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CENTRAL QUOTIENTS AND COVERINGS OF
STEINBERG UNITARY LIE ALGEBRAS

BRUCE N. ALLISON AND YUN GAO

ABSTRACT.  In this paper, we calculate the center and the universal covering algebra
of the Steinberg unitary Lie algebra stu,(A4, —,7), where (4, —) is a unital nonassocia-
tive algebra with involution and n > 3.

0. Introduction. Let k be a field of characteristic # 2 or 3. Suppose that n > 3
and 7 is an n X n-diagonal matrix over £ with nonzero diagonal entries 7y,...,7,. If
(A, —) is an arbitrary unital nonassociative algebra with involution over k, the Steinberg
unitary Lie algebra is the Lie algebra stu,(A4, —,7) over k generated by the symbols
uj(a), a € 4,1 <i# j < n,subject to the relations:

(stul) uy(a) = u(=7; "' @),

(stu2) a — u;j(a) is a k-linear mapping,
(stu3) [uii(a), uix(b)] = uy(ab), for distinct i, j, k,
(stud) [uj(a), uy(b)] = 0, for distinct i, j, &, I.

wherea,b € 4,1 <i,j,k,I1 < n[AF].

Recall that if G is a perfect Lie algebra, a central quotient (respectively a covering)
of G is a pair (, ) where ¥ is a perfect Lie algebra and 7 is an epimorphism of G
onto ¥ (respectively ¥ onto G) so that the kernel of 7 is contained in the center of G
(respectively F). In this paper we consider the following two basic problems regarding
the structure of the Lie algebra stu,(4, —,7):

e The description of the central quotients of stu,(A4, —,7), and

o The description of the coverings of stu,(A4, —, 7).

Now by the fundamental homomorphism theorem, the first problem is equivalent to the
calculation of the center of stu,(A4, —,7). On the other hand, since stu,(A4, —,7) is per-
fect, there is a universal covering of stu,(A4, —,7) which factors through any covering
of stu,(A4, —,7) [Ga]. Also, the center of this universal covering is the second homology
group H; (stu,,(ﬂl, -, ’7)) of stu,(A, —, 7). Thus the second problem is equivalent to the
calculation of the space H, (stu,, Aa,—-,vy )).

Let J be the kernel of the map a — wu;(a) from A to stu,(A4, —,7). Then 7 is inde-
pendent of the choice of i # j [AF, Lemma 2.1], and we say that (4, —) is n-faithful if
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J = (0). In [AF, Lemma 2.1}, it is shown that the quotient algebra (B,—) = (4,—)/J
is n-faithful and that the canonical map (4, —) — (B, —) induces an isomorphism of
stu,(A4, —,7) onto stu,(B, —,7). These facts reduce our problems to the case when the
algebra (A4, —) is n-faithful.

Now if (4, —) is associative, then stu, (A, —, Y) is a covering of the elementary unitary
Lie algebra eu,(A4, —,7) generated by the matrices ae,-j—v,-vj_'dej,-,a €A1<i#j<n
Thus, if (4, —) is associative then (4, —) is n-faithful. Moreover, if n > 4 the converse
is true [AF, Lemma 2.2]. That is, if n > 4, then

(A4, —) is n-faithful <= (A4, —) is associative.

The case n = 3 allows a larger class of coordinate algebras. Indeed, it is shown in [AF,
Section 5] that

(A4, —) is 3-faithful < (A4, —) is structurable.
Recall that (A4, —) is said to be structurable if it satisfies the operator identity

[Va,b’ Vc,d] = V{a,b,c},d - Vc,{b,a,d}’

where V5 € End(A) is defined by ¥, 4c := {a,b,c} := (ab)c+(cb)a—(ca)b. There are a
number of nonassociative algebras with involution satisfying this operator identity—for
example alternative algebras with involution—and an extensive theory of structurable
algebras has been developed (see for example [K], [A1l], [Sh], [Sm], [AF] and [F]). In
any case our problems are reduced to the cases when (A, —) is associative and n > 4 or
(A4, —) is structurable and n = 3.

In this paper, we prove two main results regarding the two problems. For the first
problem, we prove:

THEOREM A. Suppose that (A, —) is n-faithful and char(k) f n. Then,

center(stu,,(ﬂl, -, 7)) =~ HF(4, —-).

The space HF(A, —), which we call the full skew-dihedral homology group of (4, —), is
defined precisely in Section 1 below. It is a subspace of the vector space (A4, A) generated
by the symbols (a,b), a,b € 4, subject to the relations that (-, -) is bilinear and skew-
symmetric and

(a,b) = (a,b) and (ab,c)+ {(bc,a)+ {(ca,b) = 0.

In the case when (A4, —) is associative, HF(A, —) contains as a subspace the first skew-
dihedral homology group _;HD; (A4, —) studied in [L}, [KLS] and [G]. We note that The-
orem A is false if char(k) | n, which we prove by calculating the center of stu,(4, —,7)
in that case as well.

Regarding the second problem, we prove
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THEOREM B. Suppose that (A, —) is n-faithful. Then,

~ [ O ' 4,
H (stun(A, =) = { i()ﬂl, ) i;: T4

Here L(A4, —) is the vector space generated by the symbols £(a, b), a,b € A, subject to
the relations that £(-, -) is bilinear and skew-symmetric and

£(ab,c)+ t(bc,a)+ £(¢a,b) =0 and £(c(ab— ab)+ (ba —ba)c,d) = 0.

In the proof of Theorem B we consider only the cases » = 3 and n = 4 since the theorem
was proved in the case n > 5 in [G, Theorem 2.37]. The theorem says that if n # 4 then
stu,(A4, —,7) is centrally closed. If n = 4 we prove the theorem by explicitly calculating
the universal covering of stus(A4, —, 7). It is interesting to note that the three cases of the
theorem (n = 3,n = 4 and n > 5), are proved using three quite different methods.

The organization of the paper is as follows. In Section 1, we introduce the space
HF(A, —) and obtain its basic properties. In Section 2, we introduce some elements #(a, b)
and h(a, b), a,b € A4, of stu,(A4, —,7) which play a key role in our discussion. In Sec-
tions 3 and 4, we prove Theorem A. Finally in the last two sections, we prove Theorem B.
We conclude the final section by using our results to calculate H; (peu,,(ﬂ, —,’Y)) when
(A4, —) is associative.

Throughout the paper we will assume that £ is a field of characteristic not 2 or 3,
n > 3,and vy = diag(7y,...,7.), where 7y,...,7, # 0 € k. All algebras, except Lie
algebras, are assumed to be unital.

Yun Gao would like to thank Professors R.V. Moody and A. Pianzola for their gener-
ous support during the preparation of this paper. He would also like to thank Professor
S. Berman for his constant encouragement.

1. Skew-dihedral homology for structurable algebras. Suppose in this section
that (A4, —) is a structurable k-algebra. We will introduce the full skew-dihedral homology
group HF(A4, —) of (4, —).

Recall that a derivation of (4, —) is a derivation of 4 which commutes with —. For
a,b € A4, we define D, , € End(4) by

(1.1) Dype = %[[a, b] +a,b),¢c] +(c,b,a) — (c,a,b),

where [a,b] := ab — ba and (a,b,¢c) = (ab)c — a(bc), for a,b,c € A. Then D, €
Der(A, —), where Der(A4, —) is the Lie algebra of derivations of (4, —) [A1, Corollary 9].
We call any linear combination of derivations of the form D, an inner derivation. The
inner derivations satisfy the identities:

(1.2) Dop+Dpo =0,
(13) Dyp— Dy =0,
(14 Db + Dpca+ Deap = 0,
(1.5) [D,Dap] = Dpap + Daps,
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for any a, b,c € 4, and any D € Der(A4, —) [A1l, Section 3]. Thus the space spanned by
the D, 5’s, denoted by Inder(A4, —) or D g g, is an ideal of Der(A4, —).
Write 4 = 4. © A_ where

A ={a€d|a=a}, A ={a€cA|a=—a}
The following fact will be used later.

LEMMA 1.6. Foranya,b,c € 4, one has

1.7) (c,b,a) — (c,a,b) = —(c,a,b)+ (c, b,a)

(1.8) (c,b,a) — (c,a,b) = (b,a,c) — (a,b,c)
PROOF. By [Al, Proposition 1], we have

(1.9) (s,a,b) = —(a,s,b) = (a,b,s)

fora,be A4,s € 4_;and

(1.10) d,e.f)—(f,d,e) = (e,d.f) — (f,e,d)

ford,e,f € A.. But, by (1.9), it follows that (1.10) also holds if f € 4_. Hence,
(1.11) d,e,x) — (x,d,e) = (e,d,x) — (x,e,d)

forx € Aandd,e € A4..
To prove (1.7) and (1.8), we may assume thata,b € 4. UA4_. Ifa,b € 4,, then (1.7)
is trivial and (1.8) follows from (1.11). Ifa € 4, and b € 4_ora € A4_and b € 4.,
then (1.7) and (1.8) follow from (1.9). Finally, if a,b € A4_, then (1.7) is trivial and (1.8)
follows from (1.9). u
We can now introduce the full skew-dihedral homology group of (A4, —). Let I be the
k-subspace of 4 @, A spanned by the elements

(1.12) a®b+b®a, a®b—a®b, ab@c+bcRa+ca®b,
for all a,b,c € 4. Then we can form the factor space
(1.13) (4,4) = A A1

For notation we let (a, b) denote the coseta ® b + I of (4, A). Then it follows that

(1.14) (a,b) +(b,a) = 0, and
(1.15) (a,b) — (a,) = 0, and
(1.16) (ab,c) + (bc,a) + (ca,b) = 0,
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foralla,b,c € 4. Also, (-, -) is k-bilinear. Because of (1.2)—(1.4) there exists a surjective
linear map p: (4, 4) — Inder(A4, —) such that

p({a, b)) = Dyp.

