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Abstract The purpose of this work is to establish a priori C%¢ estimates for mesh function solutions
of nonlinear difference equations of positive type in fully nonlinear form on a uniform mesh, where the
fully nonlinear finite difference operator Fj, is concave in the second-order variables. The estimate is an
analogue of the corresponding estimate for solutions of concave fully nonlinear elliptic partial differential
equations. We use the results for the special case that the operator does not depend explicitly upon the
independent variables (the so-called frozen case) established in part I to approach the general case of
explicit dependence upon the independent variables. We make our approach for the diagonal case via a
discretization of the approach of Safonov for fully nonlinear elliptic partial differential equations using
the discrete linear theory of Kuo and Trudinger and an especially agreeable mesh function interpolant
provided by Kunkle. We generalize to non-diagonal operators using an idea which, to the author’s
knowledge, is novel. In this paper we establish the desired Holder estimate in the large, that is, on the
entire mesh n-plane. In a subsequent paper a truly interior estimate will be established in a mesh n-box.
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1. Introduction

In this paper the setting and notation are as in [6], where we derived a discrete a priori
C? estimate for solutions of difference equations involving operators of the form

Fplul(z) = fh(52u(x)).

Here our purpose is to use that estimate to derive a discrete a priori C*® estimate for
solutions of the problem
Fplu)(z) =0, VrelZp,

for more general difference operators

Fi[u)(x) = Fp(x, *u(z)), (1.1)
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where, with Yy = {y € Z} \ {0} : ||yllcc < Nh},
0*u(x) = {0yu(z) | y € Yn},

and F}, is a given real-valued function on I" = R™ X RY~. We do not address the question
of existence in this paper.

Denote points of I" by ordered pairs (z,s). We assume that Fy, is differentiable in s,
for each y € Yy and symmetric with respect to s4, for each y € Yy. We assume that
there is Y’ C Yy such that {he;,..., he,} CY’, and, for all (z,s) € I', Fj, satisfies

gwg/l forallyGY’, and M

A
0< Osy Osy

=0 forallyeYy\Y’,
for some positive constants A, A. By the symmetry above, y € Y’ if and only if —y € Y.
Again, our major assumption in addition to the above is that Fj is concave in the
second-order variables {s,}.

The only such estimate known to the author is for the two-dimensional case by Hack-
busch in [4].

As in the continuous case (see [11,12]), we derive our estimate by viewing (1.1) locally
as a perturbation in z of an equation of the same form but with x fixed.

As in [6], in order to achieve our goal we rely upon the existence of a special interpolant
of mesh functions, provided by Kunkle [8] (generalizes [2] and [1] to n-dimensional real-
valued mesh functions) (see [6, §4]). Let us restate [6, Theorem 4.1], augmenting it
somewhat.

Again we denote the set of points used in the definition of a difference quotient by
supp, the support of the difference quotient, and for any set of mesh points S C Zj we
define

[0%u|o,s = max |0%u(x)|.
z€S, supp d®u(xz)CS

Lemma 1.1 (Theorem 13.2 in [7]). Let {2 be the Cartesian product of n closed
(not necessarily finite) intervals such that the corners of {2 are themselves lattice points,
and assume that in each of the coordinate directions e;, {2 has diameter at least 3h. With
2, = 2NZE, let u : £2;, = R be a mesh function on §2),. Then there exists an interpolant
e = F'u € C®(R") (so ue(r) = u(x) for all mesh points x € (2,) and a constant
C depending only upon n and the choice of a particular compactly supported function
¥ : R — R (we fix a choice for the duration of this paper, thus rendering later definitions
of semi-norms unambiguous) such that for all multi-indices (8 satisfying 0 < §; < 3 for
eachi=1,...,n, we have

|D6ue|0;9 < C|5ﬂu|0;9h~

In fact, if z € 2}, and dist(z, 02) > 2h, then
| DPtte|o;zjo,1n < C1670o;24(—h,2m)m iz -

If 6%u is not bounded (for instance if £2 is not compact), then for every compact subset
K of 2 there is a compact K’ C {2 such that

D uclo;re < Cl6ulo;xrzy -
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Furthermore, for all multi-indices 3 satistying || 5|1 = 3:

|Dﬁue|0;9 <C sup |(5;{ci(5§ju|o;gh. (1.2)
1<isn, weyy

Again, if z € 2}, and dist(z, 9$2) > 2h, then

+ <2
D ueloeronn C  sup |0F, ulosat(—n,onmnzy-
1<i<n, weyy

We still have, of course, that for fixed x € §2 such that dist(z,00) > 2h, Fhu(x) is
independent of u(z) for z € Zj when ||z — z||s > 2h.

