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ON THE RADIUS OF CONVERGENCE OF THE
p-ADIG L-FUNCTION

YASUO MORITA

Introduction

In their paper [11], Kubota-Leopoldt constructed the p-adic L-function
L,(s; y) for each Dirichlet character y. This function L,(s;y) is a mero-
morphic function on the open dics {|s — 1| < |g”p¥*~V|} with a possible
simple pole at s = 1. In this paper, we would like to give an answer to
the following question:

QuesTiON. Why is L,(s; y) meromorphic only for |s — 1| <|g~'p¥?"|
and how does L,(s; y) behave outside this open disc ?

It is well-known that the p-adic exponential function exp (2) =
w0 2"[n! converges exactly for |z] < |p*~"| and satisfies the functional
equation exp (p"2) = {exp (2)}"" for any integer n = 0. Hence exp (z) can
be extended to a multivalued analytic function on the whole plane. We
shall see in this paper that the p-adic L-function L,(s;y) behaves exactly
like this.

We assume that y is primitive, y # 3°. and y(— 1) = 1. Then we shall
show that (1) the p-adic L-function L,(s; ) can be extended to a multi-
valued analytic function on the whole plane (see § 1), but (2) L,(s; x) can
not be extended to a univalent analytic function on a larger domain
(see §2).

The result of Kubota-Leopoldt was generalized by several mathema-
ticians to the case of a totally real finite algebraic number field. Ac-
cordingly, we shall study the problem in this generalized case. The
results in this case is:

Let F be a totally real finite algebraic number field. Let y be a
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character of the Galois group of a totally real finite abelian extension of
F. Let L,(s;x) be the p-adic L-function for the character y. Then L,(s;y)
can be extended to a multivalued analytic function on the whole plane
k (see §1) and the maximal domain of analyticity for L,(s;y) is given
in the following manner (see § 2):

Let P. be the cyclotomic Z,-extension of @, and let F, = F-P..
Let ¢, be the degree of F N P, over Q. For each integer m, let

D, = {sc klls| < |p™"qi P>}

THEOREM. The p-adic L-function L,(s;y) can be extended to a one-
valued analytic function on D,(m = 0) iff L(s; ny) = L(s; y) holds for any
character © of the Galois group Gal (F.[F) satisfying =™ = y°. Further-
more, if m is maximum with this property, then L,(s;x) has no (one-
valued) analytic continuation outside D,, or D,\{1}.

Further we shall study the condition of this theorem and give an
example.

In Appendix, we shall show that the algebra of Krasner analytic
functions is integrally closed in its quotient field.

§1. Multivalued analytic continuation of L,(s;y)

Let p be a prime number, and let @, be the p-adic number field.
Let £ be an algebraically closed field containing @, such that (1) the
p-adic absolute value of @, can be extended to an absolute value | | of
k and (2) k is complete with respect to | | Let @ be the algebraic
closure of the rational number field @, and we fix embeddings of @ into
the complex number field C and our field 2. For each positive integer n, let
¢, be the primitive n-th root of unity in % corresponding to exp (2rv'—1) € C.

Let F be a totally real finite algebraic number field, M a finite cyclic
extension of F, { the conductor of M/F, (a, M/F) the Artin symbol. Let
x be a 1-dimensional faithful character of the Galois group Gal (M/F).
For any fractional ideal a of F prime to f, let

(LY 2@ = x((a, M|F)) .
For any element ¢ of Gal (M/F), let
(1.2 Culs; o) = 2 (Na)™*,
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where a runs over all integral ideals of F prime to { satisfying (a, M/F) = o.
It is well-known that (1) {,(s;¢) can be analytically continued to the
whole plane C, except a simple pole at s =1, and (2) {y(— n,0) is a
rational number for any integer n > 0. Let S be the set of primes of F
above p. We define

(1.3) L(—n,p) = ,§a 20)u(— n, 0)
and
(149 Ls(=n ) = I(— n,2) TL(L = 20)N9) .

Let ¢ denote p or 4 according as p = 2 or p = 2. For each integer
n =0, let P, be the unique subfield of Q(,,») of degree p" over @, and
put P, =g, P, Let F,=F.P, for n=20,1, .-+, . Then Gal(F./F)
is topologically isomorphic to the additive group Z, of p-adic integers.
Let 7, be a topological generator of this group.

