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ELEMENTS OF SPECTRAL THEORY FOR
GENERALIZED DERIVATIONS II: THE SEMI-
FREDHOLM DOMAIN

LAWRENCE A. FIALKOW

1. Introduction. Let 5, and 5, denote infinite dimensional Hilbert
spaces and let £ (5, #°;) denote the space of all bounded linear
operators from S, to #y. For A in (1) and B in £ (), let 145
denote the operator on & (3, ) defined by 7,5(X) = AX — XB.
The purpose of this note is to characterize the semi-Fredholm domain of
745 (Corollary 3.16). Section 3 also contains formulas for ind(r45 — \).
These results depend in part on a decomposition theorem for Hilbert
space operators corresponding to certain ‘‘singular points’ of the semi-
Fredholm domain (Theorem 2.2). Section 4 contains a particularly
simple formula for ind(r45 — A) (in terms of spectral and algebraic
invariants of 4 and B) for the case when 7,5 — X\ is Fredholm (Theorem
4.2). This result is used to prove that ind(r54) = —ind(r45) (Corollary
4.3). We also prove that when 4 and B are bi-quasi-triangular, then the
semi-Fredholm domain of 745 contains no points corresponding to non-
zero indices.

Note that if 745 is semi-Fredholm, then so is the operator 7" = 7,5 +
S+ K, where K € L (L (A5, H1)) is any compact operator and
S ¢ L (L (A, H)) is any operator of sufficiently small norm; more-
over, in this case, ind(7") = ind(r45) (see [17, Theorems 5.17, 5.26,
Chapter IV]). Our results thus yield data that is pertinent to the study
of the operator equation AX — XB + S(X) + K(X) = V (cf. [18]
[24]). (An example of such a compact operator K is provided by C. K.
Fong and A. Sourour [14]: if {4 ;}1<.<, and {B}1<.<, denote sequences of
compact operators on #; and J#, respectively, then K (X) = Z'§=1 AXB;
defines a compact operator on ¥ (5, #) [14, Theorem 2].)

Before stating our principal result in detail, we recall some terminology.
Let 2 denote an infinite dimensional complex Banach space and let
L (%) denote the algebra of all bounded linear operators on % . For
T € L), let o(T), ¢.(T), o,(T) denote, respectively, the spectrum,
left spectrum, and right spectrum of 7. Let p(7) = C\o(T), p,(T) =
C\o (T), and p,(T) = C\o,(T) denote, respectively, the resolvent, left
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resolvent, and right resolvent sets of 1. For & = ¥ (', #) and
T = 745, Rosenblum’s Theorem states that

o(rap) = 0(4) — a(B) = {a —Bra € a(4),B € o(B)};

thus 74 5 is invertible if and only if 4 and B have disjoint spectra [24].

Various results in the literature show that the fine structure of ¢(r45)
depends on separation properties of ¢(4) and ¢(B). Let o.(7) and
as(T) denote, respectively, the approximate point spectrum and the
approximate defect spectrum of 7" € £ (%), i.e.,

os(T) = {N € o(T): T — \isnot surjective} [7].

(For T in () (¥ a Hilbert space), o,(T) = o,(T) and o,(T) =
a5(T).) In [7], C. Davis and P. Rosenthal proved that

0:(1a8) = 0,(4) — 0,(B) and os(r45) = 0.(4) — o,(B).

Thus 745 is bounded below (resp. surjective) if and only if o,(4) N
o.(B) = 0 (resp. 0,(4) Mo, (B) = B); additionally, os(r45) = o,(745)
and o, (r45) = o,(r45) [10]. Moreover, for the case S#°, = ., the range
of 7,45 is dense in ¥ () if and only if ¢,,(4) N ¢,,(B) = @ and there
exists no nonzero trace class operator X € % () such that BX = X4
[11] (see below for notation).

We next recall some results on semi-Fredholm operators and essential
spectra. For a Banach space operator T ¢ ¥ (%), let ker(T) and % (T)
denote the kernel and range of 7. Let

nul(7) = dim (ker(7)) and def(7) = dim(%Z /% (T)~)

(where % (T")~ denotes the norm closure of the range of T in Z") [17].
An operator T is semi-Fredholm if % (T) is closed and either nul(T") < oo
or def(7") <oo; in this case the index of T is defined by ind(7T) =
nul(7) — def (7). If nul(7T) and def(7T") are both finite, then T is Fred-
holm. Let o.(T) denote the Fredholm essential spectrum of T, i.e.,

a.(T") = {N € G: T — \is not Fredholm}.
In [12] it was proved that

0e(tan) = (0.(4) — 0(B)) U (¢(4) — 0.(B));
thus 745 is Fredholm if and only if

c.(4) N a(B) = a(4) N o, (B) = 0.

Let % be a Hilbert space and let # () denote the ideal of all com-
pact operators in £ (). Let € = £ () /H () denote the Calkin
algebra and let =: ¥ () — % denote the canonical projection; we
denote x(T) by T. Thus, for T € L (H), ¢.(T) = o(T). Let 0,,(T) =
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oi(T) and ¢,.(T) = o,(T). If p1o(T) = C\o;.(T), then
Ple(T)
= {A € G: T" — Nis semi-Fredholm and ind(T") < 4+ o}
={N€C: (T — \)isclosed and nul(T — \) < o0}
[20, Proposition 1.20]. Similarly, if p,.(T) = C\e,.(T), then
Pre(T)
= {N € C: T — Mis semi-Fredholm and ind(7 — \) > — 0}
={N€C: A(T — \)isclosed and def (T — \) < o}
[20, Proposition 1.20]. Let
psr(T) = {N € G: T — \is semi-Fredholm},
the semi-Fredholm domain of T'; thus
PSF(T) = Ple(T) \ Pre(T)'

A hole H in ¢,(T) is a bounded component of C\¢.(T) [20, page 2];
if X\€ HNo(T) and X is not isolated in o(7), then H C o(T). If
N € HN o(T) and X\ is isolated in ¢(7), then ind (7" — N\) = 0 (see [20,
page 4]). A pseudohole H in ¢.(T) is a component of ¢,(T)\c.(T) or
0o(T)\o:.(T) [20, page 2]; thus ind(T — \) = — o for all A € H or
ind(T — \) = 4 oo forall X € H, respectively;in particular, H C (7).
Note that if X is an isolated point of ¢(7) and T' — X\ is semi-Fredholm,
then 7" — X\ is Fredholm and ind (7" — \) = 0.

Let psr(745) denote the semi-Fredholm domain of 7,5, i.e.,

psr(tap) = {N € C: 745 — \is semi-Fredholm}.
Our principal result is that

osp(tan) = C\PSF(TAB)
= [(01:(4) — 0,(B)) Y (0:(4) — 0,.(B))]
N [(07:(4) — 0:(B)) Y (0,(4) — 0:(B))]

(Corollary 3.16). Thus 74 is semi-Fredholm if and only if
d,e(d) N o (B) = a,(4) No,,(B) =0

or
c.(4) N o, (B) = 0,(4) Mo, e(B) =0

(Corollary 3.15).
We conclude this section by recording several results from {12] that
will be cited frequently in the sequel. For T € .Z (), let

U(T) = {UXTU: UU* = U*U = 1},
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the unitary orbit of 7" The first result is essentially due to C. Apostol
[2, Lemma 2.2].

LEMMA 1.1. (12, Lemma 2.10] i) If T € L () and 0 € o,(T), then
either nul(T") > 007 0 € 0,,(T); if 0 € 0,(T), then there exists S € U (T)~
such that nul(S) = oo. ii) If 0 € o,(T), then either nul(T*) > 0 or
0 € 0,(T); if 0 € 0,,(T), then there exists S € U (T)~ such that nul(S*)

= 00,

For S, T € £ (), S and T are approximately similar (S ~, T) if
there exists a sequence of invertible operators {X,} C . () such that

sup,[|X,|| < o0, sup,/|X,7!|| < o, and X,7'TX, —S [15].

