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1. Introduction

We are going to study the problem

—Au =o(z)v — di(z)u — cyu(u +v), in £2,

—Av = b(z)u — da(z)v — cpu(u +v), in 02, (1.1)
ou Ov
= 0, on 9092,

where {2 is a bounded and regular domain in R", the functions o, b, d;, d2 belong to
LE(2) ={ge L>(2), g >0 ae. in 2},

and c;, co are positive constants.

The coefficients of problem (1.1) can be interpreted as follows: we suppose that two
subpopulations of the same species live in the domain §2. The function u represents
the concentration of the adult population and v the young population. The function o
describes the young that become adults. In the same way, b is the rate of young produced
by adults.

The functions d; and d; can be interpreted as harvesting a portion of the populations
due to fishing. The constants ¢; and ¢; measure the strength of the crowding effect and
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the competition between v and v. We are interested in finding solutions of system (1.1)
with both components non-negative and non-trivial. For ¢ = 1,2 and §; > 0 we define

Cs, ={g € L>®(), 6; 2g>0ae. in 2}.

The pair (d;,ds) € Cs, x Cs, acts as a control on the fishery. For each value of the control
in Cs, X Cs, (see Theorem 2.5 below), system (1.1) has a (weak) unique positive solution

(udx,dza vdl,d2)-
Our cost—benefit functional is defined by J : Cs, x Cs5, — R, as

J(d1, d2) =/Q{/\uc11,d2(x)d1(x)~(dl(f))2+uvd1,d2(x)d2(w)—(dz(w))Q}dw, (1.2)

and in a certain sense represents the difference between revenues and cost (see [2,8,10,11]
for similar cost functionals). The positive constants A and p stand for the ratio of the
selling price of the fish to the cost of harvesting the populations (adults and young).

A control (d1,dz) € Cs, x Cs, is said to be an optimal control if

J(d1,d2) = sup J(er,ez).
CleC52

The main result of this paper (§3) is the uniqueness of the optimal control obtained
basically when parameters A, ;1 are small enough. Ideas explained here can be used to
study the uniqueness of the optimal control in other problems [8,10,11].

In the scalar case, other types of conditions to obtain uniqueness of the optimal control
can be found in [6].

In the next section, after some preliminary results, we give conditions to obtain unique-
ness of the positive solution of (1.1).

In §3, we derive optimality conditions and, in particular, under certain hypotheses,
each optimal control will be expressed in terms of the solution of an appropriate system
(the optimality system).

In §4, by using the aforementioned optimality conditions, we get uniqueness of the
optimal control. Also, a simple example is given in order to show that our conditions can
be met.

2. Existence of state solutions

The upper- and lower-solutions method [1], and the uniqueness of positive solution for a
strongly sublinear operator [1,9], are the main tools used in this section (see Theorem 2.4
for a reminder of these notions). Also, it is convenient to use some results about the
regularity of solutions for elliptic PDEs and embeddings of different Sobolev and Holder
spaces (7). We will use H(£2), H?(£2), WP(£2) and W2P(§2) with p € (1,00) to denote
the corresponding Sobolev spaces, and C*(2), a € (0,1) to represent the Holder spaces.
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We will need to obtain conditions that give us existence and uniqueness for a linear
system of type

—A& + a1 (z)€ + ar2(z)n = f(z), in 2,

—An+ azl(l')f + 0422(-’15) = g(x): in §2, (2.1)
o _On _
= T 0, on 812,

where f,g € L?(02).
We define py(q) (€ R), for every g € L™({2), as the principal eigenvalue of the corre-
sponding eigenvalue problem

—Au+ qu = pu, in 2,
(2.2)

Ou
5 —0, on _Q

It is known that p;(q) is simple and it verifies the variational characterization

/|Vu|2+/ qu?
min 2 2 .

ueH1(2)-{0} / w2
N

The function p; : L*(£2) — R is continuous, p1(q1) = p1(g2) if ¢1 > ¢z in 2, and p1(g +
M) = pi(q) + M for M € R. One may define ¢;{g) to be the eigenfunction associated to
01(q) verifying ¢,1(¢) > 0, Vz € 22 and ||$1(¢)|lcc = 1.

