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Non-stable Kj-functors of Multiloop
Groups

Anastasia Stavrova

Abstract. Let k be afield of characteristic 0. Let G be a reductive group over the ring of Laurent poly-
nomials R = k[x{!, ..., x¥!]. Assume that G contains a maximal R-torus, and that every semisimple
normal subgroup of G contains a two-dimensional split torus G2,. We show that the natural map
of non-stable Ki-functors, also called Whitehead groups, K¥ (R) - K (k((x1)) -+~ ((x4))) isin-
jective, and an isomorphism if G is semisimple. As an application, we provide a way to compute the
difference between the full automorphism group of a Lie torus (in the sense of Yoshii-Neher) and
the subgroup generated by exponential automorphisms.

1 Introduction

Let R be a commutative ring with 1 and let G be a reductive group scheme over
R in the sense of [SGA3]. We say that the group scheme G is isotropic, if it con-
tains a proper parabolic subgroup P, or, equivalently, the automorphism group of G
contains a split 1-dimensional torus G,. Under this assumption one can consider
the following “large” subgroup of G(R) generated by unipotent elements, Ep(R) =
(Up(R), Up-(R)), where Up and Up- are the unipotent radicals of P and any oppo-
site parabolic subgroup P~. If R is a field of characteristic 0 and G is the automorphism
group of a Z-graded finite-dimensional Lie algebra L over R, then Ep(R) can be vi-
sualized as the subgroup generated by exp(ad(x)), where x runs over all elements of
non-zero grading in L.
The set of (left) cosets

G(R)/Ep(R) = K" (R)

is called the non-stable K;j-functor associated with G and P [HV, W, S78]. When
G(R)/Ep(R) is a group, it is also sometimes denoted by Wp(R, G) and called the
Whitehead group of G [A, ChGP3, G2]. Both names go back to Bass’ founding pa-
per [B], where the case G = GL,, was considered. We prefer the name “non-stable K;-
functor” over “Whitehead group’, since it suggests the existence of other non-stable
K-functors. Indeed, as a functor on the category of smooth algebras over a field, the
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non-stable Kj-functor coincides with the first of non-stable Karoubi-Villamayor K-
functors in the sense of J. E Jardine [J]; see [W, St13].

It is known that KF(R) is a group, and it is independent of the choice of P pro-
vided R is a semilocal ring or every semisimple normal subgroup of G contains (G, )?
locally in Zariski topology on Spec R [SGA3, Su, PSt1] (see also § 2). In this case P is
omitted from the notation; i.e., we write KC instead of K%,

The group K¢ (k) = G(k)/G(k)*, when R = k is a field, has been systematically
studied since the 1960s in relation to the Kneser-Tits problem [T1]; see the excel-
lent survey [G2]. In particular, if G is simple and simply connected, this group is
known to be torsion, trivial in many cases (e.g., if G is k-rational), and abelian except
possibly for some groups of type Eg [ChM, G2]. The situation for arbitrary commu-
tative rings is much less clear. The next simplest case seems to be the one of polyno-
mial rings over a field k. It is known that if G is “constant’, i.e., defined over k, then
KP(k[x]) = KF (k) [M], and if, moreover, every semisimple normal subgroup of G
contains (Gp, )?, then

K& (k[x1,...,x,]) = KE (k)
for any n > 1 [Su, A, St13]. If G is simply connected, then
K7 (k[x ..., x2"]) = K (k)

for any n > 1 [Su, St13].

The non-constant case, where G is defined over the polynomial ring itself, is not as
well understood. However, significant progress was recently made by V. Chernousov
P. Gille, and A. Pianzola in the case of a Laurent polynomial ring [ChGP2, ChGP3].
Their work is motivated by applications to the theory of infinite-dimensional Lie al-
gebras, namely, to classification and conjugacy problems for extended affine Lie al-
gebras (EALAs), which are higher nullity generalizations of affine Kac-Moody alge-
bras [AABGP]. Any EALA can be reconstructed from its centerless core, which is a
Lie torus in the sense of [Y,N], while the Realization theorem [ABFP, Theorem 3.3.1]
implies that all Lie tori, except for just one class called quantum tori, are Lie algebras of
some isotropic adjoint simple group schemes over k[xi!, ..., x!] (see § 5 for details).

In [ChGP3], V. Chernousov, P. Gille, and A. Pianzola showed that KZ (k[x*!]) =1
for a simply connected group G defined over k[x*!], provided that G contains (G, )?,
and either G is quasi-split, or k is algebraically closed. In [ChGP2] they obtained a
general theorem relating groups of points

G(k[xlﬂ, .. ,xfl]) and G(k((xlil))((le)))

We state it here in a slightly simplified form.

Theorem 1.1 ([ChGP2, Theorem 14.3]) Let k be a field of characteristic 0, and set
R = k[xi',...,x] and K = k((x1)) - ((x,)). Let G be a reductive group over R
having a maximal R-torus T. Then there exists a subgroup ] of G(K) such that

* ] has no non-trivial quotient groups of finite exponent and
* G(K) = G(R) - J- G(K)*, where G(K)* stands for the normal subgroup of G(K)
generated by the K-points of all K-subgroups of Gk isomorphic to G, .
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Note that a reductive group G over R = k[xi',...,x*'] always has a maximal
R-torus if n = 1 [ChGP], Propositions 5.9 and 5.10] or if k is algebraically closed and
G is the adjoint group associated to a Lie torus [GP2, p. 532]. In general, there are
counterexamples [GP3, Remark 6.6].

In the setting of Theorem 1.1, assume that G is semisimple and isotropic. Then the
theorem implies that for any minimal parabolic R-subgroup P of G the natural map

Ly KEP (KLt xsl]) — KOP (k) (k)

is surjective; see [ChGP2, Remark 14.4] and Corollary 2.13. This result is essential for
the proof of the main theorems in [ChGP2], but, unfortunately, it does not allow the
computation of K¢ ( k[x', ..., xfl]) . V. Chernousov, P. Gille, and A. Pianzola then
ask the following natural question [ChGP2, p. 316]: is the map (1.1) also injective, i.e.,
an isomorphism? We answer this question positively in the following generality.

Theorem 1.2  Let k be a field of characteristic 0. Let G be a reductive group scheme
over R = k[xif', ..., xt'] having a maximal R-torus T, and such that every semisimple
normal subgroup of G contains (G g )*. Then the natural map

KO (K[t ..., x2]) — KE(K((xa))- ((xn))

is injective. If G is semisimple, this map is an isomorphism.

Note that this theorem implies the above-mentioned results of [ChGP3], since for
a quasi-split simply connected group G, one has K¢ (K) = 1 for any field K (see [G2]).

Theorem 1.2 is proved in Subsection 4.3 by combining the results of [PStl, St13]
on the structure of isotropic groups over general commutative rings with a special
“diagonal argument” trick inspired by some unpublished work of I. Panin elaborating
on [OPa, Prop. 7.1]; see Lemma 4.1. The assumption that G contains (G )* and not
just G p goes back to [Su, PStl], the reason being that SL, (k[x, ¥]) is not equal to its
subgroup E,(k[x, y]) generated by upper and lower unitriangular matrices, and our
methods fail. The actual statement of Theorem 1.2 for K = SL, /E, is trivially true
if n = 1, since k[x*'] is Euclidean, and false if n > 3 by [BaMo]; the case n = 2 is not
known at present; see e.g., [Ab].

As an immediate corollary of Theorem 1.2, we obtain the following result on Lie
tori. Recall that a Lie torus is a A x A-graded Lie algebra, where A is an irreducible
finite root system joined with 0 and A = Z", satisfying certain axioms similar to the
standard generators and relations axiomatics of complex simple Lie algebras; see Def-
inition 5.2.

Theorem 1.3  Let k be an algebraically closed field of characteristic 0, A be a finite root
system of rank > 2, and A = Z", n > 1. Let L be a centerless Lie A-torus of type A over
k that is finitely generated over its centroid R = k[xi',...,xE']. Let G = Autgr(L)° be
the connected component of the algebraic automorphism group of £ as an R-Lie algebra,
and set

Eexp(L) = (exp(adx), xe L) (@A) e AxA, a+ 0>.
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Then there is an isomorphism of groups
G(R)/Eexp(£) = K (k((x1)) -+ ((x4))).

Using the same methods as in Theorem 1.2, we also prove a similar statement on
R-equivalence class groups of Yu. Manin. This application was suggested by P. Gille.
The proof is given in Subsection 4.2.

Theorem 1.4  Let k be a field of characteristic 0. Let G be a reductive group scheme
over R = k[x{, ..., x*'] having a maximal R-torus T. Then the natural map of R-equi-
valence class groups

G(K(xt,. %)) JR—> G(K(()) -+ ((xa))) /R

is an isomorphism.