The operator F" is linear, and it reproduces polynomials of maximum degree 2 in each
variable in the sense that if u is the restriction to the mesh of such a polynomial, then F"u
is that polynomial. The Taylor polynomial of total degree at most two of the extension
about a mesh point agrees with the extension at orthogonally adjacent mesh points. That
is, if Tg o, is the said Taylor polynomial of the extension u (of u) about T, where T € Z},
is a mesh point, then for any i € {1,2,...,n}, Tz oue(Tthe;) = ue(TLhe;). It follows that
the centred second-order coordinate-direction difference quotients of Tz aue(x) (which
are constant) coincide with the corresponding difference quotients of the mesh function
u at x.

This results from a straightforward modification of Kunkle’s [7] result. (See [5] for an
exposition of Kunkle’s construction and details of the said modification, as well as proofs
of the facts contained in the above lemma.)

The restriction to the form 52’% 52 u, w € Y1, in the above lemma is very useful, because
we can relate such terms to C?® estimates via the following manipulation:

_ 02u(x 4 he)) —onu(x)  Onulx + he;) — 0z u(x)

het,
h he

5,'1"%5121@(3:)

Our goal is to prove Theorem 4.1. We prove this theorem first in the case of diagonal
operators by discretizing Safonov’s derivation of a Holder estimate for second derivatives
of solutions of concave fully nonlinear elliptic partial differential equations (see [11] and
[12]). Kunkle’s extension facilitates the application of technical calculus lemmas from
Safonov’s work. We establish (in §2) that on Z} a mesh function v and its extension w.
of Lemma 1.1 have equivalent C?® Holder norms. We prove this equivalence non-globally
as well, for a mesh function defined on an n-rectangle. We will then follow Safonov’s proof,
moving to or from a Holder semi-norm of an a priori solution of (4.1) from or to the
corresponding Holder semi-norm of the extension by equivalence of semi-norms as is
convenient; that is, when we wish to use information from the difference equation (4.1)
we move by equivalence of semi-norms to the discrete Holder semi-norm of the mesh
function. When we wish to use calculus-based technical lemmas from Safonov’s work we
move by equivalence of semi-norms to the Holder semi-norm of the extension of the mesh
solution. We generalize the proof to non-diagonal operators using an idea which, to the
author’s knowledge, is novel.
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2. Semi-norms

Here we add to the definitions in [6, §1.1]. With the exception of the semi-norms on
the left in (2.1), the definitions in this section are trivial modifications of definitions
in [11,12]. Let §2 be a domain (open or closed) in R, and u : {2 — R. For m a non-
negative integer and 0 < o < 1, we set

[Wo,a;0 = sup 7|u(x) -~ u(i;)|’ (u)((j‘) = sup p ¢ osc u,
z,yEN,zHy llz —ylls 2E€QR,p>0 2,(x) (2.1)
[U]m,a;0 = Héﬂlax [DPuo 002, (u)(gm“‘) = HﬁIﬂlaX <Dﬁu>§?)a
1=m 1=m

where 08Cg, (2) U = SUD .c o (2) [W(y) — u(2)| and £2,(x) = 2N K,(x). Recall that K,(2)
is the closed cube, parallel to the coordinate axes, with centre z and side length 2p:
K,)(z) ={z € R": ||z — 2|/ < p}. The semi-norms on the left in (2.1) are equivalent,
respectively, to those on the right, the constant of equivalence being dependent only
upon n since 0 < o < 1.

Let P,,, for non-negative integer m, denote the collection of all mth-degree polynomials

p(x) = Z ngﬁ, Cg = const.,
18ll1<m

where (3 is a multi-index, and z” = IL mlﬁ ‘. Then, for example, the Taylor polynomial of
total degree at most m for the function u at the point z is

'BU X
Tomuly) = 3 DT()(y —2)% € P, (2.2)
1Bl <m

We define the following:

Wm(u, V) = max osc DPu;
A
Enu; V] = inf sup |u(z) — p(x)].
PEPm gV
If a function v : R® — R has finite semi-norm <v>§$+a), then this semi-norm is equivalent

to the semi-norm

fia(v) = sup  p " TYEL[v; Ky(2)],
zeR™,p>0

a Campanato semi-norm [11,12]; that is, for some constant C' = C(n,m, a) > 0 we have