The full skew-dihedral homology group of (4, —) is the subspace HF(A4, —) of (4, 4)
defined by

HF(A, ) = kerp = {3 (a1, bi) € (4, A) | 3. Das, = 0}.

EXAMPLE 1.17. Suppose that (4, —) is associative. Recall that the first skew-
dihedral homology group _1HD(A, —) of (A4, —) is the space defined by

- HDy(A4, ) = {3 (aibi) € (4, A) | Y@, bi] +[a, bi]) = 0}.

(See [L], [KLS] and [G].) Then, _;HD;(A4, —) is a subspace of HF(A, —). (This is the
reason for our use of the term full skew-dihedral homology group for HF(A, —).) Fur-
thermore, the elements [a, b]+[a, b], a, b € A4, satisfy the relations (1.14)—(1.16). Hence,
there exists a unique linear map x from (A4, 4) to 4_N [4, 4] so that x((a,b)) =
[a,b] + [a, b]. This map is surjective, and since

HF(A, ) = {Y(aib:) € (4, A) | Y ([a, bi] + [a1, b)) € center(A)},

we have HF (4, —) = x ! (center(ﬂl) NAa.N[A4a, ﬂ]). Thus,  restricts to a linear homo-
morphism of HF(A, —) onto center( A) N A4_N[A, 4] with kernel _ HD,(A4, —). Hence,
as vector spaces, we have

HF(A4, —)/_1HD (4, —) = center(A) N A_N[4, 4),

and so
HF(A4,-) = _ HD(A, —) ® center(A) N A_N[A4, 4].

EXAMPLE 1.18. Suppose that (4, —) is associative and commutative. The space of
QY /dA of Kihler differentials modulo exact forms is defined to be the vector space
A ® A modulo the space spanned by the elements of the forma ® b+ b ® a and ab ®
ctbc®a+ca®b,a,b,c € A[KL]. Thus, (4, 4) is a quotient space of Q! /d4 and

_\HD\(4,-) = HF(4, —) = (4, 4).

In particular, if — is the identity map, then these three spaces are each equal to Q;l /dA.
Returning to the general case of a structurable algebra, we next want to define a mul-
tiplication on (4, 4) by

(1.19) [(a,b), (c,d)] = (Dapc,d) + (¢, Dapd).

To see that this multiplication is well-defined we need:
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LEMMA 1.20. Foranya,b,c,d € A4,

(1.21) ((b,a,c),d) — ((d,b,a),c) + ((c,d,b),a) — ((a,c,d),b) =0
(1.22) (Dapc,d) +{(c,Dapd) + (D, 4a,b) + (a,D.q4b) = 0.

PROOF. From (1.14) and (1.16), the left hand side of (1.21) is
((ba)c — b(ac),d) — ((db)a — d(ba), c) + ((cd)b — c(db),a) — ((ac)d — a(cd), b)
= (((ba)c,d) + (d(ba), c)) — ((blac),d) + ((ac)d, b)) — (((db)a,c)
+ (c(db), a)) + ({alcd), b) + ((cd)b, a))
= —(cd, ba) + (db,ac) + (ac,db) — (ba,cd) = 0.
So (1.21) holds.
Let D, ,c := [[a,b),c|+3(c, b,a) in which case Dy = }(D,,— Dj ;). Now, by (1.14)
and (1.16), we obtain ’

(1.23)
(Dgpe,d) + (¢, Dypd) = ([a,blc,d) — (cla, bl,d) +(c,[a, b]d)

—{c,d[a, b]) +3((c, b,a),d) +3{c, (d, a, b))
= (([a, blc,d) — (c,d[a,b])) — ({c[a, b],d) — {c, [a, b]d))
+3{(c,b,a),d) +3(c,(d,a,b))
= —(cd, [a,b]) + (de, [a,b]) +3((c, b, a), )
+3(c,(d, b, a))
= —([c,d],[a,b]) + 3((c, b, a),d) + 3(c,(d, b, a)).
Thus,
(1.24)  (Dj e, d)+(c,D;d) = —([c,d}, [b,a]) +3((c,a,b),d) + 3(c,(d,a,b)).
Combining (1.23) and (1.24) gives us
(Dasc,d) + (¢, Dapd) = —%([c, dl,[a, 5]+ (3, B]) + (¢, b,a) — (c, @, B), d)
+{c,(d,b,a) — (d,a,b)).
So the left hand side of (1.22) is

(Dapc,d) +(c,Dapd) + (D, 4a,b) +{(a,D.4b) = —%([c, d,[a,b] +[a, b))

+ ((C, b5 a) - (C, d’ b-)a d) + <C, (d9 b’ a) - (d’ d’ B)) - %([a’ b]’ [C,d]
+ [5,(2]) + <(a’d, C) - (a,59 3)’b> + <a’(b’ da C) - (ba G, a))
But from (1.15), one has

([a,b), [c,d) + [¢,d]) = ([a,B], [c,d] + [¢,d]) = ([a, ], [¢,d] + [c,d]).
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This yields

(10, b e, + &, 1) = 5{[a,61+1a, B e, ] + [, )
and

(le, [, b1+ [a,B1) = 5(le, 1+ [6,],[a,b] + [4, ).
Therefore the left hand side of (1.22) becomes

((c,b,a) — (c,a,b),d) + (c,(d,b,a) — (d,a, b))
+((a,d,c) — (a,¢,d),b) + (a,(b,d,c) — (b,¢,d)),
which by Lemma 1.6 equals
((b,a,c) — (@,b,c),d) +{c,(d,b,a) — (d,a, b)) + (—(a,c,d) + (a,d, ), b)
+(a,—(c,d,b)+ d,¢,b)) = ((b,a,c),d) — ((d, b,a),c)

- <(a’ S d)’ b> + ((C, d’ b)’ a> - <(d, b-’ C), d> + <(d, d, 5), C)
+({(a,d,),b) — ((d,é,b),a).

Now since

{(a,d,¢),b) = (—(c,d,a),b) = —{(c,d, a),b)
and similarly ((d, ¢, b),a) = —((b, c,d), a), this equals
(((6,a,¢),d) — ((d,b,a),c) — ((a,c,d),b) + ((c,d, b),a))
—({@b,0),d) +((d,a,b),c) — ((c,d,a), b)) +((b, ¢, d), a))

which is 0 by (1.21). This completes the proof. [

From (1.22), we see that the multiplication on (A4, 4) defined by (1.19) is well-defined
and anti-commutative. Next we claim the linear space (4, 4) with the multiplication
defined as above is a Lie algebra.

PROPOSITION 1.25.  The linear space (A, A) is a Lie algebra under (1.19). Moreover
the map p is a Lie algebra epimorphism and hence HF(A, —) is a central ideal of (4, A).

PROOF. The second statement follows from the first statement and (1.5). To prove
the first statement we only need to check the Jacobi identity. Leta, b,c,d, e,f € 4. Then

[a,b), (c,d)], (e./) ]+ [[{c,d), (e)], (@, B) |+ [[{e:f), (@, )], (c, d) ]
= [[(a,b), {c,d)), (e. /)|~ [(a,b), [(c,d), (e./N]+ [(c, d), [{a, b), (e, NN]].

By definition this equals

[(Da,bca d) + (C,Da,bd>s (e,f)] - [(aa b>’ <Dc,de9f> + <ea Dc,df)]
+ [<c1 d>’ <Da,be’f> + (e’ Da,hf)]-
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Using (1.5) and our definition of the bracket again this becomes

(Dp,ycae,f) + (€, Dp,yedf) + (Depysaesf) + (€ Depyudf) — (Dap(Dege).f)
— (Dcae, Dapf) — (Dape, Deaf) — (€, Dap(Deaf))
+ (D a(Dape).f) + (Dape, Deaf ) + (Dcge, Dapf)
+(€,Dca(Dapf)) = (Dp,ycd€ + Dep,,ae.f)
+(e,Dp,,caf * Dep,saf) — (Dap(Deae) — Deg(Dape),f)
- (e, Do p(Deaf) — Dc,d(Da,bf» = <[Da,ba Dc,d]eaf>
+(e,[Dap, Dcalfl) — ([Dap,Dedle,f) — (€, [Dap, Dedlf) = 0. .

2. The elements #(a, b) and k(a, b) of stu,(A4, —,7). We suppose in this section that
n > 3. We also suppose that (A4, —) is structurable if » = 3 and associative if n > 4.
In other words, we assume that (A4, —) is n-faithful. We will introduce some important
elements of stu,(A, —,Y) and describe their properties for use in later sections.

First let

Tii(a, b) = [uy(a), u;(b)]
forl <i#j<nanda,b € 4. Put

T:= % T;AAD.

1<i<j<n
The following proposition is proved in [AF, Lemma 1.1].

PROPOSITION 2.1. ‘T is a subalgebra of the Lie algebra stu,(A4, —,Y) containing the
center of stu,(A, —,7) and [T, uj(A)] C u;(A). Moreover,

stun(A,—N=T & [] ui(A.

1<i<j<n

Indeed, one can easily check that the following identities hold.
2.2) [Tj(a, b), uz(c)] = uy(a(be) — b(ac)),
2.3) [Ty(a, b), uy(c)] = uy(a(bc) — b(ac) + c(ba — ab)),
for a,b,c € A4 and distinct i,j, k. We also have

PROPOSITION 2.4.  For any a,b,c € A4, and distinct i,j, k, we have

(2.5) Tj(a,b) = —Tji(b,a) = T;(a,b),
(2.6) Tjj(ab, c) = Ty(a, bc) + Tiy(b, ca),
2.7 Tii(1,¢) = =Ti(1,¢) = Tyi(c,1), and
(2.8) Tj(1,a) =0, ifac A.
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PROOE. This is proved in [G, Proposition 2.17]. We note that in [G] algebras were
assumed to be associative. However, associativity was not used in the proof of (2.5)—

2.9). n
Next, as in [G] (where (A, —) was assumed to be associative), we define
2.9) Ha, b) = Tij(a,b) — Ti(1, ba).