2 Preliminaries
2.1 Elementary Subgroups, Non-stable K;-functors, and R-equivalence

Let A be a commutative ring. Let G be an isotropic reductive group scheme over A,
and let P be a parabolic subgroup of G in the sense of [SGA3]. Since the base Spec A
is affine, the group P has a Levi subgroup Lp [SGA3, Exp. XXVI Cor. 2.3]. There is
a unique parabolic subgroup P~ in G that is opposite to P with respect to Lp, that
is P~ nP = Lp (¢f. [SGA3, Exp. XXVI Th. 4.3.2]). We denote by Up and Up- the
unipotent radicals of P and P~, respectively.

Definition 2.1 'The elementary subgroup Ep(A) corresponding to P is the subgroup
of G(A) generated as an abstract group by Up(A) and Up-(A).

Note that if L, is another Levi subgroup of P, then L}, and Lp are conjugate by an
element u € Up(A) [SGA3, Exp. XXVI Cor. 1.8], hence Ep(A) does not depend on the
choice of a Levi subgroup or of an opposite subgroup P~, respectively. We suppress
the particular choice of Lp or P~ in this context.

Definition 2.2 A parabolic subgroup P in G is called strictly proper if it intersects
properly every normal semisimple subgroup of G.

The following theorem combines several results of [PStl] and [SGA3, Exp. XX VI,
§5].

Theorem 2.3 ([St13, Theorem 2.1]) Let G be a reductive group scheme over a com-
mutative ring A, and let R be a commutative A-algebra.

(i) Assume that A is a semilocal ring. Then the subgroup Ep(R) of G(R) is the
same for any minimal parabolic A-subgroup P of G. If, moreover, G contains
a strictly proper parabolic A-subgroup, the subgroup Ep(R) is the same for any
strictly proper parabolic A-subgroup P.
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(ii) If A is not necessarily semilocal, but for every maximal ideal m in A, every nor-
mal semisimple subgroup of G 4,, contains (G4, )%, then the subgroup Ep(R) of
G(R) = Ggr(R) is the same for any strictly proper parabolic R-subgroup P of Gg.

In both these cases, Ep(A) is normal in G(A).

Definition 2.4 Under the assumptions of Theorem 2.3(i) or (ii), we call Ep(R) the
elementary subgroup of G(R) and denote it by E(R).

Definition 2.5 'The functor K&"(R) = G(R)/Ep(R) on the category of commu-
tative A-algebras R is called the non-stable K;-functor, or the Whitehead group asso-
ciated with G and P. Under the assumptions of Theorem 2.3(i) or (ii), we write KC
instead of KIG’P.

Note that the normality of the elementary subgroup implies that K€ is a group-
valued functor.

Non-stable K; functors are closely related to R-equivalence class groups intro-
duced by Yu. Manin in [Ma].

Definition 2.6 Let X be an algebraic variety over a field k. Denote by k[t] ) (¢-1)
the semilocal ring of the affine line A} over k at the points 0 and 1. Two points xo, x; €
X(k) are called directly R-equivalent if there is x(t) € X(k[x](x),(x-1)) such that
x(0) = xo and x(1) = x;. The R-equivalence relation on X (k) is the equivalence
relation generated by direct R-equivalence. The R-equivalence class group G(k)/R
of an algebraic k-group G is the quotient of G(k) by the R-equivalence class of the
neutral element 1 € G(k).

It is easy to see that the R-equivalence class of the neutral element 1 € G(k) is a
normal subgroup of G(k), so G(k)/R is indeed a group. Apart from that, if G has a
proper parabolic subgroup P over k, then all elements of Ep (k) are R-equivalent to 1,
so K& (k) surjects onto G(k)/R. If G semisimple and simply connected and P is
strictly proper, then K&F (k) = K (k) = G(k)/R by [G2, Théoréme 7.2].

In this paper, we are mainly interested in values of K& on Laurent polynomial rings
over a field. We will use the following result.

Theorem ([St13, Corollary 6.2]) Let G be a simply connected semisimple algebraic
group over a field k, such that every semisimple normal subgroup of G contains (G x)*.
For any m, n > 0, there are natural isomorphisms

K (k) 2 K (kYoo Yoo X X1 o X X1
We will also use the following lemma, which was established in [Su, Corollary 5.7]
for G = GL,, and in [A, Prop. 3.3] for most Chevalley groups; for isotropic groups it

was proved in [St13, Lemma 6.1], although the statement was slightly weaker than the
present one. The idea goes back to [Q].

Lemma 2.7 Let A be a commutative ring, and let G be a reductive group scheme over
A such that every semisimple normal subgroup of G is isotropic. Assume, moreover,
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that for any maximal ideal m C A, every semisimple normal subgroup of G4, contains
(Gm 4, )* Then for any monic polynomial f € A[t], the natural homomorphism

K7 (A[t]) — K (A[t]f)
is injective.

Proof The proof goes exactly as in [Su, Corollary 5.7] using [St13, Theorem 1.1] in
place of [Su, Theorem 5.1], and [St13, Lemma 2.3] in place of [Su, Lemma 3.7]. [ |

2.2 Torus Actions on Reductive Groups

Let R be a commutative ring with 1, and let S = (G z)N = Spec(R[x{, ..., x3'])
be a split N-dimensional torus over R. Recall that the character group X*(S) =
Homg (S, G ) of S is canonically isomorphic to Z~. If S acts R-linearly on an
R-module V, this module has a natural Z" -grading

V= @ W,

AeX*(S)

where
Vi = {ve V\s-v:/\(s)vforanyseS(R)}.

Conversely, any Z"-graded R-module V can be provided with an S-action by the
same rule.

Let G be a reductive group scheme over R in the sense of [SGA3]. Assume that
S acts on G by R-group automorphisms. The associated Lie algebra functor Lie(G)
then acquires a Z" -grading compatible with the Lie algebra structure,

Lie(G) = € Lie(G);.

AeX*(S)

We will use the following version of [SGA3, Exp. XXVI Prop. 6.1].

Lemma 2.8 Let L = Centg(S) be the subscheme of G fixed by S. Let ¥ < X*(S) be
an R-subsheaf of sets closed under addition of characters.

(i) If0 € Y, then there exists a unique smooth connected closed subgroup Uy of G
containing L and satisfying
(2.1) Lie(Uy) = €P Lie(G);.

Ae¥

Moreover, if ¥ = {0}, then Uy = L; if ¥ = =¥, then Uy is reductive; if ¥ U (-¥) =
X*(S), then Uy and U_y are two opposite parabolic subgroups of G with the common
Levi subgroup Uyn(_y).

(ii) If0 ¢V, then there exists a unique smooth connected unipotent closed subgroup
Uy of G normalized by L and satisfying (2.1).

Proof The statementimmediately follows by faithfully flat descent from the standard

facts about the subgroups of split reductive groups proved in [SGA3, Exp. XXII]; see
the proof of [SGA3, Exp. XXVI Prop. 6.1]. ]
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Definition 2.9 The sheaf of sets
O =0(S,G)={AeX*(S)~{0} | Lie(G), # 0}

is called the system of relative roots of G with respect to S.

Remark 2.10 Choosing a total ordering on the Q-space Q®zX*(S) = Q", one
defines the subsets of positive and negative relative roots ®* and @7, so that ® is a
disjoint union of ®*, ®~, and {0}. By Lemma 2.8 the closed subgroups

Uop+ufoy = P» Uop-ufoy =P

are two opposite parabolic subgroups of G with the common Levi subgroup Centg (S).
Thus, if a reductive group G over R admits a non-trivial action of a split torus, then it
has a proper parabolic subgroup. The converse is true Zariski-locally; see Lemma 3.6.

2.3 Loop Reductive Groups and Maximal Tori

Let k be a field of characteristic 0. We fix once and for all an algebraic closure k of k
and a compatible set of primitive m-th roots of unity &,, € k, m > 1.

P. Gille and A. Pianzola [GP3, Ch. 2, 2.3] compute the étale (or algebraic) funda-
mental group of the k-scheme

X = Speck[x{', ..., x*]

at the natural geometric point e: Spec k — X induced by the evaluation x; = x, = --- =
x, = 1. Namely, let k;, A € A be the set of finite Galois extensions of k contained in k.
Let I be the subset of A x Z consisting of all pairs (A, m) such that &,, € k). The set
Lis directed by the relation (A, m) < (u, k) ifand only if k) € k, and m|k. Consider

1 1
Xam =Speck,\[x1i’”,...,x:'”]

as a scheme over X via the natural inclusion of rings. Then X ,, - X is a Galois cover
with the Galois group

I‘A,m = (Z/mZ)" X Gal(k;t/k),

where Gal(k, /k) acts on k, [xli#, ey x:#] via its canonical action on k) and each
(kis....ky) € (Z /mZ)" sends x:/m to Eﬁ;‘x:/m, 1 < i < n. The semi-direct product
structure on I ,, is induced by the natural action of Gal(k, /k) on y,,(ky) 2 Z /m Z.
We have

(2.2) m(X,e) = lim Ty, =Z(1)" = Gal(k),
(A,m)el

where Z (1) denotes the profinite group lim (k) equipped with the natural action

of the absolute Galois group Gal(k) = Gal(k/k).