Proposition 2.1. Let a1, a12,a01,a22 be in L*((2) and satisfying

pi(g) =

pr(a11) >0, pifaze) >0 and ([lerzlle + lla21fleo)® < 4p1(an)pr(az2).  (2.3)
Then, Vf,g € L?(12), system (2.1) has a unique solution in H'(£2) x H}({2).

Proof. It is enough to observe that the functional A : H'(£2) x H!(2) — R, defined
as

A((ﬁ,n),(%w))=/QV€W+/Qau(:C)£s0+/QVnV¢
+ /Q an (@) + /Q aa(ano+ [ an(@)és,

is coercive, i.e. 3a > 0: A((¢,n),(&,1)) > a(|§|i,1(m + In[%”(m). In fact, by using the
variational characterization of p;(g), ¢ € L*(f2), and the Holder inequality, we deduce
that

A& ), (6)
> pr(an) /Q € + py(az) /Q 7 ~ (laxalloe + llaz1 loe) /Q enl

> p1(an)lElF 20y + p1(a22) Il 720y — (larzllco + llazilloo) €N L2y MMl L2¢2)-
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The left-hand side, in the above inequality, is a quadratic form in the variables ||£|| ,2( )
and ||n||L2(), and it will be positive defined if and only if (2.3) holds. Hence, there exists
a3 > 0 such that

A(Em), (Em) > [ / £2+n2]- (2.4)

On the other hand, from (2.3), one infers that Jas > 0 satisfying

(1 — a2)p1(a11) — azllarn o] [(1 — a2)p1(a22) — azllaselle] > 3 (lar2lleo + llazlllooEQ,
2.5)

and, therefore,

[(1 = a2)pi(an1) — azllanlled]I€lIE2 (o) + [(1 — a2)p1(az2) — azllazllwllinlLzq)
= (lla12llco + la21llca) €l L2 ¢y lInll L2¢2y = 0.
By virtue of the Hélder inequality, we have

(1 — a2)p1(ar) /962 +(1- ozz)pl(azrz)/nﬂ2 - /Q [Enl(llarz]loo + llazi(loo)

>a2(naunm [ & +laler [ 772>-
2 2

Now, the variational characterization of p;(a11), p1(a22) again implies

(1- az)(/Q [VE|1? + a11§2) +(1- a;;)(/g |Vn|? + a22772) + /an(a12 +an)

> —as </ ané? + a22n2),
2

A(Em), (€m) > a [ / |vsl2+|w|2]. (2.6)

or, equivalently,

From (2.4), (2.6) and taking o = § min{ay, o2}, we deduce that A is coercive.
The proof can be concluded by using the Lax—Milgram Lemma (for a similar proof
see [4]). a

For each e € L™({2), we denote e = essinf, e and, accordingly, & = esssupg, e.
In the next theorem we give conditions to obtain a coexistence state.

Theorem 2.2. Let us assume that

ob > 5152,
_ C20
-0 <
4 g ~ Clbg, (2‘7)
- b
b-b<
C20
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Then, V(dy,d2) € Cs, x Cs,, there exists a coexistence state (u,v) of system (1.1), i.e.
(u,v) verifies system (1.1) withu > 0 and v > 0 in £2.

Proof. Firstly, let us consider system (1.1) with o, b, ¢; and ¢; positive constants and
dy, d2 non-negative constants. It is easy to check that system (1.1) has a unique constant
solution (u,v) such that 0 < u < (g/c1), 0 < v < (b/c2) in £2, if and only if b > dids.
In fact, (u,v) is a solution, with positive constant components, of the system

0 =o0v—diu— qu(u + v),

0 = bu — dov — cov(u + v).