LEmma 1.2. [12, Proposition 2.8] If 4" ~, A and B’ ~, B, then 1745
is semi-Fredholm if and only if 74+ g is semi-Fredholm, and in this case

nul(r4p) = nul(ra 5),
def(TAB) = def(TA/B'), and

ind(TAB) = ind(TA'B').

LEmmaA 1.3. [12, Lemma 2.9] nul(r,p) = nul(rg+4+), def(r,p) =
def(rpxax). T4p 1s semi-Fredholm if and only if 7gxax 1s, in which case
ind(TAB) = ind(TB*A*).

2. Spectral decomposition. In this section we obtain a decomposi-
tion for Hilbert space operators corresponding to certain isolated points
of the left or right spectrum. We begin by recalling the Riesz Decomposi-
tion Theorem [22, Theorem, p. 421]. For T in . (J¢), suppose ¢(T) =
o1 \J g4, where o; and ¢ are disjoint nonempty closed subsets of ¢(7").
Then there exist nontrivial complementary closed 7-invariant sub-
spaces .#; and .#s such that

O'(Tl%l) = 01 and O'(Tl%g) = 03.

Moreover, 1" is similar to an operator of the form 7, @ T, where
o(T1) = o1 and ¢(T2) = o, [12, Lemma 2.14]. For the case when ¢; =
{M} (x\ € C) and T — \ is Fredholm, we have the following result.

LemMA 2.1. Let T be in L (H) and let N € G be an isolated point of
o (T) such that T — \ is Fredholm. Then there exists an orthogonal decom-
position H = M, ® M, and operators T; € L (M;) (i =1,2) such
that:

1) dim.#, < o©;

2) o(Th) = {\};

3N a(Ty);

4) T 1s similar to T, @ T.
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Proof. The existence of M, M,, T,, and T, satisfying properties 2),
3), and 4) follows directly from the preceding discussion. If .#; is in-
finite dimensional, then

A€ O'e(Tl) C 0'9(111 @ Tﬁ) = G'B(T),

which contradicts the assumption that 7" — \ is Fredholm. Thus .4
is finite dimensional and the proof is complete.

Let #, denote a finite dimensional Hilbert space and let #, denote
an arbitrary infinite dimensional Hilbert space. Let N ¢ £ () be
nilpotent and let S € £ (5#,) be left invertible. (Note that S — X is
left invertible for |\ sufficiently small.) Let # =, @ 5, and let
T =N®SinZ(H); T clearly satisfies the following properties: 1) T°
is left invertible, i.e., Z (T') is closed and nul(T") < o0 ;2) 0 is an isolated
point of ¢,(7). We next prove that (up to similarity) each operator
satisfying 1) and 2) may be decomposed as just described; thus the
following result is the analogue of Lemma 2.1 for left spectra.

At the conclusion of the section we give an alternate proof of this
result using a decomposition theorem of C. Apostol [1]. The proof given
below is considerably simpler than the proof of Apostol’s more general
result.

In the remainder of this section, 5# denotes an arbitrary infinite
dimensional Hilbert space.

TaEOREM 2.2. Let T be in L (H) and let N ¢ C be an isolated point of
o (T) such that T — X\ is left invertible (i.e., T — \ is semi-Fredholm and
ind(T — \) < 4+ ). Then there exists an orthogonal decomposition
H =M ® My and operators T; ¢ L (M;) (i = 1,2) such that:

1) dim( ;) < ©;

2) G(T]) = {)\}’

3) A € o'l(T2);

4) T 1s stmilar to T, @ To.

Before proving Theorem 2.2 we introduce some additional notation.

For T in & (), let
M(T) = {x € H:||Tx|]*'* — 0}.

M (T) is a (not necessarily closed) linear submanifold of # that is
invariant for 7'; moreover, T is quasinilpotent (i.e., ¢(7") = {0}) if and
only if #(T) = # [6, Lemma, page 28]. Suppose that \ is an isolated
point of ¢(7T) such that T"— X\ is Fredholm. Then A\ = .#(T — \)
coincides with the Riesz subspace for 7" corresponding to {\} [22, Theorem
ff., page 424]. In particular,.#, is closed, and since 7" — \ is Fredholm,
then dim(.#,) < «. It follows that (I — \)| M, is nilpotent, so for
some n > 0,

M(T —\) = {x € (I —\)"x = 0}.
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Proof of Theorem 2.2. Without loss of generality we may assume that
N = 0. If 0 is an isolated point of ¢(7"), then since T is semi-Fredholm, it
follows that 7" is Fredholm (with ind(7") = 0). In this case the result
follows from Lemma 2.1.

We may thus assume that 0 is not isolated in ¢(7"). Thus, since
0 ¢ o0,.(T), it follows that there exists a hole or pseudohole H in ¢.(7")
such that 0 € H C ¢(T). Moreover, since 0 is isolated in o¢,(7T), there
exists § > 0 such that 7" — « is left invertible but not invertible for
0 < |a|] < 6. (Thus ind(7 — @) < 0 for each o € H.)

Let A = MH(T)~. M is T-invariant, and since 0 € o,(7)\o (1),
then nul(7) > 0 and so.# D ker(T) # {0}. We seek to prove that.#
is finite dimensional (from which it will also follow that .# = J¢).
Assume to the contrary that.# is infinite dimensional. Relative to the
decomposition # = # @ M+, the operator matrix of 7 is of the form
(JOV g), where N € £ (.#). (At this point in the proof we allow the
possibility that.#+ = {0}, in which case 7" = N; in the sequel we will
conclude that this case cannot actually arise.) Since #(T) C.#, a
matrix calculation shows that #(N) = #(T). Thus.#(N)~ = .#, and
it follows that if 4" is a reducing subspace for N, then.# (N|A)~ = N

For 0 < |a| < §, " — « has a left inverse L., and an operator matrix
calculation of L,(7" — @) = 1 readily implies that N — o has a left
inverse in & (.#). Suppose there exists «a, 0 < |a| < 8, such that
a € ¢(N). Thusa € ¢(N)\o;(IN) and so there exists xy € A, xy # 0, such
that (N — a)*xy = 0. Let .4 denote the closed reducing subspace for
N generated by {p (N, N*)xo: p(¢, s) is a noncommutative polynomial in
t and s with complex coefficients which have rational real and imaginary
parts}; let Ny = N|.A". Then #(N,)~ = .4, and since ¥ is separable,
it follows from [3, Theorem] that there exists a (compact) quasinilpotent
operator K € £ () and a quasiaffinity X ¢ . (4#) such that N,\.X =
XK. Now (N, —a)X = X(K — a), and thus

(K — a)*X*xg = X*(N1 — a)*xy = 0.

Since K is quasinilpotent, (K — a)* is invertible, and since X* is injec-
tive, it follows that xo = 0, which is a contradiction.

Thus {@ € C: 0 < |a] < 8} C p(NN); since nul(N) = nul(7) > 0, it
follows that O is an isolated point of o(NV). Since T is left invertible, a
matrix calculation implies that N is left invertible, and since 0 is isolated
in ¢(N), it follows that N is Fredholm (with ind(N) = 0). Now .#(N)
is the (closed) Riesz subspace for N corresponding to {0} C ¢(NN), and
thus

M= MT)~ = MN)- = MN) = MT).
Since .# is infinite dimensional, so is .#(N), and since ¢(N|-#(N)) =
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{0}, it follows that 0 € ¢.(N). Thus N is not Fredholm, which is a con-
tradiction. We therefore conclude that.# is finite dimensional and, in
particular, A#+ # {0}. Since dim(#) < o, and ¢(N) = {0}, it also
follows that N is nilpotent.