For any reductive group scheme G over X, we denote by G the split, or Chevalley—
Demazure reductive group in the sense of [SGA3] of the same type as G. The group
G is a twisted form of Gy, corresponding to a cocycle class £ in the étale cohomology
set Hi, (X, Aut(Gy)).
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Definition 2.11 [GP3, Definition 3.4] The group scheme G is called loop reductive
if the cocycle £ is in the image of the natural map

H'(m(X,e),Aut(Go)(k)) — Hi (X, Aut(Go)).

Here H'(m (X, e), Aut(Go)(k)) stands for the non-abelian cohomology “set in the
sense of Serre [Se]. The group (X, e) acts continuously on Aut(Gy)(k) via the
natural homomorphism 71 (X, e) - Gal(k/k).

We will use the following result.

Theorem ([GP3, Corollary 6.3]) A reductive group scheme over X is loop reductive
if and only if G has a maximal torus over X.

The definition of a maximal torus is as follows.

Definition 2.12 ([SGA3, Exp. XII Déf. 3.1]) Let G be a group scheme of finite type
over a scheme S and let T be a S-torus which is an S-subgroup scheme of G. Then T

is a maximal torus of G over S, if Tm is a maximal torus of GW foralls € S.

2.4 Surjectivity Theorem of Chernousov-Gille-Pianzola
In this section we discuss Theorem 1.1 and its implications.

Proof of Theorem 1.1.  In the original statement of [ChGP2, Theorem 14.3], one con-
siders a linear algebraic k-group H whose connected component of identity H° is re-
ductive, and a cocycle 7 € H'(m(R, ), H(k)). Let £ be the R-group scheme that is
the #-twisted form of Hg. Then there is a minimal parabolic (not necessarily proper)
R-subgroup scheme P of §°, a Levi subgroup £ of ‘P that is a loop reductive group
scheme, and a normal subgroup J of £(K) such that

(2.3) H(K) = (9(R), ], H(K)")
and ] is isomorphic to a quotient of a group admitting a composition series whose
quotients are pro-solvable groups in k-vector spaces.

Clearly, such a group J has no non-trivial quotients of finite exponent. We also
claim that in the above setting,

(24) H°(K) =H°(R)-]-H°(K)",
where ] - °(K)™* is normal in $°(K). Since $)° is a loop reductive group, by [GP3,
Corollary 7.4] the parabolic subgroup Pk of % is also minimal. Then, since K has
characteristic 0, one has $°(K)* = Eq(K) by Theorem 2.3(i) and [BT2, Proposi-
tion 6.2]. By [BT2, Proposition 6.11] one has
H°(K) = £(K) Exp (K).

This implies that ] - $°(K)* is normal in $°(K). It remains to note that H(K)* =
$°(K)™*, since G, g is connected. Now (2.3) and the equality $°(R) = $(R) n$H°(K)
imply (2.4).

We proceed to show how the above facts imply the claim of our theorem.
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Case 1: G is a torus. The proof of the theorem of Chernousov, Gille, and Pianzola for
the case where §) = $° = G is an R-torus does not use the assumption that ) is given
by a cocycle with values in H(k) [ChGP2, Proof of Theorem 14.3, Case 1, p. 314].
Therefore, (2.4) implies that our theorem holds for G.

Case 2: G is adjoint. Assume that G is a loop semisimple group of adjoint type over
R. Then G = Aut(G)°, where Aut(G) is the R-group scheme of automorphisms of G.
Since G is loop reductive, the group Aut(G) = §) satisfies the conditions of [ChGP2,
Theorem 14.3]. Then (2.4) shows that the claim of our theorem holds for G. Note that
in this case J - G(K)* is normal in G(K).

Case 3: G is semisimple. Now assume that G is an arbitrary loop semisimple group
scheme over R. Then there is a short exact sequence of R-group schemes

(2.5) 1 — Cent(G) — G 2> G* — 1,

where G is an adjoint semisimple group and Cent(G) is a finite group scheme of
multiplicative type. Since G*® has a maximal R-torus if and only if G does, G*® is a
loop semisimple group. By the previous case

Gad(K) _ Gad(R) ] Gad(K)+,
where ] has no non-trivial quotients of finite exponent. By [BT2, Corollaire 6.3] we
have p(G(K)*) = G*4(K)*. Since H},(K, Cent(G)) is a group of finite exponent,
considering the “long” exact sequence of étale cohomology associated with (2.5), we
conclude that ] € p(G(K)). Set I = p™*(J) € G(K). Then clearly,

G(K) = p™(G*(R))-I-G(K)".
Since H{,(R, Cent(G)) = H{,(K,Cent(G)) for all i > 0 by [GP2, Prop. 3.4(2)], the
“long” exact sequence also implies that

p(G*(R)) = Cent(G)(K) - G(R) = Cent(G)(R) - G(R) = G(R).

Assume that I has a proper normal subgroup I’ such that I /I’ has finite exponent.
Since J has no non-trivial quotients of finite exponent, we have I’/ Cent(G) (K)nI’ =
J, and hence I = Cent(G)(K) - I'. Since Cent(G)(K) is finite, we can find a minimal
subgroup I’ < I such that I’ is normal in I and I/I’ has finite exponent. One readily
sees that such I’ has no non-trivial quotients of finite exponent. Since Cent(G)(K) =
Cent(G)(R), we have

G(K) = p™(G*(R))- I-G(K)" = G(R)-Cent(G)(K)-I""G(K)* = G(R)-I'-G(K)",
which proves the claim of the theorem for G.

Case 4: G is reductive. Let G be an arbitrary loop reductive group scheme over R. Let
der(G) be the derived subgroup scheme of G and let rad(G) be the radical torus of
G in the sense of [SGA3]. By [SGA3, Exp. XXII, Prop. 6.2.4] there is a short exact
sequence of R-group schemes

1 — C — rad(G) x der(G) RN 1,

where C is a finite group scheme of multiplicative type that is central in rad(G) x
der(G). Arguing exactly as in [ChGP2, Proof of Theorem 14.3, Case 2, pp. 314-315]
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(except that the reference to Theorem 11.1 ibid. should be replaced by Theorem 14.1
ibid.), one concludes that

G(K) = G(R) - f(der(G)(K) xrad(G)(K)).

Note that der(G) is a loop semisimple group scheme, since it has a maximal R-torus
once G does. Then rad(G) and der(G) are subject to the previous cases of the theo-
rem, and one readily deduces the claim for G. ]

Corollary 2.13 ([ChGP2, Remark 14.4]) Let k, R, K, G be as in Theorem 1.1. Assume
in addition that G is semisimple. Then for any minimal parabolic R-subgroup P of G,
the map

KPP (kL' ]) — KPP (k) -+ ((6)))

is surjective.

Proof Since G is aloop reductive group, by [GP3, Corollary 7.4] , any minimal para-
bolic subgroup P of G remains a minimal parabolic subgroup in Gk. Then since K has
characteristic 0, one has G(K)* = Ep(K) by [BT2, Proposition 6.2]. It was observed
in [ChGP2, Remark 14.4] that if G is simply connected, then the surjectivity of the
map in question follows from Theorem 1.1, since the group KIG P (K) has finite expo-
nent by [G2, Remarque 7.6]. We claim that KIG *P(K) has finite exponent whenever G
is semisimple. Indeed, there is a short exact sequence

(2.6) 1—-C— G —G—1,

where C is a finite group scheme of multiplicative type, contained in the center of
(G)®*. Let P** c (G)*¢ be the parabolic subgroup that is the preimage of P. The
“long” exact sequence of étale cohomology corresponding to (2.6) readily shows that
K&?(K) has finite exponent once KIGSC’PSC(K) does, since H} (K, C) is an abelian

torsion group. u
We also obtain the following immediate corollary on R-equivalence class groups.
Note that the group G is not required to have a maximal torus over k[xi, ..., x%1].

Corollary 2.14  Let k be a field of characteristic 0 and let G be a reductive group over
k[xf', ..., xE'). Set F = k(xy,...,xp).

(i)  The natural map of R-equivalence class groups

G(k(x1,...,20)) [R — G(k((x1)) -+ ((x4))) /R

is surjective.
(ii) If G is semisimple, then for every strictly proper parabolic subgroup P of G the
natural map

KioP (k(xs o xm)) — KPP (R((3) -+ ((6)))
is surjective.
Proof The proof is by induction on # starting with n = 1. Set A = k[x*!], F = k(x),

and K = k((x)). By [ChGP1, Propositions 5.9 and 5.10] every semisimple group
scheme G over A is loop reductive, i.e., contains a maximal A-torus.
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By the definition of R-equivalence the subgroup G(K)* is contained in the R-equi-
valence class of the neutral element. By [V, §171, Corollary 2] the group G( K ) /R
has finite exponent. Therefore, by Theorem 1.1 the natural map G(A) - G(K)/R is
surjective. Since this map factors through the map G(F)/R — G(K)/R, the latter
map is surjective.