The elements #(a, b) are analogs of elements used in [KL] and [BGKN] in the study of
the Steinberg Lie algebra st,(A). As in the discussion following {G, Proposition 2.17],
one easily checks using Proposition 2.4 that #(a, b) does not depend on the choice of j,
2 <j < n. Moreover, one checks using (2.2) and (2.3) that

(2.10) [t(a, b),u1i(c)] = uli(a(bc) — (ba)c + (ab)c — 5(&(:)), ifi >2,
(2.11) [t(a,b), u(c)] = u,-j((b, a,c)—(a,b, c)), ifi,j >2, i#}],
for a, b,c € A. We also have the following basic properties:

PROPOSITION 2.12.  For a,b,c € A, we have
(2.13) Ha,b)+t(b,a) = 0,
(2.14) Ha,b) — a,b) =0, and
(2.15) Hab,c) + H(bc, a) + H(ca, b) = Tiz(1,(c,a,b)) + Ti3(1, (b, c, a)).

PROOF. Since Ty(ab, c) = Ti3(a, be) + Tsy(b, ca) by (2.6), we get
Hab, c) + Tiz(1,c(ab)) = Ha, be) + Ti3(1, (be)a) + T (b, ca).
Also, since
Ty (b, ca) = Tsi(b,ca)+ Tia(1,(ca)b) = —Tis(ca, b) + Tiz(1, (ca)b),
we have
H(ab, c) + Ti2(1,c(ab)) = t(a, be) + Ti3(1, (be)a) — Tis(ca, b) + Tio(1, (ca)b)
= t(a,bc) + Ti3(1, (be)a) — t(ca, b) — Ti3(1, b(ca))
+T15(1, (ca)b).
This gives us
Hab,c) — Ha, bec) + t(ca, b) = Tiz(1,(c, a, b)) + Ti3(1, (b, c, @)).
Setting @ = 1 and using the fact that #(1, bc) = 0 we have #b,c) + t(c,b) = 0 which
proves (2.13). Also, we have
#(ab, ) + t(bc, a) + H(ca, b) = Tiz(1,(c,a,b)) + Ti3(1, (b, c, a))
which is (2.15). Using (2.9), we have
H(a,b) = Tyj(a,b) — Tyj(1,ba) = —Ti;(b,a) + Ty;(ba, 1)
= —Ty(b,a) + Tj(ab,1) = —(Ty(b,a) — Tyi(1,ab)) = —1(b,a) = «a, b),
which yields (2.14). [
We will also need the following:
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LEMMA 2.16. Fora,b,c € A andi # j, we have

T;(1,(a,b,c)) = Ty(1,(c,a,b)).

PROOF. We may assume that i = 1 andj = 2. Replacing a, b, c by b,c,a in (2.15),
we get

H(bc, a) + ca, b) + H(ab, ¢) = Tiz(1,(a, b,¢)) + T13(1,(c, a, b)).
Combining this with (2.15) one sees that
Ti2(1,(c,a,b) — (a,b,¢)) + Ti3(1, (b, c,a) — (¢, a,b)) = 0.

Thus, T12(1,x) + T13(1,y) = 0. where x = (¢, a,b) — (a,b,c) and y = (b, c,a) — (c, a, b).
But putting X = T15(1,x) + T13(1,y) = 0, we have, by (2.2) and (2.3), that [X, u;>(1)] =
u2(2(x — %) +y — ) and [X, u3(1)] = ui3(x — £+ 2(y — 3)). Since X = 0 and (4, -)
is 3-faithful, we have 2(x —x) +y—y = 0andx — x+2(y —y) = 0. Thus,x — x =
—2(y — ) = 4(x — X) and hence since the characteristic of k£ is not 3, we have x —x = 0.
Thus, T15(1,x) = %le(l,x — x) = 0 as required. n

For the rest of the section we suppose that the characteristic of £ does not divide n.
This assumption allows us to define

1 n
(2 17) h(a9 b) = t(as b) - ; Z le(la [as b]),
Jj=2
fora,b € 4. By (2.8), we also have

2.18) h(a,b) = 1(a, b) — % z; Ty/(1, [a, b] + [, B]).
A

PROPOSITION 2.19.  Suppose a,b € A and put D = %Da,b. Then

(2.20) [A(a, b), ui(c)] = u;(Dc),

(2.21) [A(a, b), Tjj(c,d)] = Tj(De,d) + T(c, Dd),
(2.22) [A(a, b), t(c,d)] = t(Dc,d) + t(c,Dd), and
(2.23) [A(a, b), h(c,d)] = h(Dc,d) + h(c, Dd)

forc,d € Aandi#j.

PROOF. Since D is a derivation, it suffices to show (2.20). Also, if i,j # 1, we have
u;i(c) = [uin(1), u1;(c)], and hence it suffices to prove (2.20) wheni = 1 orj = 1. Thus,
by (stul), we may assume that i = 1. In that case, putting s = [a, b] + [a, b], we have,
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using (2.2), (2.3) and (2.10),

1 n
[A(a, b), uij(c)] = [t(a, b) — - S° Tu(l,[a, b]),u,j(c)]
k=2
= ulj(a(bc) — (ba)c + (ab)c — B(dc)) — %ulj(sc +cs)
— -1— i uyj(sc)
=)
k#j

ulj(a(bc) — (ba)c + (ab)c — b(ac) —

n—1

SC — %CS)

n—1

P 1
= “lj(sc—(a,b,c)+(b,a,c)_ sc — ;cs)

= uy(5 5.1 @b, + (6,4,0)).

But if (A4, —) is associative, then Dc = %[s, c] and so (2.20) holds. So we may assume
that n = 3. But in that case, using (1.8) and (1.2), we have

;11—[S, ¢l —(a,b,c)+ (5, a,c) = %[[a, b] +[a, 5], c] —(a,b,0)+ (5, a,c)
= —%[[b,a] +[b,a),c] — (c,a,b) +(c, b,a)
= —Db,ac = Da,bC,

as required for (2.20). =
The basic properties of A(a, b) that we will use are:

PROPOSITION 2.24. For a,b,c € A4, the following identities hold:

(2.25) h(a,b) +h(b,a) =0, and
(2.26) h(a,b) — h(a,b) = 0,
(2.27) h(ab, c) + h(bc, a) + h(ca, b) = 0.

PROOF. (2.25) and (2.26) are clear from (2.18) and the corresponding properties of
t(a, b). From (2.15) and Lemma 2.16 we have

h(ab,c) + h(bc,a) + h(ca, b) = t(ab,c) + t(bc,a) + t(ca, b)
— l }n: Ty;(1,[ab, c] + [bc,a] + [ca, b))
nj:2

= Tio(1,(c,a,b)) + Ti3(1, (b, ¢, a))

STy (1L@b,) + (B,c0) + €,B).
=2
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If (A4, —) is associative, this is 0. So we may assume that n = 3. Then, by Lemma 2.16,
this expression is

Ti2(1,(c,a,b)) + Ti3(1, (b,c, ) — %T12(1,3(a, b,c)) — %T13(1,3(a, b,c)) =0,

as desired. n

Let 4(A4, A) denote the space spanned by the elements h(a, b), a,b € A. Then, by
(2.23), h(A4, A) is a subalgebra of stu,(A4, —, 7). Also, by Proposition 2.24, the elements
h(a,b), a,b € A, satisfy the relations (1.14)1.16). Thus, there exists a unique linear
map 71;: (A4, A) — h(A4, A) so that

Mh({a.b)) = Zh(a.b)

Then, by (2.23), 1, is a homomorphism of Lie algebras. We will see in the next two
sections that 7, is an isomorphism.

3. The center of stu,(A4, —,7) when (A4, —) is associative. Suppose in this section .
that (A4, —) is associative and n > 3. We calculate the center of stu,(4, —, 7).

Let gl,(A) be the Lie algebra of all » x n matrices over 4. Let eu,(A4, —,7) be the
subalgebra of gl,(A) generated by the elements

3.1 ae; — VY 'aey, a€ A, 1<i#j<n
Here, as usual the elements e;; are the matrix units. Let
Z= center(eu,,(ﬂl, —’Y)) and peu,(4,—,7) = eu,(4,—,7)/ 2.

eu,(A4, —,7) (resp. peu, (A, —,7)) is called the elementary unitary Lie algebra (resp. the
projective elementary unitary Lie algebra).

Now the elements (3.1) satisfy the relations (stul}{(stu4). Hence we have a unique
Lie algebra homomorphism ¢: stu,(A4, —,7) — eu,(4, —,7) so that

(3.2) ¢(u,-j(a)) = ae; — ViWJ-'ldej,-
fora € 4,1 <i#j < n. Then we have the commutative diagram:

st —7) o eun(A, )
¢ |w
peu, (A, —,7)
where w is the canonical projection and { = w o ¢.
Straightforward calculation yields the following

(33) ¢(Tj(a,b)) = (ab — ba)ei; — (ba — ab)e;;
(3.4) #(Ty(1,5)) = 2s(ei — e;), and
3.5) ¢(t(a, b)) = (la,b] +[a, BDen
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fora,be A,s € 4_,andi #j.
Let #(A4, A4) denote the space spanned by the elements #a,b), a,b € A. An easy
computation, which we leave to the reader, using (2.10), (2.13) and (2.15), shows that

(3.6) (@, b), e, d)] = Us, [c,d]) = ([s,c],d) + t(c, s, d])

fora,b,c,d € A4,ands = [a, b]+[a, b]. Thus, #(4, A) is a Lie subalgebra of stu,(4, —, 7).
Next since (A4, —) is associative, it follows from Lemma 2.12 that the elements #(a, b) sat-
isfy relations (1.14)~(1.16). Thus, there exists a unique linear map 7,: (4, 4) — H( A4, A)
so that

1
n{a,b)) = gt(a, b).

