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1. Introduction

Let & an abstract space of points z and let .# be a ¢-field of subsets
of Z, that is a class of subsets of & such that (i) e #, (ii) if M e A
then ' —M e .4 and (iii) if {M,} is any sequence of elements of .# then
UM, e 4.

We suppose that a o-finite measure u(-) is defined on ., that is,
#(M) is a real-valued function defined for each M e .# such that (i)
p(M) =0 (i) u(3,M;) = 3,u(M,) for each sequence of mutually disjoint
elements of .#, and (iii) there is at least one sequence {M,} of mutually
disjoint elements of .# such that 3,M, =% and u(M;) < < for each j.

By a partition 71(S) of an element S € .# we mean a finite or countable
system of mutually disjoint elements of .# whose union is S and such that
u(M) < oo for each M e II(S).

If I1)(S) = {M,,}, IT,(S) = {M,,}, ¢, { = 0 are two partitions of S then
their intersection, denoted by I7, - IT,(S) is the partition of S consisting
of the elements of the sequence {M,,M,,}, ¢, j = 0. This definition extends
readily to the intersection [}, I7,(S) of a finite system of partitions
of S. If II(S), IT,(S) are two partitions of S such that each element of
II(S) which has positive u-measure is a subset of an element of IZ;(S)
then we say that J7(S) is finer than I7,(S) and write I1(S) = I1,(S). Evidently
Ni.y I1,(S) = I, (S) for each j* =1, and k> 1.

For any S € # we denote by #(S) the o-field of all elements M € 4
such that M CS.

Let F(II) be a real-valued function on the partitions II = II(S) of
a fixed element S e.#. We write

F = (II) lim F({II)
if, to every ¢ > 0 there is a partition 77, of S such that
|F—F(II)| <e

for all partitions I7 of S such that IT = IT,.
When the II-limit exists it is unique, that is, if there exists also an F’
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such that to every e > 0 there is a partition I7, of S which is not finer
than 17, and such that

|[F'—F(II')| < e
for all partitions II’ of S such that IT" = IT,, then since
|F—F'| = |[F—FII")|+|F'—F(II")] < 2e

for all 7" = I,) =11, II,, we have F' = F.

The I7I-limit introduced above is a limit in the sense of Moore-Smith
convergence, see, for example Kelley [6].

Let f(-) be a real-valued function on the elements of .#. In sections
2—6 below we construct a theory of integration of f(-) with respect to the
measure x4 by writing

() [ 5, FCC) = () lim Sy FM(M)

where the summation is over all elements of the partition I7(S) of S, whenever
the I7T-limit exists. The need for such a theory arises in a number of contexts
in the theory of probability, for example Finch [2]. Applications to the
theory of probability will be discussed in later papers. I am indebted to
J. E. Moyal for suggesting that Moore-Smith convergence could be an
appropriate tool in the analysis of the probability problems which gave rise
to the theory discussed below. The results of this paper are a direct con-
sequence of that suggestion.

In what follows we restrict attention to integration over the o-field
of u-measurable subsets of Z. There is no difficulty, however, in extending
the results to an arbitrary subset of . This extension may be carried out
by introducing the Carathéodory outer measure

p*(X) = inf {u(M); X C M, M e 4}

for any subset X CZ.

Following Carathéodory a subset M* C Z is said to be y*-measurable if

W (X) = p* (XM +p*(X (F — M%)

for each X C&.

If #* denotes the class of all u*-measurable sets then .4 C.#* and
M* is a g-field of subsets of Z. As is well-known, u* is countably additive
over the o-field A*(S) of all sets of the form M*S, M* e .4*. If we define
a partition of an arbitrary S CZ to be a finite or countable system of
mutually disjoint elements of .#*(S) whose union is S and such that

u*(X) < oo for each element X, of the partition then the method and
results below remain valid.

The integration theory below may be extended also to signed measures
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in an obvious way by means of the Hahn-decomposition theorem.

The theory of this paper is similar to a modification of the theory
of Birkhoff [1] suggested by Hildebrandt [5] and derives from an early
work paper of Fréchet [4] which uses ideas due to W. H. Young. For an
account of these and other theories of integration we refer to the review
paper of Hildebrandt [5].