CH )™ < fira(v) < ClOET. (2:3)
This is proved in [12, Theorem 2.1’]. Observe that with the notation introduced above,
we may write the semi-norm (v)ﬁnga) as
W = sup (v, K, ().
p>0,z€R”
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Let v : Z} — R be a mesh function and let u, : R* — R be the extension of v in
Lemma 1.1. We define the quantities

7 u)= sup p “wa(ue, K,(x)),
oo = s st ()

Y (u)= sup 27 By [ue; K, (2)].
Hg_m( ) p)h,mERnp 2[ue; Kp(z)]

We also extend the domain of the semi-norms (-)gfo‘) and p5,,(-) to include mesh

functions by defining

24+« 2+« * *
W) = () () = pha (o).

3. Semi-norm equivalences

The first lemma gives some well-known interpolation inequalities in terms of Safonov’s
semi-norms. The proof is almost identical to the proof of [3, Lemma 6.32, §6.8], but is
made easier by virtue of being in an n-cube rather than a ball.

Lemma 3.1 (Lemma 2.1 in [12]). If 2 € R", p>0,0< k+ o <m+a«a (k and m

non-negative integers; 0 < o, o/ < 1), and u € C™“(K,(x)), then

pk+al <u>([];j(3;) < 6pm+a<u)§?:z;a)) +C(e,n, k,m,a,a’) sup |ul,

K,(@)
for all € > 0.
A consequence is the following lemma.
Lemma 3.2 (Corollary 2.2 in [12]). If z € R™, p > 0, m a non-negative integer,
0<a<1,andue C™%(K,(x)), then

P m (1, Ky () < ep™ 2 (u)i () + Cleymm, @) Bl K ()],

for all € > 0.

The following lemma is Lemma 2.2 of [12] stated for cubes rather than for balls. Tt

is another consequence of Lemma 3.1 and the fact that for arbitrary p € P,, we have
(1= p)7+) = (),

Lemma 3.3 (modification for cubes of Lemma 2.2 in [12]). If z € R"™, p > 0,
m a non-negative integer, and u € C™(K,(x)), where 0 < a < 1, or u € C"™ (K ,(x)),
where o = 1, then

m-+o (m+a)
sup |u— Ty mul < C(n)p <U>Kp($) )
Kﬂ(x)
where T, nu is the Taylor polynomial defined in (2.2).

We may now prove the following theorem wherein continuous semi-norm of interpolant
meets discrete semi-norm of mesh function via equivalence.
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Theorem 3.4. Suppose 0 < a < 1. Let 2 be the Cartesian product of n closed (not
necessarily finite) intervals such that the corners of {2 are themselves lattice points, and
assume that in each of the coordinate directions e;, {2 has diameter at least 3h. With
2, = 2NZE, let u: 2, — R be a real-valued mesh function on {2, and let u. € C*°(R")
be the Kunkle extension of u to R™, as in Lemma 1.1. There exist positive constants
C =C(n,N) and D = D(n) such that

CN[U]Z,DL;Qh < [ue]2,o<;!2 < D 1[“}2,04(2;”
when one of these quantities is finite.
Proof. We prove the left-hand inequality first. Recall from [6, § 1.1] that

u(x) — 62u
N[u]2,a;9h = sup I z ( ) z (y)|

T, YyENp , x#Yy,zEYN ”x - y”%
rtz,ytzeR2,

Choose distinct x,y € 2, and z € Yy such that &+ z,y + z € 2;. By the mean value
theorem we have

[02u(@) — 02u(y)| _ |Dszue(a’) — Dzzue(y')|

ool o=yl
_DPucla!) - DPucly)
~X o b

[ERIE

where 2 = z/||z||2, ' = x + tz for some t € (—1,1), ¥/ = y + sz for some s € (—1,1),
and where ||| = 2 gives the maximum of |DPue(z") — DPuc(y’)| over all such multi-
indices. It follows that ||z’ — z||s < Ny/nh and ||y’ — y||2 < Ny/nh. Therefore, if 2’ # 3/
(if 2’ = o/, then §%u(z) = 62u(y)), then

2" = y/ll2

<2NVn+1
[l = yll2
by the triangle inequality. Hence,

[62u(z) — 0Zu(y)|

[l = ylls

|DPue(a') — DPuc(y')|
lz' —y'lls
< n(2NvVn + 1)[ue)2.0:0-

<n(2Nvn + 1)