We next prove that S is left invertible in . (#*). Since 7T is semi-
Fredholm and .# is finite dimensional, it follows that 0, ® .S is semi-
Fredholm, whence Z (S) is closed. It thus suffices to prove that nul(S) =
0. If ker(S) = {0}, let#, = ker(S) and M, = M+ ©.#,. With respect
to the decomposition

L%=%®'%1®%27

the operator of T is of the form

N 4, 4.
00 V)
00 w

Let £ > 0 be such that N* = 0; then

N A,\* =
%)

and thus the matrix of 7%t! is of the form

00 *
0o* |
00 W

If x ¢ My, x # 0, then T%+x = 0, whence

and this contradiction implies that S is left invertible.

Since ¢(N) = {0} and 0 ¢ ¢,(S), then ¢,(N) M ¢,(S) = @. It follows
from [7, Theorem 5] that there exists X € . (AL, .#) such that
NX — XS = —A. Let J denote the operator on.# = .# @® .#* whose
matrix is ((1) )i) Then J~! = ((l) _}i) and a calculation shows that
J'TJ = N @ S. The proof is now complete (with #, = A, My = M+,
Ty = N, T, = S).

COROLLARY 2.3. Let T be in & (H) and let \y, . . . , \, be distinct points
o, (T)\o1(T) such that \; 1s isolated in o ,(T),1 = 1, ..., n. Then there
exists an orthogonal decomposition H = M ® ... ® M, and opera-
tors T, € L (M) (1 £1 £n+1) such that:

1) M ; is finite dimensional (1 <1 < n);

2)o(T) =N} (1 20 2m);

3) o'l(Tn-H) N {)\lv ey }‘n} = ﬂ;

4) Tisstmilar to T1 @ ... @ Thys.
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Proof. Theorem 2.2 implies the result for » = 1. Assuming the result
for n — 1, there exists an orthogonal decomposition

H=M>...0M ©M

and operators 1T, € L (M) 1 €1 £n—1)and 7" € L (M, ) such
that.#, is finite dimensional (1 £ 7 £ »n — 1),

o) =\ I=i1=n-1),
(T Ny M) = 8,

and T"issimilarto 77, ® .. . ® T, ® T".
Since \, € ¢,(T)\o.,(T) and N\, # \;fori # =, it follows that

A € 0 i(T)\oo(T7).

Moreover, since ¢,(7") C ¢,(T), then \, is isolated in ¢,(7”). Theorem 2.2
implies that there exists an orthogonal decomposition.#,’ = M, @ M.,
and operators T'; € L (M), 1 = n, n + 1, such that.#, is finite dimen-
sional, ¢(7,) = (N}, N\ € ¢,(T,41), and 77 is similar to 7, @ Tpi1.
Since ¢,(Th41) C o,(77), then

{)\ly ey )\n—l} M Uz(Tn+1) = @,
moreover, 1" is similar to 77y @ ... @ 71,41, so the proof is complete.

COROLLARY 2.4. Let T be inL () and let \y, . . ., \, be distinct points of
o, (T)\o,o(T) such that \; 1s isolated in o,(T) (1 £ 1 = n). Then there
extists an orthogonal decomposition H = My ® ... ® M,,, and operators
T, €L (M)A 21 £n+1) suchthat:

1) A ; is finite dimensional (1 £ i £ n);

2)o(T) =N} (1 =1 =m);

3) ar(Tn+1) N {>\1v sy }\n} = 0;

4) Tis stmilar to Th @ ... @ Tpp.

Proof. Apply Corollary 2.3 to T*and X4, . . ., X,, and then take adjoints.

COROLLARY 2.5. Let T be in L () and let ay, . . ., o, be distinct points
in o, (T)\oro(T) such that o, is isolated in ¢,.(T) (1 < 1 = n),; moreover,
let By, . . ., Bm be distinct points in o ,(T)\o 1.(T) such that B, is isolated in
c(T) (1 £ =m). Assume thato; # 8;,1 <1 <n,1 < j < m. Then
there exists an orthogonal decomposition H = M, @ ... ® My ms1 and
operators T, € L (M) (1 £i < n+m -+ 1) such that:

1) M s is finite dimensional (1 £ 1 £ n + m);

2) o(Ty) = {as} 1 =4 = n); 0/(Toimer) N la, e} =0

3)o(T) =B} (n+1=j=n+m)oi(Toim1) V{B1,. .., Bn} =0,

4) Tissimilar to T1 @ ... @ Thymsr-

Proof. Apply Corollary 2.3 and Corollary 2.4 successively.
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We conclude this section by presenting another proof of Theorem 2.2
based on results of [1].

Let 7T be in.# (). A complex number  is said to be a 7-singular point
if the function N — Pyer(r_y is discontinuous at u; u is said to be T-regular
if w is not T-singular. Let

psr'(T) = {n € psrp(T) : uis T-singular}
and let

psr' (T) = pse(T)\psr'(T) = {u € psp(T) : pis T-regular}.
For u € ps#(T), u € psy’(T) if and only if the function

N = min {nul (7" — N), nul ((T" — N)*)}

is continuous at u [1, Proposition 2.6]. In [1], C. Apostol proved the
following result.

THEOREM 2.6. ([1, Theorem 3.3]) Let T be in &£ () and let ¢ =
{N, - .., N} be a finite subset of psp*(T). Then there exist complementary
closed T-invariant subspaces Ny and Ny such that:

1) dim () = S dim (#(T — \)) (<0);

2) o (TIN}) = o

3) dim (A ((T — N\)|A1)) = dim (#(T = \)) (1 £i = n);

4) pse’ (TN 2) = pse’ () \J a; in particular, \y, . .., \, are regular
points of psp(T|N5).

To prove Theorem 2.2, suppose that A € G is an isolated point of ¢,(7)
and T =\ is left invertible; clearly N € psz*(T). From Theorem 2.6,
there exist complementary closed 7-invariant subspaces .4; and .4, such
that

dim (A1) = dim (A(T — ) < o,
o(T|A) = (N},

and \ is regular for 7|4, Since \ is isolated in ¢,(7), it follows that
T|AN, is left invertible. Let J denote the (bounded) idempotent whose
range is 4/} and null space is A4',. There exists an invertible operator X
and an orthogonal projection P such that J = X-'PX. Since T|./, is
similar to S, = XTXYP# and T|A4; is similar to S, = XTX~|
(1 — P)#, the result follows.

3. The semi-Fredholm domain of 7,5. In this section we charac-
terize the semi-Fredholm domain of 74 and give formulas for ind
(raz — N) (A € psr(ran)). Unless otherwise noted, 5#; and 5%, are
arbitrary infinite dimensional Hilbert spaces, 4 ¢ ¥ (), and B ¢
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F(H,). The first two lemmas are essentially excerpts from the proof of
[12, Theorem 3.1], which we include for the sake of completeness.

LEMMA 3.1. If (04.(4) M o,(B)) Y (6:(4) M 0,.(B)) #= Band 745 s
semi-Fredholm, then nul (r,45) = ©.

Proof. Suppose N € (0,.(4) M o,(B)) U (a,(4) N a,.(B)); since
Tu4B = Ta-x B, We may assume that A = 0. Lemma 1.1 implies that
there exist A’ € % (A)~ and B’ € % (B)~ such that nul (4’) > 0,
nul (B’*) > 0, and nul (4’) = o or nul (B’*) = . Since 7,5 is semi-
Fredholm, then 7, 5 is semi-Fredholm and nul (r4.5) = nul (r45)
(Lemma 1.2). Relative to the decomposition

Ay = ker (4') ® (ker (4))+ and 5, = ker (B'*) ®@ #(B')~,
the operator matrices of A’, B’, and X € ¥ (# s, ) are of the form
,_OAH) ,_(0 0) _(11 Xlz)

A" = (o Aw) P = By B Y=\, xa)

A matrix calculation shows that if X;s, X1, and X, are zero operators,
then 4’X — XB’ = 0. Thus

nul (r45) = nul (r45) = dim (& (ker (B'*), ker (4"))).

