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1. Introduction

Let (M, g) be a Riemannian manifold of dimension # = 3 and g another met-

ric on M which is pointwise conformal to g. It can be written § = u'’"?

g, where
% is a positive smooth function on M. Then the curvature of & is computable in
terms of that of g and the derivatives of # up to second order. In particular, if S
and S denote the scalar curvature of g and g respectively, they are related by the

equation

_ 4(n — 1)

_ — &, 2/ -2
(1) a,Au + Su = Su , a, n—12

where Au denotes the Laplacian of #, defined with respect to the metric g.

Now it is a fundamental problem to find criteria for a given function, say f, to
be realized as the scalar curvature of some conformal metric. This is equivalent to
solving the equation (1) with f in place of S. Much investigation has been dedi-
cated to this problem especially when the manifold M is compact. In the noncom-
pact case, it is geometrically natural to require the metric to be complete and then
the problem amounts to seeking a solution of the above equation, which has
appropriate asymptotic behavior at infinity. Also, it will be reasonable to first
consider the above problem on Riemannian manifolds with simple structure at
infinity. Among this class of manifolds is the complement of a closed subset in a
compact Riemannian manifold. Aviles-McOwen [2] proved that, if (M, g) is a com-
pact Riemannian manifold of dimension # and 2 is a compact submanifold in
M, the complement (M\ X, gy ) admits a complete conformal metric with
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constant negative scalar curvature if and only if the dimension of 2. is greater
than (n — 2)/2. When (M, g) is the sphere S” with its standard metric, this re-
sult had been known to Loewner-Nirenberg [11]. On the other hand, Schoen-Yau
[21] (see also [20]) proved that if 2 is a closed subset in S” and S”\ X admits a
complete conformal metric with nonnegative scalar curvature, then the Hausdorff
dimension of 2. is less than or equal to (n — 2)/2.

In this paper, motivated by these results, we consider the following problems:
If (M, g) is a compact Riemannian manifold of dimension not less than three and
2 is a closed subset in M, then
(a) does M\ X admit complete conformal metrics with nonnegative scalar
curvature ?
And
(b) if it does, find criterion for a (nonnegative) function on M\ 2 to be realized as
the scalar curvature of a complete conformal metric. Can the scalar curvature be
made constant ?

In order to describe our results, let ul(ﬂl) denote the first eigenvalue of the
operator L = — a,4 + S, that is,

w (M) = inf{L ¢Lpdv, | ¢ € C™(M), fM ¢'dv, = 1},

where dv, is the volume element of the metric g. As is well-known (see [9]), the
sign of g, (M) is an invariant of the conformal class of g, and it is positive (resp.
zero, negative) if and only if the class contains a metric with everywhere positive
(resp. zero, negative) scalar curvature.

In §2 we prove that if (M, g) is a compact Riemannian manifold with
1, (M) <0 and 2 C M is a nonempty closed subset, then M\ 2 admits no com-
plete conformal metrics with nonnegative scalar curvature (Theorem 1). As a
corollary, it follows that if (M, g is a compact Riemannian manifold with
nonempty boundary, then its interior admits no such metrics.

In §83, 4 we consider the case g, (M) > 0 and show that if 22 C M is a com-
pact submanifold of dimension d < (# — 2)/2, then M\ 2 admits a variety of
complete conformal metrics with nonnegative scalar curvature. In fact, letting 7 de-
note the distance from a point in M\ 2 to 2, we prove that any function f which
decays near 2. faster than 7> can be realized as the scalar curvature of in-
finitely many complete conformal metrics on M\ 2 (Theorem 2 (a)). In particular,
M\ X admits such a metric with vanishing scalar curvature. In this result, we
can replace the assumption on f by a weaker one, which, if f does not change sign,
is also necessary for f to be realized as above (Theorem 2°). If f is uniformly posi-
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tive or decays near 2. rather mildly, it is not necessarily realized as above. We
show, however, that if d < (# — 2)/2, there exists a complete conformal metric
whose scalar curvature is positive and behaves like 7' near X, for each | € [0, 2
— 4d/(n — 2)) (Theorem 4). In particular, M\ 2 admits such a metric with uni-
formly positive scalar curvature. In the proof of these results, we use the Green's
function (on M) for L, being averaged over 2. in one variable, to construct super-
and subsolutions of the equation (1) (with f in place of S). Essential is the esti-
mates of this function and its derivatives near 2.. When the closed 2. is not a
smooth manifold, our method does not work in general. However, the examples in
§3 indicate that if 2 supports an appropriate measure, our argument would still
apply.