Let F/ = F(,), F., = F’-F,. Then Gal (F./F) is isomorphic to the
direct product of Gal (F’/F) and Gal (F../F). Let 6 and « be the characters
of Gal (F'/F) and Gal (F./F) with values in Z, such that

(L5) o(Q) = ¢

for any p-power root { of unity and o€ Gal(F./F). We extend them to
characters of Gal(F’'-M/F).

Let x be as before, and let o, be the ring of integers of the field Q,(y)
obtained by adjoining the values of y to @,. We say that y is exceptional
if ¥ is a character of Gal(F./F). Then x(y,) is a p-power root of unity.

Coates proved the following theorem under two assumptions C(p)
and D(p) (cf. Coates-Sinnot [4], Coates [3]). Later these two assumptions
were proved by Deligne, Ribet and Cassou-Nogués (cf. Deligne-Ribet [7],
Cassou-Nougués [2]).

TueorREM C. Let F be a totally real finite algebraic number field, and
let x be a character of the above form. Then there exists a unique element
G(T; y) of the quotient field of the formal power series ring o,[[T]] with the
following properties:

(1) G(T;y) belongs to o,[[T]] if x is not exceptional.

@ {X'G)A + T) — e(r)}G(T; x) belongs to o,[[T1]] if x is exceptional.

() Ly(s; 1) = G(x(ro)* — 1; x) satisfies
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L,(— n;y) = Ls(— n; x6'™")
for any integer n = 0.
It is easy to see from Coates’ construction of G(T'; y) that we have

CoroLLARY. Let y be an exceptional character, and let 7, = n(y,)".
Then

Ge(r)' — 15 27) = G(ar(ro)' — 15 0) -

We note that our G(T';y) is G(T’; x~'6) in Coates’ notation.

Let & and = be as before. Then we note that (a) 6* is trivial iff
F2 Q¢ +¢Y and (b) £(7;) = 1 modulo gp* iff F2 P,. We also note
that L,(s; x) # 0 iff M is totally real, and hence iff X((§)) = 1 for any ele-
ment & of F satisfying § = 1 modulo f{,, where f, is the finite part of f.

Let g, = gp® be the greatest power of p satisfying x(y,) = 1 modulo
q.. Hence |«(y,) — 1] = |q,] For any non-negative integer m, let

(1.6) D, = {seklls| <|p~'qs’p"*""[} .

Let 0(D,,), be the set consisting of all power series f(2) = Y7, a,.s"(a, € k)
which converge on D,. It is known that 0(D,) is a domain of integrity
and O(D,,) is integrally closed in its quotient field .#(D,,).

Let

1.7 exp (2) = i‘ z—n' and log (2) = i‘ (___Dizn.
n=0 n. n=1 n

Then

LemMA 1. x(y,)*™ = exp {p™slog (x(7,))} is an element of O(D,). Fur-
thermore the equation

TS = s

of T, is irreducible over #(D,). Hence any root T, of this equation
generates over #(D,) a cyclic extension of degree p™.

Proof. Since exp(z) converges exactly for |2| < |p"?~"| and since

1.8) [log («GN| =g + -~ -1 =[],

the first assertion follows immediately. Furthermore it follows that £(y,)* =
exp {p’s log (k(r,))} does not belong to O(D,) for any integer £ < m. Since
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o(D,,) is integrally closed in .#(D,) and since «(y,)? is integral over 0(D,,),
it follows that x(7,)** does not belong to .#(D,). Hence

1.9 &)™ € {A (D)} .

Therefore, by Kummer theory, the equation in the lemma is irreducible
over #(D,). Hence the lemma is proved.

Let 0(D,) be as in Lemma 1, let T, be a root of the equation in
Lemma 1. Let 0(D,)[T,] be the ring generated over &(D,) by T,. It is
a subring of the algebraic closure .#(D,) of #(D,). Then

Lemma 2. (1) O(D,) can be naturally identified with the set consisting
of all power series in Tr" — 1 which converge for |TE" — 1| < |pY®~V|.
(2) O(D,)IT,] can be naturally identified with the set consisting of all power
series in T, — 1 that converge for |T, — 1| < |p"®-bo"|,

Proof. Since

(1.10) T7" = exp {p™slog (k(7,))} = 1 + p™ log (x(ro))s + - - -

is an element of 1 4 p"*"PZ [[p™log (k(7,))p~"?~Vs]], there exists a formal
power series F(X) = X + -.. € Z,[[X]] such that

(L.11) p™log (k(r))p~*"Vs = F((T2" — 1)p~»-v)

It follows that se D, iff |T2" — 1| < |p“*~"|. Hence the first assertion
follows immediately.