Since ker (A4’) and ker (B’*) are nontrivial and at least one is infinite
dimensional, then.? (ker (B’*), ker (4’)) is infinite dimensional and the
result follows.

Lemma 3.2. If (6,.(4) M a,(B)) U (6,(4) N 0,,(B)) = 0 and
Tap 15 semi-Fredholm, then def (r45) = 0.

Proof. As in the proof of Lemma 3.1, and by virtue of Lemma 1.1 and
Lemma 1.2, we may assume 0 € (¢,.(4) M o,(B)) Y (¢,(4) N 0..(B)),
nul (4*%) > 0, nul (B) > 0, and nul (4*) = o or nul (B) = . With
respect to the decompositions #; = ker (4*) @ A#(A)~ and H#, =
ker (B) ® (ker (B))+, the matrices of 4, B, and X € £ (H,, H)) are
of the form

(8206 2 o 2
A21 A22 ’ O B22 ’ X21 X22 ’
*
The matrix of AX — XB is of the form (8 *) . Thus

def (r45) = dim (& (ker (B), ker (4*))) = .
COROLLARY 3.3. If

(01:(4) M 0,(B)) \J (0:(4) M 0,0(B)) 5= 0
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and
(0,0(4) M ai(B))\J (0,(4) M a1.(B)) # 9,
then 145 1s not semi-Fredholm.
Proof. The result follows from Lemma 3.1 and Lemma 3.2.

COROLLARY 3.4.

o= [(60(4) — 0,(B)) I (0:(4) — 0:(B))] M [(6,.(4) — 0:(B))
\ (Ur(A) - UZe(B))] C O'SF(TAB)'

Proof. If z is in o, then 5 = « — 8, where & € ¢;,(4), 8 € o¢,(B) or
a € o,(4),8 € ,.(B). Now

TAB — 2 = T4—a,B-f and

0€ (00(4d —a)Na,(B—=8)) (6:(4 —a) Mo (B—8)).
Thus if 745 — sz is semi-Fredholm, it follows from Lemma 3.1 that
nul (45 — 2) = .

Similarly, z = v — A\, where v € ¢,.,(4), N € ¢,(B) or v € ¢,(4),
\ € o4,(B). Since

TAB — 2 = TA—y, B\ and

0€ (074 =) N ai(B=N) U (0,(4 —7) Now(B —N)),
Lemma 3.2 implies that if 745 — 3 is semi-Fredholm, then

def (745 — 2) = 0.
Thus if 745 — z is semi-Fredholm, then

nul (145 — 2) = def (r45 — 2) = ©,
a contradiction which implies that z € osr(7435).

In the sequel we will prove the converse of Corollary 3.4, thereby
characterizing o s»(745). We require several preliminary results, the first
of which will prove useful in calculating ind (r4z — 2).

LeEmMA 3.5. Let 1 be a finite dimensional Hilbert space and let H be
an infinite dimensional Hilbert space. For A ¢ L (H) define r4 €
L LAy, H)) by ra(X) = AX. If A is semi-Fredholm, then sois 74, and

nul (r4) = dim (J#1) nul (4),
def (r,) = dim (&#,) def (4), and
ind (r,) = dim &%) ind (4).
Proof. Since A has closed range, so does 74 [12, Lemma 3.6]. Note that
ker (r4)={X ¢ L (H1,H): R (X)Cker (4)} =¥ (1, ker (4)),
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and thus
nul (r4) = dim (& (#1, ker (4))) = dim (¢1) nul (4).
We next show that
R(ra) =Y € LHLAH): R(Y) CRA)) =L (Hy, H(4)).
Indeed, if ¥ = 7,(X) = AX, then clearly Z (V) = #(4X) C #(4).
Conversely, suppose Y € & (1, ) and # (V) C X#(A);by a straight-
forward modification of a factorization theorem of R. G. Douglas [8,

Theorem 1], there exists X ¢ £ (), #) suchthat ¥ = AX € A (r,).
Thus X (r4) =L (#1, #(4)) and we claim that

D=L, KL A R(A)) = L H, R (A)1L).

Let P denote the orthogonal projection of J# onto #(4). For X ¢
L (A, H), let [X] denote the image of X in 2 thus

[(X] =10 - P)X]+ [PX] = [(1 = P)X].

Define f: & - L, #(4)1) by f([X]) = (1 — P)X. It follows
readily that f is a well defined linear isomorphism onto . (3¢, % (4)1),
and thus

def (1) = dim (2) = dim (¥ (1, #(4)1L)) = dim () def (4).
Finally,
ind (r4) = nul (r4) — def (r4) = dim (%,) ind (4).

Let 5# denote an infinite dimensional Hilbert space. A theorem of
(21, Theorem 1] implies that if 7" € .Z (#°), A € bdry (¢(T)), and X is
not an isolated point of ¢(7°), then X\ € ¢,.(T) M 0,,(T). We next obtain
an analogue of this result for boundary points of the left or right spectrum.

LEMMA 3.6.1) If T € L (), \ € bdry (¢,(T)), and \ is not an isolated
pointof o,(T),then N € o, (T) M o,.(T);

i) If T ¢ L (), N € bdry (¢,(T)), and \ is not an isolated point of
o (T, then ) € o0,(T) O 01o(T).

Proof. 1) Suppose N € bdry (¢,(7")), N\ is not isolated in o¢,(71"), but
/T\——/)\ is left or right invertible, i.e., 7" — X\ is semi-Fredholm. Then
(17, Theorem 5.31, Chapter IV] implies that there exists 6 > 0 such that
R (I — B) is closed and nul (I — B), def (I" — B) are constant for
0 < |[B — A < é. Since A € bdry (¢,(T)), there exists B € G, 0 <
|80 — A| < ¢, such that 7" — B, is right invertible, and thus def (7" — Bq)
= 0. It follows that def (T" — 8) = O for all Bsuch that 0 < |8 — | < 3,
ie.,

BEC:0<|B— 2\ <8} CplT).
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Since A is not isolated in ¢,(7"), we have a contradiction and the proof is
complete.
ii) Apply i) to 7™

Remark. Let U denote a unilateral shift of multiplicity one, let K
denote a compact operator with infinite spectrum, and let 7 = U* @ K.
It follows readily that 0 € bdry (¢,(7")) and 0 is not isolated in ¢,(7).
Since 0 € int (¢(7")), the conclusion that 0 € ¢;,(7") N ¢,.(T) does not
follow from [21, Theorem 1].

ProrositioN 3.7. If ¢,.(4) N o:(B) = o,(4) N 0,(B) = 0, then
K = o,(4) M a(B) is finite (or empty), and if X € K, then \ is zsolated
ino,(4)ora,(B).

Proof. We first show that K is finite. Suppose to the contrary that K is
infinite, let N\ be a nonisolated point of bdry (K), and note that

bdry (K) C bdry (¢,(4)) U bdry (¢:1(B)).

Suppose A € bdry (¢,(4)); since \ is not isolated in K, X is not isolated
in ¢,(4) and thus Lemma 3.6 i) implies that X\ € ¢,,(4). Thus

NEe KN GT@(A) C UZ(B) N Ure(A)y

which is a contradiction. If N € bdry (¢,(B)), then since X is not isolated
in K (C ¢,(B)), Lemma 3.6 ii) implies that

N € KN O'Ze(B) C O'r(A) M Ule(B)!

which is also a contradiction. Thus K is finite.
Note that

K =0,(4) N\ ai(B) = (6,(4)\0,.(4)) N (¢:(B)\o1c(B)).

Let A € ¢,(4) N o,(B). If X is not isolated in ¢,(4), then there exists a
sequence of distinct points {\,} C ¢,(4) such that A\, — . If X is not
isolated in ¢;(B), then there exists a sequence of distinct points {8,} C
o:(B) such that 8, — \. Since K is finite, we may assume that 4 — 8, is
right invertible for each #. Since 8, — A, {8,} C p,(4), and X € ¢,(4),
then A € bdry (e¢,(4)). Moreover, since {\,} C o,(4) and A, — X\, N is
not isolated in ¢,(4). Thus Lemma 3.6 i) implies that

A€ g (A) N K Coape(4) M au(B),

which is a contradiction. It follows that X is isolated in ¢,(4) or ¢,(B)
and the proof is complete.