Acknowledgement. The second author thanks the Yukawa Foundation of
Osaka University for awarding him a scholarship. Both the authors are grateful to
Professor H. Ozeki for his encouragement. They also wish to thank Professor A.
Kasue for his interest in this work and valuable suggestion.

During the preparation of this paper, we learned that Ma-McOwen [13]
announced a result corresponding to our Corollary 2. But their proof seems diffe-
rent from ours.

2. The case p, (M) <0

In this section we give some nonexistence results. We first prove

ProposiTioN 1. Let (M,, g,) be a compact Riemannian manifold of dimension
n > 3 with nompositive scalar curvature and Q < M, a domain such that M)\ Q2 #+ @ .
For a complete conformal metric g on 2, we set Ly = — A + BS, where A and S are
the Laplacian and the scalar curvature vespectively defined in terms of g. Then
ALy <0 forB=n/4mn— 1)(= L), where A,(Ly) is defined by

AL = inf[fg BLiddv, | 6  C7(Q), [ ¢do, = 1.
Proof. It suffices to prove Proposition 1 for 8 = B(n) because of the follow-
ing inequality, which holds for any function ¢ with compact support in £ and any

B = Bn):
f (| dg|" + B S¢") = —Bg’) f ( dg | + BSg").
Q2 Q
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4/(n-2)

If we write g = u &, then

_ anA(u—l) + Su—l — Sou—-(n+2)/(n—z) < Oy

—n/(n-2)

where S, is the scalar curvature of g, Setting 2 = u , this inequality can be

rewritten as

2 | dnl
(2) Ah Z BW)Sh+ - .

Let ¢ € C, (£2). Then
ALy fa on? < [ (= oha(ph) + BS(h)D)

(— ¢h*Ap — 2¢h<d¢, dh) — ¢°hAh + BS(ph)?)

I
S $ Y

< | (— ¢h’4¢ — % (d(¢®), d(h®))) — % fg ¢” | dn .

In the last inequality we have used (2). Integrating by parts we obtain

(3) /II(LB)L(gbh)Z < fghzldgb & —%fg:pzldh 2.

We now let ¢ be a function such that ¢ =1 on By, ¢ =0 on 2\ B, and |dg |
< 2/R, where Bj is the g-geodesic ball of radius R centered at a fixed point.
Substitution in (3) gives

zl(Lﬁ>fBhasﬁ;mehz—%fBthF.

Letting R — oo, the first term in the right-hand side tends to zero, since the integ-
ral is bounded above by the g,-volume of £2. Moreover, the completeness of g im-
plies that %, hence A, is not constant. Thus | dh| does not vanish identically.
Therefore we can conclude

2
xl(Lﬁ)thS ——fldh|2<0.
2 nJg
This completes the proof of Proposition 1.
Remark. Proposition 1 is a generalization to higher dimensions of a theorem

of Fischer-Colbrie and Schoen ([4], Theorem 2, p. 203). In fact, our proof of Prop-
osition 1 runs on the same lines as their proof in two dimension.
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As an immediate consequence of Proposition 1, we obtain the following

TueoreMm 1. Let (M, g) be a compact Riemanwian manifold of dimension n = 3
with u, (M) <0 and 22 S M a nonempty closed subset. Then M\ 2 admits no com-
plete conformal metrics with nonmnegative scalar curvature.

CoroLLARY 1. Let (M, g) be a compact Riemannian manifold with boundary
OM (# @). Then M\ 0M adwmits no complete conformal metrics with nonnegative sca-
lar curvature.

Proof. Let (N, h) be a compact Riemannian manifold (without boundary) such
that M © N and k|, = g By taking, if necessary, connected sum with a compact
Riemannian manifold of negative scalar curvature, we may assume that
#,(N) < 0. The corollary now follows from Theorem 1.

3. The case ¢, (M) > 0 — scalar flat metries

Let (M, g) be a compact Riemannian manifold of dimension # = 3 with
w1, (M) > 0. We first recall existence and basic properties of the Green's function
for the conformal Laplacian:

Lemva 1. Let (M, @) be as above. Then for each y € M, there exists a positive
integrable function G, on M such that LG, = 0, in distribution sense, where 0, is the
Dirac measure at y. Such G, is unique and smooth in M\ {y}.

