series (2) at the point x depends 
only on the behaviour of the function f in the immediate neighbourhood of the 
point x. 

We shall first prove the following theorem. 
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616 M. IZUMI AND S. IZUMI 

THEOREM 1. Suppose that (pn) is a sequence of positive numbers such that 
Pn-^co and (pn/Pn-iPn) is decreasing and the sequence (mn) of positive numbers 
is of bounded variation such that 

winpn /Pn ^ Am2np2n/P2n for all fl 

and (mnpn/Pn) is monotone decreasing. If 

oo 

(3) Z (\An(x)\mnpn/Pn) < oo, 
n=l 

then the summability \R, pn, 1| of the series X) mnAn(x) at the point x depends 
only on the behaviour of the function f in the immediate neighbourhood of the 
point x. 

1.2. The nth Nôrlund mean of the series J^ an is defined by 

(4) „ - p 
-L n 

1 n 

t"n = ~T>~ / J Pn—k$ki 
-Ln k=0 

sk being the &th partial sum of the series. If the sequence (tn) is of bounded 
variation, then the series X) an is said to be absolutely (N, pn) summable or 
\N, pn\ summable. 

Daniel [3] has proved the following theorems which are a generalization of 
the theorems of Jurkat and Peyerimhoff [6] and Bhatt [2]. 

THEOREM III. If the positive sequence (mn) satisfies the conditions 

X) (mn\cos 2nx\/Pn) < oo 
and 

X) (nin/Pn) = oo, 

then the summability \N, pn\ of the series ^ mnAn(x) at the point x is not a local 
property of f. 

THEOREM IV. Suppose that the sequences (ftn) and (mn) are positive monotone 
decreasing and that they satisfy the following conditions: 

(5) mn+i/mn+k ^ A, uniformly in k < n, as n —•> oo , 

(6) — i t ^ ^ A asn-+oo, 
nmn fA Pk 

(7) 2 5r<». 
If 

oo 

(8) Z {\An{x)\mJPn) < o o , 
71=1 

then the summability \N, pn\ of the series ^ mnAn{x) depends only on the behaviour 
of f in the immediate neighbourhood of the point x. 

We prove the following result. 
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THEOREM 2. Suppose that the sequences (pn) and (mn) are positive, monotone 
decreasing and 

*mn/Pn ^ Amin/P2n for all n. 

If the condition (8) is satisfied, then the summability \N, pn\ of the series 
X) mnAn(x) depends only on the behaviour of f in the immediate neighbourhood 
of the point x. 

Further, we prove the following. 

THEOREM 3. Suppose that (mn) is a positive, monotone decreasing and convex 
sequence such that 

Amn S A Am2n for all n, 

and that the sequence (pn) is monotone increasing and satisfies the condition 

(9) £ Pn~} p Pn-^ ^ ~-r forallj^O. 

If 

( 1 0 ) £ K(x)K<oQ and £ \An{x)\Amn\ogn<a>, 
n=l M w = l 

then the summability \N, pn\ of the series J^ mnAn(x) depends only on the 
behaviour of f in the immediate neighbourhood of the point x. 

Theorems 1, 2, and 3 hold also for conjugate series. 

2. Proofs of the theorems. 

2.1. Proof of Theorem 1. We can suppose t h a t / is even and x = 0. We shall 
consider the Riesz means (4) of the series X m-nflm then (1) yields 

<h n~1 

tn — tn-\ = -j^—=; 2J Pjcmk+iak+i 
r n r n - i k=Q 

and then 
OO OO L I U—1 

(H) Z \tn ~ 4-l| ^ E — X) -FV%+ia*+i 

Pn 

We can write 

— 1 cy (*ir I w—1 ^ 

dt 

= Y" —2n \T I 
/-j p p I1 n\-
n—1 •£ n-L n— 1 

(12) r , = S P^k+1ak+1 = - f /(*)( £ Pkmk+1cos(k + l)t) 

J
»TT r~ n—i ~j 

/ ( 0 E CPjt-iAw* - pkmk+1)Dk(t) + Pn^mnDn{t) - Ptfn%Do(t) &, 
o L *;=! J 

= 2 

where Dk(t) is the &th Dirichlet kernel [8], that is, 

^ /fN sin(& + h)t smkt . . 1± 

DM) = 0
V . ' , = 7: 7- + J cos &. 