COROLLARY 3.8. If ¢,,(A) N a,(B) = ¢,(4) N 0,,(B) = @, then K =
a:(4) M a,(B) 1s finite (or empty), and if N € K, then \ is 1solated in
a:1(4) or a,(B).
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Proof. Apply Proposition 3.7 to 4* and B* and then take adjoints.

THEOREM 3.9. If ¢,.(4) N 0,(B) = 0,(4) N 0, (B) = 0, then 745 1s
semi-Fredholm and ind (745) > — 0.

Proof. Let K = o,(4) M o,(B); if K = §, then 745 is surjective [7,
Theorem 5], so clearly 7, is semi-Fredholm and

ind (TAB) = nul (TAB) >0> —o0.

We may thus assume that K s . Proposition 3.7 implies that K is
finite and admits the following decomposition. The distinct points of K
are of the form

lag, et I By, .., Byl
and satisfy the following properties:
1) as € (o,(A)\ore(4)) M (0:(B)\owe(B))
and «; is isolated in ¢,(4) (1 £ 1 £ n);
2) B; € (0,(A)\o,.(4)) M (0:(B)\o1.(B)),

B; is not isolated in ¢,(4), and B; is isolated in o,;(B) (1 =j = p).
(In the sequel we assume that both «,'s and §,’s are present; if, instead,
K consists entirely of a;'s or entirely of 8,'s, then it is necessary to make
certain obvious modifications in the following argument.)

Since a; € o,(4)\0,.(4) and «; is isolated in o,(4) (1 £ 1 Z #n),
Corollary 2.4 implies that there exists an orthogonal decomposition
Hy =M @ ... M, and operators 4, ¢ L(#;) (1 £i Zn+1)
such that:

1).# ; is finite dimensional (1 £ i £ #);

2) o(4:) = {af 1 27 =n);

3) UT(A,H_l) M {al, . .,Oén} = ﬂ;

4) A issimilarto 4’ = 4, ® ... ® A1 )

Similarly, since 8; € ¢,(B)\o..(B) and 8, is isolated in ¢,(B) (1 < j
< p), then Corollary 2.3 implies that there exists an orthogonal decompo-
sition #, =41 ® ... ® K, and operators B; ¢ L (H,) (1 £ j
< p + 1) such that:

1) ¢, is finite dimensional (1 < j £ p);

2)o(By) =B} 1 =] =p);

3") o1(Bpy1) N ABL, - ., B} = 0

4’) Bissimilarto B' = B1 ® ... ®@ B,,1.

From Lemma 1.2 it suffices to prove that 7 4.5 is semi—Fredholm and
that ind (r45) > —o0. Let X = (X,;)izi<ni1.15;=p+1 denote the
operator matrix of an operator X € (., ) relative to the above
decompositions of 5, and ;. A matrix calculation shows that the row
1, column j entry of the matrix of 4’X — XB’isequal to 4,X;; — X 4,B;
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(1£1<n+1,1<j=p+ 1); thus the 7 entry of 7,5 (X) is equal
to 74.8; (X4)-

A straightforward matrix calculation now shows that if each 74,5; is
semi-Fredholm (asan operatoron.¥ (4 ;, . A#)),andif ind (74, 5;) > — 0,
then 745 is semi-Fredholm and ind (74-5) > — % ; in this case,

nul (rap) = 25 2 nul (ra;s,), def (rop) = 22 22 def (rais)),
i i i J
and ind (r45) = 2, > ind (14,5,).
T

Ifl:=mnandl £j =< p, then

0<Ai) M U(Bj) = {ai} M {B;‘} = 0,
SO T4,p; is invertible [24]. Moreover, since

o,(4") Ve (B") = 0,(4) N ai(B) = K,
then 3), 4), 3’) and 4’) imply that

Ur(An+1) M 01(15,,“) =0,

and it follows from [7, Theorem 5] that 74,,,5,,, is surjective. (Hence
ind (14,..8,,1) > —0.) It thus suffices to consider the operators
Taippn (1 S i=mn)and 7y, 5, (1 25 =p).

Forl1 £j7<p,8,¢ KCa,(4)\0,.(4), and thus 8; ¢ ,.(4,41), i€,
R (Apyr — B;) is closed and def (4,,; — B8;) < . Lemma 3.5 implies
that

Tan+1=B5, 0, € o(/(g(‘%/w//{wl))
is semi-Fredholm and that

ind (7.4,.1-5;.04,) = dim (% ;) ind (Apy1 — B;) > — 0.
Thus there exists § > 0 such that if

Sec XL (A, Mpy)) and ||S — Tano1=85.00, ] <8,
then S is semi-Fredholm and

ind (S) = ind (7_4,,,1_,31,01,}.) > —®©

[17, Theorem 5.17, Chapter IV]. Since ¢(B;) = {B;}, B, — B, is nilpotent;
thus there exists an invertible operator X, € % (#',) such that

X, 1(B;, — B)X;ll <.

It follows thatS = 7.4,.,-8; x,-1(8,-8) x; is semi-Fredholm with ind (S) >
— o0, and Lemma 1.2 implies that

Tan+1,B; = TAn+1—B;.Bj—B,
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is semi-Fredholm with

ind (TAn-!l'Bj) > — 0.

Finally we consider the operators 74, 5,,, (1 = ¢ < n). Since a; ¢

01.(B),a; ¢ 01.(Bys1), and thus &; ¢ o,.(Bys1*). Lemma 3.5 implies that
T(By—ai)*,0; € L LMoy H 1))

is semi-Fredholm and that
ind (75, 1-an*,04,) = dim (A;) ind ((Bpp1 — a)*) > —0.

Since (4; — a4)* is nilpotent, the above argument (for 7,,,, ;) implies
that 7(p,.1—ai)*,(4i—an * 18 semi-Fredholm with index not equal to —o0.
Lemma 1.3 now implies that

TAaiBp+1 — Tdi—ai,Bpt1—a;i
is semi-Fredholm and that

ind (t4;p,.,) > —©.
The proof is now complete.

COROLLARY 3.10. X (r.435) is closed and def (r,5) < o0 (i.e., T4p 15
semi-Fredholm with ind (7,5) > — ) if and only if

. (A) N o1(B) = 0,.(4) N\ o ((B) = 0.

Proof. Suppose a,(4) M a,,(B) ## Gora,.(A) Mo (B) # 0. lfr4p51is
not semi-Fredholm, then the result is clear. If 7, 5 is semi-Fredholm, then
Lemma 3.2 implies that def (r45) = o, and so ind (r45) = — . The
converse follows from Theorem 3.9.

COROLLARY 3.11. Suppose 745 is semi-Fredholm with ind (1,45) > — 0.
Let A, B, {a}1ziza, {Bih12j2py Anir, Bpr1 be as in Theorem 3.9 and its
proof. Then

ind (r45) = idim (M (B — B;))ind (4 — B))

+ édim (M (A — a)*))ind (B — a)*) + nul (r4,,18,..)-

Proof. Let 1 £ j £ p; 3’) of Theorem 3.9 implies that 8; € p,(Bys1),
and since ¢(B;) = {B8,} (2'), it follows that ¥, = #(B" — B;). For
1 £7=na; € p,(4,41), and so &; € p;(4,41*). Since o(4:) = lai},
it follows that

M= M(A —a)*) (1 =Z1i=Zn).
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Thus
dim () = dim (#(B' — 8,)) = dim (#(B — 8,))
and
dim (#,)) = dim (Z((A" — a)*)) = dim (H (4 — a,)*)).