The theory below is, of course, much less general than that of Birkhoff
since we consider only real-valued functions whereas Birkhoff considers
functions taking values in a Banach space. However, the emphasis of this
paper is rather different from that of other authors whose main interest
has been the integration of point functions. In this paper the interest
centres on the integration of set functions. However, in section 8, we show
how the present theory may be applied to integrate measurable point
functions.

In a later paper we examine the extent to which the methods of this
paper can be used when the set functions take values in a metric vector
space. Finally we remark that the theory of this paper could have been
developed by replacing the o-field .# by a Boolean g-algebra containing
a null and an all element. However, with specific applications to probability
theory in mind it seemed preferable to pursue the method adopted below.

2. Set functions on #

By a set function f(-) on # we mean a real-valued function f(M)
defined for each M e.#. However, we consider as equivalent two set
functions f,, f, such that f, (M) 5 f,(M) implies u(M) = 0. Two equivalent
set functions will be said to be equal almost everywhere with respect to
# or in abbreviation, equal a.e.u. Instead of talking of an equivalence class
of set functions we adopt the convention that a set function can be defined
arbitrarily on the elements of .# with zero u-measure.

If S e .4 has positive u-measure, a set function f(-) is said to be es-
sentially bounded on #{(S) if there is a partition IT, of S such that f(-)
is bounded on the family of all elements with positive u-measure of all
partitions of S which are finer than I7,.

For each element M e .# with u(M) > 0 we define

1) :f‘“(M) = sup {{(M,); M, CM, M, e 4, u(M,) > 0}
‘ fO (M) = —inf {{(M,); My CM, M, e 4, u(M,) > 0}.

When M e .# and u(M) = 0 it is convenient to adopt the convention
22) JOM) = §(M) = fP M) = 0.
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The set functions f‘+!(-), /() are called the upper and lower variations,
respectively, of f(-) on .# with respect to u. We write

(2:3) If1(M) = fHM)+f(M).

The set function |f|(-) is called the total variation of f{-) on .# with respect
tou If My, Mye #, M,C M, and u(M,) > 0 then

(2.4) —[M,) = —fO(M,) = (M) = fPM,) = [H(M,)
and hence
(2.5) (M) = 11(My).

We prove now

LEmMa (2.1). If M e A, p(M) > 0 and |fH(M)| < oo then to every
0> 0 there is a Myec M, u(M,) > 0 and My C M such that

0= /P (My)—f(M;) <.

Proor. By the definition of f*(M) there is an M; C M, u(M,) > 0
M, € A such that

M) < H(M,) < (M) < f9(M).

This proves the lemma.
Using Lemma (2.1) and a result of Finch [3] we prove the important

THEOREM (2.1). If M e M, 0 < u(M) < © and if {(-) ¢s bounded on
M (M) then to every 6 > O there is a sequence {M3}, n = 0 of mutually disjoint
subsets of M, each of which belongs to M and such that

(i) (M3 =0, p(M3) >0, %> 0,
@) O=ZfOM—fM;) <o, #>0,
(i) oo M3 =M.

ProoF. Denote by &, the family of all yu-measurable subsets of M
which have positive y-measure and which satisfy condition (ii) of the
theorem. By lemma (2.1) this family is not empty. For any element F € &,
we define the R-class of F to consist of F and all the elements of #; which
are disjoint to F. By a result of Finch [3] the family &, has a maximal
R-section, that is, a maximal set of mutually disjoint elements of F,.
Since u(M) < oo, u{F) > 0 for each F € #; and u is countably additive
there can be at most a countable number of elements of &, in a maximal
R-section. Let these elements be M}, # = 1. Then the maximality of the
sequence {M3}, #» =1 implies that M} = M—373, M} has u-measure
zero, for otherwise lemma (2.1) implies the existence of an M, e %,
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u(My) > 0and M, C M thus contradicting the maximality of the sequence
{M3}, n = 1. This completes the proof of the theorem.
The folowing corollary is important.

CoROLLARY. (2.1). If S e.#, () is essentially bounded on M(S) then
there is a partition IT, of S such that to every partition II of S which is finer
than I1, and to every 8 > O there is a partition IT, of S such that Il = II and

0 = fM(M,)—f(M,) <6

for each element My € Il which has positive u-measure.
The corollary is proved easily by taking I7, to be the partition occurring
in the definition of essential boundedness and by applying theorem (2.1)
to each element of the partition I7 = II, which has positive u-measure.
In exactly the same way we can prove

CoROLLARY (2.2). If Se .#, [(*) is essentially bounded on M (S) then

there is a partition II, of S such that to every partition I of S which is finer
than IT, and to every & > O there is a partition Il of S such that 11, = IT and

0 = H(My) 41 (M,) <&

for every element My e Il; which has positive u-measure.