ÀV J 2 sin |f 2 tan ^ 2 
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Hence we put 

+ ~ I /(O X) (Pkàmk - pktnk+i) cos & + Pn-iMn cos «/ — P0Wi * 
7T «7 0 L /fc=l J 

ra "T" * w » 

then 

IVI ^A ]£ (Pt-ilAw*! + ^wt+i)|a*| + APn^mn\an\ + 4, 

and hence, by (3) and since mk is of bounded variation, we have 

(14) t f p ï A t ^ + A i - ^ 

CO CO . 

+ i S (P*_i|A*»*| +/»*w»+i)|a*| Z p p 
*=1 n = t + l -i B-I n - 1 

By (11), (13), and (14), we obtain 

t> \T 'I 
(i5) E K - -̂il ^ A + x; . 

n=l n=l J^n-Ln—1 

We shall prove that the last sum is finite except for the terms depending on 
the behaviour of / in the interval (0, e), e being any positive fixed number. 

Now, we define an odd continuous function g, periodic with period 2ir, 
such that 

g(t) = J cot \t in the interval (e, T) 

and that g is differentiable at least four times everywhere. If we write 

CO 

(16) g(t) ~ X) cn sin nt, 

then cn = 0(l/nz) as n —»oo. Using this function g(t), we obtain the following 
formula: 

+ I f(t)g(t) sin ntdt. 

https://doi.org/10.4153/CJM-1970-068-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1970-068-6


FOURIER SERIES 619 

Since the first integral on the right side of (17) depends on the values of/ in 
the interval (0, e), we leave it out of consideration. Hence it is enough to 
show that 

(18) Ê i r % - E ( iV i |Am* |+^m* + 1 ) f f(t)g(t) sin kt < 

+ E ^fA\ f(t)g(t)simntdt 
n=l -Ln I «/o 

is finite. By (16), we obtain 

J»7T OO /*T 

f{i)g(t) sin ntdt= E ct f(t) sin jt sin nt dt 
0 j=l « / o 

Î/+ F 

_ «3 

= 7 L cj(ali—n! ~~ CLj+n) 

and then 

MnPn (20) F ^ A E ^ E k.Kku-nil + |a*.|) = 7i + 7„ 
7 1 = 1 •* 71 . 7 = 1 

where 

(21) V1 = A± \c,\£ ^\a^\ 

= A± \J ± ^ \a^\ + £ ̂  k-,l) 

^A£^£ \c,\ + £ \c,\ £ ^ 
OO OO 

£~i T> /-^ \fj\ r £_j \fj\ ^j p \dn\ 
w = l -L n j—n j=l n=l •* n 

n=l -L n
 ri/ j=l J 

< OO, 

by using the monotonicity of the sequence (mnpn/Pn) and the condition (3), 
and 

oo /yyl L / n oo \ 

(22) ^. = i E T E + S )Wk*.l 
w = l -*"» \ j = l j=n+l ' 

^£ wÊ^w+i£^ë 4 
j=l n=j -En n=l •*n j=n+l J 

^ L M 2^ - p P2n I + ^ L ^ 
; = 1 n = j JT 2n n=l rtJrn 

< oo, 

by the conditions mnpn/Pn S Am2np2n/P2n and (3). 
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On the other hand we put 

oo L W—1 oo 

(23) UgA'Ë -s2—- E (P!c-1\Amk\+plcml:+1) E | c , | ( h , - i | + h-n.1) 
«=1 -Ln—l-Ln k=l j=l 

•,=1 #=1 -Lk 

oo L ft—1 / n— 1 oo 

+ ^ I ^ V S £*w*+i( 2 |cB_̂ | H + E kn-yl h i 

+ E N k+n|) 

W is evidently finite. We write 

(24) X = A± |o,| £ ^ ^ E ^mwl 

= ̂ E hi E § ¥ ( 1 + E W»*+i 

Since the sequence (pn/Pn-iPn) decreases as n —>oo, we have 

(25) Xx ^ A E h i E i F r f ( iVi»j + E P*A«„.i + iV»2 ) 

^A+A± P.lAm^l Ë # % 

< co, 

and, by the monotonicity of the sequences (pn/Pn-iPn) and (mnpn/Pn)f we 
can see that 

oo oo oo t I I 

(26) x2 ^ E kl E /»*»»*+! E fp^r1 

j=0 ]c=j n=k+l -Ln—l-Ln 

pkmk+1pk+i 
S A 2^, WA Z^i p p /*, • i_ -i \2 

j=o k-j JrkJrk+i{lz — j -\- I) 

