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ABSTRACT. The various mechanical properties of dry coherent snow are determined
by the same structural peculiarities of this medium, that can be described using the model of
regular packed grains connected by rigid bonds. Analytic expressions for the many import-
ant snow mechanical parameters (density, elastic moduli, stress wave velocities, strength,
etc) are derived using the model by introducing three non-dimensional principal structural
factors: texture friability, bond rigidity and coordination number. Analytic expressions that
relate tensile strength to Pand S stress wave velocities are proposed and used to examine the
interrelations between the internal structure and tensile strength for snow—ice formations in
a wide density range. The theoretically derived results and available experimental data are
well correlated and form the basis for the development of non-destructive testing methods to
evaluate the strength characteristics of snow, using seismic and acoustic measurements.

INTRODUCTION

Forecasting the time and place of snow avalanches on moun-
tain slopes requires a knowledge of the average snow mechan-
ical characteristics over the avalanche catchment area, along
with data on variations in the characteristics of the snow for
different layers and landforms (Golubev, 1987). Available ex-
perimental data represent the mechanical properties of snow
in terms of its density as the most certain determining prop-
erty. But the density is not the best comparative parameter to
estimate mechanical properties of the snow. Consequently, the
mechanical properties of snow referenced to density have a
large spread in data. If the average grain-size is also taken into
account, the variations in values for the mechanical properties
decrease. Even in this case, however, snow tensile strength tests
conducted at the same density may vary considerably in
strength magnitude (Golubev and others, 1982).

The ambiguity in determining snow strength may be re-
duced by using several parameters of the snow structure in-
cluding coordination number of the grain packing,
thickness of bonds between the grains, etc. To obtain reliable
data on these parameters, it is essential that the snow sample
volume be large compared to microscale variations of ~10*
interconnected grains (volume ~2-3 cm®). Direct obser-
vation of the structural parameters and their evolution
during the process of snow densification and diagenesis is
extremely time-consuming, complicated and cannot cover
every possible state of the snow. Therefore, it is important
to develop realistic models of the relationship between snow
structure and mechanical properties.

The model should be based on well-defined structural fac-
tors that make it possible to analytically estimate the princi-
pal mechanical properties of the snow and their changes
during densification. This can be done by treating the ice
matrix of snow as a spatial regular lattice with points formed
by ice grains connected by rigid ice bonds (Golubev and
Frolov, 1998, 2000). The five critical densities (including two
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new ones in friable snow at ~140 and ~330 kg m ) are found
in various experiments (see Irolov, 1998) which characterize
changes in the dry-snow compaction mechanisms from light
fresh snow to ice. According to our model, the critical densi-
ties correspond to changes in the dominant coordination
number of the grain packing from 3 to 8-10 (Golubev and
Frolov, 1998). Recently published snow-hardness (Takeuchi
and others, 1998) and snow-compression viscosity data
(Kominami and others, 1998) confirm the existence of critical
densities in friable snow established by Voronkov and Frolov
(1992) and Frolov and Fedyukin (1996).

Because direct measurements of snow strength are very
time-consuming and show large scatter in their values (espe-
cially in the case of light snow), it seems reasonable to develop
indirect methods for strength evaluation. Such methods have
the added advantage of being non-destructive and increasing
the volume of tested snow and reducing the scatter of results.
Usually they are seismic—acoustic techniques (see, e.g., Frolov,
1998) based on the determination of stress wave velocities in
the medium and on the use of empirical relationships between
the velocities and strength characteristics. In the case of snow,
it appeared almost impossible to find relationships of this kind
from experimental results obtained within a wide range of
snow-structure characteristics. Hence, we attempt to find these
relationships using our model. The model is tested by compar-
ing our analytical results with available experimental data.

This paper presents analytical expressions for the
evaluation of the tensile strength of dry coherent snow from
a knowledge of stress wave velocity. The interrelations
between them form a basis for a seismic—acoustic method
to estimate the in situ strength characteristics of snow.