3. Integration of essentially bounded non-negative set functions

Throughout this section S is an element of .# such that 0 < u(S) < <0,
f(-) is a set function which is non-negative and essentially bounded on
A (S). All the partitions II(S) of S which occur in this section will be as-
sumed to be finer than the partition 7I, which occurs in the definition of
essential boundedness. We write

(3.1) (n Lmﬂ-m(-) — (IT) lim L%)/(M)n(M)]

whenever the I7-limit on the right exists. When the I1-limit (3.1) exists
we say that /() is IT-integrable on .#(S) with respect to 4. The summation
occurring in (3.1) is over all elements of the partition II(S) of S and in (3.1)
and in similar summations below we adopt the convention (2.2).

In order to obtain conditions under which the I7-integral exists it is
convenient to introduce a Riemann type integral which we define in terms
of upper and lower Darboux Sums. Thus we write

FIT) = 3 {0 (M)p(M)

sy
(3.2) Fs(II) =H%)f(M)/J(M)
FOIT) = 3 {2 {M)u(M)
i(S)
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Since f(-) is non-negative and essentially bounded on .(S), u is completely
additive and u(S) < oo the series in (3.2) all converge.
From (2.4) we deduce that if I1,(S) = II,(S)

(33) —F§ () < —F5(IT,) < Fy(IT,) < FY(IT,) < F§(IT,)
Since — F§(IT) < u(S) sup {f(-)} and F§(IT) = u(S) inf {#(-)}

s = inf {F{"(IT)}

(3.4) { -
Fg=sup {—Fg' (II)}

are finite. It follows at once from the monoticity implied by (3.3)
that
(3.5) Fs< Py
and

= ESYAPHS
0 Fy= () [, f0m0)

Fs=—(m |, fo0ul).

()
If Py= Fg= Fg we say that f(-) is R-integrable on . (S) with respect to
p# and write
(3.7) Fs=(R) [, 10n).

The following theorems establish the equivalence of the R and I7 integrals
and lead to a necessary and sufficient condition that the integral exists.

THEOREM (3.1). If f{-) vs R-infegrable on M (S) with respect to u then
it s also Il-integrable on M (S) with respect to u and

(3.8) (1) [ s 10 = (R [ FORO)-

)
A necessary and sufficient condition that f(-) be R-integrable on M (S) with
respect to u is that the I1-integral of the total variation of f(-) on M (S) with
respect to u is zero, that is,

(3.9) ) [, NORE) =

Proor. If f(-) is R-integrable then Fg= Fg= Fg. From (3.3) it
follows that ([7) lim Fg(I) exists and is equal to Fg. This proves (3.8).
When f(-) is R-integrable it follows from (3.6) and the additivity of the
II'limit that (3.9) is true. Conversely when (3.9) is true it follows from
(3.6) that Fs = Fg and so f(-) is R-integrable.

The next theorem in conjunction with theorem (3.1) establishes the
equality of the I7 and R-integrals.
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TureoREM (3.2). If f(-) is Il-integrable on M (S) with respect to u then
it is also R-integrable and the two integrals have the same value

Proor. If /() is [I-integrable on .#(S) then it follows from (3.6) and
the additivity of the IT-limit that (f*9(-)—f(-)) is II-integrable. Let Fg
be the value of the II-integral of f(-). Then given ¢ > 0 there is a partition
I1,(S) such that

|(Fs—Fs)—(F§"(IN)—Fs(IT))| < e

for all II(S) = I1,(S). But it follows from Corollary (2.1} that given any
6 > 0 there is a partition II;(S) = I1,(S) such that

0 < F{(IT)— Fs(IT) < ou(S)-

It follows at once that Py = Fg. A similar argument shows that Fg= Fg.
This proves the theorem.
Finally we prove

THEOREM (3.3). A mnecessary and sufficient condition that f(-) be II-
integrable on M (S) with respect to u s that to every 6 > O there exists a partition
IT4(S) such that |f{(M) < & for every element M e II,(S) with positive u-
measure.