Now, turning back to the general case, let (u.,v.) be the unique positive constant
solution of the problem

—Au = gv — du~cru(u +v), in £,

—Av =bu — v — cou(u +v), in £, (2.8)
ou Ov
=B = 0, on 082

Then (u.,v.) is a subsolution of problem (1.1). In fact, (u.,v.) satisfies the following
inequalities:
—Au, =0 < ovs — dijus — Crus(us +v4), in £2,
<

—Av, =0 < bu, — dau, — cov,(us +v,), in £2,
Ou, Ov,
— ID e— IS < .
5 £y 0<0, ondfn

Let us define u* = (¢/c;) and v* = (b/cy), which, by virtue of hypotheses of equa-
tion (2.7), satisfy

_Au* = 2 O"U* — dl’u,* —_ Clu*(u* + v*), in Q,
—~Av* =02 bu* — dov* — v (" +v*), in £,
ou*  ov*
—— =—_—=02>0, 912,
ey £y 0>0, on

and u, € ¢v*, v, € v* in £2. As an illustration, we will show the first inequality. In fact,
the hypotheses of the theorem imply that

and, consequently,

b b
0}0;—d1—g——clg(g+;>, in £2.
Co cy c1 \&1 Co

Now, the upper—lower-solutions method and the regularity of the coefficients ensure
the existence of a strictly positive solution (u,v) € (W?2P(£2))? for p € (1,00).
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In fact, the system (1.1) can be rewritten in this way

~Au = f(z,u(z),v(z)), in £,

-Av = g(a:,u(:b),v(x)), in Q? (29)
ou Ov
Foiairvie 0, on 91,

where f(z,u,v) = v(o(z) — c1u) — di (z)u~c1u? and §(z,u,v) = u(b(z) — cov) — da(z)v —
cov?, for all z € £2.

Observe that function f is increasing in v in the interval v, < v < v* (= b/ca), for
all z € 2, u, < u < u* (= g/er). Accordingly, function g is increasing in the interval
U, Su<u*, forall z € 2, v, <v<v* So we have

~Au, < f(z,u,,v,), in £, %l: <0, ondf2,
_ . O,
—Av, < §(Z,Us,v4), in 2, B0 <0, on £,
and
* £ * * . 6u*
—-Au* 2 f(z,u",v*), in £, 5 >0, on 912,
v
¥ Al gk kY ov*
—Av* 2 g(z,u*,v*), in 2, 5 =0, on 02
v

Choose I" > 0 such that the expression f(z,u,v) + I'u is also increasing in u € [u.,u*],
for all z € 2, v € [v.,v*], and §(x,u,v) + ['v is increasing in v € [v,,v*], for all z € £2,
u € [u.,u*]. Now, by using ‘maximum principle’ arguments for the operator —A + I
with Neumann boundary conditions and the monotonicity properties of f+I" and g+ I
mentioned above, standard upper—lower-solutions type arguments complete the proof
(see {13] for details). a

Now we need to prove the uniqueness of positive solution for system (1.1). For this
purpose, the next operator is defined.

Definition 2.3. For every v € C(2)NLY (12), we will denote P(v), P(v) € C1*(£2) C
C(£2), the unique non-negative solution of the problem

—Au=o(x)v — di(2)u — cqu(u+v), in {2,

2.10
@ =0, on 042. ( )
ov

Theorem 2.4. The main properties of the operator P are

(1) P is well defined;
(2) ifve C(2)NLL(2),v# 0= Pv)>0,in 2;
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(3) P is strongly sublinear, i.e. Vt € (0,1), v 2 0, v # 0 = P(tv) > tP(v); and

(4) under hypothesis (2.7), P is monotone from the order-interval [0, (b/c2)] C C(2)
into the order-interval [0, (¢/c1)] C C(£2), i.e. 0 < u < v = P(u) < P(v), and

0<v<uandu#v= Plu) < Pv)in 2.

Proof. (1) Let us show that, for each v € C(2) N LY (12), problem (2.10) has one and
only one solution u, which is such that

uwe Ch(), Vac(0,1).

In fact, if v = 0, and u > 0, by the maximum principle, then u < 0, and, therefore,
uz=0.Ifv 20, v#0in 2, observe that u, = 0 and v* = 6/c; are a lower solution and
upper-solution (respectively) for (2.10). Now, let w.,w* € W2P(2) be, for p € (1, 00),
the corresponding maximal and minimal solutions obtained by the upper—lower-solution
method of (2.10) (see [1, Corollary 6.2]); consequently, 0 < w, € w* € u* in 2. From
the following inequality

—Alw* —w.) + gu(w* —w.) <0,

and in view of the maximum principle, we obtain w* < w,. Observe that the solution
u = w, = w* satisfies u # 0 in §2, since u = 0 is not a solution of problem (2.10).