Since D, 3(x) = %[[a, bl +[a, 5],x], it follows from (3.6) that 7, is a homomorphism of
Lie algebras.
The next two propositions are proved in the first part of Section 2 of [G].

PROPOSITION 3.7. (a) Each element of stu,(A, —,7) can be uniquely expressed in
the form

n
(3.8) T+Y Tu(ls)+ Y wylxy),
i=2 1<i<j<n

where T € (A, A), s; € A_andx; € A.
®) stu,(A,—,7) = (A, A) DI, Tii(1, A) ® Ui <icjcn u(A)
(c) m:is an isomorphism of (A, A) onto {4, A).

PROOF. Except for uniqueness, (a) is proved in Lemma 2.27 of [G] (using (2.5),
(2.6), (2.8) and (2.9)). Uniqueness follows from (3.2), (3.4) and (3.5). (b) follows from
(a). (¢) is part of the proof of [G, Theorem 2.33]. [

REMARK 3.9. The major tool used in the proof of Proposition 3.7 is the explicit
construction of a Lie algebra £ = (4, 1) & eu, (A, —,Y) which contains an isomorphic
copy of stu,(A4, —,7) as a subalgebra. This is used to show that 7, is injective (see the
proof of Theorem 2.33 of [G]).

PROPOSITION 3.10.

ker¢ = {3° tai,b;) | Yo(lai, bl + [, bi]) = 0} = _HDy(4, -).

PROOF. The equality is proved in Lemma 2.30 of [G]. The isomorphism is the re-
striction of 7,. [

PROPOSITION 3.11.  We have

(3.12) eun(4,—,7) = {X € gL (A | ' X7 = X, 0(X) € [4, 4]},
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and

(3.13) Z = {sl, | s € A_Ncenter(A),ns € [4, A]}.

PROOF. Since eu,(A4,—,7) = qS(stu,,(ﬂ{, —,’Y)), it follows from (3.2), (3.4), (3.5)
and Proposition 3.7 (a) that the elements of eu,(A4, —, ) are the elements of the form

sei +y sien —e)t D (xjej— Vi’Y,-_lfijeji),
i=2 1<i<j<n
wheres € 4 N[A, A],s; € A_andx; € 4. (3.12) follows easily from this observation.
Suppose nextthat X € 2. Then, Y~ Xy = —X andtr(X) € [4, A4]. Since X commutes
with the elements e;; — Vivj-_leﬁ for 1 < i # j < n, it follows that X = slI,, for some
s € 4_sothat ns = tr(X) € [4, A4]. Since X commutes with the elements (3.1) it follows
that s € center(A4). This proves the inclusion “C" in 3.13. The reverse inclusion follows
from 3.12. ]

PROPOSITION 3.14. We have
center(stu,,(ﬂ, -, 7)) = ker(

= {3 tai,b) — > Ti(1,9) | s € A_Ncenter(A), a;,b; € 4,
i Jj=2

Z([ai, bl +[a;, b)) = 2ns}

PROOF. We first prove that ker{ equals the last set. Let X € ker(. Then, by Propo-
sition 3.7 (a), X can be expressed in the form

X=>3 tai,b)+Y Ty(l,s)+ D uy(xy),
i j=2 1<i<j<n
where a;,b; € 4, s; € A_, x;; € A. But ¢(X) € ker(w) = Z. Hence, by (3.13), ¢(X) =
2sl, for some s € A_N center(A) so that ns € [A4, 4]. It follows then from (3.2), (3.4)
and (3.5) that x;; = 0 for all i,j. Then, by (3.4) and (3.5),
Z([ai, b1+ [a;, bi]en +

n
2Sj(€11 - ej,-) = ZSI,,.
j=2

J
Thus, Y([a:, bi] + [ai, b)) +2 i, sj = 2s and —2s; = 2s for 2 < j < n. Consequently,
s; = —s for 2 < j < nand ¥,([a;, b;] + [a;, b;]) = 2ns. This proves the inclusion “C”.
The reverse inclusion follows from (3.4), (3.5) and (3.13).

It remains to prove that center(stu,,(ﬂ, —,’7)) = ker(. Let X € ker(. But then by
what we have just proved, X € 7. Thus, by Proposition 2.1, [X,u4;;(4)] C u;(A)
for all i # j. Hence, [X,u;(A)] is contained in ker{ N u;(A) which is {0}. So
X € center(sru,,(ﬂl, —-,7)). Conversely, let X € center(stu,,(ﬂ,—,’Y)). Thus, ¢(X) €
center(eu,(4,, 7)) = Z and so {(X) = w(¢(X)) = 0. .

If char(k) | n, we now have the desired description of center(stu,,(ﬂl, —,7)).
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COROLLARY 3.15.  Suppose that char(k) | n. Then

center(stu,,(ﬂ, -, 7))

(&b | 10 + 0.6 = o)

D {Z Ti(1,s)|s€ AN center(ﬂ)}
j=2
~ _HDy(A4,—) ® A4_Ncenter(4).
PROOF. This follows immediately from Propositions 3.7 and 3.14. ]

For the rest of this section we assume that char(k) } n. Thus, as noted at the end
of Section 2, we have a Lie algebra homomorphism n;: (4, 4) — h(A4, 4) so that
nu({a, b)) = $h(a, b). Moreover, we have the following analog of Proposition 3.7.

PROPOSITION 3.16. (@) Each element of stu,(A, —,7) can be expressed uniquely in
the form

(B.17) H+Y Ti(l,s)+ D wylxy),
i=2 1<i<j<n
where H € W(A, A), s; € A_andx; € A.
0) stu,(A,—,7) = h(A,A) S, T1j(1, A) ® Ui<icj<n ui(A).
(c) my is an isomorphism of (A4, A) onto h(A4, A).

PROOF. (a) The fact that every element can be expressed in the form 3.17 follows
from Proposition 3.7 (a) and 2.18. For uniqueness suppose that

Zh(ai,b;) + Z T]j(l,Sj) + Z u,~j(x,-j) =0.
i j=2 1<i<j<n

Then, by Proposition 3.7(a) and 2.18, we have ¥ ;#(a;, b)) = 0. Thus, by Proposi-
tion 3.7 (c), ;(a;, b;) = 0 and hence, by Example 1.17, 3([a;, b;] + [a;, b;]) = 0 and so,
by (2.18), ¥ h(a;, b;) = ¥ H(a;, b;). Thus, uniqueness follows from Proposition 3.7 (a).

(b) follows from (a).

(c) Only the injectivity of 1), needs to be proved. For this suppose that °;(a;, b;) = 0.
Then, as in the proof of (a), we get °; h(a;, b;) = ¥; (a;, b;). But by Proposition 3.7 (a),
Yit(a;, b)) = 0. Hence, 3_; h(a;, b;)) = 0. .

THEOREM 3.18.  Suppose that (4, —) is associative and char(k) f n. Then,

center(stu,,(ﬂl, —,7)) = {Zh(ai,bi) I E Dy p, = 0} =~ HF(A4, —).

PROOF. By Proposition 3.16(c), it is enough to prove the equality. For this, suppose
that X € center(stu,,(ﬁ{, —,’7)). Then, by Proposition 3.14, we have, X = ¥; #(a;, b;) —
i, Ty(1, 5) for some a;, b; € 4, s € A_Ncenter(A) so that ([ai, bi] +[a;, b)) = 2ns.
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Then, s = 5. Ylai, bi] + [@, b)) and so, by (2.18), X = X; h(a;, b;). But i({ai, bi] +
[a;,b;]) = 2ns € center() and so 3; D, 5, = 0. This proves the inclusion “C”. The
reverse inclusion follows from Proposition 3.14 and 2.18. ]

REMARK 3.19. Theorem 3.18 is false if char(k) | n. For example suppose that
char(k) | nand (4, —) = (k®k, ex), where ex denotes the exchange involution. Then, an
easy calculation, using only 1.14 and 1.15 shows that (4, 4) = {0}. Thus, HF(4, —) =
{0}. However, by Corollary 3.15, we have center(stu,,(ﬂ, -—,’Y)) ~ 4, which is 1-
dimensional.

4. The center of stu3(A, —,7). In this section we assume that n = 3 and that (4, —)
is a structurable algebra. We compute the center of stu; (4, —, 7). Our approach will be
similar to the approach in the previous section where (4, —) was assumed to be asso-
ciative. That approach used the three Lie algebras eus(A4, —,7), peus(A4, —,7), and an
explicit construction of stu3(A, —,7) as a subalgebra of a Lie algebra constructed us-
ing (4, A4) (see Remark 3.9). In the present generality, we no longer have an analog of
eus3(A4, —, ). However, we do have an analog of the Lie algebra peu;(A4, —,Y) as well as
an explicit construction of the Lie algebra stus (A4, —,Y) using (4, A). We begin by intro-
ducing these Lie algebras which we denote respectively by K (4, —,7) and K (4, —, 7).

We define an involution J, on the algebra M5(A) of 3 x 3 matrices over 4 by

KX =7"'X7,
where X” is the transpose of the matrix X. We put
@1 P = P(A,7,7) = {X € My(A) : Jy,(X) = —X, tr(X) = 0},

where tr(X) = Y3, x;; for X = (x;) € M3(A). A general element of P is then of the
form
(en — ex)r+(en —es)s +a[23]+b[31]+c[12],

where a,b,c € Aand r,s € A_. Here we use the notation
alij] == ae; — V7 aej;
forae 4,1 <i#j<3.S0we have
“4.2) P = (en — en)A @ (en — es3) A @ A[23] @ A[31] ® A[12].