Moveovey, there exist constants v,, ¢, ¢, and ¢4, ndependent of Y, such that if ¥ =
dist(x, ) < 7, then

1 2-n

(4) 1 G,(@) — ———— <o,
! a,n — )" '
(5) ’ dG,(x) — -—1—n_—1 r M < e
a,w
(6) |VdG,(x) | < cr™”,

wheve v, denotes the unit vector at T tangent to the minimal geodesic from T to y and
v: its dual.

For the proof, we refer the reader to [1], Chapter 4, where only the Laplacian
case is treated. But after slight modification the arguments there apply to our case.
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We now let 2. € M be a compact submanifold of dimension d and define a
positive smooth function Gy on M\ X by

;@ = [ 6,@ds, zeM\Z,
z
where do is the volume element of 2 with respect to the induced metric. By Fubi-

ni’s theorem, Gy is integrable on M. It is also easy to see that Gy is a (unique)
solution of the equation Lu = 0y, where 0y is a distribution on M defined by

5,(p) = fz sdo, ¢ € C* ().

PROPOSITION 2.  Suppose d < n — 2. Then there exist positive constants ¢y, . . .,
€10 Such that the following estimates hold near 2. :

(7) e TP Gy < e ifd<m— 2,
1 |

(8) celog7£GF_£c7log7 fd=n—2;

9) e’ < dGy | < e

(10) |VdG,| < ¢,ir" ",

where v = dist(z, 22).

Remark. Let @ be a positive continuous function on 2 and define
Gy, (@) = LGy(x)w(y)doy, € M\ 2.

As will be clear from the following proof, the estimates in Proposition 2 are still
valid if Gy is replaced by Gy,

Proof of Proposition 2. In the proof, let ¢ denote a generic constant which de-
pends only on M and 2.

Let y € 2 and (o, w) the geodesic polar coordinates on X centered at y.
Where these coordinates are defined, the volume element of 2. is expressed as

do = 6(p, w)doedw, 6, w) > 0.

We take sufficiently small p, > 0 so that

(11) 19—00'1‘1 < 6(p, ») < ‘1990"_1,
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(12) %pédist(y, 2(£ 0, z= (o, w),

for all y € 2 and p < p,.

Let £ € M\ X be sufficiently near to 2. and y the point in 2 nearest to .
Let B,(y) denote the geodesic ball in 22 of radius o centered at y. By the triangle
inequality,

(13) dist(x, 2) < dist(x, y) + dist(y, 2)
<r+op

{27 if z€ B,(y),
<
20 ifz€ B, () \B,®®.

Therefore, by (4) and (11),

Gy(x) = [ G,(r)da,

Bpo(y)

= cf dist(z, 2" "do,
B, (@)

“a

2 2
Zcf v ”daz+cf o do,
B,(y) B o \Br®)

7 2
> C}’z_n f pd—ldp + Cf pd—nﬂdp
0 v

d—n+2

cr iftd<n-—2,
cloglr itd=n— 2.
The derivation of the upper estimate of Gy is similar:
dist(z, y) = » if z€ B,,(y),
(14) dist(x, 2 = jdist(y, 20 — dist(z, ) = %p —r 2z %p
if z€ B, () \ B, (),

and therefore

Gs(x) < f

Bpo(y

G,(v)do, + ¢
)

< cf dist(x, 2)*"do, + ¢
B, ()

fo
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<c f r*"do, + ¢ f o' "do, + ¢
B.

2 () Bp (y)\Bzr(l/)

<o p d,o+cf o' "o + ¢

0

' ifd<n—2,
<

cloglr ifd=n—2.

By using (5) and (6) instead of (4), the upper estimate of | dGy | and | VdGy | is de-
rived in the same way.

To derive the lower estimate of | dGy|, we fix a constant a (> 2) for a
moment. Let x and y be as above and assume further that ar < p,. Let v be the
unit vector at x tangent to the minimal geodesic from x to y. By (5), we have

cdist(z, 2'™ ifz € B,(y),
dG,(x) (v) = 0 if z€ B,,(y) \ B,(y),
— cdist(z, 2" if 2 € B, (y) \ B,,(@).

