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A COMMENT ON THE PAPER ‘ON THE INTENSITY OF CROSSINGS
BY A SHOT NOISE PROCESS’

PANAGIOTIS KONSTANTOPOULOS,* University of California, Berkeley

In the paper [3] Hsing derives a formula for the intensity of upcrossings of a certain level u
by the output process {X(¢), t € R} from a linear filter with deterministic impulse response
{h(t), t e R} and Poisson shot noise as input. More specifically, it is proven that if

(1) X(t) = h(t — s)N(ds)
(—,1]

where N is a Poisson process with rate A and h is a non-increasing function from [0, ») into
[0, =), then the rate of upcrossings of a certain level u >0 by X is

) AP{u — h(0) < X(0—)=u}.

The proof uses explicitly some independence properties of N.

However, formula (2) has nothing to do with independence or any other characteristic
properties of the Poisson process but is solely due to stationarity. It is therefore valid in much
more generality for any stationary input, provided that P in (2) is replaced by its Palm
transformation P° with respect to the input point process N. (For the notion of the Palm
distribution see [1], [2], [4].) In other words we make the following claim.

Proposition. Let (T,, h,), n€Z be a stationary marked point process defined on some
probability space (Q, F, P). Let N denote the underlying point process (with points - - - <
TL,=0<T,<T,<---)and let A be its rate (0 <A <). The marks &, take values in the space
of non-increasing non-negative functions on [0, ). Define

3) X(t)= 2 h(t—T), teR.

n:it=T,
Then the intensity of upcrossings of u by X is
) AP {u — ho(0) < X(0—) = u},
where P° is the Palm transformation of P with respect to N.

Proof. X crosses u at time ¢ if X(t—)=u and X(¢t+)>u. This can happen only if t =T,
since these are the only increase points of X. Let A,= {X(T,-)=u, X(T,+)>u}=
{X(T,-)=u, X(T,—)+h,(0)>u}={u—h,(0)<X(T,—)=u}. The intensity of upcrossings
of u is (by definition):

Q) E > 1, T, €l0,1])

neZ

where E denotes expectation with respect to P. Observing that the sequence of events A, is
stationary under the measure P° and letting E° denote expectation with respect to P°, we can
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apply Campbell’s formula to (5) (see [1], [2]) to see that (5) equals:
AE® f Lo, (¢ € [0, 11) dr = AP°(Ag) = AP°{u — ho(0) < X(0=) = u)
R

(since P°{T, =0} =1). This proves the claim.
We can now see that if we take N to be a Poisson process and h, = h for all n, where h is a

deterministic function, then process (3) is equal to (1) and formula (4) yields (2) since P°, for
a Poisson process, is equal to P.
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