Now consider the non-stable K;-functors. By [GP3, Corollary 7.4] minimal par-
abolic subgroups of G, Gr and Gk are of the same type. Then, since G contains
a strictly proper parabolic F-subgroup P, we conclude that any minimal parabolic
A-subgroup Q of G is strictly proper. Moreover, Qr and Qg are minimal parabolic
subgroups of G and G, respectively. By Theorem 2.3 we have K> (F) = KE# (F)
and

Ky (K) = KPP (K) = KPP (K).
By Corollary 2.13 the natural map KZ>?(A) — KZ9(K) is surjective. Since this
map factors through the map KX*?(F) — KZ?(K), the latter map is also surjective.
Therefore, the map
KPP (F) — KPP (K)
is surjective.

Assume that 1 > 1. Let F(~) denote any of the functors KZ*F(~) and G(~)/R on

the category of field extensions of k(x;, ..., x, ). By the case n =1 the map

F(k((a1)) - k((xn-)) (x0)) — F(k((x1)) -+ ((x)))

is surjective. Since this map factors through the map
F(k(xn)((31)) - ((£a))) — F(k()) - ().
the latter map is also surjective. By the induction hypothesis the map
k(1. r50)) — F(kCe)((31)) - ((£21)))

is surjective, which completes the proof. ]

3 K of Laurent Polynomials and Power Series Over General Rings
3.1 Results Over General Rings

In this section we discuss various relations between KC (R[[t]]), K€ (R[t, t']), and
KZ(R((t))), where R is an arbitrary commutative ring and G is a reductive algebraic
group defined over R. Our keystone result is the following theorem.

Theorem 3.1 Let R be a commutative ring and let G be a reductive group scheme over
R, such that every semisimple normal subgroup of G contains (Gm g)*. Then

E(R(())) = E(R[]) E(R[t,t71]).

The proof of this theorem uses the notions of relative roots and relative root sub-
schemes of reductive groups introduced by V. Petrov and the author in [PSt1]. Their
definitions and a sketch of construction are given in Subsection 3.2, after which we
give a proof of Theorem 3.1. As for now, we discuss several easy corollaries of this
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theorem. We begin with a reformulation of Theorem 3.1 in terms of non-stable Kj-
functors.

Corollary 3.2 Let R, G be as in Theorem 3.1. Then the sequence of pointed sets

1 — KO(R[1]) 292, kS (R[e]) x KE(R[1, £71]) 827887, 16 (R((1)))

is exact.
Proof Follows immediately from Theorem 3.1 and Lemma 2.7. ]

Corollary 3.3 Let R, G be as in Theorem 3.1. Then the natural homomorphism
K7 (R[] — KP (R((1))
is injective.
Proof ~Assume that the class of g € G(R[[¢]]) trivializes in K ( R((t))), that s, g €

G(R[[t]) n E(R((t))) Then by Theorem 3.1 we can assume that ¢ € G(R[[f]]) n
E(R[t,t7']). Since

3.1 G(R[t,t"']) n G(R[[t]]) = G(R[t]),
we have ¢ € G(R[t]) n E(R[¢t,t™']). By Lemma 2.7, this implies that g € E(R[¢t]).
Hence, g € E(R[[t]]). [ |

The following corollary is what we will use in the proof of Theorem 1.2.

Corollary 3.4 Let R, G be as in Theorem 3.1. If G(R[t]) = G(R)E(R[¢]), then the
natural homomorphism

Ky (R[t,7']) — K7 (R((1))
is injective.

Proof Assume that the class of g € G(R[t,t™']) trivializes in K{(R((t))), that
is, g € G(R[t,t™']) n E(R((t))). Then by Theorem 3.1 we can assume that g €
G(R[t, t71]) OE(R[[t]]). By (3.1) we have g € G(R[¢]) n E(R[[t]]). Since G(R[¢]) =
G(R)E(R[t]), we can write g = gog1 with go € G(R), g1 € E(R[t]). Since g €
E(R[[t]]), setting t = 0 we deduce gy € E(R). Hence, g € E(R[t]) € E(R[t,t']). m

Remark 3.5 The main result of [St13] shows that the equality

G(R[t]) = G(R)E(R[t])

holds if R is a regular ring containing a perfect field k, and G is defined over k. Using
other results of [St13], Lemma 2.7, and the techniques of [PaStV], we can prove the
same equality whenever R is a regular ring containing an infinite field k, and G is
defined over R. The latter result is still unpublished, so we decided not to use it in this
paper. Instead, we give an independent and much simpler proof in the case where R is
aring of Laurent polynomials, and G satisfies the same assumptions as in Theorem 1.2;
see Lemma 4.5.
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3.2 Relative Roots and Relative Root Subschemes

In order to prove Theorem 3.1, we need to use the notions of relative roots and relative
root subschemes. These notions were initially introduced and studied in [PSt1] and
further developed in [St09].

Let R be a commutative ring. Let G be a reductive group scheme over R. Let Pbe a
parabolic subgroup scheme of G over R, and let L be a Levi subgroup of P. By [SGA3,
Exp. XXII, Prop. 2.8] the root system ® of GQ, s € SpecR, is constant locally in
the Zariski topology on Spec R. The type of the root system of L is determined
by a Dynkin subdiagram of the Dynkin diagram of ®, which is also constant Zariski-
locally on Spec R by [SGA3, Exp. XXVI, Lemme 1.14 and Prop. L.15]. In particular, if
SpecR is connected, all these data are constant on Spec R.

Lemma 3.6 Let G be a reductive group over a connected commutative ring R, let P
be a parabolic subgroup of G, let L be a Levi subgroup of P, and let L be the image of L
under the natural homomorphism G — G*! ¢ Aut(G). Let D be the Dynkin diagram
of the root system © of Gmfor any s € Spec A. We identify D with a set of simple
roots of ®. Let ] € D be the set of simple roots such that D \ ] € D is the subdiagram
corresponding to Ly Then there are a unique maximal split subtorus S ¢ Cent(L)
and a subgroup T < Aut(D) such that ] is invariant under T, and for any s € SpecR

and any split maximal torus T C fm the kernel of the natural surjection

(3.2) X*(T)2Z® 5 X*(S

) 2Z0(S,G)

is generated by all roots o € D \ ], and by all differences « — o(a), a € J, 0 € T,

Proof We can assume that G = G*? from the start, and L = L. The radical rad(L) =
Cent(L)° of L is a torus. Since Spec R is connected, it contains a unique maximal split
subtorus S € Cent(L) by [SGA3, Exp. XXVI, 6.5]. In order to show that the kernel of
the map (3.2) is as required, we use the notion of the Dynkin scheme of G.

By construction [SGA3, Exp. XXIV, §3.7], the Dynkin scheme Dyn(G) over R is
an étale twisted form of the constant Dynkin scheme Dy over R. It is thus a finite
étale scheme over R endowed with a subscheme E ¢ Dyn(G) xg Dyn(G) not inter-
secting the diagonal (the scheme of edges of the Dynkin diagram) and a morphism
Dyn(G) — {1,2,3}r (the lengths of simple roots). Clearly, there is a finite Galois
ring extension R’/R such that Dyn(G)rs 2 Dp is split. Since Spec R is connected, the
scheme Dyn(G) is uniquely determined by D together with a subgroup I of Aut(D)
that represents the action of the Galois group Gal(R’/R) on D. The orbits of T in D are
in one-to-one correspondence with minimal clopen R-subschemes of Dyn(G). The
parabolic subgroup P of G is defined over R, hence by [SGA3, Exp. XX V1, §3] Dyn(G)
contains a clopen R-subscheme #(P), called the type of P, which is a twisted form of
Jr € Dg. In particular, J is a I'-invariant subset of D. The subscheme Dyn(G) \ ¢(P)
is the twisted form of (D \ J)g isomorphic to the Dynkin scheme Dyn(L).

Recall that there exists a quasi-split reductive group Gy, over R of the same type as
G (in particular, adjoint) such that G is an inner twisted form of G, that is, G is given
by a cocycle class in H} (R, Ggs) [SGA3, Exp. XXIV, 3.12]. One also has Dyn(G) =
Dyn(Ggys) [SGA3, Théoréme 3.11]. Let Py be a parabolic subgroup in Gy, of the same
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type as P that is standard, i.e., contains a Killing couple Tgs € Bgs, and let Ly be the
standard Levi subgroup of Pys containing Tgs.