Therefore

6,0 = [ d6,@Wds, —

B,

> cf dist(z, 2)"do, — ¢ f dist(x, 2" "do, — ¢
By(y) Bpo(y)\Bar(”)

4 2

>cr'™” f 0" tdo — cf 0 "do — ¢ (by (11), (13) and (14))
0 ar

2 Crd—n+l _ c(ar)d*n-f-l _

It is clearly possible to choose a, depending only on M and 2, so that the last ex-
pression is bounded below by cr® ™™ This completes the proof of Proposition 2.

CoROLLARY 2. Let (M, g be a compact Riemannian manifold of dimension n = 3
with (M) > 0 and 2 C M a compact submanifold of dimension d. If d < (n — 2)/2,
then M\ 2 admits a complete conformal metric with vanishing scalar curvature.

Proof. Let G = Gy be as above. We define a conformal metric § on M\ 2 by
g= GM"_Z)g. Since LG = 0 on M\ 2, g is scalar-flat. By (7) and the assumption

—(n-2)/2 4/(n-2) -2 ~ .
on d, we have G = cr ,or G > ¢r ", near 2. Hence g is complete.
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We recall here the formula which relates the curvature of two pointwise con-

4/(n—2)

formal metrics. Let § = u g and let R (resp. R) denote the curvature tensor

of g (resp. g). Then
(15) Ry, = Rj, — (Big; — Bud, + B;6, — Big;),
where

2 _ 1
B= u2<u7du+;l_—2|du|2g—

% du® du)

n—2 n—

and the components are with respect to an arbitrary frame. Let {eJ} be a

g-orthonormal frame. Then {&, = u " ?¢,} is g-orthonormal. If we let the com-
ponents of R (resp. R) be with respect to the frame {e;} (resp. {€;}), then (15) is

rewritten as
(16) Rijkl = ”—4/(n_2) {Rijkl - (Bikajl - Bjkail + leaik - Bilajk)}'

We now let & be as in the proof of Corollary 2. Then in (16), R;;, are bounded
and, by Proposition 2, | Bij| are at most of the order # ° near . Hence Rijk, are
at most of the order p*MPTYVUTE TR 20D paar 2. Thus, if d <
(n—2)/2, M\ X, & is an “asymptotically flat” manifold. This generalizes
Schoen’s construction of asymptotically Euclidean spaces (see [12], [18]).

We now summarize some results on the existence of metrics with constant
scalar curvature, which are restatement or an immediate consequence of the result
of Aviles-McOwen [2], our Theorem 1 and Corollary 2. Let (M, g) be a compact
Riemannian manifold of dimension # = 3 and 2. € M a compact submanifold of
dimension d. If d > (n — 2)/2, then M\ 2 admits a complete conformal metric
with constant negative scalar curvature, and if ¢,(M) >0 and d £ (n — 2)/2,
then M\ 2 admits a complete conformal metric with vanishing scalar curvature.
Otherwise, that is, if #;(M) <0 and d < (n — 2)/2, M\ 2 admits no complete
conformal metrics with constant scalar curvature. This last assertion was proved
by Jin [7] when X is a finite set of points. In view of Theorem 4 in §4, it would
be plausible to expect that if ¢, (M) > 0 and d < (n — 2)/2, then M\ 2 admits a
complete conformal metric with constant positive scalar curvature. This is, howev-
er, not true in general. In fact, there exist no such metrics on the sphere minus
one point, as was proved by Gidas-Ni-Nirenberg [5] and Gidas-Spruck [6]. On the
other hand, Schoen [19] constructed such a metric on the complement of any finite
set of at least two points on the sphere. See also [14] for more existence results.
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In the following examples, we treat the case when the closed subset 2 is not
a smooth manifold but supports an appropriate measure, and show that its comple-
ment admits a complete conformal metric with vanishing scalar curvature.

ExampLe 1. Let (M, g) be the sphere S™ with its standard metric. Fix y €
S™ and let a > 0. We choose, for i =1,2,..., a maximal set of points 2=
{yi(j)} in the sphere of radius i % centered at y such that dist(y,”, y,*) =%
if  # k. The number of points in %, is then of the order i" . Let = = U X, U

{y}. Schoen-Yau [21] observed that if @ < 1 there exist no complete conformal

metrics onS” /2 with nonnegative scalar curvature and with bounded curvature.
We now show that if @ > (n + 2)/(n — 2), S"\ X admits a complete confor-
mal metric with vanishing scalar curvature. Let a; = i7" for € > 0 and define

Gy = 27, a0,(%; G, (@), z € S"\ Z.

