HYPERSURFACES OF A FINSLER SPACE
HANNO RUND

Introduction. Certain aspects of the theory of subspaces of a Finsler
space had been treated by the present author in earlier papers (7). These
developments were based on an approach essentially different from the
classical theory of Cartan (2) and subsequent writers, whose use of the element
of support enables one to introduce the so-called ‘‘euclidean connection,”
which effects the vanishing of the covariant derivative of the metric tensor. A
comprehensive treatment of the theory of subspaces of a Finsler space based
on Cartan’s point of view was given by Davies! (4). However, the present
writer seeks to dispense with the notion of element of support in the theory of
Finsler spaces; in fact, a Finsler space is regarded as being locally Minkowskian
instead of locally euclidean. From this point of view it is no longer possible to
establish a euclidean connection in the above sense. This leads to a peculiar
new geometrical picture; for instance, we have to deal with a set of normals
attached to a point of a hypersurface instead of a single unique normal, nor
are the covariant derivatives of these vectors tangential to the hypersurface.
Two distinct differential forms play the role of the second fundamental form,
while the number of principal directions at a point cannot be specified in the
usual manner, due to lack of linearity.

The purpose of the present paper is to provide an analytical background
and an extension of the results of (7), which is mainly geometrical in character.
Some of the theorems of (7) will be derived once more in the course of our
analysis: this is unavoidable, but it will be found that these results appear in a
much improved form leading to new and more comprehensive theorems, of
which the most interesting ones appear to be the distinct forms of the general-
izations of the equations of Gauss and Codazzi of classical differential geometry.
For the sake of geometrical clarity we shall deal with hypersurfaces instead
of subspaces of arbitrary dimensions. Also, we shall briefly define the basic
concepts concerning the theory of Finsler spaces, so that the present paper
may be read independently.

We consider? a space F, endowed with a local coordinate system

xt (4,7,...=1,2,...,n).
The distance between neighbouring points x? and x?+ dx* is defined by
ds= F(x" dx"), where we make the following assumptions about the function F:
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IThe reader is referred also to this paper as regards the relevant literature.

?For these and the following definitions see (8, §2).
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(a) Fis of class C*in its 2n arguments;
(b) F is positive provided not all dx* = 0;
(c) F is positively homogeneous of first degree in the dx";

(d) the form g;;(x" dx*) £&7 > 0 for all £ = 0 with any given argument
dx", where we have put
3°F*(x, x') dx’*
O.1) gulen ') = i = s
The quantities (0.1) are regarded as the components of the metric tensor
of F,; in view of hypothesis (c) the g;; are homogeneous of degree zero in the
x'%. Thus we have the useful identities:

agi;(x, &) o _ Ogulx, &) ,
0.2) Seole ) o aln g g
The covariant differential of a vector-field X*(x*) of F, is defined by
(0.3) DX' = dX*' + Pi(x, dx) X dx",
where
1 Y — i _ 1,im ’ f’_ghm(xv x,){ l} Z
(04) Phk(xv x) - {hk}(z,z') Zg (xv X ) axrl ]k @z X .
On the other hand the covariant derivative of X* with respect to x* is given
by
i
0.5) xi =2 Plixe,
where
.. a a (5} ,
06) Phn= g% = 1,1 — 3(281 Py + 21 pi, — %84 p1) o

We note that the Py are symmetrical in & and k, while for the Pj; this is not
true.? Owing to (0.2) the following identities, which we shall have to use fre-
quently in the sequel, may be shown to hold:

0.7) P:,f(x, x") x"™ = Ph(x, x") &% Pr(x, x") x™ = {hik} x™"

(z,z')
* i btk 1 h ok
P (x, x') %" = {hk}( ')x' X"
z,z

We may remark that for covariant differentiation along an arbitrary curve the
covariant derivatives of the metric tensor do not in general vanish.

3E. T. Davies pointed out that the P:,', are, in fact, identical to the I‘:; of Cartan (2).
However, since we do not use the element of support, our covariant derivative still differs from
that of Cartan. For instance, Ricci’'s Lemma holds in Cartan’s theory, while this is not the
case for the locally Minkowskian theory.
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1. The projection factors. Consider a hypersurface F,_; of F,, defined
by the equations
(1.1) xt = x*(u®),
(throughout this paper Greek indices run from 1 to #» — 1; Latin indices from
1 to n) such that the matrix

[1Xall,

with
i _ axi
(1.2) Xa - aua 9
is of rank » — 1. In general we have to consider a set of unit vectors? normal
to F,_; at a given point P of F,_;. These are defined firstly by the solutions »?
of the equations

(1-3) nchiz = gu(x, n) ’ﬂjX:, = 0.