< A f] ^aj^jMj 

j^O P j 

< CO. 
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Further we obtain 

ro-l • 11—JL co en u 

(27) F ^ ^ E ^ V S />*«*+! E k«l ^ E J j < » 
n = l -^n—l-Ln k=l j—1 n=l i* ± n 

and 

(28) Z^A± \Cj\ É ¥^é 2 *V»M-I 
y=i w=i r n - \ r n k=i 

^ Ë N S % % T (-Pom2 + P^xm^ + 2 AlA^+il ) 

k+i\ 

CO CO / ^ U CO CO CO 

*A E c,+^ E ^ E Wk„|+.4 E y E |A«. 
j—1 n=l -*« j=l ;'=1 #=1 

< 0 0 , 

by using (22). 
Collecting (23)-(28), we can see that U is finite. Combining this with 

(18), (20), (21), and (22), we obtain the required result. 

2.2. Proof of Theorem 2. We can suppose t h a t / is even and x = 0. Let (tn) 
be the nth Nôrlund mean of the series £] mnani then ; by (4), 

1 n 

t"n = -p ? J Pn—k$k > 
-tn k=0 

where sk is the &th part ial sum of the series X) wMaR. Hence 

1 n 

(29) tn — ̂ _ i = r—=— X) (f *^n - PnPk)mn-kan-k 
-Ln-tn-1 &=0 

1 / n~X 

~B i X) [Pn(PkMn-k — pk-lMn-k+l) 
i-Ln-1 V fc=l 

PnPn-1 \ k=l 

— pn(Pkmn-k — Pk^1mn-k+1)\sn-k 

— m,l(PnPn-l — Pn-lPn)So + mn(p0Pn — Popn)sn 

where sn is the nth partial sum of the series ]£ an. 
Now, the coefficient of sn-k in Rn is 

-£-p {Pn(Pk^n-k — Pk-mn-k+l) — Pn(Pk^n-k ~ Pk-iMn-k+l)} 
-Ln^n—1 

l 

•Ln-Ln—1 
I (PnPk — PnPk) (™<n-k — WV-fc+i) + (Pn-lPk ~~ Pnpk-l)^n-k+l} , 

https://doi.org/10.4153/CJM-1970-068-6 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1970-068-6


622 M. IZUMI AND S. IZUMI 

SO that 

(30) X) \Rn\ ^ X "B -^— X ( ^ A - pnPk)(mn_k - rnn-k+1)\sn-k\ 
n=l 7i=l -* n-*tt—l fc—1 

+ X lEHE,— X ( ^ A - i ~ Pn-iPk)mn ~k+l\Sn-
n=l ±n±n—l A;=l 

= 1 7 + 7 . 

As in the proof of Theorem 1, we define the function g(t), and we write 
oo i n— 1 

#" = X ) T T ^ X ( - P f ^ n - i - PnPn-j) ( w , — W i + i ) 
w=l -*w-*n—1 j— 

x{ilj^(2^t-^)S^idt 

+ f f(t)g(t) sin jtdt 
•/o J + 2°' 

= t/i + Z72 + Z73, 
OO -I 7 1 — 1 

^ = X ~p~p X (PnPn-j-1 — Pn-lPn-j) 
n=l -Ln-Ln—l /—I 

• m J+ l 

+ f /(*)*(') sin j ïd / 1 
+ ô -̂

= 7i + V2 + F3; 

where Ui and 7i depend only on the value of/ in the immediate neighbourhood 
of the origin. Thus it is sufficient to show that Z72, Uz, V2, and V% are finite. 

Since the sequence (pn) decreases monotonically and 

(31) 

we have, by (8), 

Pn-j-l — Pn-j ^ A-

£ P 
n*=j+l J n-1 

^ ~ f o ra l l j èO , 

(32) Vz ̂  £ ^ ^ — E (PnPn-J-1 ~ Pn-ipn-^m^a^ 

= Ê mm\at\ ± (Pn-j-p~ ̂  + Pn-J-^~ - Ù) 
j=l n=j+l \ r n \-Ln-l - * » / ' 

< 00, 

We see that (cf. [5, formula (17)]) 

(33) E PnPn— j Pn-Pn- j < A 

n^j+1 Irnrn—1 
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and thus 

( 3 4 ) Uz S £ 7 T 4 — Ë (PnPn-J ~ pnPn-Ù^MÀ 
n=l -Ln-t-n—1 j=l 

AfnAaA 2LJ p-p 
3=1 n=j+l ^ nr n—1 

< 0 0 . 