Since 27, a,-i"_1 < oo, the right-hand side converges up to derivatives. Hence
LGy =0 and so § = (Gp " ?g is a scalar-flat metric on S"\ X. Let » = 7(x)
= dist(z, X). For any £ € $"\ T there exists %,° such that » = dist(z, y,”).
Then we have 7 < ¢i™*”", where ¢ is a constant independent of x. Therefore a; =
Cr(n+e)/(a+1) and

Gy(2) 2 a,G,,;) ()

2—n
ca;r

v

v

(n+e)/(@+1)+2-n
v .

If a> (n+ 2)/(n — 2), then choosing ¢ sufficiently small we have (n + ¢)/(a + 1)
+2—n< — (n—2)/2 so that Gy = er™"?” near 3. Hence g is complete.

ExampLe 2. Let I' be a Kleinian group, that is, a discrete subgroup of the
group of conformal diffeomorphisms of S”. Let A = A(I") denote the limit set of I"
and d = 0(I') the critical exponent of I". For the terminologies above and in the
following, we refer the reader to [17]. We only note here that 0 coincides with the
Hausdorff dimension of A for a certain class of I". Let u be a Patterson-Sullivan
density, which is a measure on S” with support on A, and define

G4(2) =J;G,,(x)dpz,,, r€ S"\A

Then LG, =0 and &= (G,)"" g is a scalar-flat metric on S"\A. We now
assume that I' is convex co-compact. Then the measure yu coincides, up to a con-
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stant multiple, with the J-dimensional Hausdorff measure restricted to A and
there exist constants ¢, C, o, such that if y € A and p < p, then

(17) ¢ < uB,W)/ o’ <C,

where B,(y) is the ball in S” of radius o centered at y (see [17], pp. 82—84). Let
x € S"\ A be sufficiently near to A, » = dist(x, A) and y the point in A nearest
to x. By (7) and (17), we have

6@ ¢ [ distz, 9" "du,

B, ()
> """ u(B,(y))

Z 675_n+2.

Hence, if 6 = (n — 2)/2, § is complete.

4. The case ¢, (M) > 0 — prescribing scalar curvature

Let (M, g) be as in §3 and > € M a compact submanifold of dimension d.
In Theorem 2 below we prove that, if d < (n — 2)/2, any function on M\ 2
which decays rapidly enough near 2. can be realized as the scalar curvature of a
complete conformal metric on M\ 2. To do this we need the following

LemMa 2. Let (M, g be a Riemannian manifold and F(x, u) a smooth func-
tion on M X R,. Suppose there exist functions u, and u_ such that u, = u_ >0
and

Lu, 2 F(x,u,), Lu. < F(x,u) omM.
Then the equation
(18) Lu = F(x, u
admits a solution # satisfying u_ < u < u,.
The function #, (resp. #_) is referred to as a supersolution (resp. subsolution)

of the equation (18). This lemma is now standard among the experts and we omit
the proof (see [9], [16], for example).

THEOREM 2. Let (M, g) be a compact Riemannian manifold of dimension n = 3
with (M) >0, 2 C M a compact submanifold of dimensiond < (n — 2)/2 and 7
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the distance from a point in M\ 22 to 2.
(@) Let f be a smooth function on M\ 22 which satisfies

[flScr’nearZ

for some constants ¢ > 0 and | > 2 — 4d/(n — 2). Then there exist infinitely many

complete conformal metrics on M\ 22 whose scalar curvatuve is equal to f and iwhose
. . —(4—4d/(n—-2)

ratio to g is of the order v near 2

(b) Let f be a nonpositive smooth function on M\ 22 which satisfies

—cr" <F< — o near 3

for some constants ¢ > 0, ¢ > 0 and 1 21" > 2 — 4d/(n — 2). Then theve exists at
least one complete conformal metric on M \ X whose scalar curvature is equal to [ and

—-"+2)

whose ratio to g is at least of the order v near 2..