Next define Ay y € Inder(4, —) for X = (xy), ¥ = (yy) € M3(A) by

13
AX,Y == Z Dx‘.j,yﬁ.
252
Now we can define an algebra
4.3) X = K(A,—,7) := Inder(4,—)d P
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with the multiplication given by
(4.4 [D1 +Xi,D; + X5] = ([D1, D2] + Ax, x,) + (D1X2 — DoXy + [X3, Xz)o),

where D.X; is obtained by D; acting on the entries of X}, and

1
[X1,X2]0 = X1X2 — X0 X1 — gtr(Xle — XpX1)I.
Then we have (see [A2, Corollary 4.11]):
PROPOSITION 4.5.  X(A,—,7) is a Lie algebra.

REMARK 4.6. The Lie algebra K (A4, —, Y) was first studied by H. Asano and K. Ya-
maguti [AY], G. B. Seligman [Se], and then in its present form in [A2]. A version of this
Lie algebra construction which works in arbitrary characteristic is given in [AF].

Next we put

(4' 7) j( = j’(:(ﬂ7 —,’y) = <ﬂ, 'q> @ 1):
and define an anti-commutative bilinear product [, ] on X so that
[<a9 b)’ <C’ d)] = <Da,bc’ d) + (C, Da,bd>’
[<aa b>9XJ = Da,bX,
[X, Y] = Exy +[X, Yo,

where
3

1
Exy .= 3 (x> Yji)»
1

ij=
for X = (x;) and Y = (y;;). The fact that there is a unique well-defined product with these
properties follows from (1.22) and the existence of the map p: (4, 4) — Inder(4, —)
defined in Section 1. Moreover, we have a k-linear map o: 17((.‘2[, =7 — X(A4,-,7)
defined by
U(Z(d,‘, b,) +X) = ZDa;,b, +X,

i i

1

for a;,b; € A and X € P. By the definition of the products, ¢ is an algebra homomor-
phism. Moreover, o is surjective with kernel HF (A4, —).

PROPOSITION 4.8. K is a Lie algebra under the product [ , | defined as above.

PROOF. Let J(x,y,2z) = [[x,y],z] + [[y,z],x] + [[z,x],y] for x,y,z € K. Then J
is an alternating function of its variables. We want to show that J(x,y,z) = 0 for all
x,y,z € K. Now 0J(x,y,z) = 0,and so J(x,y,2) € (4, 4) forallx,y,z € K. We denote
by & the projection of K onto (4, 4) relative to the decomposition X = (4,4) ® P.
Then n(J(x, A z)) = J(x,y,z). Hence, it suffices to show that n(J(x, ¥, z)) = 0. Thus, it
suffices to show that k applied to each of the following is (0):

J(A,A),(4,A),(4,A)), J(A A),(A,A),P),
J(A,A),P,P) and J(P,P,P).
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ButJ({4, 4),(A4, A),(A4, A)) = (0) by Proposition 1.25. Also J({ 4, 4),{4, 4), P)

C ‘P and hence R(J((ﬁl, A),(4, A), 1’)) = (0). Thus, it remains to show that
4.9 k(J(4,A),P,P)) =(0), and
(4.10) K(J(P,P,P)) = (0).
We first consider (4.9). If X = (x;), Y = (yy) € P,
J((a,b),X,Y) = [DapX, Y] — [DapY, X] — [(a,b), [X, Y]]
= Ep,,xy*+Exp,,y — [{a,b),Ex,y] (mod P).
So now we have to show

(4.11) [(a,b),Ex,y] = Ep,,x,y + Exp,,v
for X, Y € P. Indeed,
13
[a.6). Exn) = [(@b).3 3 (x5
ij=

B
3 2 (Dapxisyji) + (55 Dapyji)) = Epupsy + Expuyy
ij=
For (4.10), we let X, Y,Z € P, then
(X, 11,Z] = [Exy + [X, Y10, Z]
= [Exy, Z1 + Exrz + [[X, Yo, Z]o = Ex,y),z (mod P).

Hence n([[X, Y],Z]) = Ex,y,,z. Butifa € 4, Z € P, we obtain

13 13 1
EaI,Z =3 Z <(a1)ij,zji> =% Z(a,zii> = —(a,t]'(Z)> =0.
2 ij=1 2 i= 2
It follows that Epx vy}, z = Exy—yx,z and thus (4.10) is equivalent to
4.12) Exy—yxz+Evz—zvx+Ezx—xzy =0,

for X,Y,Z € P.In fact, it X = (x;), ¥ = (), Z = (zy),

Exy—-yxz +Eyz—zvx+ Ezx_xz)y

1 1
=3 > (xavy — X zji) + 5 > vikzig — zivig> Xji)
1<ij k<3 1<i,j k<3
1
+ 5 1<;(<3<Zikxkj — XikZkj» ji)
S K
1 1 1
=3 > (xivi» zji) + 5 > Vikzig Xji) + 3 > (zikxug, yji)
1<ij k<3 1<ig k<3 1<ij k<3
1 1
- (z > (ixw,zi) + 5 > (zivigxii)
1<ij k<3 1<ij k<3
1
"3 B )
<ijk<
=F| — F,,
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where
1 1 1
F = 3 > (xuvwzi) + 2 > (uzi,xii) + 7 > (zuxw vii)
1<ij k<3 1<ij k<3 1<ij k<3
1 1
=5 > (xuyw»zi) + 5 > (viziioxik) + 2 > (zixie Vi)
1<ijk<3 1<ijk<3 1<ijh<3
1
= 'i E xlkylgizjl + (ylgzjuxtk) + <Zjlxtk’ylg>) =0.
<ijk
Similarly, F, has the obvious meaning and, as for F;, we get F, = 0 as desired. n

By the universal property of stu3(A4, —,7) there is a unique Lie algebra homomor-
phism v: stu3(4, —,v) — X(A, —,7) so that

v(uj(a)) = alij]
forae 4,1<i#;<3.

PROPOSITION 4.13.  Each element of stu3(A, —,7) can be expressed uniquely in the
form

4.14) H+ Tip(1,52) + Ti3(1,53) + upa(x12) + w23 (x23) + w13 (x13),
where H € h(ﬂ,ﬂ), 52,83 € A_and x12,%23,%x13 € A. Thus,
Stll3(ﬂ, ) ’y) = h(ﬂ’ ﬂ) [$) T]2(1’ ﬂ_) D Tl3(1, ﬂ_) ($) u23('q')

@.15) @ u31(A) B u12(A).
Moreover,

(4.16) v(Ty(1,5)) = 2s(en — ¢j).
forse A,j=2,3 and

4.17) v(h(a,b)) = Dayp

fora,be A
PROOF. First of all
v(Tia, b)) = Aam s + [alif), U],

= —(Da b+D;5)+ ei(ab— ba) + ej(ab — ba)

(4.18) _ _
— g(ab —ba+ab — ba)l

= Doy + eiab — Ba) + ¢(ab — ba) ~ 5 ({a, b1+ 4, B}

fora,b € 4, i # j. In particular,

4.19) v(Ty(1,0)) = (c — &)eii — €p)-
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for ¢ € A4, and so we have (4.16). Also, using (4.18) and (4.19), we have
v(ta,b)) = v(Tia(a,b) — Ti(1,ba))
= D, +ey11(ab — ba) + ex(ab — ba)

(4.20) - -;—([a, b} +[a, b)) — (e — ex)(ba — ab)

= Dy + 3en — ), ]+ [4,5)

+ 3 —exXla,b]+1a, B])

Hence, by (4.20) and (4.19), we have

(i, ) = v(16@,5) ~ 3Tl [a, b))~ 5 Tis(1, @, b)) = Da,

which proves (4.17).

Next, the fact that every element of stu3(A4, —,Y) can be expressed in the form (4.14)
follows easily using Proposition 2.1, (2.5), (2.6), (2.8), (2.9) and (2.18). Uniqueness of
this form follows then from (4.16) and (4.17). This concludes the proof of the first state-
ment. The second statement follows from the first. L]

By the universal property of stu3(A4, —,7) there is a (unique) Lie algebra homomor-
phism 7: stuz(4, —,7) — K (A4, —,7) such that

7(uy(@)) = ali]
forae 4,1 <i#£j<3.

PROPOSITION 4.21.  The map ny (defined in Section 2) is a Lie algebra isomorphism
of (A4, A) onto h(A, A). Moreover, T is an isomorphism of stus(A, —,7) onto X.

PROOF. Exactly as in the proof of Proposition 4.13 (with A replaced by E and D,
replaced by (a, b)), we establish the formulas

(4.22) T(Ty(1,5)) = 2s(en — ey)-
fors€ 4,j=2,3,and
(4.23) 7(h(a, b)) = (a,b).

Thus, T(h(ﬂl, ﬂl)) = (A4, A4) and 7 restricted to A(A4, A) is an inverse of 7. This proves
the first statement, and the second statement follows using (4.22), (4.23) and Proposi-
tion 4.13. [

THEOREM 4.24. We have

center(stus (4, —, 7)) = kerv = {2 h(ai, b)) ‘ Do, = o} ~ HF(4, -).
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PROOF. Let Z denote the center of stu3 (4, —, 7). Since kerv C T and [T, u;i(A)] C
u;i(A) for all i # j, it follows that kerv C Z. On the other hand, one easily checks that
X (A, —,7) has zero center. Hence Z = kerv. This proves the first equality. The second
equality follows from Proposition 4.13. The final isomorphism is the restriction of 77;. m

REMARK 4.25. If (A4, —) is associative, it follows from the first equalities in Theo-
rem 4.24 and Proposition 3.14 that

K(A,—,7) ¥ stuz(4, —,7)/ center(stus(4, —,7)) = peuy(4, —).

(See [AF], p.9.)
We conclude the section by noting that Theorem 4.24 together with Theorem 3.18 of
the previous section establish Theorem A in the introduction.