BACKGROUND

At a fixed temperature, the mechanical properties of dry
coherent snow (including its strength, moduli of elasticity,
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etc.) may be described in terms of its structure. 1o describe
possible changes in the snow structure and mechanical
properties during the process of densification and diagen-
esis, our model of regular grain packing (MRGP) takes into
consideration averaged diameters of grains D and those of
rigid bonds d, grain center-to-center distances L (Fig. 1)
and the coordination number of grain packing j (i.e. aver-
age number of bonds per grain). The first three parameters
determine the non-dimensional rigidity factor b = d/D and
friability factor k= L/D for the ice-matrix structure of
snow. In the case of the proper contacting polyhedrons
(cube, hexagonal prism, dodecahedron, rhombododecahe-
dron), relationships between k and b undergo regular
changes depending on their shape and coordination num-
ber. In accordance with the basic concept of our model, it
1s possible to express the density, moduli of elasticity and
other properties as a functions of k, b, j and the correspond-
ing properties of solid ice (p = 917kgm *) (Golubev and
Frolov 1998, 2000).

In terms of our model, the snow tensile strength o may

be described as:

kb jcosa -
ot = g IO {1+2[15kb2 (1 b2)3/2—1]}.

e AC
(1)
Using the equation of snow density
1
Agk‘ {1 +2 [1.5kb2 T . 1}} G

Equation (1) may be rewritten as follows:

Ps = Pi

b Amjcosa 5
ol =0 T 3)
where o7 1s the tensile strength of solid ice at a fixed tempera-
ture, ps and p; are densities of snow and solid ice, « is the
angle of average deviation of the snow-structure elements
(connecting lines between grains) from regular packing axes
of symmetry, which correspond to deformation direction in
our model, ¢ is a parameter derived from the space grain
arrangement and characterizes the number of grains per unit
volume, and A is a parameter determined by coordination
number (Golubev and Frolov, 1998). The values of a, ¢ and
A for various j values, and the ranges and median values of
structure factors k, b and j in snow—ice formations with a
range of densities are presented inTables 1 and 2, respectively.
The expression in square brackets in Equations (1) and
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Table 1. The values of snow grain-packing parameters

j «@ ¢ A
3 30 1.33 0.28
4 35 1.00 0.66
6 0 1.00 1.00
8 0 1.00 1.16
12 0 1.00 1.41

Table 2. The intervals and average values of structure factors
Jor snow, firn and ice

Ps J b k

kgm *

100 3-35 (3.) 0.03-0.2 (0.07) 1.15-1.35 (1.25)
200 3-4 (33) 0.10-0.35 (0.2) 1.05-1.3 (L1)
300 32-5(36) 0.15-0.40 (0.27) 1.00-1.15 (1.05)
400 3.5-5.5 (4.5) 0.20-0.45 (0.37) 0.95-1.10 (1.00)
500 4.5-75 (6.3) 0.25-0.50 (0.45) 0.93-1.02 (0.98)
600 6-10 (8.5) 0.30-0.50 (0.48) 0.91-1.00 (0.96)
700 8-11 (10) 0.40-0.55 (0.51) 0.90-0.98 (0.94)
800 10-12 (11.5) 0.45-0.60 (0.55) 0.90-0.96 (0.92)
917 11-13 (12) 0.55-0.60 (0.58) 0.90-0.94 (0.91)

(2) multiplied by j/2 characterizes the contribution of
bonds to snow density, which is usually very small relative
to unity. At k < 1.2 and b < 0.3 the value of this expression
contributes <5% of the density and may be omitted for
snow with densities of 80-550 kg m >. Comparison of Equa-
tions (2) and (3) reveals the different structural factors that
control snow densification and strength. The snow strength
depends primarily on the bond rigidity factor b and on the
coordination number of structure j; it may change 25 times
within the possible range of b = 0.1-0.5, and >6 times with-
in the possible range of j = 3-6. At the same time, changes
in the snow density depend primarily (by 95%) on vari-
ation of the structure friability factor k which is cubed in
Equation (2), and also on the grain-packing parameter A
changed from 0.28 to 1.0.