Since %" — 1 =[], (T, — ) = [1,{(T» — 1) + (1 — )}, where 7 runs
over all p™th roots of unity, and since |1 — 3| < |p"*-P?"| for any such 7,
| T2 — 1)< | p¥?-P| holds iff | T',, — 1| < |p¥®~v?"|. Further F((T%' — 1)p~1/*-Y)
can be expanded into a power series of (T, — 1)p~V/*~Y?" with the coef-
ficients in Z,. Hence any element of @(D,), and hence any element of
(D, )[T,], can be expressed as a power series in 7T,, — 1 that converges
for |T, — 1| < |pY®-vrm,

Let f(T,) = X0 b, (T, — 1™ be a power series of T,, — 1 that con-
verges for |T,, — 1| < |pY®-?"|. Let » be a primitive p™th root of unity.
Then

(L12) T =% f(TITs,

where
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1
pm

- 71:20 bn{

FAT) = 8 i T T

(1.13) )

pm

me_lv”“’(vﬁTm — 1)"T;“} .
B=0

Since the sum in { } of (1.13) is a polynomial in T%’, we can write it as
> e™(T7 — 1)%.  Then, taking the supremum for |7, — 1| = r (| p/®?" "7} | <
r<|pY®-P*")), we obtain

(1.14) ’—1m—r
P

= Max [c™r?™|
2

(cf. e.g. Krasner [10], p. 138). Therefore f,(T,) can be expressed as a power
series in T%" — 1 which converges for |T2" — 1| < |pY?"?|. It follows from
the first assertion that f(T,) can be expressed as a power series in s
which converges for se D,,. Therefore f(T,)c O(D,)[T,], which completes
the proof of Lemma 2.

CoroLLARY. Let f(T) = 2, a,T™ be a formal power series of T with
the coefficients in k such that |a,| < 1(n=0,1, ---). Then (1) f((r.)’ — 1)
is an element of O(D,) and (2) f(k(y,)’ — 1) can be extended to an element
of O(D,)I[T,] for any integer m = 0.

Proof. Since

(1.15) £(ro)' — 1ep’*""Z,[[log (s(r))p~""s]] ,

fle(yo)' — 1) is a formal power series in log (x(y,))p~"*~"s with p-integral
coefficients. Hence f(x(y,)° — 1) gives an element of O(D,).

Since f(T) is a formal power series of T with p-integral coefficients,
f(T — 1) converges for |T — 1| < 1. Hence, by the assertion (2) of Lemma
2, f(T, — 1) is an element of O(D,)[[T,.]]. Since T, is an extension of
(7))’ to an element of the algebraic closure #(D,) of #(D,), f(T, — 1)
may be regarded as an extension of f(x(7,)° — 1) to an element of .Z(D,,).
Hence the corollary is proved.

Remark. Let f(T,, — 1) be as above. Then it is a root of an irreducible
monic polynomial with coefficients in #(D,). Furthermore f(x(y,)* — 1)
satisfies this equation for se D. In this paper, we use the word an ex-
tension in this sense (cf. Krasner [10]). It is easy to see that any exten-
sion of an element of .#(D,) to an element of .#(D,) is unique up to
automorphisms of #(D,,) over #(D,).
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THEOREM 1. Let the notation and assumptions be as in Theorem C.
Then we have

1) Lys;0) (x# x°) and (s — 1)L,(s; ¥°) are elements of O(D,).

(2) For each integer m = 0, L,(s; ) can be extended to an element of
OADIIT,.] if y is not exceptional.

(3) Any L,(s;x) with an exceptional character y can be extended to
an element of (s — 1)'0(D,)[T..] for each integer m = 0. Furthermore, if
the order of x(y,) is greater than p™, than L,(s;y) can be extended to an
element of O(D,)[T,].

Proof. Let G(T; y) be as in Theorem C. If y is not exceptional, then
G(T; y) is an element of 0,[[7]]. Hence, by the corollary to Lemma 2,
L,(s; x) belongs to O(D,) and it can be extended to an element of O(D,)[T,]
for any integer m = 0.