Taking the supremum over distinct x, y € {25, z € Y, we have

N[U]Za;-@h < n(2N\/ﬁ + 1)[“6]2,%9'

For the right-hand inequality the proof is similar to the proof of Lemma 4.3 of [6].
Choose distinct x,y € 2 and multi-index § such that ||5]; = 2. Consider two cases:
(i) lz = ylloo < h and (ii) |z — ylloc > h.
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Case (i): ||z — Y|loo < h. With 77 = (x — y)/||z — y||2 we have, by the mean value
theorem, for some t € (0,1), £ =tz + (1 — t)y, that
| D ue (@) — DPue(y)|
[z = ylls

Then by (1.2), Lemma 1.1, there exists z € {25, v € {hey,..., he,}, and w € Y; with
supp 0,7 62u(z) C §2;, such that

= DD uc (€)= ylla~* < |Ds D ue(€)|(Vnh)' ~.

1D D ue(€)] < C(n)|6F 55u(2)],

v W

and, hence,
‘Dﬂue(ﬂ;‘) - Dﬁue(y)l
[l = ylls
Case (ii): || — y|loo > h. Choose one of the mesh points nearest to = (if « is not
a mesh point); that is, we choose xp, € (2, such that 0 < ||z, — z|c < h. Likewise
choose y;, € 2), such that 0 < ||yn — ylleo < h. We further restrict the choice so that
lzn — ynll2 < |l — yll2. Select i,5 € {1,2,...,n}, and set w = hz, where z = e; or
z = e; + e;. We have, denoting z/||z||2 by 2, that

|Dzsue(r) — Dssue(y)]

< C\/ﬁ 1[u]2,a;Qh .

lz —yllg
|Dssue(x) — Disue(an)| | |Dzsuc(xn) — onulxn)| | |65 u(xn) — oo ulyn)]
lz —yllg lz —yllg lz —yllg
52 — Dssu, D:sue — Dssue
N |02 u(yn) au (yn)l | |Dzzue(yn) : ue(y)| (3.1)
lz —yll5 lz —yll5

If xp, # x, then the first summand on the right-hand side satisfies

Dssuc(x) — Dssue Dssuc(x) — Dssue
|Dzzue(z) au (zn)] < (\/ﬁ)a| U () au (zn)]
|z —yll$ |z — znll5

< 2Cn 1[U]Z,Q;Qh ’

by case (i), using the triangle inequality and the fact that
D;sue = (2D;jue + Djiue + Djjuc)/||z||§,

when z = e;+e;. The last summand on the right-hand side of (3.1) is dealt with similarly.
The second summand on the right-hand side of (3.1) satisfies

| Dsztie(wn) — diu(an)| _ [Dzsuc(rn) — Diste(2)]
lz —ylls lz —yls

by the mean value theorem where ' =z, +tz, t € (—1,1), and, hence,

lzn —2'll2 < V2h < V2|2 = ylloo < V2]l —y]l2-

9

Thus, if 2’ # x5, the summand in question satisfies

pys — 52 2% - 4 !
|Dzzue(xh) 6wu($h)| < \/§|Dzzue(xh> Dzzue(m )‘ < 2\/501

U2, 050
E=rE len — 2l 2o
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again by case (i) as above. The fourth summand on the right-hand side of (3.1) is dealt
with in the same way. Finally, since ||zp, —yn|l2 < ||z —y|2, if ©n # yn, the third summand
on the right-hand side of (3.1) clearly satisfies the same inequality. Ultimately we have

|D22ue(x) - D%éue(y)‘
|z —yll$

S C I[U]Q,a;ﬂha

which implies the same bound for |D;juc(z) — Dijue(y)|/||x — yl|$, ¢ # j, using the fact
that

Dijue ! (Dzzue — Dizue — Djjue) = %(HZH%D%% — Djjue — Djjue),

=3

when z =e; +e€;, 1 # j,4,j € {1,2,...,n}. Taking the supremum over distinct z,y € (2,
[|8]l1 = 2, we have the desired inequality. O

Lemma 3.5. Let u : Z} — R be a real-valued mesh function and suppose that 0 <
a < 1. There is a positive constant C = C(n) such that

_ 2+« 24+
CHupE Y <y, (u) < Clupt®. (3.2)
Proof. Certainly, since

(W™ = (™ = sup (D))
1:2

and [Ue]2,a;rr = Sup| g, =2 [Dﬂuo]oya;Rn, it follows by the equivalence of semi-norms in
(2.1) (see comment after (2.1)) that there exists a constant C' = C(n) such that

(W™ < Cluela,aspr
Then by Theorem 3.4

52 — 62
<u>]§§2n+04) < C(n) sup | zue(x) z:fe(y”
T, YyELY x#Y,2EY, ||:E - y”?