5. Coverings of stu3(A4, —,7). We begin this section by recalling a few facts about
central extensions of Lie algebras. A good reference for these facts is [Ga, pp. 13—15].

Suppose that G is a Lie algebra. A central extension of G is a pair (G, ), where
m G — G isasurjective Lie algebra homomorphism whose kernel lies in the center of G.
A covering of @ is a central extension (G, m) of G so that G is perfect, i.e., [G, G] = G.
A universal covering of (G is a covering (G, ) of G such that for every central extension
(G,7) of G there is a homomorphism ¢: G — G so thatTotp = m. If (G, 7) is a universal
covering of G, then

H(G) = ker,

where H,(G) is the second homology group of G. (See [Ga, p. 13] and [KL, p. 123].)
Now it is clear that if G has a universal covering then G is perfect (in fact this is true if
G has any covering at all). Conversely, it is shown in [Ga] that if G is perfect, then G
has a unique universal covering (up to isomorphism).

A perfect Lie algebra G is said to be centrally closed (or simply connected) if every
central extension of G splits. We then have the following characterization of universal
coverings (see [Ga, pp. 14-15]):

LEMMA S.1.  Suppose that (G, ) is a covering of G. Then, (G, ) is a universal
covering of G if and only if g is centrally closed.

Our goal in the rest of the paper is to compute Hz(stu,,(ﬂl, -, ’7)). Ifn > 5, itis shown
in [G, Theorem 2.37] that Hy (stu,(4, —, 7)) = {0}. In this section, we will show that if

n = 3 then we also have H; (stu;(ﬂl, -, 7)) = {0}. In the final section, we will treat the
case when n = 4.

For the rest of the section then we will assume that n = 3 and that (A4, —) is a struc-
turable algebra. For brevity, we put

g = Stlh(zq, —,'7).

In order to prove that Ho(G) = {0}, it is necessary and sufficient, by Lemma 5.1, to
prove that G is centrally closed.
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LEMMA 5.2. Let M = u;3(A) ® ux(A). Then,

(5.3) (M, M), M| C M
and
(5.4) G=M@[M,M].

PROOF. From (stu3) and Proposition 2.1 clearly [M, M] = T & u;2(A) and thus
(5.3)«5.4) follow. n
Now put D = ad(ulz(l)) and§ = 7,7, '. Then

D(”B(G) + u23(b)) = —bux3(a) + u13(b) = u13(b) — dux(a),

and hence
D*(u13(a) + up3(b)) = —bus(a) — buzs(b).
So we have D?|, = —61. In otherwords
(5.5) (D* +61)|,, = 0.
We claim

LEMMA 5.6. The restriction of D(D* + 461) to [M, M] is zero.

PROOF. For this we can extend the base field and assume that —§ = o? for some
a # 0 € k. Hence, by (5.5), D* — &2 o = 0. It follows that D| 5 1s diagonalizable with
eigenvalues +« so that we can write

M= M, ® M,
where M,, M_, are the eigenspaces for D|, . But then
(M, M] = [Ma, Mo] + [ My, M_o] + [ Mo, M_q].

Therefore,

(D —2ahD(D +2ad) ., =0

which gives the desired result. [
It follows from (5.4)—5.6) that

(5.7 D(D? + 8I)(D?* +481) = 0.

Moreover, the polynomials A\, \2 +§ and \? + 4§ are pairwise relatively prime. Thus, we
have

(.8 G = Gos) ® Gy D Grreasys

https://doi.org/10.4153/CJM-1996-023-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-023-6

CENTRAL QUOTIENTS AND COVERINGS 471

where Gy is the null space of p(D),

(5.9) M = Gpa),
and
(5.10) (M, M] = Goy D Gorreas).

Now, in order to prove that G is centrally closed, we assume that (G, ) is a central
extension of G with kernel /. Thus, ¥ is contained in the center of G. Our goal is to
show that the homomorphism 7 splits.

Choose % € G so that m(X) = ujp(1). Let D = ad(%). Then, by (5.7),

D(D* +61)(D* +46DG C V.
Since ¥ is central and so DV = 0, we have
D(D* + 61D +461) = 0.
But the polynomials A%, \? +§ and \? + 4§ are pairwise relatively prime. So we obtain
(.11 G = Gory ® Gooy @ Goreay

where G is the null space of p(D).
Now clearly 1r( G(/\2+5)) C Gposs) and w(g(,\zw)) C Gpa+as)- Moreover, it follows
from (5.8) that G») = G,2). Hence, we have

”(G(AZ)) C Goy = G-

As 7 is onto it follows from (5.8) and (5.11) that

(5.12) T(Gorsas) = Goovasys
(5.13) 1(Gorrs) = Gossys
(5.14) W(G(AZ)) = G-

So now we put M = G( 245, then, by (5.9) and (5.13), we have
(5.15) T(M) = M = u3(A) S up(A).
LEMMA 5.16.  [[M, M), M| C M.

PROOF. For this we can assume again that —6 = o?, where @ # 0 € k. Thus,
D? +61) 4, = 0 implies (D — al)(D + al)| 5, = 0. s0 we have

Mz%@ﬂm
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where 9\:&0, are the eigenspaces of D| g¢- 1t follows that
(M, MY, M| = [[M, M), Mo ] + [ Mo, M), Mo ] + [ Mo, M o], Mo |

+ (Mo, M), Mo ] + [[Ma, M o], My |

+ [ M, M), Mo ]
For any x,y,z € M , it follows from (5.3) and (5.15) that there isa w € M such that
[[x,y],z] —we V.Ifx,y,z € M, we have

Dw = D[[x,y],z] = 3a[[x,y],z] € M,

and so [[x, y],z] = (3a)"'Dw € DM C M. A similar argument covers the other cases
for x, y,z and so we get (5.16). n

LEMMA 5.17.  We can choose preimages ii;i(a) of ui(a) in G under m so that
(i) a v d(a) is linear,

(i) @(a) = =1 ' #i(@),

(ii)) [#12(a), ii3(b)] = #i13(ad), and

(iv) [ii21(a), @13(b)] = #ir3(ab),
for distinct i,j and a,b € A.

PROOF. By (5.15), using a basis for 4, we can choose #;3(a), #3(b) € M so that

m(i3(@)) = uis@),  w(@5(0)) = un(®),

and (i) holds for (i,j) = (1, 3) and (2, 3). Then choose i3 (a) and #3,(b) so that (ii) holds
for (i,j) = (1,3) and (2, 3) Put ﬂ[z(a) = [ﬁ13(a), 1732(1)] and ﬁ21(a) = —727?11212(&).
Thus we have (i) and (ii).

Now

[in2(a), i3 (b)] = [[13(a), its2(D)), 3 (B)| = —¥37; ' [[i013(a), tia3 (1)], 123 (B)
and so by Lemma 5.16, [ii12(a), #i23(b)] € M. On the other hand,
[#112(a), ti23(b)] = i13(ab) + v(a, b)
for some v(a, b) € V. Hence,
v(@,b) = [@12(a), #3(b)] — ia(ab) € M = Gass,)-
But of course Dv(a, b) = 0 and so v(a, b) € G( »2)- It follows that
¥(a,b) € Goapy N Gy = (0),
and so we have (iii). Similarly,
[i21(a), 013 (B)] = =727 ' [i12(@), i3 (B)] = =727 [[#13(@), sa(1)]), 13 (B)],
and so as above [iiy (@), #3(D)] € M. Again,
[#21(a), it13(b)] = d23(ab) +V'(a, b)

for some v/(a,b) € V. Then, V/(a,b) € M and v/(a,b) = 0 as above. This completes
the proof. n
Now we are in a position to prove the following:

https://doi.org/10.4153/CJM-1996-023-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-023-6

CENTRAL QUOTIENTS AND COVERINGS 473

THEOREM 5.18. If (A, —) is a structurable algebra, then stu3(A4, —,7) is centrally
closed and hence

H,(stu3(4, —, 7)) = {0}.

PROOF. As we have already noted, it is enough to show that the central extension
(G, ) of G splits.

Let ii;(a) be the preimage of u;(a) in G under w chosen as in Lemma 5.17. Also,
replacing M = u;3(A) ® u3(A) by M = u1(A) & us(A) (correspondingly, D =
ad(u2(1)) by D = ad(u13(1))) in the procedure (5.2) through (5.17), we can choose
#;(a) as the preimage of u;(a) in G under T satisfying

a — #(a) is linear,
ii(a) = =17} W (a),
[#)3(a), 13, (b)] = #15(ab), and
(@3, (a), @1, (b)] = #i3p(ab).

Note that w(ﬂij(a)) = ui(a) = w(ﬁﬁj(a)), so we have ii;(a) — ifj;(a) € V. Therefore,

if we choose ii{,(a) = #},(a), #{3(a) = #i13(a) and @5;(a) = i#ir3(a), and then choose

ily)(a), #3)(a) and #3)(a) so that (stul) holds, then the elements #;(a) fora € 4,1 <
i # j < 3 satisfy the defining relations (stul)—(stu3). Actually we get (stu3) first for
(i,j,k) = (1,2,3),(2,1,3) and (1, 3, 2). The other cases of (stu3) follow from these using
(stul) and (stu2). Then by the universal property of stu3(A4, —,7), there exists a (unique)
Lie algebra homomorphism

Prstuz(4,—,7) — G

such that t/J(u,-j(a)) = ﬂ,’]{(a). Evidently, 7 o ¢ = id which implies that the original

homomorphism splits. So stu3(A4, —,7) is centrally closed. (]
In view of Theorem 4.24, we obtain the following corollary of Theorem 5.18:

COROLLARY 5.19.  The pair (stU3(5‘l, —-7), 1/) (defined in Section 4) is a universal
covering of K(A,—,V) and hence

H,(K(A4,—,7)) = HF(4, -).