These solutions are normalized by means of the relation

(1.4) Fx,n) =1 or gix,n)nin’ = 1.

The second set is defined by the solutions #n*¢ of the equations

(1.5) g%, &) n*’Xi =0,

where x’ is an arbitrary direction tangential to F,_; at P. Clearly the n*!
are functions of this direction: n*! = n*!(x, x’). To each direction x’ tangent
to F,_; at P corresponds such a vector n*; the totality of these vectors at P

defines a cone of directions, which we call the normal cone. Again we suppose
the n*? to be normalized by means of the relations

(1.6)  F(x,n*(x,x")) =1 or g;x, n*(x, x")) n*(x, x') n*(x, x') = 1.
For the sake of brevity we shall write
(1.7) i, ') = gus(e, %) m(x, '),

where it is to be noted that this does not represent the covariant components
of n*{. We shall also have occasion to use the function defined by

(1.8) Y(x, x") = gi(x, x") n*(x, ") n*(x, x").
From equations (1.3), (1.5), (1.7) and (1.8) we deduce that
(1.9) n’:(x, x') = ¢(x, x")[cos(n, n*)]_l.ni

where the Minkowskian cosine is defined (6, p. 62) on the indicatrix
F(x", &) =1 of the Minkowskian tangent space to F, at P. The metric tensor
of F,_, is given as usual by

(1.10) gap(u, 0') = guy(x, x") XaX3,
where the directional argument #’* tangent to F,_; satisfies
(1.11) 't = XEue

“For details concerning these definitions see (7, Part I, §4).

https://doi.org/10.4153/CJM-1956-056-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1956-056-9

490 HANNO RUND

Similarly we may also define a tensor independent of direction by putting
(1.12) Yag () = gi;(x, n) X2 X},

Corresponding to (1.10) and (1.12) we have to define two sets of inverse
projection parameters, respectively dependent and independent of direction:

(1.13) X50x, %) = gi(x, &) g%(u, u') Xi;
(1.14) Vi) = gos(x, m) v*(u) X4,

It follows that

(1.15) n*i(x, %) X5(x, %) =0; n'Yi=0;
while

(1.16) X5(x,x") X5 =65, YViXh= 6.

For an arbitrary direction x’ tangent to F,_; at P we may decompose the
metric tensor as follows:

g2i;(x,x") = gag(u, u') X5 X‘; + ma(u, u') X5 n’; + na(u, u') X5 nt

* ok
+ x(u, u') nyn,

On multiplying this equation successively by n*{, X!, it follows from the
preceding identities that

(1.17)  goy(x, &) = gas(u, 4)) X5(x, 2') X5(x, &') + ‘%nt(x, x") nj(x, x').
Similarly

(1.18) gy, m) = Yap(u) Vi Vi + nm,.

On multiplying (1.17) and (1.18) by g*(x, x’) and g*(x, n) respectively, we
find that

(1.19) Xkx) X8(x, &) = 8% — %n*"(x, X)) (%, o),

and

(1.20) Xk(x) Vi(x) = &8 — n'n,.

From these two equations together with (1.13) and (1.14) it follows that

(121) g, w) Xix) Xhx) = g7(x, &) — %n(x &) nt (x, x'),

(1.22) vPu) XEXE = g (x, n) — n'n’.
Let
(1.23) X' = XUl

be a continuous and continuously differentiable vector field tangent to F,_;.
The induced covariant derivative

3 8
(1.24) = 4 PR ) U

https://doi.org/10.4153/CJM-1956-056-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1956-056-9

HYPERSURFACES OF A FINSLER SPACE 491

of UP with respect to F,_; is defined by the projection onto F,_; of the co-
variant derivative X% of X* with respect to F,:

(1.25) i, ) X3 XEX Y = goy(u, u') UP.