(3.3)

By the mean value theorem, for fixed z, y, z, there exists t € {x + sz : s € (=1,1)} such
that 62ue(x) = Dssue(t), where 2 = 2/|z||2, and there exists r € {y + sz : s € (—=1,1)}
such that 62ue(y) = Dzzue(r). If [t — |l < ||z — y||2 and t # r (if t = r, then §2uc(z) =
82u(y)), then, with p = ||x — y||2 > h,

|02ue () — 02ue(y)| _ 08Ck, (1) Dzstte oscr, (1) Dot

< <n sup (3.4)
|z —yll$ p™ 18l =2 P ’
and if p = ||t — r[|2 > ||z — y||2, in which case
1 14+2yn

lz=yllz =t =rll2’
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we have

02U, — 52U, 0sc Dssu,
| 2 U (‘T) Z: (y)| < (1 + 2\/5)04 Kp(t) ©
lz —ylls p

osc DBy,
<n(l+2y/n) sup %
181l =2 P

This together with (3.4) implies that there exists positive C' = C(n) such that for all
T,y € Ly, z € Y1,

OSCK, (1) DPu,

2 Y
Pue(e) ~ Ruelw)|

e —yllg T IBlh=2.teR” p°
p=h

= CHQ_‘,_Q(U).

Taking the supremum over all such z, y and z we obtain from (3.3) the left-hand inequality
in (3.2). The reverse inequality with C' =1 is obvious. O

Lemma 3.6. Let u : Z; — R be a real-valued mesh function and suppose that 0 <
«a < 1. There is a positive constant C = C(n,«) such that

— 2 * 2
MU < (u) <l

Proof. In the following, the first inequality is obvious, and the second follows from
(2.3) with v = ue:
0(1) < 1 a(u) < Cluygt™
Boyo\W) S HogoU) S CUURn
giving the right-hand inequality in the statement of the lemma.

For the opposite inequality, we establish p, (u) < Cpj _m(u) by following Safonov’s
[12, Theorem 2.1'] proof of the equivalence
)5 ~ o)

for general v € C™*(R"™) satisfying <v>]§$+a) < 00. We use Lemmas 3.2 and 3.5 to do

this. A further application of Lemma 3.5 then gives us the desired inequality.
Specifically, by Lemma 3.2 and then Lemma 3.5 we have, for p > h and x € R™,

pCwa(ue, Kp(w) < ()i + Cle,m, ey, (u)
< C'(n)py, (1) + Clesm o), (u),
for any € > 0. It follows that
ny (1) < C'(m)ep,, () + Cln, 2, a)p, (u).

Setting e = 1/(2C") and applying Lemma 3.5 to the left-hand side we obtain C' =
C(n,a) > 0 such that

24« *
(e <o, (w),

the left-hand inequality in the statement of the lemma. |
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4. C** estimate in/on Z3: explicit x-dependence

Theorem 4.1. Let u: Z} — R be a mesh function solution of

Flu)(x) = Fp(z,8%u(z)) =0, Vo Zy, (4.1)

i=1

y € Y'}. Suppose that there exist A\, A > 0 such that, for each (z,s) € Z}} x RY,

where F,(z,-) € CY(RY") for each x € Z}!, {he;}, C Y’ C Yu, and 6%u(z) = {o7u(x) |

< 8Fh($75)

A X < A, Vy € Y/.
0sy

Assume that for each x € Z}}, Fp,(x,s) is concave in s, and that Fj, is symmetric with
respect to si, for all y € Y'. Assume, further, that for some v € (0,«), where a =
a(n, N, X, A) € (0,1) is the constant of [6, Theorem 3.2], there exist ki, ko > 0 such that,
for all {s,} € RY,

FnCo{syDloqvzy <kt Y lsyl + ks, (4.2)
yey’
where e, Ls,}) = Falz, {5,
z,{s,}) — Fr(z,{s
Fn(, {s ) AN e LR TEAS
[Fn (- {5y Dlozp Ll TR

then, there exists a positive constant C = C(n, N, \, A, k1,~) such that
Nul2zp < O(N[u]2zp + k2). (4.3)

If the semi-norms above are finite and |ulozy is finite and 0 < h < hg, then

N[ul2yzp < Clulozp + k2), (4.4)

where C depends in addition upon hy.