We have shown the uniqueness of the solution in the strip [0, u*], but if we observe
that any positive constant M > u* is an upper solution for problem (2.10), then the
same arguments as above give us the uniqueness in the general case.

(2) This is a consequence of the maximum principle, the regularity of u (u € C1:%(£2),
Va € (0,1)), and the Neumann boundary condition satisfied by u (see [7,12]).

(3) Let us show that P is a strongly sublinear map. Let t € (0,1), v € C(2)N L (1),

v # 0. Then
—A(tP(v)) = t(-AP@®)) = t(ov — di P(v) = c1(P(v))? — c1vP(v))
= otv — dit P(v) — c1t(P(v))? — c1tvP(v)
< otv — ditP(v) — c1t?*(P(v))? — c1tvP(v) (2.11)

and condition OtP(v)/dv = O holds on 8f2. From (2.11) we conclude that tP(v) is a
subsolution of problem (2.10) for tv. From the uniqueness of the non-negative solution
of (2.10), tP(v) < P(tv) in £2. Property (2) satisfied by P yields the other part of (3).
(4) By virtue of (2.7) and u satisfying the inequality 0 < u < (b/cp), we can take
o/ci as a supersolution. Therefore, 0 < P{u) € (g/c1). Now, observe that inequality
0 < u < v < (b/co) implies that P(u) is a subsolution for the problem of P(v). In fact,

we have
—AP(u) =u(o — ¢, P(u)) — d1 P(u) — ¢, P(u)?
< v(o — 1 P(w)) — dy P(u) — ¢; P(u)?.
The proof is completed by using the maximum principle. O
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The main result of this section is the following theorem.

Theorem 2.5. Under hypothesis (2.7), problem (1.1) has a unique coexistence state
in [0, (g/e1)] % [0, (&/c2)]-

Proof. One may consider the operator @ analogous to P such that Q(u) = v is defined
as the unique non-negative solution of

—Av = b(z)u — do(z)v — cpv(u +v), in £,
0
B_Z =0, on 02
Now let us define F : K C C(f2) - K as F=QoP,here K ={w e C(2): w >

0 in 2}. The operator F has at least a non-trivial fixed point in [0, (¢/c1)] x [0, (b/c2)]
via the coexistence state for the system (1.1), proved in Theorem 2.2. Conversely, any
fixed point for the operator F' gives a coexistence state for system (1.1). By virtue of the
above properties of operators P and @, the uniqueness of the positive fixed point of F' is
given by the following theorem.

Theorem 2.6 (see [1, Theorem 24.2]). Let (E,K) be an ordered Banach space
whose positive cone has a non-empty interior. Suppose that D is a star-shaped subset of
K containing 0, and let f : D — E be a strongly sublinear and strongly increasing map.
Then f has at most one positive fixed point. Moreover, if f(y) > y for some y, then f
has no positive fixed point in the order interval [0,y].

O

3. Existence of optimal control and optimality conditions

In this section we show, under certain additional conditions, the existence of an optimal
control and we describe some of the properties that such an optimal control verifies.

Theorem 3.1. Assume (2.7). Then the optimal-control problem has a solution, i.e.
3(d1,d2) € Cs, x Cs, such that J(dy,d2) = supg, xc,, J(e1,€2)-

Proof. Observe that the functional J is bounded from above. Let s = supJ and
(dy,d3) a maximizing sequence in Cjs, x Cs,. Then there exists a subsequence, again
denoted by (d}, d3), such that

(dt,d3) — (d},db) € Cs, x Cs, weakly in L2(£2) x L*(£2)

and
(u™,v™) = (uap,az, vap,ap) — (u*,v*) strongly in W'2(2) x W12(£2).

In order to obtain the latter result, observe that the sequences u™,v™ are bounded
in W22(£2), and, by virtue of the Rellich—Kondrachov Theorem, W?2(2) is compactly
imbedded in W1:2(£2).