On substituting for the covariant derlvatlve from (0.5) and differentiating
(1.23) with respect to 2, a simple calculation yields

(1.26)  Pas,(tt, ') = goy(u, w') Prls(u, ')
d'x

= gi(x, x") XJ(W + P hk(xv %) Xﬁ X§>

It is easily verified by means of (1.26) that under a transformation of the
coordinates u* of F,_;, the quantities (1.24) form the components of a tensor
in the sense indicated by their indices. Also, the PZ; are symmetric in their
lower indices. We remark that the induced connection coefficients need not
necessarily be identical with the intrinsic coefficients of F,_;, i.e. the connection
coefficients which are derived from the g,s and their derivatives in a manner
analogous to that in which the Ph’ are derived from the g;; and their
derivatives.? However, if equation (1.10) is differentiated with respect to %7,
one may obtain the transformation laws for the intrinsic Christoffel symbols
[aB, v] of the first kind (7, p. 369 (3.5)). On multiplying this equation with
w'*u’?, one finds in view of (0.2):

2 1
a8, v] u"u” = gqu< Ox a+{ }XhXﬂ> u”,

ou’ou
Thus from (0.7), (1.11) and (1.26) it follows that
(1.27) [08, Y]t “u”® = Py (u, u') u'°u’®

analogously to (0.7).

2. Normal curvature of the hypersurface. Let C: x*=x(s) be an arbit-
rary and continuously differentiable curve of F,_; passing through a given point
P(x*) of F,_1. The parameter s is the arc-length. The unit tangent vector
dx?/ds to C at P is denoted by x'%, and throughout this section we shall suppose
—unless otherwise stated—that the directional arguments of all subsequent
functions are x'%. At P we have
(2.1 n;x't = 0.

In (7) we defined the normal curvature R~!(x, x") of F,_; for the direction
x't by putting

ri
2.2) R, o) = n, X e D

" Ds ¥ Ds’
having arrived at this definition by considering variations of the unit normal
in the neighbourhood of P. In the present section we shall derive a new

5This contradicts to some extent a statement made by the writer on p. 364 of (7). However,
in view of (2.7) the results of (7) continue to hold. Compare also E. T. Davies (4).
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expression for (2.2), using a process entirely different from that of (7), our
purpose being to find a more useful expression for the second fundamental
form. Let us consider for the moment the special case for which the vector
field U= of equation (1.23) coincides with the tangent vectors %'« of C. Using
(1.23) and (1.27) we find

éu_— _‘_i___ "8 n_éu_,a {a} 18, rr
(2.3) 55 Ua +Pg,, =i + By u'u

where § denotes covariant differentiation in F,_;. But on differentiating (1.2)
along C we have

ri
2.4) dx’” 6 ! iu" +X¢du

ds  ouwtout® ds

On substituting (2.3) and (2.4) in the expression for Dx'!/Ds according to
(0.3) we thus obtain (taking into account (0.7))

ri 2.1
——Dst = aZ“ac'C)uB W’ + X 6: — X P8 U + Pl

or, using (1.11),

11
(2.5) %“s = X uu"® + X} = 5“
where we have put
2 1
2.6) Xl = 5o — X4 P + PPL XX,

The expression (2.6) suggests that the Xas may be regarded as generalised
covariant derivatives of the X« with respect to ug (as defined in (9), p. 124
for the case of a Riemannian space). This is indeed the case. Using the trans-
formation properties of the connection coefficients, it can be shown by direct
transformation that the X4 have in fact the tensor properties as indicated
by the position of their indices. We shall, however, omit this somewhat tedious
calculation. Also, we note that they are symmetrical in their lower indices.
On multiplying (2.5) by #; and taking into account (1.3), we find that the
normal curvature (2.2) may be expressed in the form

(2.7) R, &) = n; Xk wu.

On multiplying (1.25) by u’« it follows that the tangent vector u'* to C
satisfies the relation
Dx'* ou'”
s DX oou
(28) gin-y Ds Zay 8s .

Now let us consider the geodesic T of F,_; tangent to C at P. A simple calcula-
tion shows that the Euler-Lagrange equations reduce to:

du'”® « B o
(ds> +{67}u w' =0
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Hence it follows from (2.3) that (u'2/8s)r = 0, i.e. the geodesics are the
autoparallel curves. Thus in view of (2.8) the principal normal of T' (regarded
as a curve of F,) satisfies

N Pic'_i> _
gw(x,x)Xy<Ds r—o.

Comparison with (1.5) shows that therefore

Dx’i> _ n_*1
(2'9) (DS r— pr’

where p7! is the curvature of T' (with respect to F,) since #** is a unit vector
by (1.6). In contrast to the properties of hypersurfaces of locally euclidean
spaces, prl does not coincide with the normal curvature as defined by (2.2);
hence it is called the ‘‘secondary’’ normal curvature, denoted by (R*(x, x"))~.