Proof of Theorem 4.1. We first prove (4.3) in the case when Fj, is diagonal, that
is, N = 1 and F}, depends only upon difference quotients {03, u,...,d3,, u} (and
x, of course). Our proof of this case is a discretization of Safonov’s derivation in the
corresponding situation for partial differential equations [11,12].

Let u : Z}) — R be a solution of (4.1), where h > 0 is fixed. Let u, € C*°(R") be
the Kunkle extension of u to R™, as provided in Lemma 1.1. Fix £ € R™, p > h and
e € (0, ]. Let r = p/e, in which case r > 6h.

Choose & € Z}} so that || — Z||sc < h. Let r be the smallest even multiple of h larger
than or equal to . We have, of course, that r/2 = mh for some m € N, and, since r > 6h,
we have r/2 > 3h. Note also that p/r < p/r = ¢, and r < r+2h < r+2r/6 = 4r/3, and
hence

je<(p/r) <e (4.5)
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It then follows that

Define
Y = Ue — Tm,2ue7

where T, ou, is the Taylor polynomial of u, about « of total degree at most 2 (see (2.2)).
Let the mesh function v : K,.(x), — R be the solution of the (frozen) Dirichlet problem

Fon[v)(x) = Fro(62v(z)) = Fn(x, 6*u(zx) + 6%v(x)) =0, Vz € K,(x)}, ()
v=¢p, Ve Kp(x)?, .

where
O, ={ze|v+tyec, Yei}, 2 =2\,

The existence of v follows from [6, Theorem 1.1] (see [10, Theorem 3.6]), noting that in
the case where Fyq is diagonal, the interior of K, () relative to Fpq (see [6]) coincides
with K, ()}, and hence also the boundary of K,(x)) relative to F coincides with
K, (z)%. Let ve be the Kunkle extension of v to the closed cube with mesh point corners
K, (x), as provided in Lemma 1.1. Let v € (0, «) be such that (4.2) is satisfied. Then,
with a view to estimating H;ﬂ(“)a we have

P2 Eslue; Kp(7)] = p~ %77 Bolp; K (7))
<P 2T Bolve; Kp(Z)] 4+ p 2V Eolp — ves Kp(7)]. (4.8)

Dealing with the first summand on the right-hand side we have by Lemma 3.3, (4.6),
equivalence of semi-norms in (2.1), and Theorem 3.4, in turn, that

P2 Bafues Ko(2)] < Cn)p™ 7 {ve) o) < Cp* 7 (w80,

< Cpaiv[UE]Q,a;Krm(w) < O(n)pCHWl[U]Za;Kr/z(w)h'

Applying Theorem 3.2 of [6] to Fop, which satisfies Fy,[0] = 0, it follows from the above
that
p 2 Byve; K, ()] < C(ny A\, A)p® =272 Km(a))cb o]
»\Z)p

Then the definition of ¢, Lemma 3.3 and (4.5) give the following

P2 Bafve; K, (2)] < Cp 2 0r 0 (ug) ) < Cn, A, M) (o) (4.9)

Now consider the second summand on the right-hand side of (4.8). By definition of E,
and ¢, by (4.6) and by the final paragraph of Lemma 1.1, we have

p 2 TVE, [p — ve; K,(T)] < p P ;u(p) ue — T 2Ue — Ve
~(

<Cn)p™ 277 nax o —ol. (4.10)
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Now we estimate ¢ — v on K,(x),. We have by linearization (see the proof of Theo-
rem 3.2 in [6] and [10, §3])

Fonle] = Foule] — Fonlv] = Lon(p —v), Vax € Kp(z)},

where LOh = Z?:l a(x, hei)dl%ei and

N
~
N
[t

1 20,
a(z,y) = /0 a}—hg(si) dt, wy =tp(z)+ (1—2t)v(z), 0

and of course, by the assumptions on Fy, a(x,y) = A > 0. Letting

A =777 max |Fonl¢]l,
Kr(x)j,

we have |Lop(p — v)| < Ar7 in K,.(z)%, and, by definition, ¢ —v = 0 for all x € K,.(x)?.
We compare ¢ — v with the function

w(e) = 57 (V) — e~ 2l3)

Note that ||z — z[|3 < nr? for all x € K,.(z)%, so that w(z) > 0 for all x € K,.(z)}. By
elementary calculation we find that

_Apr?
62 =
wiz) = 7,
for any y # 0. Therefore,
Lopw(z) = Zzzl a(z, he;)éj, w(z) = n; im1 a(@, he;)
< —Ar”Y

Hence,
Lop(£(p —v) —w) = £Lop(¢ — v) — Lopw = —Ar" + Ar? = 0.