By a limit procedure in system (1.1), we obtain u* = ug; 4; and v* = vg; 45.
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Hence, by using the weakly lower semi-continuous property of the norm, we have
s = limJ(d},d}) = II—II—I/ MtdY — (dY)? + pndy — (d3)?
Q

=/ Autdl 4 potd} +m/ —(d})? = (d)? < J(dF, d3).
2 22

O
The next lemma, gives a more precise upper bound for the optimal control.
Lemma 3.2. Suppose (2.7) and let A, u € R* in (1.2) such that
A b
Zosn, Ecs (3.1)
(5] Co
If (dy, ds) is an optimal control, then
A b
0<dh <2, 0<d<®, 0 (3.2)
(4] Co

Proof. Define F = min{d;, (A\e/c1)}, G = min{ds, (1b/c2)}. We need to prove that
J(F,G) 2 J(d1,d2). (3:3)
By taking ur ¢ and vp ¢ as upper solution and u, and v, as lower solution, the uniqueness

of the positive solution of (1.1) implies ur,¢ > U4, dy, VF,G = Vd,,d, i §2.
From the above inequalities we deduce that

J(F,G) = / MipoF — F? + pop oG — G2
n
> / Aug, 4, F — F? + Hvg, d, G — G2
Q
We need to prove that

/ Mg, i, F — F? > / Mg, 4,dy — d?.
2 ip}

In fact, in 2, = {z € 2 : d1 > (Ag/c1)} we get dug, 4, € (Ag/c1) € d; + F, and,
therefore,

gy gy (—F 4+ d) + (=F +d1)(d1 + F) 2 0 = dug, 0, F — F? > Mg, 4,dy — d°.

On the other hand, in 2 — §2; we have Aug, 4,F —~ F? = \ug, 4,d1 — d5.
Analogously,
/‘l’vdl,dzc - G2 > l‘l‘vdl,d'zd2 - d%v in Q}

and the proof is complete. O

https://doi.org/10.1017/50013091500020897 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091500020897

234 O. Arino and J. A. Montero

To obtain the optimality conditions, we need to differentiate the functional with respect
to the controls. Since the state solutions are explicitly in the functional and do depend
on the controls, we must differentiate the state solutions with respect to the controls.

Proposition 3.3. Suppose (2.7). Let (u.,v.) be the solution of system (2.8) and
assume that the following inequality holds

(G — c1us + b — cov,)? < 4p1(dy + 1 (2us + v.))p1(d2 + co(uw + 20.)), (3.4)

where (dy,ds) € Cj, x Cs, is an admissible control and f,g € L*™(f2) are such that
(dy + Bf,d2 + Bg) € Cs, x Cs,, for B > 0 small enough. Let us denote (uq, d,,vd, d;) S
(u,v) and (Ud,+8f,dr+Bg> Vdy+Bf,da+8g) @S (ug,vs). Then the functions

Uusg —u

B

Vg — vV

B
as 3\ 0, where (£,n) is the unique solution of the following system:

— ¢, in HY(9),

—n, in HY(0),

—Al+ [di +c1(Ru+v))€— (0 —cu)p=—fu in §,

—An+ [d2 + c2(u + 2v)]n — (b— cv) = —gv, in §2, (3.5)
o on
3 = o =0, ondf2.

Proof. One may check that the pair ({3,73) defined by

ug —u _vg—v

gﬁz ,B ’ 77ﬂ— ,6

is the unique solution of the following system:

—Ap + [di + c1(u + ug + v)|§g — (0 — crug)ns = —fug, in £,

—Ang + [dy + co(u + v + vg)]ns — (b — c2vp)ép = —gvg, in 12, (3.6)
s _ O _
- oy 0, on 9f2.

By Proposition 2.1, 3M > 0 such that |{g|y1,|ng|g: < M independently on 3. Using
elliptic estimates one can see that boundedness actually extends to HZ2(£2). For any
sequence G, \, 0, there exists a subsequence (again denoted by 3,) such that &, — £
and 7, — n in H'(£2), with (£,7) the unique solution of the above system (3.5). The
uniqueness of (£, 7) assures the convergence of the whole sequence. O

Remark 3.4. Using the properties of p;, the above proposition holds true by replacing
(3.4) with

(G — c1Us + b — c2u,)? < 41 (2uy + i) (uy + 2v,). (3.7)
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We will now derive optimality conditions. Also, we will use here the notation wt(z) =
sup{w(z),0} for z € £2.