Proof. We may assume without loss of generality that the scalar curvature S
of the metric g is positive everywhere on M. Recall that the metric uM"_Z)g has

scalar curvature f if and only if # satisfies the equation

(19) Lu =fu(n+2)/(n—2)

Let G = Gy be as above. To prove (a) we define functions #, on M\ 2 by
u, =761+ G, u_=yG1A —BG™,

where 0 < a <1, y > 0 and 8 = (min G)“/2. The constants a and 7 will be de-
termined later. By direct computation, we have

—(n+2)/(n-2)
u L

—4/(n=2) ~—2n/(n—-2)~a —ay —(n+2)/(n—2)
+ G a+G6™

u, =ar
X (SG* + a,01 — @) | dG ).

The right-hand side is positive on M\ X and, by Proposition 2, is estimated from
below by

—4/(n=2) (d=n+2)(=2n/(n-2)-a) 2(d—n+1)
cla)r 7 r

-4/ (n-2) rZ-—Ad/(n—Z) +a(n—2-d)

= cla)y

near 2., where c(a@) is a constant which depends only on a. It is now possible to
choose @ > 0 sothat [ =22 — 4d/(n — 2) + a(n — 2 — d) and hence

—(n+2)/(n-2) -4/(n-2) 1
u, Lu, =2 c(a)7 r

near 2. By taking 7 sufficiently small, we can finally realize u:("”)/("—m Lu, = f
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everywhere on M\ 2. Thus #, is a supersolution of the equation (19). We can
similarly show that, by choosing « and then 7 sufficiently small, #_ gives a sub-
solution of (19). It is clearly possible to choose & and 7 so that #, and #_ simul-
taneously give super- and subsolutions respectively. Since #_ < #,, we can find,

by Lemma 2, a solution # of (19) such that #_ < # < »,. Thus the metric u4/m_2)g

(n—-2-~d)
near 2, and

has scalar curvature f. Moreover, #, and #_ are of the order '
so is #. This implies the completeness of u4/("_2)g. Since 7 can be arbitrarily small,
there exist infinitely many such metrics. This finishes the proof of (a).

To prove (b) we define functions #, on M\ Z by
u, =1G"A+BG™™, u_=7G",

where p=m—2)U+2)/4n—2~ad,p=m—2)U'+2)/4n—2 — d)
and « is a fixed constant such that p — 1 < o < p. Notice that p = p” > 1 and so
a > 0. The constants 8, v and 7’ are positive and to be determined later. By
direct computation, we have

—(n+2)/(n-2) — _—4/(n—2) ~—4p/(n~2)-2 —ay ~(n+2)/(n-2)
N Lu, =7 G 1+ 56

X{—@p—1SG*—ap(p—1) |dG|*+ Bla—p+ 1)SG"*
+a,8p—(a—p+1GdG|Y.

By taking B sufficiently large, we can realize u;("“)/("_m Lu, > 0 (= f) away
from 2. On the other hand, by Proposition 2, the right-hand side is estimated
from below by

—4/(n=2) (d—n+2)(—=4p/(n—2)-2) 2(d—n+1)
- cr r 4

-4/(n-2) 1
4

near 2.. We now take 7 sufficiently large so that u;("”vm_m Lu, = f near 2..
Thus %, is a supersolution of the equation (19). It is an easy matter to verify that
if 77 is chosen sufficiently small, #_ gives a subsolution of (19) and satisfies #_
< u,. By repeating the same argument as in the proof of (a), we get a metric with
the required properties. The proof of Theorem 2 is now complete.

Remark. Let § = (Gy)* " ®g, the metric on M\ X as in the proof of Corol-
lary 2, and 7 the distance to a fixed point in M\ 2 with respect to . Then it can
be shown, by a standard geometric argument, that # is of the order yo R )
near 2, if d < (w— 2)/2 and of the order — log 7 if d = (w — 2)/2. Thus, if
d < (n — 2)/2, the condition on f in Theorem 2 (a) can be expressed in terms of

7 as “| f| < ¢#7° near infinity for some s > 2”. Now let § denote the metric
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u* P g in the proof of Theorem 2 (a) and write & = v*""g. Then v (= u/Gy)

is bounded below and above by positive constants. Moreover, we have an estimate

I v— T[ < Cra(n—z»d)

near 2., where a and 7 are the constants in the proof. In view of this estimate, it
is interesting to observe that we can choose '

4d . n+2
Q—@—n_z»/w—z—w f1<n—2T24,
+ +2
a=1 1—¢ itn— T2 i<y 2 00,
n—2
) n+2
1 itn—"—sd+2<l,

where € may be arbitrarily small.