Applying the discrete maximum principle, [9, Theorem 2.1], and denoting max{f,0} by
fT, we obtain
max (| —v| —w) < max (Jo —v|—w)",
Kr(2)], Kr(2)],
which must be zero since p —v =0 for all z € K,.(x)% and w > 0 for all z € K,(z)}. It
follows that

lp— o] < <A e L g (4.11)
max —v| £ max < —nr® = —Ar . .
Kn(x)p L K,.(w)h,w 2n)\n 2

Now let us recall the concluding paragraph of Lemma 1.1, from which we see that for
each i = 1,...,n, the function ¢ as defined here satisfies

6:2thei Sp(w) = 5iheiue(]") - 6iheiT$72ue (l‘) = 632£heiue (1‘) - 5iheiue (w)7 Vo € ZZ7
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that is,
82p(x) = 6%ue(x) — 6uc(x), Vo € Z}, (4.12)
since F}, is diagonal. From (4.7) it follows that for all z € K,.(z)},
Fonle](z) = Fulzx, 8%u(x) + 6*u(z) — 6%u(x)) = Fp(x, 6*u(z)),
and, hence, since Fj[u] = 0,
|Forll()| = | Fonlel(z) — Fulul(2)| = |Fn(, 8*u()) — Fr(z, 8*u())].

Then, with © > h, we have, by (4.2), that

2 _ 2
A=7r""7 max |Fop[p]] < max [Fh(z, 0%u(z)) ‘Fg(gjv‘; u())|
Kr (@)}, Kr(z) \{z} |l — 2|l
|Fn(x, 6%u(z)) — Fr(z, 6%u(z))]

<(Vn)'  max

Kn(@), \{z} |z — |3
me(m)g (’fl Z 0% e, u(@)] + kz)

Note that the maximum above is over the interior, K, ()i, of K,(x)s, so that for each
z in this interior, the support of &7, u(x) is contained in Ky (x),. We may therefore
conclude that A < /n(2nk1 [ulo,k7 (@) + k2) (see [6, §1.1] for definition of semi-norm).
Inserting this in (4.11) gives

f 2+’y
max — v
s o —v] < L2

2nky 4 [ulo;x, (z), + k2)-
Returning, then, to (4.10), we deduce, using the above and (4.5), that
p~ 2V Esfp — e K,(z)] < C(n, Ne™ 277 (2nk, +lulok, (@), + k2).
This with (4.9) allows us to rewrite (4.8):
P2 Balue; K,p(7)] < C(n, A, A (ue) D) + €' (n, N)e™2 77 20k 4 ulaire, (@), + o)
< Ce Vu) ot 4 C'e 7277 20k 4 [ulozy + ko).
Now take the supremum on the left-hand side over all p > h, T € R", to find that
H;+7(u) < Ca“‘”(u@%ﬁ” +C'e727 (2nk, ulazy + k2).

It then follows from this and Lemma 3.6 (and the fact that @ = a(n, A, A)) that there
are positive constants C; = C1(n, A\, A) and Cy = Cy(n, A, A) such that

(ueﬁJV < Claa_ﬂy<ue>ﬂ2§t’y + Coe 277 (2nk; +lulazp + k2).
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Now choose € small enough so that C1e*~7 <1, and it follows that
(ue)at™ < C(2nk, +Hulazp + k2),

C depending only upon n, A, A and . Finally, we move to the mesh function u on the
left by the equivalence of semi-norms in (2.1) and in Theorem 3.4 for the extension .,
thus establishing

N[ul2 iz < C(2nky 1 [u]2zp + k2), (4.13)

for Fj, explicitly dependent upon = and upon centred second-order difference quotients
in directions {t+hes,...,the,} only.

If Fp is not diagonal, that is, if F} depends upon centred second-order difference
quotients other than 5:2the,-“ for i =1,...,n, then (4.12) is not true, in general.

We can rectify the foregoing proof for the more general equation where F};, does depend
upon some &, u for y € Yy \ {£hey, ..., £he,}. Specifically, our approach is to transform
the equation F,(x,6%u(x)) = 0 to a higher dimension so that the directions y € Y’ are
mapped to orthogonal directions in the higher dimension and, hence, the discrete Hessian
becomes discretely local (that is, (4.12) is true); the equation becomes diagonal.