Since A; (1 £1 < n) and X'; (1 £j £ p) are finite dimensional, we
have

ind (4,41 — B;) =ind (4" — B;) =ind (4 — B;) (1 £j = p)
and
ind (Bps1 —a;) =ind (B' —a;) =ind (B —a;) (1 =1 < n).

The proof of Theorem 3.9 now shows that

ind (ru5) = Z Z ind (r4,5;)

ind (T1n+113;) + Z ind (74, Bpu) 4+ ind (74,.,, Bpu)

Il
< T Mn
o

= dim (%/ ) ind (An+1 — B, )

+ dlm (%) ind ((-Bp+1 - al)*) + nul (T4n¢113p+1)

T
-

=i m (MB — 8))ind (4 — )

\.
Il
-

+ dlm (A ((4 = )*)) ind (B —a)*) + nul (14, .0,8,)-

Remark. The problem of evaluating nul (r.4,.,5,.;) appears to be as
general as the problem of evaluating nul (r45) for an arbitrary pair of
operators (A, B) satisfying ¢,(4) M ¢,;(B) = @. We know of no method
of evaluating nul (r,5) in this generality. This difficulty in evaluating
ind (745) will disappear in the case when 74 5 is Fredholm (Theorem 4.2).

THEOREM 3.12. If ¢,,(4) M ¢,(B) = a,(A) N 0,.(B) = @, then 745
1s semi-Fredholm and ind (1,5) < +00.

Proof. The pattern of the proof is similar to that of Theorem 3.9, so
we will sketch the outline but omit certain details. If ¢,(4) N ¢,(B) = 0,
then 745 is bounded below {7, Theorem 4], so we may assume that K =
a.(4) N o, (B) # @. Corollary 3.8 implies that K is finite and admits a
decomposition

K = {aly . .,an} U {ﬁly' . 'yBI’)}
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where the a;'s and §8,’s are distinct and satisfy the following properties:

1) a; € (6,(4)\o1.(4)) N (6,(B)\c,.(B)) and «; is isolated in a,(4)
(1212 mn);

2) B; € (0.(4)\o1.(4)) N (6,(B)\e,.(B)), B, is not isolated in o,(4),
and §;isisolated inco,(B) (1 < j < p).

Corollary 2.3 implies that there exists an orthogonal decomposition
Hy =M ® ... ® My andoperators 4; ¢ L (M) 1 1< n+1)
such that:

1) .4 ; is finite dimensional (1 £ 7 £ #n);

2) o(4y) = {ai} (L =17 =n);

'3) Uz(An+1) N {aiy .. -van} = 0;

4) Aissimilarto A"’ = 4, @ ... ® 4A,41.

From 1) — 3) it follows that

’%i ==%(A, - (Xj) = ker ((A/ - (xi)’”)
(for a sufficiently large integer #;), and thus, from 4),
dim (A;) = dim (A (A’ — «;)) = dim (A (4 — «;)) < ©.

Similarly, Corollary 2.4 implies that there is an orthogonal decomposi-
tion # s =H1® ... ® A ,y1andoperators B; € L (KA ;) 1 £j=<p+1)
such that:

1) 4, is finite dimensional (1 < j < p);

2)e(By) =184 1 =j=p);

3') o, (Bpy1) M {181, - - ., :817} = 0;

4’y Bissimilarto B’ = B, ® ... ® B,,1.

It follows from 1’) — 3’) that.¥'; = 4 ((B'" — 8,)*), and 4’) implies
that

dim (%)) = dim (A (B’ — ,)*)) = dim (A (B — B,)*)) < .

As in the proof of Theorem 3.9, it suffices to prove that each 7,5,
(acting on & (#;, M ,)) is semi-Fredholm with ind (r4,5,) < + .
Clearly, 74,p; is invertible for 1 £ 7 < #» and 1 £ j £ p. Moreover,

O'I(ArH—l) M U,(Bp+1) = g,

SO T4, .18, 1s bounded below (7, Theorem 4]. For 1 < j < p, it follows
as in the proof of Theorem 3.9 (using Lemma 3.5) that 74,,,5, is semi-
Fredholm and

ind (TAn+1Bj) = ind (7'An+1—/3;'.Bj—6j> = ind (TAnu—Bj,Oxj)
= dim (%)) ind (4,1 — By)
= dim (A ((B — 6;)*)) ind (4 — B;) < + 0.
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Similarly, for 1 £ ¢ £ n, 74, 8,,, is semi-Fredholm and

ind (74:8,.1) = ind (75,,,%4:%) = Ind (T(By11-0))*, (4i—ai)*)
= ind (T(B]:+1'az)*,omi) = dim (:/%1) ind ((Bp+1 - ai)*)
= dim (4 (A — «;)) ind ((B — a;)*) < +.
The proof is complete.

COROLLARY 3.13. X (r45) 1s closed and nul (r45) < © (i.e., 745 15
semi-Fredholm with ind (145) < + ) if and only if

UZ(A) M 67'6(3) = 0'le(/l) N UT(B) = 0.
Proof. The result follows from Lemma 3.1 and Theorem 3.12.

The proof of the following result (using the calculations in Theorem
3.12) is similar to that of Corollary 3.11 and will be omitted.

COROLLARY 3.14. With the notation of Theorem 3.12, if 7,45 15 semi-
Fredholm and ind (r45) < + o0, then

ind (r45) = ;Zldim (A (B — B,)*))ind (4 — B))

+ 2 dim (#(4 — ay)) ind (B — an)*) — def (r4,..8,.1)-
i=1
We next prove the principal results of this section.

COROLLARY 3.15. 745 s semi-Fredholm if and only if
1) o're(A) m Ul(B> = G-T(A) m ale(B) = ﬂv or
ii) 01.(4) N o, (B) = 0,(4) M a,,(B) = 0.

Proof. If 1) or ii) hold, then the conclusion that 7,5 is semi-Fredholm
follows from Theorem 3.9 or Theorem 3.12 respectively. The converse is
the contrapositive of Corollary 3.3.

COROLLARY 3.16.
O'SF(TAB> =0 = [(0’13(/1) - O'T(B)) U (Ul(A) - Ure(B))]
M [(0:0(4) — 01(B)) Y (0,(4) — 01.(B))].

Proof. Corollary 3.4 states that ¢ C osr(745). To prove the reverse
inclusion, it suffices to let z € C\¢ and to show that 7,5 — 2 = 74_, 5 is
semi-Fredholm. From Corollary 3.15, it suffices to verify that

(A —2) N o (B) = a,(4 —2) N\ o, (B) =0,
or

c1:(d —z) N\ a,(B) = (4 —2) N\ a,(B) = 0.
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Assuming the contrary, we will illustrate the case when
0;0(Ad —2) Ny (B) #0 and o,(4 —3) N o,(B) # 0;
the other cases are proved similarly and will be omitted. Let
B € o (A —2z) M\ ai(B);
then 8 = a — z for some « € ¢,,(4), and so
a—B€ g,,(4) — a,/(B).

Let vy € a,(4 — 2) N g,,(B); then y = o — z for some o’ € a,(4) and
thusz = o — v € 0,(4) — ¢,.(B). Now

5 € (01(d) = 0re(B)) M (0,0(4d) — 02(B)) Co,

which is a contradiction.

Il

z

COROLLARY 3.17. 7,5 s semi-Fredholm if and only if T4 is semi-
Fredholm.

Proof. The result follows immediately from Corollary 3.15.

Remark. In [12] we studied the problem of characterizing the case when
74p has closed range. For the case 4 = B, the characterization is due to
C. Apostol (2], and [11] and [12] contain diverse partial results for the
general case. (Note for the case 4 = B that while 7,4 may have closed
range, it is not semi-Fredholm, since bdry (¢.(4)) C o,.(4) M 0:,(4)
(Corollary 3.15). The results of the present section characterize when
R (r48) is closed under the added hypothesis that nul (r,3) or def (r.15)
is finite. However, the general problem of range closure remains unsolved.