If x is exceptional, then

(1.16) GG — £G}Ly(s; 1)

belongs to @(D,) and it can be extended to an element of @(D,)[T,] for
any integer m = 0. If the order of x(y,) is greater than p™, then

12Goe(ra) — 1 = |GG — 1) + (e(Gro) — D)
= [xGrd — 1| = | pV*7"7"].

Hence, for any T, with |T, — 1] < |pY®~Y*"|, we have

(1.17)

IR (T, — "
1.18 T. — xGoe(r, = .
(1.18) t ©ro(ra) z {xGox(ye) — 13+

Hence {y(10) 'T\ — £(70)} " = x(G T — 2(r0)x(10)} ! is an element of O(D,)[T,}
(cf. Lemma 2). Hence L,(s; ) can be extended to an element of ¢(D,)[T,]
in this case. If the order of x(y,) is not greater than p™, then y(y)*" = 1.
Since

119  (s—1) pﬂ:l{CT"‘ — k()" = k()" (s — Ds(ro)™ ™ — 1}

is an element of O(D)[T,], (s — D{x(re) 'Tn — £(t)}"' is an element of
(D )IT,.] because {T,, — £(r,) € AD,)[T,] for any {. Hence L,(s; y) can be
extended to an element of (s — 1)7'0(D,)[T,] in this case. Hence the
theorem is proved.

Remark. J.-P. Serre found that (s — 1)L,(s; y°) is an analytic function
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on D, by making use of the theory of p-adic modular forms (cf. Serre
[17], p. 261). In this sense, the assertion (1) of Theorem 1 is essentially
due to Serre.

Remark. If F = @, then we can prove this theorem also by the method
of Kubota-Leopoldt [11]. In fact, the author discovered the multivalued
analytic continuation of the p-adic L-function in this way. With a
slightly different method, L. Washington also discovered the multivalued
analytic continuation of the p-adic L-function for the case F = @ (cf.
‘Washington [18]).

§2. The domain of analyticity of L,(s; y)

Let D be an open subset of k. We say that D is quasi-connected iff,
for any x,ye D,

2.1 {lz — x||zek,ze D, |z — x| < |x — yl}

is a finite set. M. Krasner constructed a theory of analytic functions on
such a set (cf. Krasner [10], Robba [16], Morita [14]). Let ¢’(D) be the
set consisting of all Krasner analytic functions on D. Then ¢'(D) is a
k-algebra and an integral domain. Further ¢'(D) is integrally closed in
its quotient field .#/(D) (cf. Appendix).

Let D be {zek|lz—a|<r} (ack 0<r) or {zekir<|z—a|<Tr}
(aek,0<r<r). Then D is a quasi-connected set. It is known that
the set O(D) consisting of all Taylor or Laurent series whose coefficients
belong to k& and which converge on D is an integral domain and integral-
ly closed in its quotient field .#(D). Further @(D) is contained in ¢'(D),
and, if k is maximally complete, then O(D) = ¢'(D). (For the relation of
Krasner analytic functions and rigid analytic spaces, see [14].)

Let D be as above, and let f be a function on D. Then we say that
f is an analytic function if f belongs to @(D). Further we say that f has
no analytic continuation outside D if there exist no quasiconnected set
D’ and element g of ¢'(D’) such that I’ 2 D and g(2) = f(2) holds for
any point z of D.

Let exp(2) be as in § 1. Then, by making use of a p-adic analogue
of the gap theorem, P. Robba proved that exp(2) has no analytic con-
tinuation outside the open disc {ze k||z| <|pY*~V|} (cf. Robba [16], Ex-
emples 15.12). Let «(7,), Dn(m = 0,1, - - -) etc. be as in § 1. Then, repeating
the proof of Lemma 1, we obtain
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Lemma 3. (1) Lemma 1 holds even if we replace D, by D,\{1}.
() Let D be a quasi-connected set satisfying DZD, and DCD,,,,.
Then the equation

I3RS = s

of T,,, is irreducible over #’(D). Hence any root T,,, of this equation
generates over A'(D) a cyclic extension of degree p™*!,

Let F be a totally real finite algebraic number field. Let X = X be
the set consisting of all characters of the Galois group of the maximal
abelian extension F,, of F over F such that its kernel corresponds to a
totally real finite algebraic number field. Then, by Theorem C, we have
the p-adic L-function L,(s; x) for any ye X. Let {L,(s; ©)},cx be the vector
with L,(s;y) at the y-component. Let f({L,(s;x)},cx) be a polynomial of
the L,(s; ). Let x° be the trivial character, and let = be an exceptional
character. Then y— 7y induces a permutation of X. Hence the poly-
nomial f({L,(s; 7y)},cx) is well-defined.