First, we study the torus S in the case where G = Ggs, P = Py, and L = L.
There is an explicit presentation of Ty as a product of Weil restrictions of G, [SGA3,
Exp. XXIV Prop. 3.13]:

Tqs = Royn(Gy)/R(Gm,pyn(Gy) ) = [T Ro/r(Gm,0);
(0]

where O runs over all minimal clopen subschemes of Dyn(G). This presentation is
obtained by descent from the standard decomposition of a split maximal torus into
a direct product of 1-dimensional tori corresponding to the vertices of D. By [PSt2,
Prop. 1(2)], we have
Cent(qu) = H RO/R(Gm,O)’
O¢t(P)

where O runs over all minimal clopen subschemes of Dyn(G) not contained in ¢(P).
Then, clearly,

(3.3) S= [I Gm,rcCent(Lgs),
O¢t(P)

where each Gy, g is the canonical split subtorus of R/ (Gm,o ). For any 7 as in the
statement of the lemma, by (3.3) all roots « € D\ J, and all differences a — o (), a € J,
o € T, belong to ker 7. Since the rank of X*(S) is equal to the number of orbits of T
in D \ ], these elements generate ker 7.

Now we consider S in the general case where G # Ggs. Let 7 € Z} (R, Ggs) be
a cocycle corresponding to the twisted form G of Ggs. Let | |SpecR; — SpecR be
an étale covering (which we can and do assume to be affine for simplicity) such that
Gr, 2 (Ggs)r, for each 7, and let g, € Gqs(R; ®r R,) be the elements represent-
ing 1 on this covering. For each 7, the pair (Lg,, P, ), considered inside (Ggs)r,»
is conjugate to the pair ((Lgs)r,> (Pgs)r,) locally in the étale topology on Spec R,
by [SGA3, Exp.XXV], 4.5.2]. Refining our étale covering, we can assume that these
pairs are conjugate already over Ry, i.e., Ly, = fr(Lgs)r, f;' and Pr, = fr(Pgs)r, f; "
for an element f; € Ggs(R;). Note that g5, preserves the pair (Lg,exr,» Pr.ozR, )
since L and P are defined over R. Since the normalizer of ((Lgs)r,@xR,> (Pgs)R,®zR, )
in (Ggs )R, @R, Dy [SGA3, Exp. XXVI Prop. 1.2, Prop. 1.6] equals (Lgs )z, @xR,> We con-

clude that

(3.4) £ goufr € Les(R: ® Ry).

Let Sqs be the maximal split R-subtorus of Cent(Lg). Since S is central in Lgs,
by (3.4) we have that

g”TfT‘(qu)RmRRU = f0|(5qs)Rf®RRa

as R; ® R,-group scheme morphisms from (Sqs ) r, ek, to Cent(L)g,e.r, induced
by conjugation. By faithfully flat descent for affine morphisms [FGIKNV, Part 1, Theo-
rem 4.33], there is a closed embedding of R-group schemes i: Sqs — Cent(L) such that
ir, = ftl(sy)z, fOr €ach 7. Clearly, i(Sgs) is contained in the maximal split subtorus S
of Cent(L).

Note that we can interchange the roles of the groups (Ggs, Pys> Lqs) and (G, P, L)
in the argument of the previous paragraph. Indeed, since G is given by a cocycle
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with values in Ggs, conversely, Gy is given by a cocycle with values in G; cf. [Se,
Ch. I, Proposition 35]. Then we conclude that there is a closed embedding of R-group
schemes j: S — Cent(Lgs) as well. Therefore, i(Sqs) = S, since these tori have the same
rank. It remains to note that, since Dyn(Ggs) = Dyn(G) and for any s € SpecR the
homomorphism R — k(s) factors through one of the rings R, the torus S ¢ Cent(L)
satisfies the claim of the lemma on ker 7, since Sqs does. |

In [PStl], we introduced a system of relative roots ®p with respect to a parabolic
subgroup P of a reductive group G over a commutative ring R. This system ®p was
defined independently over each member Spec A = Spec A; of a suitable finite disjoint
Zariski covering

m
SpecR = H SpecA;,
i=1
such that over each A = A;, 1< i < m, the root system ® and the Dynkin diagram D
of G is constant. Namely, we considered the formal projection

il ® —Z0/(D\N]; a-o(a), ac], 0 €T)

and set ®p = @)1 = 75,1 (D) ~ {0}. The last claim of Lemma 3.6 allows us to identify
®@; r and O(S, G) whenever Spec R is connected.

Definition 3.7 In the setting of Lemma 3.6 we call (S, G) a system of relative roots
with respect to the parabolic subgroup P over R and denote it by @p.

Example 3.8 If Aisafield or a local ring, and P is a minimal parabolic subgroup
of G, then ®p is nothing but the relative root system of G with respect to a maximal
split subtorus in the sense of [BT1] or [SGA3, Exp. XXVI §7].

In [PSt1], we have also defined irreducible components of systems of relative roots,
the subsets of positive and negative relative roots, simple relative roots, and the height
of a root. These definitions are immediate analogs of the ones for usual abstract root
systems, so we do not reproduce them here.

Let R be a commutative ring with 1. For any finitely generated projective R-module
V, we denote by W (V) the natural affine scheme over R associated with V; see [SGA3,
Exp. I, §4.6]. Any morphism of R-schemes W(V;) — W(V,) is determined by an
element f € Sym*(V}") ®g V,, where Sym”* denotes the symmetric algebra, and V}¥
denotes the dual module of V3. If f € Sym? (V,Y) ®x V3, we say that the corresponding
morphism is homogeneous of degree d. By abuse of notation, we also write f: V; - V,
and call it a degree d homogeneous polynomial map from V; to V,. In this context, one
has f(Av) = A9 f(v) forany v € V; and A € R.

Lemma 3.9 ([PStl]) In the setting of Lemma 3.6, for any a € ®p = O(S, G), there
exists a closed S-equivariant embedding of R-schemes

Xo: W(Lie(G)a) — G,
satisfying the following condition.

(*) Let R'/R be any ring extension such that G is split with respect to a maximal split
R'-torus T € Lg.. Let es, 6 € @, be a Chevalley basis of Lie(Gr-), adapted to T and
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P, and x5: G, - Ggs, 8§ € D, be the associated system of 1-parameter root subgroups
(e.g., x5 = expy of [SGA3, Exp. XXII, Th. 1.1]). Let

T[:@ = q)(T, GR’) —_—> d)P U {0}

be the natural projection. Then for any u = ¥ scp-1(4) @55 € Lie(Grr) o> one has

(35) Xe(u) = ( TTxs(as)) -TI( TT xe(ph(x))),

Sen1(a) i>2 ge,fl(,-,x)

where every ph:Lie(Gr/)a — R’ is a homogeneous polynomial map of degree i, and
the products over § and 0 are taken in any fixed order.

Proof Proceeding exactly as in [PStl, Th. 2], we prove the existence of a closed em-
bedding
X W(V,) — G

satisfying condition (), where V,, is a finitely generated projective R-module of rank
|77 (a)|, implicitly constructed by descent. However, once we identify the system of
relative roots ®p in the sense of [PStl] with ®(S, G) as discussed above, it follows
from the proof of [PStl, Th. 2] that V, is canonically isomorphic to Lie(G),. The
S-equivariance of X, follows immediately from condition (). [ |

Definition 3.10 Closed embeddings X,, a € ®p, satisfying the statement of
Lemma 3.9, are called relative root subschemes of G with respect to the parabolic sub-
group P.

Remark 3.11 Relative root subschemes of G with respect to P, actually, depend on
the choice of a Levi subgroup L in P, but their essential properties stay the same, so
we usually omit L from the notation.

Example 3.12 Let A be a connected commutative ring that contains Q and let G be
a semisimple reductive group of adjoint type over A containing a parabolic subgroup
P with a Levi subgroup L. We identify G with its image under the natural homo-
morphism G — Aut,(Lie(G)). Then the relative root A-subschemes X,, a« € @p,
of Lemma 3.9 can be constructed as follows. For any ring extension B/A and any
v eV, ®a B=Lie(Gg),, set

Xo(v) = exp(ad,) = iz(adv)f ¢ Autp(Lie(Gp)).

Here the “infinite” sum is necessarily finite, since we have (ad, )’ = 0 for any i > |®p|.
It is clear that X,: W (Lie(G),) — Auta(Lie(G)) is a morphism of A-schemes.