If we apply equation (2.5) (which holds for all curves of F,_;) to the geodesic
T, we have, in view of the remarks made above and (2.9):

(2.10) Xiguwu® = n"' /R (x, %)
and since this equation does not involve second derivatives it holds for all
curves of F,_; tangent to C at P. If we multiply (2.10) by 7, we have
RY(x, x") = n;n*{/R*(x, x’),
and hence
(2.11) R*(x, x") = cos(n, n*) R(x, x'),

in agreement with (7, p. 200) where this relation had been derived by a
generalisation of Meusnier’s theorem.

Furthermore, equation (2.10) suggests that the Xas are normal to F,_;.
This is easily proved as follows. Using (1.11) and (1.10) we may write equation
(1.25) in the form

3’
g XiXiP'% = gy X3 (au o+ P kX”X;s)

In view of (2.6) this becomes

2.12) gis(6, ') 4 Xls = 0.
Comparing this with (1.5) we see that we may write
(2.13) Xis(u, u') = Quglu, w') ™ (x, &').

The Q% will be called the coefficients of the secondary second fundamental
form, as distinct to an alternative, equally useful definition which we shall
introduce presently. This nomenclature is justified by the fact that equations
(2.10) and (2.13) together yield

(2.14) (R (x, )" = Qs (u, ') w°u’®

so that this fundamental form describes the secondary normal curvature,
the u'* being components of a unit vector since s is the arc-length of C.
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If we multiply (2.13) by #, we have

(2.15) nXag(u, ) = Qas(u, w'),
where we have put
(2.16) Qog(u, u') = Q:,g(u, u') cos(n, n*).

We shall regard the Q.5 as the coefficients of the alternative second fundamental
form. This equation is in agreement with the corresponding relation given in
(7); we have to show, however, that the Q.4 as defined by (2.15) are identical
to the Q44 defined in (7) according to the relations

(2.17) Qog = — F(nx + nen) Xa X5,
Since the PZ’ are symmetric in 7 and k, this definition reads:

6111

on,
Qg = — %<WX‘:+ ~

%
gua X’ﬁ) + ny hkinXg

But on differentiating (1.3) we have
o’x”

Ony 25
" dutou®’

ou®

so that the above expression becomes

Xh=—

82 i
(2.18) Qug = 7, (—a;—’—;? + Pyl X% X,’§> :

In view of (1.3) we may insert the additional term
—XiP3
into the bracket without changing the value of the right-hand side; thus the
right-hand side of (2.17) becomes
ni X:ﬂ

as a result of (2.6). Thus the definitions (2.15) and (2.17) are equivalent.

3. Principal directions. From (2.17) and (2.15) we deduce that the normal
curvature of F,_; in the direction du* at P is given by

Qo (e, w') du’di®
Zas(1t, u') du’du®”

The (n — 2)-dimensional locus Qug(%, #')u'*u’® = 1 in the hyperplane spanned
by the X#in the Minkowskian tangent space to F, at P represents a generaliza-
tion of the Dupin indicatrix. Principal directions are defined to be directions
which are determined by those points on the Dupin indicatrix whose (Minkows-
kian) distance from the centre of the indicatrix assumes an extreme value
relative to neighbouring points. In other words, principal directions are given
by extreme values of g.s(%, #")u’*u’® subject to the condition Qus(#, u')u'*u'$ =1,
where u® is being kept fixed. As a result of (3.1) principal directions are

3.1) (R, 2")) ™" =
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therefore directions for which the normal curvature assumes extreme values.
According to the multiplier rule we therefore have to seek solutions of the

equations®

S es i, ) 0 N (@, ') WP = 1)} =0,
or, in view of (0.2),
(3.2) 28y (1, 1) W™ 4 2Ny (, ') 0™ N 2B o ®

a I‘Y
This equation may be simplified considerably. We note first that

. im
a—zf({}:k}x"‘x"‘> = gi,l[hk, m] x"x'* + 2™ [Ih, m] x'™

as a result of (0.2). Since g*™g;, = §,™, this reduces to

__8__ i\ ) - [{ } ho_ tm agu{ } 1% ,h:l
(3:3) ax"<{hk}x 2L Al PPY
= 2P", x

in virtue of (0.4) since dg,,/dx’! is symmetric in all its indices (equation (0.1)).
Now we differentiate (0.7) with respect to x'?; using (3.3) we obtain

3Py

ax"*
On observing (0.7) once more we deduce immediately:

aPy:

h:; (/:lx x) /hx;k = 0.
But if we differentiate equation (2.18) with respect to #’7, we have, since 7,
is independent of direction,
aQaﬁ _ aPhk
o = 7y ou'

B 1k * ;
2™ 4 2P Lx'* = 2Phx".