Now we have the following theorem:

TaEOREM 2. Let F, X, f({L,(s; x)},cx) be as above. Then this function
of s can be extended to an analytic function on D,\{1} (m = 0) iff

FAL(s; m0}iex) = F(AL(85 D}hrex)

holds for any exceptional character = satisfying =" = y°. Furthermore, if
m is maximum with this property, then there exists no quasi-connected set
D properly containing D, such that f({L,(s;1)},ex) can be extended to an
element of ¢'(D\{1}).

Proof. Since 1/(s — 1) belongs to 0(D,\{1}), it follows from Theorem
1 that each L,(s; ) can be extended to an element of &(D,\{1P[T,.]. Hence
fUL,(s; x),ex) can be extended to an element of O(D,\{1D[T,.].

Let G(T; y) be as in Theorem C. Then this element of ¢(D,\{1D[7,.]
is given by f({G(T,, — 1; 1)},ex)- Hence, in view of the theorem of identity,
the invariance in the theorem holds iff

fAG(Tw — 1; mhex) = f{G(Tw — 1; D}iex)

holds for any such characters . Hence, by the corollary to Theorem C,
this invariance holds iff f(G(T, — 1;x)},ex) is invariant under the con-
jugations T, — =n(y,)"'T, of O(D,\{(1P[T,] over O(D,\{1}). Hence the in-
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variance in the theorem is equivalent to the invariance under the auto-
morphisms T, — 5T,(*" = 1) of A(D,\{1DIT,] over #(D,\{1}). By Galois
theory, this latter invariance holds iff f({G(T, — 1;p},cx) belongs to
M(D,\{1}) (cf. Lemma 3). Since O(D,\{1}) is integrally closed in #(D,\{1})
and since f{G(T\, — 1; x)},cx) is integral over @(D,\{1}), the invariance in
the theorem holds iff f({G(T, — 1; x)},ex) belongs to O(D,\{1}). By the
remark before Theorem 1, this proves the first assertion.

Now we assume that m is maximum with this property. Let D be a
quasi-connected set properly containing D,,. ThenD N D,,,, Z D,.. Hence,
by Lemma 3, T, ,, generates a cyclic extension of .#'(D N D,,,,\{1}) of degree
p™*'. Hence, repeating the above argument, we see that f({G(T.,1 — 1; Y}ex)
does not belong to #’(D N D,,,,\{1}). This shows that f({L,(s; x)},cx) does
not belong to ¢'(D\{1}) because ¢'(D\{1}) € .#'(D N D, ,\{1}). Hence the
theorem is proved.

Remark. Let f({L,(s; x)},ex) and m be as in Theorem 2. Then we have
proved that f({L,(s; x)},cx) has no meromorphic continuation outside D,,.

As for the p-adic L-function itself, we have

TaEOREM 3. Let F and X be as in Theorem 2. Let y be an element
of X. Then the p-adic L-function L,(s;y) can be extended to an analytic
function on D,\{1} (m = 0) iff L(s;zy) = L(s; y) holds for any exceptional
character n satisfying =" = y°. Furthermore, if m is maximum with this
property, then L,(s;y) has no analytic continuation outside D, or D,\{1}.

Proof. If y is not x°, then L,(s;x) is an element of &(D,) C ¢'(D,).
Let DY be a quasi-connected set containing 1. Then L,(s;y) is analytic
on IV iff L,(s;y) is analytic on D'\{1} because it is analytic at 1. There-
fore, in view of Theorem 2, this theorem follows from the following lemma.

LEMMA 4. Let F and F’ be two real finite algebraic number fields.
Let y and y' be elements of Xy and X;.. Then

L(s; 1) = Ly(s; X)
holds iff
L(s; x) = L(s; y) .