Apart from that, we need to show that each X, is an S-equivariant closed embed-
ding that satisfies condition () of Lemma 3.9. Let A’/A be any ring extension such
that G is split with respect to a maximal split A’-torus T € L 4. We recall that x4 (¢),
0 € @, t ¢ A, coincide with exp(tad,,) in the adjoint representation of Gu; see,
e.g., [Che]. Then the Baker—-Campbell-Hausdorff formula implies that (3.5) holds,
and that each morphism

X(XZ W(Lie(GA')a) —> GA'

https://doi.org/10.4153/CJM-2015-035-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2015-035-2

166 A. Stavrova

is S 4/-equivariant. Denote by X! the morphism X, considered as a morphism from
W (Lie(Gar)q) to the unipotent closed A’-subgroup

H=T] II xa(Ga)EW(ZLie(GA')m)

i>1 den~(ia) i>1

of Gr. Then (3.5) readily implies that X is universally closed and universally injec-
tive, and hence the same is true for X,,. Since the tangent map Lie(X, ), correspond-
ing to the inclusion of Lie(Gy- )4 into Lie(Gy-), is also injective, we conclude that X,
is formally unramified. Summing up, this implies that X, is a closed embedding of
W(Lie(GA/)a) into GAI.

Finally, note that, locally in the étale topology, the group G over A is split with
respect to a torus T contained in L ¢ P, see [SGA3, Exp. XXII, Cor. 2.3; Exp. XXVI,
Lemme 1.14]. Then faithfully flat descent implies that in order to prove that X, is an
S-equivariant closed embedding over A4, it is enough to prove the same over every A’
as above. Since the latter is already established, we conclude that X, satisfies all the
conditions present in Lemma 3.9.

We will use the following properties of relative root subschemes.

Lemma 3.13 ([PStl, Theorem 2, Lemma 6, Lemma 9]) Let X,, a € ®p, be as in
Lemma 3.9. Set V,, = Lie(G), for short.

(i) There exist degree i homogeneous polynomial maps q': Vo & Vo — Vi, i > 1,
such that for any R-algebra R' and for any v,w € V,, ®g R’, one has

(3.6) Xo(v)Xo(w) = Xo(v+w) H Xia (qfx(v, w)) .

i>1
(ii) Foranyg € L(R), there exist degree i homogeneous polynomial maps gb;)a: Vo =

Vi, i > 1, such that for any R-algebra R’ and for any v € V,, ®g R, one has
gX,x(v)g_l = HXia (¢lga(v))

i>1
If g € S(R), then ¢1g’a is multiplication by a scalar and all ¢;’a, i>1, are trivial.
(iii) (generalized Chevalley commutator formula) For any a, 3 € ®p such that
ma # —kp for all m, k > 1, there exist polynomial maps
Naﬁij: Vi x Vﬁ - Via+jﬁa i,j>0,

homogeneous of degree i in the first variable and of degree j in the second variable, such
that for any R-algebra R' and for any for any u € V, ®r R', v € Vg ®g R’ one has

(3.7) [Xa (), Xg(v)] = T Xia+jp( Napij(u,v))

i,j>0

(iv) For any subset ¥ € X*(S) \ {0} that is closed under addition, the morphism

Xyt W( GB V‘X) — Uy, (Voc)rx g HXoc(Va)’

ac¥

where the product is taken in any fixed order, is an isomorphism of schemes.
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3.3 Proof of Theorem 3.1

By assumption, every semisimple normal subgroup of G contains (G, z )?. We claim
that there is a split subtorus Sy of G such that Sy N H contains (G z)? for every
semisimple normal subgroup H of G. Indeed, if G is semisimple and simply con-
nected, this follows from the fact that G is a direct product of its minimal normal
semisimple subgroups [SGA3, Exp. XXIV, §5]. In general, G is a quotient of the direct
product G* x rad(G) by a central finite subgroup, where rad(G) is the radical of G,
and G*¢ is the simply connected cover of the derived group scheme of G. One readily
sees that if S3° is the split subtorus of G*¢ whose intersection with every semisimple
normal subgroup of G*¢ contains (G, z)?, then the same is true for its image Sy in
G.

Let P be a parabolic subgroup of G with a Levi subgroup L = Centg(Sy) con-
structed as in Remark 2.10. Clearly, P is strictly proper. Let P~ be the opposite para-
bolic subgroup to P, satisfying L = P n P~. For any R-algebra A, we have

E(A) =(Up(A),Up-(A)).
Now we show that, in order to prove the equality
(38) E(R((1)) = E(R[[¢]) E(R[]),

we can assume that R is connected. Fix an element g € E( R((¢))). The commmu-
tative ring R is a direct limit of its Noetherian subrings, R = lim R,. Fix an element
g€ E(R((1))). Since G, its semisimple normal subgroup schemes, P, P_ and L are all
finitely presented R-group schemes, there is an index & and a reductive group scheme
G’ over R, such that all these group schemes are defined over R, P is strictly proper
over Ry, and g € E(Ra ((t))) < E(R((t))), cf. [SGA3, Exp. XIX, Remarque 2.9].
Clearly, in order to show that g belongs to the right-hand side of (3.8), it is enough
to prove the equality (3.8) for the Noetherian ring R, in place of R. Thus, we can as-
sume from the start that R is Noetherian. Then R = [}2; A;, where A;,1< i < m, are
connected rings. Set R, = R((t)), R, = R[t*'], and R; = R[[¢]]. Then

m
E(R;) = (Up(R;), Up-(R;)) = [TE(A; ®r R))
i=1
forall Rj, j = 1,2, 3. Therefore, it is enough to show that (3.8) holds with R replaced by
each of the connected rings A;. Thus, we can assume from now on that R is connected.
Let S € Cent(L) be the split torus constructed in Lemma 3.6, ®p = ®(S, G), and
X, a € Op, be the relative root subschemes over R that exist by Lemma 3.9. Since,
clearly, S contains the image of Sy in G*4, every irreducible component of ®p in the
sense of [PStl1] has rank > 2.
By Lemma 3.13(iv) the group E(R((¢))) is generated by root elements X, (v), « €
@p, v € Vo ®r R((1)). Write v = 372, vjt/, vj € Vi, k > 0. By equality (3.6) of
Lemma 3.13 we have

0

Xa(v) :Xa( > Vjtj)Xu(iVjtj) [T Xia(us)
j=1

j=—k i>2
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for some u; € Vi, ®g R((¢)). Applying induction on the height of «, we conclude that
X, (v) decomposes into a product of elements from E(R[t™']) and E(R[[¢]]), that i,

E(R((1)) = (E(R[+™']), E(R[[1]))) -

Similarly, one concludes that E(R[t,¢™"]) is generated by elements X, (t"u), n € Z,
u € Vy, a € ®p. Consequently, in order to prove (3.8), it is enough to show that for
any B € ®p, v € Vg ®g R[[t]] we have

(3.9) E(R[t,t7']) Xp(v) < E(R[[t]) E(R[t,t"]).
For any R-algebra R, any ideal I € R’, and any additively closed set ¥ € X*(S) ~
{0}, we set

Uy (I) = (Xo(u), a €W, ue Vy,® I) € Ug(R")
and

E(I) = (Xu(u), a € ®p, ue V, ®rI) € E(R").
We show that for any 8 € ®@p, v € Vg ®g R[[t]], one has

(3.10) Xg(v) € E(t"R[[¢]]) E(R[t]) forany N > 0.
More precisely, set () = {i8 | i >1}; we show that
(3.11) Xg(v) € U(ﬁ)( l’NR[[t]]) - U(ﬁ)(R[t])

arguing by descending induction on the height of . Since Vj is a finitely generated
projective R-module, we can write v = v; + tNv,, where v; € V ®r R[t] and v, €
Vg ®r R[[t]]. Then (3.6) of Lemma 3.13 implies that

(3.12) Xp(v) = Xp(Nv2) - [T Xip(gp (v, —w1)) - (Xp(-w1)) o

i>1

By the induction hypothesis, for any i > 1 one has

(313) Xig(qp(v,—m1)) € Ugpy (tVR[[tT]) - Uiy (R[2])

< Ugpy ("R - Uggy(R[E]).
Note that by (3.7) of Lemma 3.13 the group Ug)(R[t]) normalizes the group
Uy (tVR[[t]]). Then, clearly, (3.12) and (3.13) together imply (3.11). This finishes
the proof of (3.10).

Next, we show that for any n € Z, u € V,, « € ®p, and M > 0 there is N > 0 such
that

(3.14) Xo(t"u)E(t"R[[]]) Xo (t"u) ™ < E(tMR[[¢]]).

Clearly, this statement and (3.10) together imply (3.9).

By [PStl, Lemma 11] we know that if N > 3, then E(t" R[[¢]]) is contained in the
subgroup of E(R[[t]]) generated by X, (V, ®r tL3IR[[¢]]) forally € ®p~Za. On the
other hand, for any such y by the Chevalley commutator formula (3.7) of Lemma 3.13,
we have

N

[Xa(t”u),Xy( V, &g tl?JR[[t]])] c E (3 1orR L))
This implies the claim (3.14). |
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4 Proof of the Main Results
4.1 Diagonal Argument for Loop Reductive Groups
Our main results are based on the following observation.
Lemma 4.1 (“diagonal argument”) Let k be a field of characteristic 0. Let G be a

loop reductive group over R = k[xi, ..., x*']. For any integer d > 0, denote by f, 4
(respectively, f,, a) the composition of k-homomorphisms

R—k[z, .. z2wil, owi ] — k[ 2 (awi D) e, (2w )5 ]
sending x; to z; (respectively, to w;) for any 1 < i < n. Then there is d > 0 such that
f24(G) = f,4(G)

as group schemes over k[z', ..., 25, (zywi )4, ..., (zaw;)*4].