If (M, g) is the sphere and 2 is a point, (M\ 2, &) is isometric to the
Euclidean space. In this particular case, the above discussion shows that Theorem
2 (a) is reduced to a result of Ni ([16], Theorem 1.4, p. 494, see also [10], [15]).

The proof of Theorem 2 (b) also implies the following result by simply choos-

ingl’=20:
THEOREM 3. Let (M, g) be a compact Riemannian manifold of dimension n = 3
with (M) > 0, 2 C M a compact submanifold of dimension d, (n — 2)/2 <d

<m—2, and 7 the distance from a point in M\ 2 to 2. Let f be a bounded non-
positive smooth function on M\ 2 which satisfies

f<—cr' near T
Jor some constants ¢ > 0 and | = 0. Then there exists a complete conformal metric on

M\ 2 whose scalar curvature is equal to f.

The assumption on f in Theorem 2 (a) can be weakened. In fact, f need not
decay uniformly near 2. as Theorem 2’ below indicates (see [8] for related re-
sults). The proof of the second assertion borrows a technique from [3].

Tueorem 2'. Let (M, g), 2 and 7 be as in Theovem 2. Let f be a smooth func-
tion on M\ 2 which satisfies the following condition for some constant ¢
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(20) J[;\Z GI(Z/) | f(y) I r(y) (d—n+2)(n+2)/(n—2)dvy < C?’(l‘)d—n+2, re M\ Z

Then there exist infinitely many complete conformal metvics on M\ 2 whose scalar
curvature is equal to f and whose ratio to g is of the order ¥~ “ 7" yoar 3.
Morveover, if f does not change sign, the condition (20) is necessary for the existence of
such a metvic.

Proof. Let
1 (n+2)/(n—2)
0@ = ¢y [ LG W16 dy, 1€ M\Z.

By (7), the condition (20) is equivalent to the boundedness of @.

We now prove the first assertion. Since lf ‘ is locally Lipschitz, @ is twice
continuously differentiable and L(G®) = | f |Gm+2)/("_2), where G = G5 We de-
fine functions #, on M\ 2 by

u, =761+, u_ =7rGQA— BP),
where 8= (2 sup @)~ and 7 > 0 will be determined later. We compute

—( )/ (n—2) —-4/(n—-2) = )/ (n—=2)
u+n+2/n2Lu+:T4/n2(1+®) n+2/n2|fl
2 T—4/(n—2)(1 + sup (D)—(n+2)/(n—2) lf [

By choosing 7 so that 7 < (1 + sup <D)—,("+2)/4, we obtain u;("”m"—m Lu, > f
Similarly,
u:(n+2)/(n—2) Lu_ - T—4/(n~2)(1 _ Bd))—(n+2)/(n—2)‘8 ' f,
é _ 7’_4/(n—2)ﬂlf ]
<f

if 1< B = (2sup @~ """, The argument as in the proof of Theorem 2 (a)
finishes the proof of the first assertion.

To prove the second assertion, let {£,};_, be a sequence of relatively compact
domains in M\ X with smooth boundary such that 2, S C Q,C C - - - and
UL, 2,=M\X For x € 2, let G, be the Dirichlet Green's function on £, for
L with pole at x. We define

d)(j)(x) — —Ggl(;)—-]‘; G;})(y) 'f(y) l Gz(y) (n+2)/(n—2)dvy, re .Q]-.
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Then GZ(DU) is a unique solution of the equation
Lw — lf l G(n+2)/(n—2) in -er w= 0 on a_Q]

where G = Gy As j tends to infinity, G;j) converges to the minimal Green’s func-
tion on M\ 2. But this coincides with G,, the Green’s function on M, since 2
has codimension not less than two (see [21], p. 55). Lebesgue’s convergence
theorem then implies that @ () converges to ®(x).