Proof. If L(s; y) = L(s; x’), then, taking the p-parts of both series, we
obtain

https://doi.org/10.1017/50027763000024909 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000024909

P-ADIC L-FUNCTION 187

(2.2) MTI[ (1 — x(PNp)™) = VIL 1 = Y)NY)™),

where p and §' are over prime ideals of F and F’ dividing p. Hence we
have

(2.3) Ls(s; 1) = Lsds; X)

where S and S’ are the sets consisting of such p and §’. By the defini-
tion of the p-adic L-functions, this implies that L,(s; ) and L,(s; x) are
equal for any integer s < 0 satisfying s =1 (modulo (p — 1)) or (modulo 4)
according as p > 2 or p = 2. Since the set of such integers has an ac-
cumlation point in Dy\{1}, it follows from the theorem of identity (cf.
Krasner [10]) that L,(s;x) and L,(s; ¥") are equal identically.

Now we assume that L,(s; y) = L,(s; ). Then L(s; y) = L(s; ) holds
for any integers of the above form. By the functional equations, this

implies
a {1 - s)sin (Zs)} 1 (0 = 2D
X I (1 — 20D
(2.4) .,
= a b {1 — 9 sin (£s)}" 11 (@ - ¢6HND)
X I (1= YO®)
where a,,a,,€C*, b, b, eR*, r=[F:Q],  =[F':Q], and [ and U’ are

over all prime ideals of F and F’. By the Stirling formula, we obtain
r=r'. Then we divide the both sides of (2.4) by {I'(1 — s) sin ((z/2)s)} =
{I'@ — ) sin ((z/2)s)}” # 0 and obtain

a,b; T (1 — x(m)(Vp)~) [T (1 — (O =)
(2.5) ves {

= ayby I (1= @OV [J @ — 2Oy

Here we expand the products in both sides in Dirichlet series and take
s sufficiently near —oo. Then we see that (2.5) holds as an equality be-
tween functions of s. Hence we obtain

(2.6) axb‘; = axtb‘;/

and
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1 = xP@P™) [T A — 2OHAVH*)™
= A= 2@ [I @ — 7 ONTY)™,

o

(@.7) e

both as equalities between functions of s.

Let ¢ be any prime number different from p. Then, comparing the

coefficients of 1/4™ (m = 0,1, ---) of the both sides of (2.7), we obtain
@9 [T = 2O = JT Q= ZENOy)
Hence Lg(s; ) and Lg.(s; %) are equal. Since S and S’ are finite sets, it
is well-known that this implies L(s; ¥) = L(s; ¥’) (for example, we can prove
it by making use of the functional equations and repeating the above
argument to the quotients of them). Restricting s to R and taking the
complex conjugation, we obtain L(s; y) = L(s; x). Since L(s; y) and L(s; y')
are analytic functions of s, this completes the proof of Lemma 4.

Remark. Let L,(s;y) and m be as in Theorem 3. Let n be any
integer satisfying n = m. Then, by Theorem 1, L,(s; y) can be extended
to an element of O(D,\{1})[T,]. Hence there exists a polynomial f(X) =
X"+ a,(8)X* ' 4+ - -+ + a(s) e D,\{1D[X] such that f(X) is irreducible
over #'(D,\{1}) and f(L,(s;x) = 0 for any se D,,. It is easy to see that
k =p* ™ and any root of f(X) = 0 for se D, has the form L,(s; xy) with
a character = of Gal (F,/F,). In this sense, the set {L,(s; ry)} consisting
of such functions gives a multivalued analytic function on D, in the sense
of Krasner [10]. Furthermore, by Lemma 2, the parameter T, of Lemma
1 gives a unifomization of this multivalued function.

Hereafter we are going to study the condition in Theorem 3.

Let F be a finite algebraic number field. Let y and y’ be characters
of the Galois group of the maximal abelian extension F,, of F over F
such that the kernels of them correspond to finite extensions of F. Let
M, and M, be the corresponding fields. Hereafter in § 2, for any finite
algebraic number field N, we denote by N the Galois closure of N over Q.