Proof Let Go be a split reductive group over k such that G is a twisted form of G,.

Let Ag = Aut(Gy) be the group scheme of automorphisms of Go. Denote by k the

algebraic closure of k, and by I' the Galois group Gal(k/k). We also introduce the

following aux111ary notation. We write X, for the k-scheme Spec k[x;, ..., xE'], X,

for Spec k[z, ...,z etc. B
According to Definition 2.11, G is given by a cocycle 1 in H' (7o (Xy, e), Ao (k)).

Considering the description (2.2), we can assume that

ne Hl(Gal(E[xli%,...,x,, 1/k[ x5 ,...,le]),Ao(E))

for some integer d > 0, and we know that

Gal(%[xli%,...,x,, 1k[x .. x ]) =M, xT,
where M, = (Z/dZ)" acts on E[xlif, e ,x,ff] by sending x” to Ed , for any
(ki, ... s kn ) € M. We will denote by M, and M, respectlvely the group (Z [d7Z)"
operating in the same way on k[z, *,...,z,* ] and k[w; *,..., W: ]
Denote by i, (respectively, i,,) the k-homomorphism
k[xE, . x® ) — k[ 2w wE]

sending x; to z; (respectively, to w;) for any 1 < i < n. Consider the images i; (1) and
iz, (1) of in H' (7o (X; %k X, e), Ao(k)) as elements of
H'((M; x M,,) T, Ag(k)).

Denote by A the diagonal subgroup of M, x M,,. The subgroup AxT of (M, x M,,)xT
is closed, and it is straightforward to check that

iz (M)|axr = iy, (17)|axr-

Since

— L1 1 1 1 AxT

(k[zli“,...,z:“,wlid,...,w:"’]) k[ L2 (awi D) (2w D)
we conclude that f7;(G) = f7 ,(G), as required. [ |
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We introduce additional notation that will be used every time when we apply
Lemma 4.1 in proofs of other statements.

Notation 4.2  In the setting of the claim of Lemma 4.1, set
ti= (zwiH4, 1<i<n,
where z;, w;, and d are as in that lemma. Note that this is equivalent to
zi:w,-tf, 1<i<n.
We denote by G, the group scheme over k[zi',...,zE'], which is the pull-back of G
under the k-isomorphism
k[, ... a2 k[z, ..., 2.
The group scheme G,, over k[wi', ..., w*'] is defined analogously. Note that G, and
G, are isomorphic after pull-back to

+1 +1 o+l +1 +1 ESRNPED | +1
klzi, ...z 0, =kwi, . owy L Lt ]

] Xi—>Zi

4.2 Proof of Theorem 1.4 on R-equivalence Class Groups

The surjectivity of the natural map

G(k(x1,. s xn)) /R — G(K((x)) - ((xa))) /R

follows from Corollary 2.14. To prove the injectivity, recall that since G has a maximal
torus over k[xi', ..., xi'], it is loop reductive by [GP3, Corollary 6.3]. Thus, we can
apply Lemma 4.1 to G. We use Notation 4.2.

Consider the following commutative diagram, where the horizontal maps j; and
j2 are the natural ones:

J1

G(k(x1,...,x0)) /R G(k((x1) - ((x))) /R

fiixi—z; [ ~ friximzi [ jad

Go(k(z1 sz tiy s t)) [R G:(k((21)) - ((zn))) /R

glzz,»»—>w,»t'ii l = gzzz,-»—>w,»t‘ii J
Gu(k(wi,.ooswnstiy o ty)) R J—j» G (k(wi,...,wn)((0)) -+ ((ta))) /R

The map f; in this diagram is an isomorphism, since G, is defined over
k(z1,...,zn), and by [V, §16.2, Proposition 2], for any reductive group H over an
infinite field / one has H(1)/R = H(1(t)) /R. The map f, is an isomorphism by defi-
nition. The map g; is an isomorphism by Lemma 4.1. The map j, is an isomorphism,
since G, is defined over k(wy, ..., w,), and by [Gl, Corollaire 0.3] for any reductive
group H over a field ! of characteristic # 2, one has H(I)/R = H(1((t))) /R.

Since

gofop=j0gofi

is an isomorphism, we conclude that the map j; is injective. ]
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4.3 Proof of Theorem 1.2
In order to prove Theorem 1.2, we still need to prove some technical lemmas.
Lemma 4.3 Let k be an arbitrary field, let A be a commutative k-algebra, and let

G be a reductive group defined over A[zE', ..., z5'] such that every semisimple normal
subgroup of G contains (G )*. For any set of integers d; > 0, 1< i < n, the map

d:
zimwit;!

KP (Al ozt tn]) — > K (A @k k(wi,..owy) (6., 121])
is injective.

Proof We prove the claim by induction on # > 0. The case n = 0 is trivial. To prove
the induction step for n > 1, it is enough to show that

d
Zi—wit)!

:KE A® k Zil,...,zil,tl,...,tn
1 1 n
KIG(A®k k(wl)[tfl][zfl,...,zjl,tz,...,tn])

is injective. Indeed, after that we can apply the induction assumption with k substi-
tuted by k(w;) and A substituted by A ®; k(w;)[t{]. Set

B=A[zE ..., 25ty 1]
and omit for simplicity the subscript 1. Then we need to show that the map

zwi?

¢: K7 (B[z*,t]) —— K{ (B @y k(w)[t*'])
is injective. Here, G is defined over B[z*']. We have
B & k(w)[t*'] = lim B @k k[w*']o[*'] = lim B @ k[w*', £*'],,
g g

where ¢ = g(w) runs over all monic polynomials in k[w] with g(0) # 0. Since
¢(2) = wt?, we have g(w) = g(¢(2)t™?) = t N f(¢) for a suitable integer N, where
f(t) isa polynomial in t with coefficients in k[¢(z)*!] such that its leading coefficient
is invertible. Then by Lemma 2.7 the natural map

zowt?

K7 (B[z*,t]) —— K{ (B oy k[w*', t*'],) = K (B @k k[¢(2)*, t]¢f)

is injective. Since K& commutes with filtered direct limits, we conclude that ¢ is in-
jective. [ ]

Lemma 4.4 Let k be an arbitrary field, let A be a commutative k-algebra, and let G
be a reductive group scheme over A such that every semisimple normal subgroup of G
contains (Gm 4 ). For any n > 0, the natural map

KZ(Al ... 61]) — KT (A®kk(t,....th))

is injective.
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Proof We prove the claim by induction on n; the case n = 0 is trivial. Set [ =
k(t1,...,t,-1). By the inductive hypothesis, the map

KZ(Al....65"]) — KP (Al ] e 1) = K7 (A e I[t])
is injective, so it remains to prove the injectivity of the map
KIG(A®k l[t:l]) — KIG(A®]< l(tn))

We have [(t,) = lim I[t,],,, where g € I[t,] runs over all monic polynomials co-

4
prime to t,. Since K‘lg; commutes with filtered direct limits, it remains to show that
every map

(41) KZ (A I[t:']) — KT (A®k I[talig)

is injective. Assume that
xeG(A® I[t;']) NE(A®k I[tn]eyg)-

By [St13, Lemma 2.3] there exist x; € E(A ® [[t,];,) and x, € E(A ® I[t,],) such
that x = x,x,. We have x, x; € G(A ®; I[t+']), therefore, x, € G(A ®j I[t£']). Since

G(AeI[t;']) nG(A®k I[talg) = G(A®k I[t4]),

we have x, € G(A®; I[t,]) N E(A®x I[t,]y). By Lemma 2.7 this implies that x; €
E(A ® [[t,]). Summing up, we have x = x;x, € E(A ®; [[tF']). Therefore, the
map (4.1) is injective. u

Lemma 4.5 Let k be a field of characteristic 0 and let G be a reductive group over
X = Speck[x®, ..., x*], having a maximal X-torus and such that every semisimple
normal subgroup of G contains (G x)?. Then

(i)  the natural map

K (k[x .. x3"]) — KE (k(x1s .0 x0))

n

is injective;
(ii) omehas KT (k[xf,...,x']) = KE(k[xf'....x5 yiae s ym]) foranym > 0.

Proof First we show that for any m > 0, the natural map

KE (kxS oy ym]) — KE (ke %0) [V Ym])

is injective. This includes (i). In short, we write y instead of y;,..., Y.