REMARK 5.20. Theorem 5.18 generalizes a result in [G] in which it is assumed that
(A, —) is associative and A4_ contains an invertible central element.

REMARK 5.21. Ify = diag(1, —1, 1), then X(A4, —,7) = KX(A4, —), where K (4, -)
is the Z-graded Lie algebra obtained from (A4, —) using the Kantor construction [A2,
Theorem 2.2]. Thus, it follows from Corollary 5.19 that

(5.22) H,(X(A4,-)) = HF(4, -).
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In particular, if 4 is a linear Jordan algebra and — is the identity involution, then
K(A,—) = K(A), where K(A) is the classical Tits-Kantor-Koecher Lie algebra con-
structed from A4 [J, Section 8.5], and hence (5.22) gives a determination of Hg(.?((ﬂ)).

REMARK 5.23. Suppose that ‘B is an alternative algebra. Let st3(‘B) be the Steinberg
Lie algebra of B (see for example [AF, Section 7] or [BGKN, Section 2] for the definition
of st3(‘B)), and let psl;(‘B) be the quotient of st3(‘B) by its center. The second homology
group of the Lie algebra psl;(B) has been calculated in [BGKN, Section 2]. The same
result can also be obtained from Corollary 5.19 using the fact that st3(‘B) is isomorphic
to stu3(B @ BOP, ex, I3), where BOP is the opposite algebra of B and ex is the exchange
involution [AF, Theorem 7.1].

6. Coverings of stuy(A4,—,7). Throughout this section we assume that (A4, —) is
associative and (except in the final corollary and example) that n=4. We will compute
Hy(stug(A, —,7)).

Let J be the subspace of 4 ®; A spanned by the following elements:

a®b+bQ®a,
abQ@c+bc@a+éa®b,
(c(ab— ab) + (ba — ba)c) @ d,

fora,b,c,d € A. Define L(4,—) := ﬂ—@}ﬂ to be the quotient space and write £(a, b) =

a®b+J. Then

6.1)  la,b)+ ((b,a) =0,

(6.2) £(ab,c)+ t(bc,a) + £(¢a,b) = 0,
(6.3) ¢(c(ab — ab) + (ba ~ ba)c,d) = 0.

Next we collect some identities which can be easily derived from (6.1)6.3).

LEMMA 6.4. Fora,b,c,d € A, we have

(6.5) £(a,b) = U(a,b),

(6.6) {(ab,c) + L(bc,a) + L(ac,b) = 0,
6.7) £((c — &a+a(c—¢é),b) =0,
(6.8) t(a,(c — &)b) — £((c — &)a,b) = 0,
6.9) U([c,d]a + [¢,d]a,b) = 0.

PROOF. Taking b = ¢ = 11in (6.2) gives £(a,1) = 0 and so £(1,a) = 0. Now taking
¢ = 1in (6.2) and using (6.1) yields (6.5). Substituting a@ by a in (6.2) and then using
(6.5) gives (6.6). (6.7) follows from (6.3). Replacing ¢ by ¢ in (6.6), we have

£(ab, &) + L(bé,a) + L(aé, b) = 0.
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Combining this with (6.6) and using (6.5) and (6.7) gives (6.8). Finally, by (6.7)
¢(c(ab — ab) +(ab — ab)c,d) = 0,
and combining this with (6.3) gives (6.9). n

REMARK 6.10. If A4 is commutative, then (6.3) can be deduced from (6.1) and (6.2).
Let

g = St‘l‘%(-ﬂ, _”Y)

Our goal is to show that H(G) = L(A4, —).
By [AF, p. 3], we know that G is Z3-graded Lie algebra such that deg(u,-j(a)) = ¢ t¢j,
wheree; = (0,---,1,---,0) with 1 in the i-th place. Moreover, by Proposition 2.1,

g = Stlh(ﬂ, > 'Y) = gO N2 ]__I GE,-HI-

1<i<j<4

where

gO =T= Z [ulj(/q): uji(ﬂ)] and gfi*'fj = ulj(ﬂ)

1<i<j<4

Thus, by Proposition 3.7 (b), we have
6.11) Go = (A, A D T12(1,A) D T13(1,A) ® Ti4(1, A).
We now define an anti-commutative bilinear bracket on the vector space

G = L(A4,—) @ stu(4,—,7)

by

(6.12) (LA, -), G1 = (0),

(6.13)  [x,y] = theproduct [x,y]in Gforx € Go, y € Gg, a+fB#e,
(614) [u12(a)’ u34(b)] = Z(a9 b)’

(6.15) [u2a(a), u3(b)] = =73 '2£(a,b), and

(6.15) [u32(a), ura(b)] = —L(a, b),

where

€ =¢€ teytes tey.

Then G is a Z3-graded algebra with Go = Go, Gejte; = Gepre, and G. = L(A, —).
PROPOSITION 6.17. G is a Lie algebra.

PROOF. Since G is a Lie algebra, to prove the Jacobi identity in g it suffices to check
J(x,y,z) = 0 for deg(x) + deg(y) + deg(z) = €. We can also assume that deg(x), deg(y)
and deg(z) are not equal to €. This leaves only two possibilities:

Case 1: deg(x) = €; +¢;, deg(y) = ¢ +¢; for distinct i, /, k, [, and deg(z) = 0;

Case 2: deg(x) = ¢; +¢;,deg(y) = €; + €, deg(z) = ¢; + ¢ for distinct i, j, k, I.
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For Case 1, we assume that {i,j} = {1,2}. We omit the other 2 subcases when {i,j} =
{1,3} or {1,4} since they are very similar (although not identical). Thus, we suppose
that x = wujy(a) and y = u34(b), where a,b € 4. By (6.11), we can assume that either
z = t(c,d), where c,d € A, orz = Tyj(c), where 2 < j < 4andc € 4. Whenz = 1(c,d),
then, by (2.10), (2.11) and (6.9), we have

J0x,y,2) = [[t(e, d), uz(@)), usa(b)] = £(le, d)a + [¢,d)a, b) = 0.
When z = T15(1, ¢), by (2.3) and (6.7),
Jx,y,2) = [[Tia(1, ¢), ui(@)], usa(b) ]| = £((c — &)a+a(c — &),b) = 0.
When z = Ty3(1, ¢), by (2.2), (2.5) and (6.8),
J(x,3,2) = [[u34(b), Tis(1, ©)), un2(@) ] + [Ti3(1, ©), u12(@)], u3a ()]
= [u34((c — 5)b), u12(a)] + [ulz((c - 5)0),1434(19)]
= —l(a,(c— &)b) + £((c — &)a,b) = 0.
When z = T4(1,¢), by (2.2), (2.5), (6.7) and (6.8),
J(6,,2) = [[u34(6), T1a(1, 0)), un2(@)] + [[T1a(1, €), u12(a)], u3a ()]
= £(a,b(c — &)) + £((c — &)a,b) = 0.
For Case 2, we assume that i = 1. We omit the other 3 subcases since they are very

similar. So we suppose that x = u)3(a), y = u;3(b) and z = uj4(c), where a,b € 4.
Then, using (6.5) and (6.6),

J@,3,2) = [[u12@), ui3(B)], u1a(0)] + [[13(6), u14(©)), u12(a))|
+[[u14(c), u12(a)], w13 (B)]
= 7173 '[us2(ba), ura(c)] — 1173 [uza(be), uiz(a)]
+717;3  [uaa(ac), ur3(b)]
=173 " (—L(ba,c) + £(a, bc) — L(ac, b))
=175 (— (@b, c) — £(be,a) — L(ac, b)) = 0 .
Define : g — Gby W(L(ﬂ, —)) = (0) and 7| G = id. Then, it follows from Proposi-
tion 6.17 that (G, 7) is a covering of G. We will show that (G, 7) is the universal covering

of G. To do this, we define a Lie algebra G* to be the Lie algebra generated by the sym-
bols ufj(a), a € 4,1 <i# j<4and the vector space L(4, —), subject to the relations:

(stul?) ul(a) = ul(—7;"a),

(stu2%) av— u‘}j(a) is a k-linear mapping,
(stu3t) [ (@), uly(b)] = ul(ab), for distinct i,j, k,
(stud") [L(A, —),ul(@)] =0, for distinct,j,
(stus) [ ,(a), 1 (B)] = £(a,b),

(stu6*) [uhy(@), ul5(B)] = =75 'V2L(a, b),
(stu7¥) [1,(a), u}, ()] = —L(a, b).
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where a,b € A4, 1 < i,j,k < 4. Clearly, there is a unique Lie algebra homomorphism
Y G — g such that tl)(ufj(a)) = u;(a). We claim that 1 is actually an isomorphism.

LEMMA 6.18. : G* — G is an isomorphism.

PROOF. Let Tf,tj(a, b) = [u?j(a), u}i(b)]. Then one can easily check that for a,b € 4

and distinct i, 7, k, one has
(i) Tia,b) = ~Tj(b.a) = T}(ab),

(ii) Tiab,c) = Ti(a,bc) + Ti(b, ca),

(i) Tf(1,¢) = —Th(1,c) = T{(c,1),and

(iv) Ti(1,a) = 0,ifa € 4.
Indeed, the proof of (i)<(iv) is the same as the proof of [G, Proposition 2.17]. Put
t(a,b) = T‘:j(a,b) — T?j(l,ba) fora,b € A,2 < j < 4. Then, as in the discussion
following [G, Proposition 2.17], it follows that #(a, b) does not depend on the choice of
Jj. Also, one easily checks (as in [AF, Lemma 1.1]) that

G=T+ 3 U,

1<i<j<4

where

Th= Y (D). ul().

1<i<j<4

It then follows from (i)}—(iv) above that
T = 44,2 + T, A) + TH(1, A) + TH(1, 4)

where #(4, A) is the linear span of the elements f*(a, b). So by Proposition 3.7 (a) it
suffices to show that the restriction of 1 to #(4, 4) is injective.