Theorem 3.5. Assume (2.7) and (3.1). If (d,,ds2) € Cs, x Cs, is an optimal control
satisfying (3.4), then

dy = {hu(l-r)t, in, (3.8)
dy = uv(l —s)t, in 12, '
where (u,v) is the solution of (1.1) and (r, s) is the solution of the adjoint system
—Ar +{dy + 1 (2u + v)]r — %(b —cu)s =dy, in £2,
A ,
~As + [do + c2(u + 2v)]s — ;(a —qu)r =dy, in {2, (3.9)
or 0Os
W 0, on 992

Proof. Note that, under the hypotheses of the theorem, system (3.9) has a unique
solution (observe that the system verified by (R,S) = (Ar,us) is of type (3.5)). Let
frg € L°(£2) be such that (di + Bf,d2 + Bg) € Cs5, x Cs, as 8 ¢ 0. By using that
(d1,d2) is an optimal control, we have

J(d17d2) 2 ‘](dl + ﬂf’ d? + ﬁg)a
if and only if

| Awa = wlds + 85) + ulvg = v)(d + Bo) + Auf
+ upvg + /Q —2fd, f — 28d2g — F° f* ~ B%¢% < 0.
Dividing by 8 > 0 and taking 8\, 0,
/Q Xdy + pnds + Auf + pvg — 2dy f — 2d2g < 0. (3.10)
Multiplying in (3.9) the first equation by A¢, the second by u7, and integrating on {2

/ AVrVE + [di + 1 (2u + v)]Arg — (b — cov)€us
2

+ / pVsVn + {dg + co(2v + w)]usn — (6 — cru)Ary = / Adi €+ / pdam.
2 2 o)

By similar arguments with Ar and ps in (3.5), we obtain
/ AVrVE + [dy + c1(2u + v)]ArE — (b — cov)épus
Q

+ / uVsVn + [de + c2(2v + u)|usn — (0 ~— cru)drn = —/ fudr — / gUuUS,
Ir) o) 2
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/)\d1§+/ud2n+/ fu/\r+/gvus=0.
o) 2 7] 2

Now, from (3.10) we have

hence

/ —fudr — gvps + duf + pvg — 2dy f — 2d2g < 0. (3.11)
7]
Taking g = 0, (3.11) implies
/ fl=Aur + du—2d;] € 0.
o)

If f € LY(92), from (3.1) (which implies |di|oo < 61) one deduces that there exists
Bo > 0 such that d; + Bf € Cs,, for 0 < 8 < By. For this reason, 2d; = Au(l — ) and,
equivalently,

di 2 1l -r), inf. (3.12)

Now, by taking f = —d; and 8 < 1, one infers that

/le(/\u(l —-7)—2d;) 2 0.
Hence, we have
di = 32u(l—r), in£20{d;, >0},
di > $hu(l—r), in Q2.
In conclusion,
dy =1 u(l-r)*, inf,

and, analogously,
dy = zpv(l — s)*, in 2.
O

Corollary 3.6. Under the hypotheses of the previous theorem, if (d,ds2) € Cs, x Cs,
is an optimal control, then
dy = hu(l-r)*, in 2,
dy = juv(l —s)t, in R,
where (u,v,r, s) is a solution of the optimality system
—Au=v(o —cru) — 3Nl - 1) " +¢i], in 0,
—Av=ulb—cv) — v’ [iu(l—s)t +c), in R,
~Ar +¢1(2u +v)r — %(b —cv)s = a1 - )T, in 2, (3.13)
3.13
A
—As+co{u + 2v)s — ;(a - au)r = pv[(1 - s)t)?, in R,
Ou OJv Or 0s

%=%=%=%=O, on 812,
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and

' b
0<u<g, O<v< —=. (3.14)
8] C2

4. Uniqueness of the optimal control

In order to prove the uniqueness of the optimal control, we need to deduce some additional
properties of optimal controls.

Observe that, as a consequence of Proposition 3.3 and Theorem 3.5, in the previous
section the Gateaux differentiability of J was proven.