Now we assume

(2.9 L(s; x) = L(s; x) -

Then, taking the ¢-part of the Dirichlet series expansions of them, we
obtain

(2.10) [1 @ =xOANH™) = [ @ = 7 OND™)
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for any prime number /, where [ runs over all prime ideals of F dividing
¢. Further (2.9) holds iff (2.10) holds for any prime number ¢ except a
finite number of exceptions. We note that (2.10) is equivalent to

21 U U070} = U U el 0},

where the equality holds not only set theoretically but also with multi-
plicities, f(I) is the residue degree of [, and { runs over all f() th roots
of unity. It follows from the density theorem that this equality implies
M, — I,

Since M, is a Galois extension of F, Gal (M,/F) is a homomorphic
image of Gal (MI/F ). Hence y induces a character of Gal (MI/F). Since
Une U &x(OY7 0} coincides with the set of eigen values of the induced
representation Ind & Ej,‘,;’;ﬂ;((ﬂ, MZ/Q)), where & is an extension of [ to Mz,
it follows from the density theorem that L(s; y) = L(s; y) holds iff Mx =
MZ, and Ind & §»%y and Ind & Eﬁ,;’;ij%x’ are equivalent as representations
of Gal (M,/Q) = Gal (M,./Q).

It is obvious that if L(s;y) = L(s;y), then (1) L(s; xx’) = L(s; ¥'¥")
for any character y” of Gal(Q.,/Q) and (2) L(s; ") = L(s; y’*) for any
integer a prime to [F:@]. On the other hand, let ¢ be an automorphism
of M, over Q satisfying F° = F. Let y,(z) = y(¢7'z0) for any ¢ e Gal (M, /F).
Then L(s; y) = L(s; x,) holds. Hence we can construct many examples of
2.9).

Of course, this problem is closely connected with the following well-
known problem: When do two Dedekind zeta functions coincide? For
example, if [M,: F] = [M,.: F] = 2, then L(s; y) = L(s; ¢) iff the zeta func-
tions of M, and M, coincide. In particular, we can construct examples
other that the above type (3) (cf. Perlis [15]).

Let F, L(s;y),n, --- be as in Theorem 3. We assume that m = 1 and

(2.12) L(s; x) = L(s; my) -

Let M= M, and P = P, be the fields corresponding to ker (y) and
ker (z). Then it follows from the density theorem that the Galois closure
M of M over Q contains P.

Let £ be a prime number such that ¢ remains prime in P. Then
()M = z(4) is a primitive [P: Q] th root of unity and (), U, {{x (D)7} =
Une U {&r(@)x(DV7 ™). Hence the group of [P: @] th roots of unity acts on
the set (U, U {&x (DY} faithfully. Since this set consists of [F: Q] ele-
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ments, [P,: @] divides [F: Q].
Let £ be a prime number, and let @ be the order of the group generated
by the x(I) for [|¢. Then it follows that

(2.13) U {¢} = L) {z(€)¢y .

If z(4)* is not 1, let p? be the order of =(¢). If p? divides f({), then the
group of all f({) th roots of unity contains z(£). Hence |, {¢°} = U, {=()*¢*}.
If p* does not divide f(), then the p-part of the order of =(4)* is greater
than the p-part of the order of any ¢« (¢/“ = 1). Since this contradicts
(2.13), it follows that n(£)* =1 or the order of n(¢) divides f(I) for any
prime ideal [ dividing 4. In particular, if [ is a prime ideal of F such
that [| ¢ and f({) = 1, then z({)* = =(¢)* = 1. Since « divides [M: F], n([)1*:"1 =
1. By the density theorem, there exists a prime ideal ! such that f(I) =1
and #([) is a primitive [F-P: F] th root of unity. Since [F-P: F] = [P: P,
this shows that [P,: P,] divides [M,: F].
Since there exists = such that P, = P,,,, we have proved

THEOREM 4. Let F and X be as in Theorem 3. If the p-adic L-func-
tion L,(s; 1) (x € X) can be extended to an analytic function on D,\{1}(m = 0),
then (1) the Galois closure M, of the field M, corresponding to ker(y)
contains P, ,, (2) p™ divides [M,: F] and (3) p™*¢ divides [F: Q). Further,
if L,(s;y) is analytic on D,\{1}, and if (4) Ml does not contain P,, .. or (5)
p™** does not divide [M,: F] or (6) p™***' does not divide [F:Q], then
L,(s;x) has no analytic continuation outside D,, or D,\{1}.

If F = Q, then p does not divide [F: Q]. Hence

CorROLLARY 1. The p-adic L-function L,(s;y) for a primitive Dirichlet
character y satisfying y + x* and y(— 1) = 1 has no analytic continuation
outside D, = {se k||s| <|q 'p"* V|}.