Now suppose that the equation Ly = fu(n”)/(n_m admits a positive solution %
which is of the order #*"*? near 2. By (7), v = 4/G is bounded below and
above by positive constants; 0 < ¢, < v < ¢,. We first consider the case f= 0.
We have

(n+2)/(n~2) (n+2)/(n=2) ;o ~ (n+2)/(n—2)
L(GU)=f(GU)n+2/"Z chm anGn+2 n ,

and thus
L(Cl—(n+2)/(n—2) GU) 2fG(n+2)/(n-2)

on M\ 22. On the other hand,
L(C —4/(n—2) G) — O < fG(n+2)/(n_2)
. < .

Since ¢, Y"7?G < ¢, " PGy, it follows from Lemma 2 that there exists a
solution w, of the equation Lw = fG""™""® such that ¢,V" G < w, <
cl—(n+2)/(n—2)Gv (SCI—(n+Z)/(n_Z)CZG). Therefore

Lw, — G0")=0in 2, w,—G®” =w, >0o0ndQ,
and the maximum principle implies
@(i) < wl/G < Cl—(n+2)/(n—2)cz

in ;. Hence @ < ¢, ™" ¢, on M\ Z.

We now treat the case f < 0. The same argument as above shows the exist-
ence of a solution w, of the equation Lw = fG"*?""™® such that ¢,” """ Gv
<w, < ¢, "P"P0G. Letting w, = ¢,”"" " ?¢,G — w, we have Lw,=
_fG(n+Z)/(n—Z) — |f| G(n+2)/(n—2) and 0 S w3 S cl—(m-z)/(n—Z)G(C2 _ l))(g Cl——(n+2)/(n—2) .

(¢, — ¢;)G), and hence
Lw,— G0”) =0in 2, w,— G®” = w, >0 on 92,

The boundedness of @ now follows in the same way as above. This completes the
proof of Theorem 2'.
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Remark. The second assertion in Theorem 2" fails to hold if we drop the
assumption that f does not change sign. To see this, we first observe that on R",
which is conformally diffeomorphic to the sphere minus one point, the function @
in the above proof coincides (up to a constant multiple) with

U(z) =fRn|x—ylz_"|f(y)|dy-

Also, the existence of a metric with the required properties is equivalent to the ex-
(n+2)/(n—2) 3 . .
on R” which is bound-

ed below and above by positive constants. We now let ¥ = 2 + sin x,. Then

istence of a solution of the equation — a,4v = fv

—(n+2)/(n-2)
f=—apv " v

: —(n+2)/(n—-2)
= q,(2 + sinx,)

sin x,,
which clearly changes sign. Since | f| = ¢|sinz,| = ¢(e) >0 on {e <a, < 7 — ¢,

we obtain

U(z) =fRn|yl2’"lf(x—y)ldy

> f ly|"™ dy
e~z <y, <m—e-x;)

= o0,

In Theorem 2 (a) the assumption on the power [ is essential; if /| <2 —
4d/(n — 2), f is not necessarily the scalar curvature of a complete conformal
TUHBD) pear 2. Without this last res-

triction on the metric we seek, however, we do not know whether the assumption

metric whose ratio to g is of the order »
is optimal or not. On the other hand, we have the following

TuEOREM 4. Let (M, g) be a compact Riemannian manifold of dimension n = 3
with (M) > 0. Let 2> C M be a compact submanifold of dimension d < (n — 2)/2
and 7 the distance from a point in M\ 2 to 2. For any [ € [0,2 — 4d/(n — 2)),
there exists a complete conformal metric on M\ 2 whose scalar curvature is positive
and of the order v’ near 2. In particular, M\ 22 admits a complete conformal metric
whose scalar curvature is bounded below and above by positive constants.

Proof. Again we assume that S, the scalar curvature of g, is positive. Let
#=G" where G=Gg and p=m—2)U+2)/4n —2 —d)(<1). Let §=

u"?g. Since, by (7), u is at least of the order ~"™2’* near X, g is complete.
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Moreover, its scalar curvature is given by
u—(n+2)/(n—2)Lu — (1 _ p)G—MJ/(n—Z)—Z(SGZ + anp I dG 12)

The right-hand side is positive and, by Proposition 2, of the order 7' near X.
This completes the proof of Theorem 4.

Addendum. During the submission of this paper, Professor R. McOwen
informed us that Theorem 1 and Theorem 2 (a) were obtained independently by
Delanoé¢ [22]. But our proof of Theorem 1 is different from his.
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