We will prove that if A, 44 are small enough then (dy,d3) € [(Cs, x Cs,) and functional
J is Frechet continuously differentiable provided that (d1, d2) is an optimal control. The
uniqueness of the optimal control follows from a convexity argument (see [3,5] as general
references).

Lemma 4.1. Suppose (2.7), (u«,v«) a positive solution of system (2.8) and k1) <
i < ko for ki, ko fixed positive constants. Let (dy,d2) be an optimal control satisfying
(3.4). Then there exist g, o > 0, such that the inequalities

a .
D, <di < ,\C:, in 2,
1
b

%,u,v* <ds < ucl, in {2,
2

hold true for 0 < A < Ap and 0 < p < py.

Proof. Take A, u satisfying (3.1). Then, from Theorem 3.5, (d;,ds) verifies (3.8).
Hence the proof is completed by showing that r, s < % in {2 when A, u are small enough.
From the proof of Proposition 2.1, one deduces that there exists a positive constant ¢
such that (R, S) = (\r, ps) satisfying

IRl <eX?,  |Slura) < cp®.

Again, by elliptic regularity {r|ec < ¢, |8|ec < ¢ (here ¢ denotes different constants in
each case). This last fact is a consequence of the Rellich-Kondrachof Theorem and the
elliptic equations verified by r and s. If N < 2, by the arguments mentioned above, r,s €
LP(£2) for p € (1,00), in particular for p € (N, 00). So, 7,8 € WIP(2) — C%*(£2) for
a =1—(N/p). On the other hand, if N > 2, r,s € H'(2) — L™ (§2), withry = 2N/(N—
2) > 2 = rp. In this way, as —Ar + [dy + c1(2u + v)]r = (u/A)(b — cov)s + dy € L™ (£2),
then r € W1t and, analogously, s € W1t If r; < N, again the Rellich—-Kondrachov
Theorem finishes the proof. If r; < N, then we can repeat the same process and we will
obtain ng such that r,, > N, since {r,} < N, ¥n € N, yields a contradiction. a

Proposition 4.2. Under hypotheses (2.7) and (3.7) and taking 0 < A < Mg, 0 < p <
to (Ao, po as in Lemma 4.1), the functional

Uy a Vs l_)
J: [AI,AZ] X I:/l.4 ’NCQ] >R
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is continuously Fréchet differentiable. (Here the pair (u.,v.) is again the unique positive
solution of system (2.8).)

Proof. Let (di,d2) be an admissible control in

Ux g Vs Q
l:)‘Zv)‘a] X |:l'l’4 ,IU‘CQ:|

and f,g € L°°($2). Proposition 3.3 can be applied. Consequently,

(1/8){J(d1 + Bf,d2 + Bg) — J(d1,d2)} = J'(d1,d2)(f, 9),

lim
B—0
where

J'(dv,d2)(f,9) = /Q Ady + pnde + Auf + pvg — 2d; f — 2dag
- /Q Pl = 7) — 23] + [v(1 - 5) — 2da]g, (41)

where (r, s) is defined as in Theorem 3.5. The boundedness of terms in (4.1) gives us the
continuity of linear operator J'(d;, ds). Now, take a sequence (e, el) in

Uy | O Ve b
)‘_’ A= — B,
pioa] e
with (e}, e}) — (e1,e2). By similar arguments to those applied in Proposition 3.3, one
obtains (u™,v") — (u,v) and (r",s") — (r,s) in H}(£2) N L>°(£2). Therefore,

Uy g Vs Q
J: [AE,/\Z] X |:p,4 ,ﬂ62:| - R

is continuously differentiable. O

Remark 4.3. It is clear that, under the hypotheses of the previous proposition, func-

tions
b

U O Us
A= A= X u—, p= | = L(02) x L*°(82
wos VL] x [l ] 5 2(@) x (@)
are Lipschitz continuous. This is a consequence of the Gateaux differentiability of (u,v),
the uniform estimates for (£,n) with respect to (d;,dz2), and standard regularity argu-

ments for elliptic equations. Let L be a common Lipschitz constant for u and v.