By (19) and (33), we obtain 
oo -j n— 1 co 

( 3 5 ) U2 ^ A £ - - — Y, (PnPn-i ~ PnPn-
n=l -Ln-Ln—l j=l A-=l 

.7=1 n=j+l -Ln-Ln—l 

co 

4̂ X) Am 
i = i 

< oo. 

Finally we shall estimate V2. We put 
oo I W—1 oo 

V2^ A ^2 ^~B X (PnPn-j-l — Pn-lPn-j)mj+l X ) k * | ( k l * - * l | + Wj+k\) 
n=l -Ln-Ln—l j=l k=l 

oo i n—1 co 

= ^ E ~5— X) fe-y-i - Pn-Mj+i X kl(h,--*i] + kml) 
n=l -L n—1 j=l k=l 

Pn 
n-1 

+ A X ^ r ~ X Pn-jmj+i X k*l(h,-*i| + kml) 
n=l -Ln-Ln—1 j=l k=l 

= X+Y; 
then, by (31) and the assumption of the theorem, we obtain 

OO CO CO L L 

(36) I ^ E |ct| E (ku-.il + kml)««-i E P"~*~p ^ 
#=1 j = l w=y+l -* n—1 

oo co „„„ 

^ S N Z ^(|a, ,_*, |+|am | ) 
co / k co \ 

l i E N( E + E )^(h^il + M) 
co co co co /yvl 

.7=1 - ^ j &=;/ *=-l ;=A;+1 -* j " - * ; 

CO / M - CO CO CO - ^ 

+ i l ^ | a « * | E M + ^ E M E ^ k * 
j = l -* j k=j k=l j=k+l -L2} 

CO CO CO „ . CO CO -

^ E T ^ + ^ X ; k * l E ^ h l + ^ E M E f ^ k « 
;/=! J •* j k=l j=l r 3 k=l j=k+l -L j+k 

< 00 
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and further, by (31), we similarly have 
CO OO CO L >j 

(37) YtkA E I d S ^ + 1 ( | a , , _ 4 , | + | o m | ) £ f f ^ 

CO CO - j -

^ E | C l | D ^ ( | a , ^ , | + | a m | ) 

< 0 0 , 

Combining (36) and (37), we see that V2 is finite. By (32)-(35), and the 
finiteness of F2, we see that Theorem 2 is proved for X) \P-n\-

We shall now consider 

£ |rB|= £ ̂ . 
7 Z = 1 7 2 = 1 - * W 

By (17), it is sufficient to prove that 

This follows from 

£ jr\ ff(t)g(t) sin ntdt < 0 0 . 

E IT Z M ( h , - B | | + \a3+n\) < <*> (by (19)), 
n=l -Ln i==l 

estimated in the same way as (36). Hence we obtain ^ | r n | < co. Evidently, 
2 \Sn\ < co. Thus the theorem is proved. 

2.3. Proof of Theorem 3. The proof is similar to that of Theorem 2. Since (pn) 
increases, we obtain by condition (9), instead of (31) (see [8, formula (15)]), 

(38) £ PnPn-JZPnPn~J^Alog(j+l) f o r a l l j ^ O . 

We shall only estimate £/2, defined in § 2.2, since the others are quite similar, 
as in the proof of Theorem 2. By (10), (38), and convexity of the sequence 
(ww), we have 

oo i n—1 oo 

ft^E -p~p X) {PnPn-j - pnPn-S)àmj JL |c*| (|a|Jfc_,| | + \dk+j\) 

oo oo 

^ -4 ] £ \ck\ X) log(j + l)Awj(|a|,fc_j|| + | a w | ) 

oo CO 

^ 1 \ck\) X log(j + l ) A m > u _ i | | + X) log (7 + ^ A m . J a ^ l 
k=l V ^ = 1 i = 2 A + l 

+ Z log(i + l ) A m , | a w | + X l o g ( j + l ) A w j | a w | f 

CO CO "J OO CO 

S A J^ logO' + l)Am?- X p + ^ E k*l X log 7 • Am;-|a,| 
j = i ^ = | y ^ # = i j=Jc+i 

+ A J2 l og ( j+ l )Ara„ X c*|ajfc+j|+^ X k*l S log2j-Am2;-]a2i| 
j = l k=*j k=l j=k+l 

^At'-^+^ + Ati 
*=1 

< oo. 
i £s 
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