(3.4)

X X%,

and on multiplying this result by #'*#’® we may deduce that

aﬂﬂﬂ re, 18

(3'5) aul')‘

:=O’

having taken into account (1.11) and (3.4). Thus equation (3.2) reduces to
Loy (U, )0/ = — Ny (u, u" )0’

Multiplying this result by #'7 it follows from (3.1) that A\ = — R, so that the
equation for principal directions finally reads:

(3.6) Zooy (4, u)0'® = R (4, u")Qary (w4, u' )0,
¢In (7) principal directions were defined similarly, but for a second fundamental form whose

coefficients are independent of direction. It is shown here that the method applies also to the
general case.
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where (R(u,%"))™! is the normal curvature corresponding to a solution of
(3.6).

Since this is not a linear eigenvalue problem, nothing can be said about the
number of possible independent solutions. However, let us assume for the
moment that at least two independent solutions

ra ra
Uy, U(2)

corresponding to two distinct normal curvatures R(y~! and Ry~! exist, this
assumption being geometrically feasible. Writing down the two equations
(3.6) corresponding to each of these solutions and multiplying them by

u(sy and u(,
respectively, we have
’ ra ”r !’ ra "y
(3.7a) Zor (U, U D)) UDUG) = R1)Qary (4, u(ly) wHuy,
together with
’ ra " ’ ra ”ry
(3.7b) Loy (1, U@)) UHUT) = Ry Qay (0, U(y) uuQ).

Since the u'* are unit vectors, the left-hand sides of these equations are by
definition the Minkowskian cosines

cos(ucy, #z) and cos (), ud))

respectively (6). Thus on subtraction we find the following relations between
principal directions:

cos(udy, %)) — cos(u@y, @) | Qay(, udy)  Qav (%, %) | o v
(3.8) RR = [ R - R ]umu(a)-
[SIALO)) @ &)

This is a generalisation of the orthogonality relations between principal
directions of hypersurfaces of locally euclidean spaces. For if the cosine were
symmetric in its directional arguments, and if the coefficients of the second
fundamental form were independent of direction, it would follow from (3.8)
that principal directions would correspond to conjugate directions of the
Dupin indicatrix, and hence either (3.7a) or (3.7b) would lead to the law
of orthogonality.

4. The covariant derivative of the unit normals. For a large number
of problems it is essential to have a convenient expression for the covariant
derivative of the various unit normal vectors. In this section we shall obtain
such formulae and use them in a discussion of a few simple applications.
In the next section these relations will be essential in the derivation of the
generalised Gauss-Codazzi equations. A difficulty peculiar to locally Min-
kowskian spaces is the fact that the covariant derivative of the unit normals is
not tangential to the hypersurface: it is due to this fact alone that our formulae
are more complicated than the corresponding relations in Riemannian
geometry.
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We define the tensor

i
@4.1) nly = n', XE = gz—s + P X,
By writing
(4.2) Cin(x,%") = giju(x, n)

for the covariant derivative of the g;;(x, ) with respect to x* (8, §2), we find
that covariant differentiation of (1.3) with respect to «f gives

(4.3) Qg = — Ctij/I;X:nj — gi(x, ”)Xa%.jﬁ.
Now let us decompose 57 as follows:
(4.4) nls = Ag X3+ ven’,

where the coefficients are to be determined as follows. Multiplying (4.4) by
gij(xr ’ﬂ) X:
we find in virtue of (1.3), (1.12) and (4.3)

(4.5) Yas Af = — Qug — Con X5 X2,
Also, on multiplying (4.4) by #n; we see that
(46) Vg = My n]g

Differentiating (1.4) covariantly with respect to u#g and taking into account
(4.1) and (4.2) we have

(4:.7) g = — %C”k ni anlé.
On substituting (4.5) and (4.7) in (4.4) we deduce that

nly = — 7 Qs Xi — Cone " X5ly™ Xa X{ + §n" ).
Hence in view of (1.22) we have the desired formula:
(4.8) ”,jﬂ = = ‘Yaa Qang — Cin nthé[g”(x, n) — %ninj]-

At first sight one might be led to suspect that the term C n”* implicitly

involves the derivatives dn'/duf: this is not the case, however, since the term
l
agigiﬁfi n) . %%Xg "

containing these derivatives vanishes identically in view of (0.2). Thus the
covariant derivative (4.8) depends only on positional coordinates and the
direction x’% along which we are differentiating, i.e. it is the same for all curves
of F,_; which have a common tangent x’* at the point under consideration.