InY' CYnv ={2€Z}|0< |z < Nh} there are at most (2N + 1)” — 1 non-
zero directions, where, if y € Y/, then —y € Y’ (recall the symmetry assumed of Fj,
with respect to si,). We choose half of these directions so that if y is chosen, then
—y is excluded. Defining M < [(2N + 1)™ — 1]/2 to be half the number of directions
in Y’, we transform our difference equation in Zj dependent upon z € Z} and the
centred second-order difference quotients in directions y € Y’ to a difference equation
in ZhM dependent upon x € ZhM and the centred second-order difference quotients in
the orthogonal directions and their negatives. We map each direction y € Y’ to an
orthogonal direction +he; € Z}. Specifically, choose all y € Y’ such that the first non-
zero component (with respect to the standard basis) of y is positive, and enumerate
these as {y',y%,...,y™}. We now associate y with he; € ZM for each i = 1,..., M.
If u : Zj — R is an n-dimensional mesh function, then define the M-dimensional mesh
function uyy : Z,{b” — R as

M
up (1, .., xp) = “(Z xiyi/h),
i=1

for each z = (x1,...,20m) € Z)'. Observe that if on the left-hand side we increase z;
by h, on the right-hand side the argument is incremented by g7, and we would expect
that orthogonal difference on the left-hand side would correspond to differences in the
directions 47 € Y’ on the right-hand side, modulo a constant depending upon N and n.
Making this explicit, we have

; M
Iy 13 i
0% e, unt () = 2 263 ul Y miy'/h). (4.14)
i=1
With 3/ € Y we have h < [|y?||2 < Nhy/n, and hence
712
1< "‘122”2 < nN?. (4.15)
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Notice that (4.14) and (4.15) imply that
tlumlazp < nN? nlulozy. (4.16)

Also, by our choice of the y* there exist i1, s, ..., € {1,..., M} such that y% = he;,
j =1,2,...,n. Suppose, without loss of generality, that i; = j; that is, suppose that
y! = hey, y? = hea,...,y" = he,. Then

w(x1, Xay ..y Tn) = upr (X1, 2o, . .., 2,,0,0,...,0),
for all x = (21, 22,...,2,) € Z7. It follows that
Nlul2yizp < N[una iz (4.17)

Now, with F}, as in the hypothesis of the theorem, arguments ordered as follows:

.'Fh(-, S) = ]:h(-, Syly Sy2y .oy SyM, Syl S_y2, .00y S,yM)7
define for x € ZM, (s1,82,..., S0, 8-1,8-2,...,5_n) € R*M,
2 M
Fuaa (e {ssidica) f’l@” et )
i=1
Then
OFny  h* 0F,
Osti |y'lI3 Osayi”
and so (4.15) and the fact that A < 0F,/0s1,: < A imply that
A < M < A,
niN?2 08+
for i = 1,..., M. Also, Fpys is y-Holder continuous in x € ZM since Fj, is y-Holder

continuous in z € Zp. To see this, choose x and z in ZM for which vail x;9° and
Ziﬂil zy" are distinct, and observe that, using (4.15) and (4.2) as necessary,

[ Fhaa (2, {5+ g\/lﬂl) - 7|'|—:M(Za {sxi}ity)|
FAE iy, (2 s} )
TS I B )
AT O i)
=t/ T s e T

vy (i f s+ s+ )

i=1

M
(kzl > (ls +Is-i) + ).
1=1

https://doi.org/10.1017/50013091598000200 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091598000200

102 D. W. Holtby

Finally, if u : Z}) — R is a solution of (4.1), then uj; satisfies
Fum (@, 6%up (@) =0, Ve €Ly,

and Fp s is diagonal, so that uys satisfies (4.13). Thus, by (4.17), (4.13) and (4.16) we
have
N2 yzp < C(n, A/ (RN?), A, 7)nN (2kin® N? ylulozn + k2),

which is (4.3).
The global interpolation inequality

N[U]Z;Zﬁ < C(h07 g, N7 n, 7)|U|O;Zﬁ +e N[U]Q,'y;Zﬁv

where 0 < h < hyg, is easily deduced from the corresponding interior interpolation inequal-
ity [6, Lemma 5.2], so that, provided each semi-norm is finite, we may deduce (4.4) from
(4.3). O
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