In order to prove the theorem we require the following

LeEMMA (3.1). If f(-) is I-integrable on A (S) with respect to p and if
My € M (S) has positive and finite p-measure then

(3.10) inf {|f|(M); M CM,, Mec.#(S), u(M) > 0} = 0.

ProoF. Suppose to the contrary that the infimum in (3.10) takes the
value 8 > 0. Since f(-) is II-integrable it is also R-integrable and (3.9) is
true. Thus there is a partition II,(S) such that

(3.11) ”:(Z;)lfl (M)p(M) < éu(M,)
for all II(S) = IT,(S).
Let IT,(S) = {M3}, n = 0, M3 e .#(S) and let II,(S) be the partition
{M,, S—M,}. Writing II,,(S) = II, - IT,(S) we have
3 IAGOuM) = 3 10103 Mo (M3 M)
I, 4(S) Ne=(}
2 0u(M,).

But IT,4(S) = II,(S) and the inequality above contradicts (3.11). Thus
(3.10) is true and the lemma is proved.

ProoF oF THEOREM (3.3). (a) Swufficiency. Under the hypothesis
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of the theorem it follows from (2.5) that [f|{(M) < d for all elements
M eII(S) = II,S with positive p-measure. Thus

H(ES)I)‘I (M)u(M) < 6u(S)

for all JI(S) = I14(S). Thus (3.9) is true and f(-) is R-integrable, hence
also II-integrable.

(b) Necessity. If f(-) is IT-integrable on .#(S) with respect to u then
it follows from lemma (3.1) that to each 6 > 0 and each element M e .#(S)
with (M) > O there is an element M, € .#, u(M,) > 0, and M, C M such
that |f|{M,) < 6. An argument similar to that used to prove corollary
(2.1) establishes that to every é > 0 and every partition II(S) of S there
is a partition IT,(S) = II(S) such that |f|{(M) < é for each M € II,(S)
with positive y-measure. This completes the proof of the theorem.

A set function which satisfies the conditions of theorem (3.3) will be
said to be regular on .#(S) with respect to u.

4. Integration unbounded non-negative set functions

In this section S is again an element of . such that 0 < u(S) < oo,
/() is a set function which is non-negative but unbounded on .#(S). We

write
if (M)
#.1) M) = {/(I:f) if ;EM; ;:
and define
(4.2) (H)f f()u() =lim M )ul)
AH(S) n—>oo H(S)

whenever (Wf(-) is regular on #(S) with respect to u for each » > 0 and
the limit on the right of (4.2) exists.

When f(-) is unbounded but essentially bounded on .#(S) it is clear
that (4.2) yields the same integral as the last section.

5. Integration of unrestricted set functions

Let Se#, 0 < u(S) < c and let f(-) be a set function on #(S)
which is not restricted to non-negative values and is not necessarily es-
sentially bounded. We write

M) i fM)=0

6.1) MM):{ 0 if f(M)<o0
0 if FM)=0

(5:2) f-(M) = {—-f(M) it f(M) >0
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so that

(5.3) HM) = £, (M)—f_(M).

We define the IT-integral of f() on .#(S) with respect to u by

(6.4) (D[, fOr0) =D [, HORO=ED [, -Cn)

whenever the IT-integrals on the right exist, in which case we say that
f(-) is II-integrable on .#(S) with respect to u.

It follows at once that if f(-) is II-integrable then |[f(-)| is also
Il-integrable and

(5.5) | @) [, 1080 | = @ [, 11O,
Finally if u(S) = 0 we define
(5.6) 1m) [, 10mt) =o.

6. Integration on sets with infinite u-measure

Let {S,}, § = 1 be a sequence of mutually disjoint elements of .4 such
that for each § = 1, 0 < u(S,;) < oo and write S = ¥32,S,. We do not
assume that 332, u(S;) < co and so S may have infinite u-measure. For
each § =1 let II(S,) = {M}}, n = 0 be a partition of S,, we define the
sum of the partitions I7(S,),

es) = gﬂ(sa

to be the partition of S consisting of the double sequence {M}} of elements
of #(S).