Now the argument given in the proof of Proposition 2.12 shows that the elements
#(a,b), a,b € A, satisfy the relations (1.14)~(1.16). Thus, it follows from Proposi-
tion 3.7 (c) that there exists a linear map from #(4, ) to ##(A4, A) so that t(a, b) — #(a, b)
for a,b € 4. This map is the inverse of the restriction of v to #(2, 4). .

THEOREM 6.19. ( G, ) is the universal covering of stuy(A, —,Y) and hence

Hy(stuy(4, —, 7)) = L(4,-).

PROOF. Suppose that
0— VYV — G- stw(4,—,7) — 0

is a central extension of stus(A4, —,7). We must show that there exists a Lie algebra
homomorphism A: G — G so that 7o A = . Thus, by Lemma 6.18, it suffices to show
that there exists a Lie algebra homomorphism ¢: G* — G sothatTo & = mo.

https://doi.org/10.4153/CJM-1996-023-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1996-023-6

478 BRUCE N. ALLISON AND YUN GAO

Using a basis for A4, we choose a preimage #;(a) of wj(a) under7, 1 < i #j < 4,
a € 4, so that the elements ii;(a) satisfy the relations (stul*) and (stu2*). For distinct
i,j,k, let _
[i(a), #x(b)] = di(ab) +Vy(a, b)
where v/, (a,b) € V. Take ! ¢ {i,j, k}. Then
[n(c), [5(a), @ (b)] | = [dui(c), itze(ab)).

But the left hand side is, by the Jacobi identity,

[ldti(e), (@), @(B) ] + (@), [iuu(c), du(B)]] = [ity(ca), du(b)]
as [#(c), d4x(b)] € V. Thus
(6.20) [it(c), iia(ab)] = [ity(ca), #(b)].

In particular, [(c), dx(b)] = [(c). @u(b)). It follows that vi,(c, b) = v,(c, b) which
shows that v, is independent of the choice of i. Setting vi(c, b) = vj(c, b), we have

(6.21) [@i(c), #ix(b)] = tn(cb) + vi(c, b).
Taking ¢ = 1, we have
(6.22) [@:(1), dix(b)] = in(b) + vi(1, b).

Now for / > k, we replace dy(b) by iy (b) + vi(1, ), and then we rechoose iy (b) =
—YV; iu(b). Then, the new elements i;(b) still satisfy the relations (stul*) and (stu2*).
Moreover, we have for / > k that

(6.23) (1), @i (b)] = (D).
We next check that (6.23) holds for / < k. In fact, using (6.20) and & > / we have
(1), d(b)] = [(b), ap(1)] = [—717,~_lﬁj1(5), =i (1]
= = (L), #u(B)] = =Yg (D) = din(b).
It follows from (6.20) and (6.23) that
(6.24) (@(a), @ (b)] = [@(1), tiix(ab)] = din(ab)

for a,b € 4 and distinct I, /, k. Thus, the elements it;(a) satisfy (stu3").
Next for distinct i, 5, k, I,

lit(ab), iiu(cd)] = [[x(), itg(B)), du(cd) |

(6.25) % (
= =Y [@(a), d(bed)] — (it (b), diu(acd)].

Meanwhile,

626 @b dutcd)) = [[Eula), ay(®). dued)

= [ (cdb), au(@)] — VV; ' [(b), ii(cda)].
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Also, using (6.25),
[@;(ab), d(cd)] = —[iiu(cd), iij(ab)]
=107 [iai(c), By (dab)] + [#(d), i (cab)].
Taking @ = b = d = 1in (6.26) and (6.27) and subtracting gives us 2[i; (1), #(c)] = 0.

(6.27)

It follows that

(6.28) [#;(1), du(@)] = [@(a), ()] = 0

for a € A4 and all distinct i,j, k, I. But then taking b = d = 1 in (6.25), we get
(6.29) (@), ()] = =i "W ldig(a), Bu(c)),

while taking a = d = 1 in (6.25), we obtain

(6.30) l(b), dir(c)] = —i(b), dua(c))-

It follows from (6.29) and (6.30) that (6.25) and (6.26) become

[d(ab), dx(cd)] = [d(a), H(bed)] + [i1(b), i(acd)]
= —[itj(cdb), in(a)] — [#;(adé), du(b)].
Letting b = ¢ = 1 in (6.31) gives

(6.31)

(6.32) [#(a), ()] = —[i#(d), tiu(a)],
while letting d = 1 in (6.31) gives
(6.33) [;(ab), iiy(c)] = [@(a), dx(bc)] + [@;(b), du(ac)).

Finally, we have, using (2.3),

(6.34)  [i((ab — ab)c + c(ba — ba)), #(d)] = [[Tj(a, b), (0], tiu(d)] = O,

where T;(a, b) = [#i(a), ii::(b)].
Now put
E(a,b) = [a12(a), #34(b)]

for a,b € A. Then, by (6.32),(6.33) and (6.34), we have

(6.35) I(a,b)+ i(b,a) =0
(6.36) ¥(ab,c) = U@, bc)+ U(b,ac), and
(6.37) ?((ab — ab)c + c(ba — ba),d) =0,

for a,b,c,d € 4. Putting a = b = 1 in (6.36) gives £(1,c) = 0, and so putting ¢ = 1 in
(6.36) gives {(a, b) = {(a,b). But then #(a, bc) = ¥(a, bc) and £(b, ac) = {(b, éa). Thus,
(6.36) becomes

(6.38) I(@ab,c)+ b(bc,a)+ I(¢a,b) = 0
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for a,b,c € 4. Let (4, —) be the space spanned by the elements /(a, b), a,b € 4. It
follows from (6.35), (6.37) and (6.38) that there exists a linear map from L(A4, —) onto
L(4, —) so that £(a, b) — £(a, b). But since [ii;2(a), ii34(b)] € V fora,b € A, we have
(L4, -), i;i(a)] = (0). Moreover, using (6.29), we have

[i24(a), i13(B)] =277 1173 i142(@), 31 (B)] = =5 V1 [iHa3(@), di21 (B)]

= —v5 Yaliisa(a), dna(b)] = V3 V2 0(b, a) = =75 V2 E(a, b),

and, by (6.30),
[#32(a), i14(b)] = —[i12(a), #3a(b)] = —(a, b).

Thus, the elements u;(a) and £(a, b) satisfy the relations (stul*)~(stu7*), and so there
exists a Lie algebra homomorphism ¢: G* — G so that ¢ (ufj(a)) = d(a) for 1 <i#
j<4anda € 4. ButthenTo §(u¥j(a)) = T(uij(a)) = wu;(a) and 7 o qp(u?j(a)) =
7r(u,-j(a)) = u;j(a), and thus 7o { = 7 o 1) are required. .

We note that Theorem 6.19, together with Theorem 5.18 in the previous section and
Theorem 2.27 of [G] (which treats the case n > 5) establish Theorem B of the introduc-
tion.

As a consequence of Theorem 6.19, we also obtain the following result which was
proved in [G,Theorem 2.46]:

COROLLARY 6.39. Suppose that A_x A = A, where x is the Jordan productaxb =
%(ab +ba)and A_x A = {Xia;xb; | a; € A_,b; € A}. Then stuy(A4, —,7) is centrally
closed.

PROOF. It follows from (6.7) that L(A4, —) = (0) and hence g =G. [

Clearly, if (4, —) is an associative commutative algebra with identity involution, then
Li4,—-) = Qlﬂ /dA. This explains a counterexample in [G, Example 2.50] which says
that stus(A4, —, ) is in general not centrally closed. It also gives us the following corollary
of Theorem 6.19:

COROLLARY 6.40. If (A, —) is an associative commutative algebra with identity in-
volution, then H, (stu4(ﬂl, —,’7)) = QL /dA.

We conclude the paper by using the results of Sections 3, 5 and the present section to
calculate H, (peun(ﬂ, -, )) .

THEOREM 6.41. Suppose that (4, —) is associative and n > 3. Then,

HF(4, —) if n # 4 and char(k) [n,
Ha (peu, (4, —,7)) { _HD((4,—) ® A_Ncenter(A) ifn # 4 and char(k) | n,
L(4, —) & HF(4, —) ifn = 4.

PROOF. If n # 4, this follows from Theorem B, Propositions 3.14 and 3.15 and
Theorem 3.18. So suppose that n = 4. Then, by Theorem 6.19, g is centrally closed.
Moreover, we have the coverings : g — G and (: G — peu(A, —,7) defined in this
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section and Section 3 respectively, and, by Propositions 3.14 and Theorem 3.18, we have
ker(o m) = L(A4,—) & HF(A, —). =

EXAMPLE 6.42. Suppose that 4 = kft,+!], where ¢ is an indeterminant and
char(k) = 0. Since the units of 4 are a", 0 # a € k, n € Z, it follows that any in-
volution — on A satisfies either

i=t f=—t or i=at"'forsomea#0ck.

Now it is well known that qu /dA is the 1-dimensional space spanned by the image
of t ® r~! under the canonical map from 4 ® A to Q}; /dA (see the argument in [Ga,
pp. 19-20]). Using this fact and the fact that HF(4, —) is a quotient of QY /d 4 (see
Example 1.18), it is easy to establish that

— o~ k lft.=t0rl-‘=—t,
-1HDy(4,—-) = HF(4,—) & { (0) otherwise.

It is also easy to establish that

~ |k iff=1¢
LA - = {(O) otherwise.

We leave the details of those two calculations to the reader. Hence, by Theorem 6.41, we
have -
0y ifi=ar'a#0ck,
k ifi =—t
H 'qa s = ep = >
2(peu,,( 7)) k iff=tandn # 4,
kdk ifi=tandn=4.
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