4. The case when 7, is Fredholm. In this section we consider the
case when 7,45 is Fredholm; we give a formula for the index in this case
and obtain some applications. As before, #’; and #, denote arbitrary
infinite dimensional Hilbert spaces, 4 ¢ £ #,), and B ¢ L (H5).
Recall the following result of [12].

THreOREM 4.1. [12, Theorem 3.1] i) 7.5 ts Fredholm if and only if
o(4) M o(B) = d.(4) N o(B) = 0;
ii) o,(rap) = (¢(4) — 0.(B)) Y (¢.(4) — o(B)).

Suppose that 7,5 is Fredholm but not invertible; then K = o¢(4)
M ¢ (B) is nonempty [24]. The proof of [12, Theorem 3.1] implies that K
is finite and admits a decomposition

K ={ay,...,c,} I {61, ..., 68},
where the a/'s and B;'s are distinct and satisfy the following properties:

(41) o € (0(4)\o.(4)) N (a(B)\o.(B))
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and «; is isolated in ¢(4) (1 £ 1 £ n);

(42) B, € (0(A)\oe(4)) N (a(B)\o.(B)),

B; is not isolated in ¢(4), and B, is isolated in ¢(B) (1 £ j £ p).

As in the proof of [12, Theorem 3.1], there exists an orthogonal de-
composition #, = M, ® ... ® M,,, and operators A; ¢ L (M)
(1 £17 = n++ 1) such that:

1) .4 ; is finite dimensional (1 £ 7 £ #n);

2) o(4;) = {a;} (1 £1 =5 n);

3) 0(Anir) N {ar, ..., an} = 0;

4) A issimilarto 4’ = A:1 ® ... ® A1

Here # ;is the (finite dimensional) Riesz subspace for 4’ corresponding
to the isolated point a; € ¢(A4’)\c.(4’). Thus 2) and 3) imply that
M, = M(A" — a;); moreover 4) implies that

dim (#;) = dim (# (A" — «;)) = dim (M (4 — a;)).
Similarly, there exists an orthogonal decomposition

Hy=H10 ... 0K

and operators B; ¢ £ (H;) (1 £
1) 4 ; is finite dimensional (1 <
2) o(B)) = 18} (1 <) < p);
3") a(Bpi1) M Br, .. B} = 0;
4’y Bissimilarto B = B1 ® ... ® B,;1.
Thus ¢ ; = # (B’ — 8;) and dim (#¢,) = dim (#(B — 8;)) (1 £j
=< 7).
As in the proofs in Section 3, to calculate ind (743), it suffices to prove
that each 74,5, is Fredholm, for then

ind (r43) = Z Z ind (74,z;)-

Clearly ¢(4;) No(B;) = Bforl £2=<mnand1 = j £ p; moreover, 3),
3’), and the definition of K imply that
7(Anr1) M (Bpy1) = 0.

Thus 74,5, 1 £7=<n) (1 £j=<p)and r4,,,8,,, are invertible [24].
It follows that

< p + 1) such that:
=2k

? n
ind (r45) = 21 ind (TAn+lBj) + Zl ind (TAinn)'
Jj= =

As in the proof of [12, Theorem 3.1] (or Theorem 3.9 above), for
1 =j = p we have

ind (TAn+1Bj) = ind (TAn+1ﬂ3],Bj—ﬂj) = ind (TAn+1~/3j,0_xfj)

=dim (X,) ind (4,41 — B,) = dim (A (B — 8;)) ind (4 — B,).
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Similarly, for 1 £ ¢ £ #,

ind (TAin+1) = ind (TAi—ﬂi,Bp—bl—Dlw') = ind (T(Bp+1*l—’li)*,(z1i~l1’i)*)
= ind (T(Bp+1~ai)*,”‘//ti) = dim (A;) ind ((Bp1 — ai)*)
= dim (A (4 — a;)) ind (B — a;)*).

The preceding discussion yields the following result.

THEOREM 4.2. If 7,45 15 Fredholm, either T, 5 15 tnvertible (a(4) M o (B)
=) or

ac(A) N a(B) = lar, .. o0 I {B1, ..., 6}

where the a's satisfy (4.1) and the B)'s satisfy (4.2). (Edther the a/'s or
the 8;'s may be absent.) In this case,

4

ind (r45) = 2 dim (# (B — 8,)) ind (4 — 8;)

+ ildim (M(A — ) ind (B — a))*).

There are certain formal similarities between (745)* and —75,4. Recall
that a Banach space operator I' € £ (%) satisfies ¢(1*) = o(7); in
particular, 7 is bounded below if and only if 7% € ¥ (2 *) is surjective,
and 7 is surjective if and only if 7% is bounded below [23, Theorems
4.12-4.15]. Moreover, 7" is semi-Fredholm if and only if 7% is semi-
Fredholm, in which case ind (7*) = —ind (7T) {17, Corollary 5.14,
Chapter 1V]. Rosenblum’s Theorem [24] implies that o(—754) =
c((r45)*), and it follows from [7] that 7,5 is bounded below (resp.
surjective) if and only if —7p, is surjective (resp. bounded below).
Corollary 3.16 and Theorem 4.1 imply that

osp(—Tpa) = USF((TAB)*) and (Te(_TBA) = Ue((TAB)*)~
We next show that —75,4 has the same Fredholm index as (r,45)*.

COROLLARY 4.3. 745 ts Fredholm if and only if 754 is Fredholm, in
which caseind (754) = —ind (745).

Proof. 1t follows directly from Theorem 4.1 that 7,5 is Fredholm if
and only if 7, «p+ is Fredholm, and clearly 74 is invertible if and only if
Taxp+ 1S invertible. Assume that 745 is Fredholm but not invertible and
let {a:}1<i<, and {B,}1<,<, be as in (4.1) and (4.2) respectively. Then

a(A*) N a(B*) = {a, ..., &} I B, ..., By},
and (4.1) and (4.2) imply the following properties:
i) @€ (0(A*)\o.(4%)) M (a(B*)\o.(B*))
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and &, is isolated in ¢ (4%*) (1 < 17 < n);

i) B; € (o(A*)\oo(4%)) N (o(B*)\oo(B¥)),

B, is not isolated in o(4*), and B; is isolated in o (B*).
Theorem 4.2 and i) and ii) imply that

ind (raepe) = 3 dim (#(B* — ) ind (4% — B))

+ Zn;dim (A (A* — ;) ind (B — ay).
Since «; is isolated in ¢(4) and 4 — «; is Fredholm, it follows from
Lemma 2.1 that
dim (A (4* — a;)) = dim (A (4 — ay));
similarly,
dim (A4 (B* — B;)) = dim (# (B — 8;)).

Thus

ind (ryeps) = ; dim (#(B — 8;)) ind (4* — B;)
+ idim (M (A — ;) ind (B — ay)
= — Zﬂ:dim (M (B — B,))ind (4 — 8;)

- idim (A4 — a;))ind (B — ay)*) = — ind (1435).

The result now follows from an application of Lemma 1.3.

Recall that an operator 7"in.¥ (#°) (¢ separable) is bi-quasitriangular
if 7" and T* are quasitriangular in the sense of [16]. It follows from [5]
that 7" is bi-quasitriangular if and only if ind (7" — \) = 0 for each
N\ € psp(T);in particular, if 7"is bi-quasitriangular, then ¢,,(7) = ¢,.(T)
=0,(T) and ¢,(T) = ¢,(I') = o(T"). Note that each normal operator
in £ () is bi-quasitriangular [16], as is each quasitriangular hypo-
normal operator. C. K. Fong [13] proved that if 4 and B are normal,
then 745 is normal in the Banach space sense. For the case when 4 and
B are bi-quasitriangular, the following results illustrate the resemblance
of the spectral properties of 7,45 to those of bi-quasitriangular Hilbert
space operators.