Let S be an arbitrary element of .#. Since g is o-finite on .4 there
exists a sequence of mutually disjoint elements of 4, {S,}, 1 = 0 such
that p(Sy) =0, 0 < u(S;) < 0, § >0 and S = 332, S,. Let f() be a
IT-integrable set function on .#(S;) for each j = 1, then we define

(6.1) () fmﬂ-)ﬂ(-) =S| foul)

j=1 H(S))
whenever the series on the right converges.

We show now that this definition does not depend on the particular
partition {S;}, 7 = 0 of S which occurs in (6.1). Explicitly we prove

THEOREM (6.1). Let S e M. If [(-) is a set function on A which is II-
integrable on each element of M (S) with finite y-measure then
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(6.2) (1) L(S)f(')ﬂ(') = (/1) im L%)f(M)ll (M )]

1 the sense that if either side exists then so does the other and the two are equal.

ProOF. Since u is o-finite there is a partition {S,}, = 0 of S such
that u(S,) = 0, 0 < u(S,) < o, j > 0. Write

F,d1) =n% )f(‘)#('). 1>0

for any partition II(S,) of S,. By the hypothesis of the theorem
F, = (IT) lim F,(Il) exists. Thus to each j = 1 and each e > 0 there is a
partition I7,(S;) such that

|Fy—Fy(IT)] < /2
for all IT = II(S,) = II,(S,). Let

11,(S) =121ﬂ.(5;)
be the sum of the partitions IT,(S,). Then
(6.3) ’EIIF,—F,(H)I <e

for all partitions II = II(S) = IT,(S).

The statement of the theorem follows from (6.3) by a standard argument.
Note that the uniqueness of the II-limit, when it exists, established in
section 1, ensures that the definition (6.1) does not depend on the particular
defining sequence {S,}.

Note also that (6.1) is valid when Y u(S;) < co. We can express the
results of this section therefore by the remark that the Il-integral is a
completely additive set function on 4.

7. Integration of point functions

By a choice function on .# we mean a relation which associates to each
element M € # a point §(M)e%Z. If §(M) e M for each M e .# we say
that &(-) is a restricted choice function. The existence of a choice function
is ensured by the axiom of choice.

If f(z) is a real-valued point function on & and if £{*) is a choice func-
tion on .# then we can associate a set function on .4 to the point function
by means of the equation

(7.1) fe(M) = {(§(M)).
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If

S(M) = sup {f(z) :x € M}

@-2) {i(M) = inf {f(z) : z € M}

then for any restricted choice function &(-) we have
(7.3) i(M) < (M) < S(M).

The set function S{M) is monotonic non-decreasing, that is, S(M,) < S(M,)
when M, C M,. It follows that for u(M) > 0, SV (M) = S{M) and hence
that |S|(M) = S(M)+ S (M). Thus, by corollary (2.2) and theorem (3.3),
S(M) is II-integrable on any set S of finite u-measure such that S(-) is
essentially bounded on .4(S). Similarly ¢(M) is Il-integrable.

Suppose, for simplicity, that (%) <, 0=f(z) <1, zeZ. If f(z)
is measurable with respect to .4 that is if the sets F, = {z: f(x) > a}
belong to .# for each real @ it follows that the sets

M,,=f{z:{~1)n<fx)<ijm}, 1=j<mn,

are elements of .# and that for each # = 1, {M, ,}, 1 = = % is a partition
of . From (7.3) the total variation of f;(-) does not exceed 1/ on any
element of this partition whatever the restricted choice function &(-). It
follows from theorem (3.3) that f¢(-) is JI-integrable on .#. From (7.3) we
obtain

(7.4) 0D [ iOue) < (@ [ fO() < (D [, SOul).

Since f(z) is measurable .4 the extreme expressions in the above inequality
are just the lower and upper Lebesque integrals of f(z) with respect to the
measure g, they are therefore equal. Thus the Il-integral on . of the
set function associated to the bounded measurable point function f(z), by
an arbitrary restricted choice function is just the Lebesque integral of f(x)
with respect to the measure u.

Conversely if the extreme expressions in the inequalities (7.4} are equal
f¢(-) is Il-integrable for any restricted choice function &(-) and the value
of the integral does not depend on &(-). Further to any & > 0 there is a
partition II; of & such that

(@) —f(=5)] < &

for all x,, =, belonging to an element M ¢ IT, with u{M) > 0. It follows
that f(z) is measurable ().

I am indebted to Mr. J. E. Moyal for suggesting some improvements
in the presentation of the results of this paper.
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