Next we may express the Young’s modulus Ey and Pois-
son’s ratio Vs, and consequently P and S wave velocities in
the snow (Vs and Vi), in terms of snow-matrix structure
factors k and b and parameters a, ¢, A as follows:

' Armcosa V1 —b?
"4k(1 4 1.72sin’ a) In(1/b?)
. 1+(k—1)ln(1/b2) -
¥ovi—]

g =

(4)

E—1)VI—82|
vy = vike 1—|—( )7 (5)
b?  In(1/b%)
and
Vs = 0.9V}

cosa V11— b2 (1 = vike/z)
(14 1.72sin’ @) ZIn(1/6?) (1 — vike/Z)(1 — 2vike/ Z)’
(6)
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Table 3. Ratio of respective maximum and minimum values of
averaged experimental data on velocities and dynamic elastic
modult for different stages of snow—ice formation texture
ordering within given density ranges

7 value
3 4 6 8 10-12

p (kg m,3> 50-140 140-330 330-540 540-730 730-840 > 840

Ve 29 23 39 145 112 110

Vi 2.7 2.1 37 1.39 113 1.08

E (Youngs) 210 11.0 23.0 2.70 1.35 1.25

K (bulk) 24.0 16.0 29.0 8/3.15 1.52 140

14 (shear) 21.0 100 22,0 2,64 1.34 1.24

v (Poisson’s) 6.0 2.1 1.09 112 ~108  ~109
V. — 515V cos k21 — b2 1

T (14 1.72sin o) Z1In(1/6%) 2(1 + vike/ Z)

(7)

where

71 E—1v1-10?
= TR ey

In Equations (4—7), I, v;, Vi, Vi are Young’s modulus, Pois-
son’s ratio, velocities of P and S stress waves of ice, respect-
vely. The lateral deformation of the medium as a function of
coordination number j is given by ¢: that is, ¢ = (j — 2)/4
atj <6,andc=1atj > 6.

In the process of the snow densification, the coordination
number j increases along with the ordering and stability of

the ice-matrix structure. Dominance of one or another co-
ordination number may be characterized by a certain range
(interval) of the snow density. Every such interval is charac-
terized by a certain mechanism and regularity of the compac-
tion process (Golubev and Frolov, 2000), while a change-over
from one mechanism to another occurs at the boundaries of
the interval, near the critical densities 140, 330, 540, 710,
830 kg m . Changes in P and S stress wave velocities and in
dynamic elastic moduli (E, K, p and v) of the snow—ice
formations vary distinctly at different stages of the structure
ordering (Table 3) (Frolov, 1998).

The pronounced change (increase) in all the parameters
occurs during the process of snow densification firstly when
the density increases from p 22 50 to 140 kg m >, On further
compaction (p 2140330 kg m *) the magnitude of increase
in the parameters is considerably reduced. Then (except for
Poisson’s ratio) it grows noticeably once again, but when
J > 6 (which corresponds to firn and ice) the magnitude of
increase in mechanical parameters of the snow—ice medium
is only lessened. One may well suppose a similar pattern in
the strength changes.

These data are indicative of different compaction mechan-
1sms acting at various stages of dry-snow densification (grain
displacement into pore space, deformation of the ice-matrix
space lattice, ice grain deformation, etc.). These densification
stages must be taken into account when determining the most
reliable relationships between structural parameters and
mechanical properties (Golubev and Frolov, 2000).

RESULTS AND DISCUSSION

We calculated the tensile strength and velocities of P and S

Ig. 2. Calculated relative snow tensile strength (a), relative velocities of P waves (b) and S waves (¢) in snow vs structural

indexes b and k.
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Ig. 3. Relationship between averaged relative velocities of P
and S stress waves for snow—ice formations. Points on graph

are the denstties in kgm .

stress waves (relative to solid ice) for snow of various struc-
tures, using Equations (3), (6) and (7) assuming the tensile
strength o; = 1.5 MPa and the stress wave velocities V); =
4kms ', Vi =2kms " The results are presented as unified
diagrams, the surfaces of which illustrate all ranges of possi-
ble values of these parameters with dominant coordination
numbers j = 3, 4 and 6, at kK = 0.90—-1.35 and b = 0.05-0.6
(Fig. 2). Moreover, on these diagrams the regions of the most
probable relative magnitudes of oy, Vs and Vs are marked.
These regions were determined from the regularities of
various possible polyhedron contacts and direct measure-
ments on samples of real snow of different densities (Golu-
bev, 1982; Golubev and Frolov, 1998). The regions
correspond to k =1.05-1.30 and b =0.1-035 at j =3 (ps =
80-180kgm *); to k= 1.00-120 and b = 02-04 at j = 4
(ps = 200-400 kgm *); to k = 0.90-1.05 and b = 0.3-0.5 at
j =6 (ps =450-600 kg m °) (Fig. 2). From our calculations
(Fig. 2a) it follows that the most probable calculated values
of snow relative tensile strength changes are: from 0.001 to
0.0l (mean 0.004) at j = 3; from 0.015 to 0.045 (mean 0.03)
at 7 = 4; and from 0.07 to 0.24 (mean 0.14) at j = 6. These
values are in good agreement with experimental results
(e.g. Mellor, 1977; Golubev and others, 1982).