Lemma 4.4. Consider hypotheses (2.7), (3.7) and taking 0 < A < X, 0 < p < po
(the values Ao and po determined in Lemma 4.1) and (u.,v.) the positive solution of
system (2.8). Then the functions

Uy , O v, b
. — et oo o0 Q
7,8 [/\—4 ,/\—~CI] X [,u—4 ,,u—cz] — L®(02) x L™(12),

defined in Theorem 3.5, are locally Lipschitz continuous.
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Proof. Choose k > 0 small enough for the following inequality to be verified
(G — crus + b — cov,)? < 4(c1 (2uy +v.) — k)(C2(ua + 20,) — k).
Then system (3.9) may be rewritten as

(A +k)yr+[di+a(2utv) —k]r — %(b —cou)s =dp, in 2,

A
(—A + k)s + [d2 + co(u + 2v) — k)]s — ;(a —cu)r =dz, in {2,

or  Os
5—5—0, on 6.(2,

or, equivalently,

[-dy —ca1(2u+v) + k]r + %(b —cov)s + dp
<T> = (_A+k)—1 =F(T7 s7d1;d2)'

A
[—dy — co(u + 2v) + k]s + ;(0’ —cu)r +ds

The function F is linear and continuous with respect to r and s, so F' is continuously
Frechet differentiable in (r, s). Moreover, F' is Lipschitz continuous with respect to the
other variables (d;, d2). The implicit function theorem ensures that the map (d;,ds) —
(7, s) is locally Lipschitz continuous. O

Theorem 4.5. Assume hypotheses (2.7), (3.7) and k1A < p < koA for ki, ko fixed
positive constants (as in Lemma 4.1). Then there exist A1, 1 > 0 such that if 0 < A <
A1,0 < p < p, there exists a unique optimal control.

Proof. Define
" « b . .
K= {(dl,dz) € [)\u—,)\g] X [,uv—,p,;] : (dy,d>) is an optimal control},
4 (5] 4 C2

where (u.,v.), A and y are taken as in Lemma 4.1. Let us begin by showing that K C
L*(£2) x L*°(£2) is precompact. In fact, take (d7, d5) a sequence of elements of K. From
Theorem 3.5 and Lemma 4.1 we deduce that

di = $ 2™ (1 —r"),
5 = -21~/w"(1 —3").
However, sequences (u™,v") and (r™, s™) admit subsequences which converge in C1*(92),
a € (0,1), in particular in L>(2) (recall that both sequences are bounded in W2?(2),
p € (1,00)). Consider the compact set t6(K ), the closed convex hull of K. The function
Co(K) — L*°(2) x L>(2), (d1,d2) — (u(l — 7),v(1 — s)) is Lipschitz continuous, L
again denoting its Lipschitz constant. Take A\; < min{Xo, (1/L)}, p1 < min{uo, (1/L)}.
In this situation we will prove that J' : T6(K) — (L>°(§2) x L*°(£2))*, defined as

J'(dv,d2)(f, g) = /ﬂ[/\u(l —7) = 2d,]f + [po(1 — 8) — 2do)g, VS, g € Lo(R),
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is strictly monotone, that is
(J'(dr,da) — J'(d1,d2), (d1,d2) — (dr,d2)) <O, V(di,d2), (di,d2)€TO(K). (4.2)

Consequently, J is strictly concave on ¢5(K'), and, therefore, K reduces to a singleton.
Let us see the latter. The choice of A and y implies

(=2 + AL)|d1 — d1]* + (=2 + pL)|d2 — da|* + |d1 — d1| |d2 — da| LA + p)
< —|d1 - J1[2 - |d2 - d_2|2 +2|d1 - (le |d2 — JQ' <0,

and it follows that
(J'(d1,d2) — J'(dv,d), (dv,d2) — (dv,d2)) <0,

for all (d1,ds),(d1,ds) € @(K). Obviously, the above inequality implies that there is
only one point in K. [}

Example 4.6. Consider the problem of control where ¢ = b are constant functions,
61 = 62, and ¢; = co. In this case, if ¢ > §, Theorem 2.2 may be applied with u, =
(0 —68)/2¢c = v, as lower solutions. If, in addition 26 < o, condition (3.7) holds true, and,
consequently, if X, ;1 are small enough, the unique optimal control (dq,ds) € C5 x Cs is
described by Corollary 3.6.
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