THEOREM 4.4. Let A and B be bi-quasitriangular operators in L ().
The following are equivalent:
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1) 745 15 semi-Fredholm,

2) 14515 Fredholm with ind (r,5) = 0;
3) T4p 1S Fredholm;

4) ¢,(A) N a(B) = a(4) N o (B) = 0.

Proof. 1t follows from Theorem 4.1 that 4) = 3) = 1). Further,
since A and B are bi-quasitriangular, then Corollary 3.15 implies that
1) = 4). Assume that 7,5 is Fredholm. Since 4 and B are bi-quasi-
triangular, then ind (4 — 2) = Oforallz € psp(4)andind (B —z) =0
for each z € psp(B). Thus Theorem 4.2 implies that ind (r45) = 0, and
s0 3) = 2); since the converse is obvious, the proof is complete.

COROLLARY 4.5. If A and B are bi-quasitriangular, then o sp(t4p) =
ce(tap) and ind (145 — 2) = 0 forz € psp(Tap)-

Proof. Let 2 € o,(r45); thus 74, 5 = 745 — 2 is not Fredholm and
A — z and B are bi-quasitriangular. Theorem 4.4 implies that 7,5 — 2
is not semi-Fredholm, so it follows that

USF(TAB) = Ue(TAB)-

Next, suppose 745 — 2 = T4, p is semi-Fredholm; since 4 — z and B
are bi-quasitriangular, Theorem 4.4 implies that ind (r45 — 2) = 0.

We conclude by discussing another similarity between the operators
74 and Hilbert space operators. By a theorem of C. Olsen [19, Theorem
2.4], each polynomially compact operator is a compact perturbation of
an algebraic operator; in particular, if T € £ (), T* = 0,and T*! # 0,
then there exists a compact operator K such that (7" 4+ K)* = 0 and
(' + K)*1 s 0. An operator T is essentially quasinilpotent if T is
quasinilpotent, i.e., 0,(7T) = {0}. It follows from [25, Theorem 4] that
if T is essentially quasinilpotent, then there exists a compact operator
K such that T" 4 K is quasinilpotent. These two results for Hilbert
space operators have strong analogues for 7,5. In [14, Proposition 4]
it is proved that the following conditions are equivalent: i) 7,5* is
compact for some k& > 0; ii) 745" = 0 for some & > 0; iii) there exists
a scalar « € G such that 4 — a and B — « are nilpotent. We next give
a parallel result for the case when 14 5 is essentially quasinilpotent.

COROLLARY 4.6. The following are equivalent:
i) g(d — a) = e(B — a) = {0} for some a € C;
ii) o(ra5) = {0},
iil) 745 1s essentially quasinilpotent, 1i.e., a,(t45) = {0}.

Proof. The equivalence of i) and ii) is an immediate consequence of
Rosenblum’s Theorem [24]. Clearly ii) = iii), so it suffices to prove
iii) = 1). If ¢.(r45) = {0}, then it follows from Theorem 4.1 ii) that
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there exist scalars a, 8 € C such that ¢(4) = ¢,(B) = {a} and ¢,(4) =
o(B) = {B}. Thus a = 8, s0 0(4) = ¢(B) = {a} and i) follows.

Remark. Since completing an earlier version of this paper, we learned of
several additional results that we mention below:

1) By combining Corollary 3.13 with Theorem 4.1, we obtain the
following spectral condition for the case when 7, 5 is semi-Fredholm with
ind (r43) = —o0; this occurs if and only if

o1(d) M o,e(B) = 01.(4) N o,(B) =0 and
(0.(4) N a(B)) Y (¢(4) M au(B)) # 0.

Similarly, Corollary 3.10 and Theorem 4.1 give a spectral condition for
the case when ind (r45) = 4 0. These results, together with Theorem
4.2, completely describe ind (45 — 2) (3 € psr(T4B)).

2) In a forthcoming sequel we show that if ./ is any norm ideal in
L (H), then psp(r|,f) = pse(r) and 7|7 and 7 have the same index
functions. In particular, if /Z is the ideal of all Hilbert-Schmidt operators
in & (), endowed with its Hilbert space structure, and if 4 and B*
are quasitriangular, then 7,4 is a quasitriangular operator on _Z .

3) Let 7 € ¥ (). Note that K C C is an isolated subset of ¢,(7)\
0.1,(T) if and only if K is isolated in ¢,(7") and K M ¢,,(T) = @. Corol-
lary 2.3 implies that if K is a finite isolated subset of o,(7)\o.(7), then
T has a left-spectral decomposition relative to K. This result is best
possible in the sense that every isolated subset of ¢,(7")\o.(T) is neces-
sarily finite. Indeed, if K is an infinite isolated subset of ¢;(7"), then there
exists A € bdry (K) such that \ is non-isolated in K; Lemma 3.6 ii) im-
plies that \ € ¢,,(7"). We note also that if K is an isolated subset of
a(T) but KM ¢, (T) # @, then there need not exist a left-spectral
decomposition of 7" corresponding to K.

Added in proof. In a personal communication to the author, T. Ichinose
has remarked that the description of pgz(7) and of ind (r — \) can also
be obtained using results from the theory of tensor products and cross
spaces. Although we have found no account of this approach in the
literature, we believe it may be carried out along the following lines. Let
2 ®.% denote the completion of the tensor product of the Banach
spaces 2~ and % with respect to a quasi-uniform reasonable cross norm
aonZ ®% . In [Trans. Amer. Math. Soc. 235 (1978), 75-113] and
[Trans. Amer. Math. Soc. 237 (1978), 223-254] T. Ichinose characterized
the semi-Fredholm domain and index function of p(4 ® 1,1 @ B),
where 4 acts on 4, B acts on %, and p(z, w) is in a suitable class of
polynomials including p(z, w) = 2 — wand p(z, w) = zw. In the Hilbert
space case, # @, corresponds to the (minimal) norm ideal 7, =
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H Q. of R. Schatten [Ann. of Math. Stud., no. 26, Princeton Univ.
Press, 1950] (see also R. Schatten [Norm Ideals of Completely Con-
tinuous Operators, Springer-Verlag, 1960, page 73 (footnote)]). Under
this correspondence, 4 ® 1 — 1 ® B corresponds to 7(B’, A’)|/,,, where
A’ and B’ are certain operators closely related to 4 and B. (For the case
when « is the Hilbert-Schmidt norm, 4 ® 1 — 1 ® B is replaced by
A ® B, and 7(4, B) is replaced by ¥ (X) = AXB, this correspondence
is described by A. Brown and C. Pearcy [Proc. Amer. Math. Soc. 17
(1966), 162-166], who use it to determine o (4 ® B) from results of [18].)

Theresultsof T. Ichinose cited above thus characterize pgr (7 (B’, 4") [/a)
and ind ((r(B’, 47) — >\)|/a). Apparently, the relationships between
A and A’ and B and B’ can then be used to determine the semi-Fredholm
domain and index function of 7(4, B)I/a. If one applies this procedure
when « is the usual operator norm and fa =4 (), one may then
recover results including Corollary 3.16 and Theorem 4.2 by using the
duality

(4, B) = (r(4, B)IH @))**

(see [9]). On the other hand, since the ideals #, are minimal norm
ideals, it appears that this approach does not yield our results about
f[f for arbitrary norm ideals (including the nonseparable norm ideals
of I. C. Gohberg and M. G. Krein [Introduction to the Theory of Linear
Nonselfadjoint Operators] Amer. Math. Soc., 1969), which are closely
based on the techniques of the present paper. These results (mentioned
in ii) above) appear in [Trans. Amer. Math. Soc. 267 (1981), 112-124]
and in ““Spectral properties of elementary operators” (preprint), as do
corresponding results for the operators.¥ and.#| #. As indicated above,
the results of T. Ichinose can also be used to derive the semi-Fredholm
domain and index functions of .¥ and .| Z..
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