ON SOME PROPERTIES OF FUNCTIONS
REGULAR IN THE UNIT CIRCLE
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The space H_, 1< p £ © consists of those analytic functions
f(z) regular in the un1t circle, for which M (f r) is bounded for
04r <1, where

20 . 1/
‘1 f lf(rei®)| P de} P, 1lepeoo
2m YO

sup 1(rel®)] s p= o
0 £ 0 <27

Mp(f;r) =

These spaces have been extensively studied.

One well known result concerning these spaces is that if
f(z) = Z anz and {an} £ I. for some p , 14 p £2, then
f e H_, where P +<:1'1 =1, and conversely iffe H , 1£p& 2,
then {an} £ . We propose to generalize this resu t to deal
with functions f(z) =£°;=O apz™ with {n')'an ;n=1,2,.. } e .,
where A 2 0. The resulting generalization is contained in the
theorems below.

However, in order to make these generalizations we must
first generalize the spaces Hp‘ To this end we make the follow-
ing definition.

DEFINITION. H, , = Hj ForA > O, Hp , consists of
those analytic functions f, regular in the unit circle and such
that My P(f) is finite, where

f 1(1-1'2) ql‘l(Mp(f;r))qr dr, l<pge, p'1+q'1=1,
0 ,

My S(f) =
P sup(l-rZ)AMl(f;r), p=1.
O¢er<l
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THEOREM 1. If for somep, 14p£2, and some A0
fe Hl’p_\lzvhe_rff(z) = % anzn, thenfln'7L a,, n= 1,2’“.} £ [q
where p™*+q™* = 1.

Proof. As mentioned previously, the proof for A = 0 is
well-known. Let A >0 and suppose first that p#4 1. Then since
My p(f)< o0 , it follows that M_(f;r)4< o for almost all r,

0« r<1. But by 2], M_(f;r)is a steadiiy increasing logarith-
micly-convex function of "r. Hence M (f;:)(ﬁ < for all r,
0% r < 1. Thusfor eachr, 0<% r < I, fireif) ¢ Lp(6,2M). But
f(rei®) = Zoo a, P einé
0
Hence by the Hausdorif-Young theorem [3; p. 190] ,if0&r<1

1 . 1/
(5! a | %% 'a é{_l__ fo “le(rei®) P de} Pr= My(6r)

2T
that is,for 0 4 r<«l

Z_w . m & q q

X ‘anl S L.m £ (Mp(f;r)) - |aO] .

e . . . . 2,9A-1
Multiplying both sides of this last inequality by r(l-r")
integrating from zero to one we obtain

1 q
AMICY)N m-)r——) la | ¢ Ma () - laal © ¢ .
1

(
M(l+gqatsgn 2qA

and

But from (1; 1.18(4)]

-qA

[ (1+3an)/T (it ban) ~ (Jan) "9 as 0 oo,

so that

m -
I E N L P

-A _ ‘}
and {n an,n—-l,Z,... qu.
If p=1, we have for 0 < r <1 that

1 f” i6, -n  -in6
= = f H e~V g9 |
%" 2w Yo (xe’)r “e

so that

27
‘an\é ‘fO ‘f(rele)lde =r B M, (f;r)
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Hence (-5 rPla | & (1-r2)2 M (£1) & My 1(D) .

Thus sup (1»1‘2)7‘ r | an\ < Ml’l(f) .
Osrel

But an easy calculation shows that

2 A 4 " A A
n - -
sup (l-rz))‘ r? = (m) (n +7‘7\>~e (ZA)Kn as n->o0
O¢rel

so that n-)‘!an\ 4 K, n=1,2,... and
{na, n=12..)¢ da.
THEOREM 2. If for somep , 1€ p42, and some A > 0
{ -A
n a

then f £ Hj q where p"1 + q

(-
= = 2 "
no B l,Z,...}E,tp , and f(z) = a, z ,
Lo,
Proof. The series for f(z) clearly converges for |z} < 1.
The proof for A = 0 is well known. LetA > 0 and suppose first
that p $ 1 . Since

S® 1 nra )P < o
1 n
pn -A
and r < K(r)n , Oerel ,

it follows that

-
P n <L o
Zl la |P »P , 0&r <l
Hence by [3; P- 190] it follows that there is a function f(r, )
such that
2T in6 a, r n20
L_/ f(r,0)e'™” do = , 0&rel
2T Yo 0 n< 0
and so that
1
2T Uy (e /p
1 / | £z, )] L a0 & Zlan\P Pn
27 YO 0
27
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But clearly if 04 r<1

2% a_r? n20
. . n
1 f(rele) elne de = s
2w 0 0 n<0
so that for each such r , {(r,8) = f(reie) a. e.,

and our inequality on f(r,6) becomes

1/ 1/
fZ‘n’ 0 q "i l |p P
cp)y = f1 %14 L pn ]
M (67) = 1o g | £(re™®)] 2 de = 1a )P r

Hence we have
<o
M (£;r))P < P ,pn
(M (£57)) 2 lal
and this inequality remains true for p=1. For then

lf(reig)l < Zoo o \an\ S

n:
and hence

Mg (1) ¢ £%_ Ja_| "

n=0

Thus we have forany p, 1& p &2,

1 A-1
Ma,q(0 = f 12 M (60)P x ar

¢ My 27 DU+ zpn)

P
0 VT (l+p +3pn) \anl

But by [1; 1.18(4)],

r'(l + %pn)/r(l + pA + 3pn) ~ (%pn)PA ,

and thus since

Zl“’ \n-lanlp &L oo

we must have My q(f)(oo, and f ¢ H, o
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