Figure 2b and c illustrate the calculated changes of rela-
tive values of P and S stress wave velocities in snow with
various structures. All available experimental data on these
velocities obtained in real snow of different densities in Ant-
arctica, Greenland, Khibiny and in laboratory experiments
(see reviews in Mellor, 1977; Sommerfeld, 1982; Frolov, 1998)
fall within the marked areas. As the V4 and Vi, velocities
are functions of the same variables k£ and b (Equations (6)
and (7)), it 1s not surprising that there is a good correlation
between these velocities for a snow medium. The relation-
ship between relative Vj,s and Vi over the whole density
range of snow—ice formations, obtained from averaged ex-
perimental data, is shown in Figure 3. So, when V}, velocity
in snow 1is determined by known seismic—acoustic techni-
ques, and V; velocity is estimated from Figure 3, all the elas-
ticity moduli of the snow medium in question can be
calculated, and, consequently, k£ and b structural factors
may be determined.
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Fig. 4. Relationshup between averaged calculated relative tensile
strength and averaged experimental relative velocity of P stress
waves for snow—ice formations. Points on graph are the densities
inkgm > 1,2, 3 (see text ). Vertical lines show the possible scat-
lering of data for probable values of structural factors k and b at
J=346.

The principal parameters of the snow mechanical prop-
erties which control the snow-cover stability on mountain
slopes are its tensile and shear strength. For isotropic snow
and ice formations the shear, tensile and compression
strength are related as 1:1.5:2, which provides a method of
estimating the complete strength characteristics for snow
from any one of the strength measures. Snow tensile
strength and longitudinal stress wave velocity are functions
of the same parameters (Equations (3) and (6)), providing
the possibility that the strength characteristics of snow can
be evaluated from seismic—acoustic studies of snow cover.

Figure 4 shows the relationships between the relative
snow tensile strength and the longitudinal stress wave
velocity for various densities from friable snow to solid ice.
The calculation of 5 /0; was carried out using Equation (3)
and data from Tables 1 and 2. The corresponding values
Vps/Vpi were taken from averaged experimental data (see
Mellor, 1977; Sommerfeld, 1982; Trolov, 1998). In the density
range 100-917kgm * the relationship between averaged
values of 0/ 0; and V5 /V;,; is approximated by the following
function (Fig. 4, curve 1):

Oy V) 23
= =V2 (—p> . (8)
i Voi

However, one can see from the graph that for friable snow
(ps < 300kgm *) a better correlation between Equation
(8) and the data occurs when the exponent is 3 (Fig. 4, curve
2), and for the density p; > 300kgm * the best fit correla-
tion occurs when the exponent decreases approximately to
2 (Fig. 4, curve 3). This decrease of the oy slope indicates the
importance of changes in snow texture for strength and
stress wave propagation, especially in friable snow.

CONCLUDING REMARKS

The good correlation established using our model between
stress wave velocity Vs and tensile strength oy for dry
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coherent snow—ice formations indicates that averaged snow
strength may be accurately determined by the use of seismic—
acoustic data. Comparison with available experimental data
has not revealed any important contradictions. These inter-
relations can be used to interpret stress wave velocity data to
determine snow strength. In addition, the relationship
between velocities V}, and Vi and snow structure in dry
snow—ice formations provides a means of interpreting seis-
mic—acoustic data (including well logging, pit, dug walls pro-
filing, etc) to estimate all elastic moduli and (when solving
the inverse problem) structural factors of the snow. Our pre-
sentation of results relative to solid ice reduces the influence of
temperature. Some uncertainty exists as to the possibility
that properties of bulk ice (used by us) may not be equivalent
to those of bond ice. The corresponding properties of bond
ice are not well known.

This study, as well as our earlier work (Golubev and Frolov,
1998, 2000), demonstrates that MRGP of dry coherent snow—
ice formations is adequate to the object and can be applied to
evaluate their mechanical properties from seismic—acoustic
data as a first approximation useful for the engineering targets.
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