As in Theorem 1.4, we note that G is loop reductive over k[x{, ..., xE'] by [GP3,
Corollary 6.3]. We apply Lemma 4.1 to G, and we use Notation 4.2. Consider the
following commutative diagram. In this diagram, the horizontal maps j; and j, are
the natural ones, and all maps always take variables ¢; to ¢;,1 < i < n, and y to y. The
isomorphisms g; and g, exist by Lemma 4.1:
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KE(KLxL .o y]) —— s KE(k(xts- o %) [y])
fixioz; foximz
K (k2. .22ty e y]) K (k(z15. s zno tis e s t)[Y])
hiziw;td
KIGZ(k(wl,...,w,,)[tlil,...,tﬁl,y]) gzimowit! | 2
& | =

J2
chw(k(wl,...,w,,)[tlil,..., t:l,y]) Rl Kle(k(wl,...,wn, oo t,,)[y])

In order to prove that j; is injective, it is enough to show that all maps j,, g1, 4, fi
are injective. The map j, is injective by Lemma 4.4. As explained above, g is an
isomorphism. The map h is injective by Lemma 4.3. Finally, the map f; is injective,
since it has a retraction that sends z; to x; and ¢; to 0. Therefore, the map j, is injective.

Now we prove (ii). Consider the commutative diagram

KE(k[x#, ..., x#1][y]) — 22—~ KS(K[x2,...,x21))

| i

K (k(x1, ..., x0)[y]) i K (k(x1s...rx0)).

The bottom arrow is an isomorphism by [St13, Theorem 1.2]. The vertical arrows are
injective by the previous paragraph. Therefore, the top arrow

I(G(k[x1 ,...,x,fl][y]) K'G(k[x1 ,...,xﬁl])

is also injective. Since it has a section, it is an isomorphism. |

y,»—>0

Proof of Theorem 1.2. We prove the injectivity claim by induction on # starting
with the trivial case n = 0. To prove the induction step, it is enough to show that
the map

RO (KD x1]) — KE (k(Ga)) Do x21])

is injective. The latter follows from the injectivity of the composition

. j
KO (Rt o)) S KE(R(Ga) [ x2'])
— K (k[ ()
which we proceed to establish.
The group G is loop reductive by [GP3, Corollary 6.3], since it has a maximal torus.
We apply Lemma 4.1 to G, and we use Notation 4.2. Consider the following commu-

tative diagram. Here jj, j, are the natural maps, and the isomorphism g; and the map
g exist by Lemma 4.1:
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j1
KP (k[xis..xt]) —————— KO (k[x . x'](a))
fiixiez; l faixi—z; l ~
chz(k[zlil ..... P R ) chz(k[zf,...,zﬁl]((zl)))
gﬂi*’"’ﬁ?lg gZ:Zi’_’Wit?l
‘2
KO (k[wt,. w621, 1)) B kO (kfwih, . owih 8, 1) ((1)))

In order to show that jj is injective, it is enough to show that f; and j, are injective.
The map f; is injective, since it has a retraction that sends z; to x; and t; to 1. Set

+1 +1 41 +1
A=k[wi, ... owi 65, ... 6]

By Lemma 4.5(ii) we have K" (A[;]) = K" (A); therefore, by Corollary 3.4 the map
j2 is injective. Therefore, the map j is injective.

To finish the proof of the theorem, it remains to note that, if G is a semisimple
group, the map

Ky (K[, x51]) — KP (k(()) -+ ()

is surjective by Corollary 2.13. ]

5 Application to Lie Tori

Throughout this section, we assume that k is an algebraically closed field of charac-
teristic 0. We fix a compatible set of primitive m-th roots of unity &, € k, m > 1.

Let G be an adjoint simple algebraic group over k (a Chevalley group), and L =
Lie(G) the corresponding simple Lie algebra over k. It is well known that

Autk(L) I Autk(G) ~Gx N,

where N is the finite group of automorphisms of the Dynkin diagram of the root
system of L and G. Fix two integers n > 0, m > 1and let

o=(01,...,0n)

be an n-tuple of pairwise commuting elements of order m in Aut (L). Such an n-tuple

determines a Z" -grading on L with
Liji, = {x€L|oj(x) = Eix, 1< j<n}.

Set R = k[x#!,...,x*'],and let R = k[xlii, .. ,xzi], m > 1, be another copy of
R, considered as an R-algebra via the natural embedding R < R. Then R/R is a Galois
ring extension with the Galois group Gal(R/R) = (Z /m Z)".
Definition 5.1 The multiloop Lie algebra £ (L, o) is the Z" -graded k-Lie subalgebra

i in
L(L,O‘) = @ L,’lm,'n @ X" - Xy

of the k-Lie algebra L ® R.
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Note that, considered as an R-Lie algebra, the algebra £(L, o) is an R/R-twisted
form of the R-Lie algebra L ® R. Indeed,

L(L,O‘) ®RE§ (L@kR) ®Rr ﬁ

Let A be a finite root system in the sense of [Bou] together with the 0-vector, which
we include following the tradition in the theory of extended affine Lie algebras. We
set A = AN {0}, Q=ZA, and

Afg={aeA™] %oc;éA}.

The importance of multiloop Lie algebras stems from the fact that they provide
explicit realizations for a class of infinite-dimensional Lie algebras over k called Lie
tori. This was shown by B. Allison, S. Berman, J. Faulkner and A. Pianzola in [ABFP].

Definition 5.2 ([ABFP, Def. 1.1.6]) A Lie A-torus of type A is a Q x A-graded Lie
algebra £ = @ (4,1)eqxa L} over k satisfying

(i) L)=o0forallacQ~Aandall)ecA;
(i) L0 =#0forallaeAl;
(iif) A is generated by the set of all A € A such that Lé # 0 for some a € A;

(iv) forall (a,1) € A* x A such that £} # 0, there exist elements e} ¢ £} and

fre £} satisfying
Lo=keq Lig=kfi, and [leg fulx] = (B.a”)x
for all x € Lg, (Bou) e Ax A

(v) L is generated as a k-Lie algebra by the subspaces £2, (a,1) € A% x A.
If A =Z", then n is called the nullity of L.

In what follows we will always assume that A = Z" .

By [ABFP, Lemma 1.3.5 and Prop. 1.4.2], if a centerless Lie torus £ with A 2 Z" is
finitely generated over its centroid (fgc), then the centroid is isomorphic as a k-algebra
to

k[Z"] = k[« ..., x5 = R.

Note that, according to an announced result of E. Neher [N, Theorem 7(b)], all Lie tori
are fgc, except for just one class of Lie tori of type A, called quantum tori; see [ABFP,
Remark 1.4.3].

If a centerless Lie torus £ is fgc, the Realization theorem [ABFP, Theorem 3.3.1]
asserts that £ as a Lie algebra over its centroid R is Z"-graded isomorphic to a mul-
tiloop algebra £(L, o). In particular, the Lie torus £ is a R/R-twisted form of a split
simple Lie algebra L ®; R. Consequently, the group scheme of R-equivariant auto-
morphisms Autg (L) is a twisted form of Autg (L ® R), and Autg (£)° is an adjoint
simple reductive group over R. Moreover,

Lie(Autg (£)°) 2 £

as Lie algebras over R, e.g., [GP1, Prop. 4.10].
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Proof of Theorem 1.3.  First we show that the adjoint simple reductive group G =
Autg(L)° over R contains a closed R-subgroup S = (Gu z)", where r = rank A. In-
deed, the Lie algebra £ over R is Q-graded, where Q = Z A. This grading naturally
determines a closed subgroup S = (G, g)" of Autg(£L), where r = rank A. Namely,
let IT € A be a system of simple roots, |II| = r. For any simple root « ¢ II, any com-
mutative R-algebra R’, and any ¢ € (R")* = G\, (R’), there is a unique automorphism
to(c) of L ®x R’ such that, for any A € Z", one has

ta(c)(ei) :ceﬁ, ta(c)(fo/}) :C_lfo/}’ and

ta()(ef) =, talc)(f)=f}  forallfell, f=a.

Clearly, S ¢ Autg(£)°.

Conversely, the grading induced by the adjoint action of S on Lie(Autg (£)°) = £
is exactly the initial Q-grading. The system of simple roots IT € A determines a de-
composition A = A*UA~ U {0}, and by Lemma 2.8 there exist two opposite parabolic
R-subgroups P* = Up+ygo}, P~ = Up-ugoy of G, and their unipotent radicals are of the
form Up+ and U,-, respectively. Since Spec R is connected, the relative roots and rel-
ative roots subschemes with respect to P* are defined over Spec R. By Lemma 3.13(iv)
the groups U+ are generated by the root elements X, (v), a € A*, v € Lie(G),. By
Example 3.12 we can identify X, (v) with exp(ad, ). Therefore, we have

Ep+(R) = (Ua+(R), Ua-(R)) = Ecxp(£).

Since rank A > 2, the group G contains (G z)*. It also contains a maximal R-
torus, since by [GP2, p. 532] the group G is loop reductive. It remains to apply Theo-
rem 1.2. u
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