Remark. J. Fresnel proved that the Taylor expansion of L,(s; x) con-
verges exactly on D, by studying the Bernoulli numbers (cf. Fresnel [8]).

If y = %%, then p does not divide [M,: F]. Hence

COROLLARY 2. Let F be a totally real finite algebraic number field.
Then the-padic zeta function L,(s;y") of F has no analytic continuation
outside D, or D,\{1}.
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ExampLE. Let p = 2 and P = Qv 2). Let F be a real quadratic num-
ber field, and let M be a cyclic extension of F of order 4. We assume that
F+P, M2 P, M is totally real and M is a non-abelian Galois extension
of Q. (For example, F = Q(+v3) and M = QW2 + v 2)(3 + v 6)) satisfy
such conditions (cf. Dedekind [6].)) Let y be a faithful character of
Gal(M/F), and let = be the Legendre character z( ) = ( /Q(v 2)).

Let ¢ be a prime number which is unramified in M.

If ¢ remains prime in F, let £ =1 in F. Then z(l) = z(({, M/F)) =
(4, M|Q)) = =((¢, P/Q))* = 1. Hence () = z(Dx(). Therefore {+ y(0)} =
{£ z(Dx(D}.

If 1 is decomposed in F, let ¢/ =, in F. Leti=1or 2. If n({) =
z(l) = 1, then {y(1D), x()} = {z(x(), (L))} I z(l;) = n(}) = — 1, then I,
remains prime in F(v' 2)/F. Since Gal(M/F) is a cyclic group, [, remains
prime in M[F. Hence yx(l;) = x(({;, M/F)) is a primitive fourth root of
unity. Since M is not an abelian extension of @, the non-trivial auto-
morphism of F over @ acts non-trivially on Gal(M/F). Hence ([,, M/F) +
((,, M/F). Therefore x(((;, M/F)) # x((l,, M/F)). Therefore x(I,) = n({)x(l,)
and x(l,) = a(()x(). Hence {x(I,), x(1)} = {x()x(,), =(L)x (L)}

Therefore []q, (1 — x(DAVD*) = [T Q@ — aDx(ON) ") holds if [ is un-
ramified in M. Therefore L(s; y) = L(s; ny). By Theorem 3, L,(s;y) is an
analytic function on D,  Furthermore, since [F: Q] = 2, L,(s;y) has no
analytic continuation outside D,. We note that D, = {s € k||s| <|p~'q~'p""""]}
and FFN P = Q in this case.

Appendix

Let £ be an algebraically closed field with a non-trivial non-archi-
medean valuation | || We assume that & is complete with respect to this
valuation. Let D be a quasi-connected set in k& or P'(k), and let @(D)
be the k-algebra of Krasner analytic functions on D. Since @¢'(D) is a
domain of integrity, we denote by .#’(D) the quotient field of @'(D). Then

THEOREM. @'(D) is integrally closed in #'(D).

Proof. Let f be an element of .#'(D) which is integral over ¢'(D).
Then there are elements g, , a,, - - -, @, of @'(D) such that h + 0, f = g/h,
and

ff+af"'+ - +a,=0.
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It is known that D* = {ze D|h(2) # 0} is quasi-connected and 1/A is a
Krasner analytic function on D* (cf. Krasner [10], p. 156).

Let x be a point of D such that A(x) = 0. Since h # 0, it follows
from the theorem of identity that there exists a ball B such that xe B,
B C D and {ze B|h(z) = 0} = {x}. By the definition of Krasner analytic
functions, there exists a ball B’ such that xe B, B C B, and g, h,a,, - -, a,
are analytic elements on B’. Then the restrictions of g, 4, a,, ---,a, are
given by convergent power series. Since

gn = h(aqg"_l + azgn—zh + o+ anhn_l) ’

we see that g has a zero at z = x and the order of zero of g at z = x is
not smaller than the order of zero of A at z = x. Hence there exists a
ball B” = B”(x) such that xe B”, the diameter of B” belongs to |k*|, and
f = g/h is given by a convergent power series on B”. Then the restric-
tion of f to B” is an analytic element. By the definition of Krasner
analytic functions, f is a Krasner analytic function on D* U (J, B”(x) = D.
Hence the theorem is proved.
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