It is also necessary to evaluate the covariant derivatives of the generators
n*? of the normal cone. By a process similar to the one described above, we
find after some calculation:
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. *j
49) Wl == ¥l a) g w) QXI5 M(jj 5 Vs
*j ’
—Chun™ s, ) X3 ) - BN )
where
(4.10) C’:jk(x, x') = ginlx, x7).

In contrast to (4.8), equation (4.9) suffers from the drawback that the
term ¢ g on the right-hand side involves the derivatives of the tangent x'*
to the curve along which we are differentiating, so that (4.9) depends on the
curve under consideration.

As a first application of these formulae let us consider principal directions
as defined in the preceding section. From (4.1) and (4.8) we have

Dn’

(4.11) D = — 7 Qs v’ Xi = Con " x"[g"(x, n) — ' ).

Using (4.2) we may write

Dn, n!

Ts = Cum n' &’ + gy, ”) e
and on substituting from (4.11) in the last term of this equation, we find after
some simplification

D € ) ’:
(4.12) ‘1711‘{ = — gy(x,n) X.sj Y ’ Qg u ? + 3n, (Chjk n" n! x k)
Hence from (1.3) and (1.12) we deduce in particular:
1@1 - ﬁ
(4.13) Xa Ds Qop 1t

If (R(x, x"))~! is the normal curvature corresponding to a principal direction
x'* of F,_1, we have from (3.6) and (4.13):

Dn -
Xi Ds t= — (R(x’ x,)) 1g¢!5(u: u,) u'ﬁ:
or, if we denote the covariant components of the unit vector representing the
principal direction by ya,
D -
(4.14) XIS = — (R, w)

Thus the projection of the covariant differential of the unit normal onto
F,_;, coincides with the principal direction. This is a generalisation of the
classical formula of Rodrigues.” It should be noted, however, that in contrast
to the classical theory, the covariant differential of #? has a normal component,
in general non-vanishing, even in the case of principal directions.

"In (7), Part 11, a similar result was obtained for principal directions corresponding to the
alternative second fundamental form.

https://doi.org/10.4153/CJM-1956-056-9 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1956-056-9

HYPERSURFACES OF A FINSLER SPACE 499

Another simple application of the equation (4.8) is the generalisation of an
important formula due to Bianchi (1, p. 450) concerning the deformation of
hypersurfaces in classical differential geometry, which was later generalised
by Davies (3, p. 291) in his theory of the second and third fundamental forms
of subspaces of a Riemannian space. At each point x! of F,_; we construct the
unit normal n?; the locus of points whose coordinates are x* 4+ en® (where €
is an arbitrarily small quantity) form a new hypersurface F,_;. Let P(x?),
Q(x* 4+ dx?) be two neighbouring points of F,_;, a distance ds apart. There
will be two neighbouring points P’(x? + en?), Q'(x*+ dx* + e(n® + dn?))
on F,_, corresponding to P, Q respectively, where dn* corresponds to the change
in n' as we pass from P to Q. If we denote the distance between P’ and Q’
by ds, we have

ds? = gy(x* 4+ en®, dx* + edn®) (dx? + edn?)(dx? + edn?)
Expanding the expression on the right-hand side and dividing by ds, we

find
Q‘S-' : —_ [ U '1dnj agi!(xv x’) k 17 li:l
(ds) =1 =¢| 22,(x, &) & o=+ 0w K x

or, after some rearrangement,

as\'_ | _ , [d_n_ {J} . ]
(4.15) (ds) — 1 = 2¢g;(x, x') x s + ik (m')n x|,

where we have neglected terms involving higher powers of e.
But from definition (0.4) we have

Dn? [dnf { j} Mn m O { ! } ]
’ pi 20 ’ i) Wb h ok _ "n _jm UShm w1k
gi!(x: x ) x Ds gi](x! X ) x ds + hk nx 2 g ax/l Pk XX ’
and in view of the relation g,, g¥ = 5 it follows from (0.2) that the last
term on the right-hand side vanishes. Thus (4.15) becomes

d§ : — ’ rl-_D_"E_,
(4.16) (ds) — 1 = 2¢g4 (x,x') x Ds

In the locally euclidean case this would simply become the formula of
Bianchi or Davies (loc. cit.) as a result of (2.2) and (3.1). In the present case
the position is a little more complicated: using (4.11), (1.10) and (1.22),
equation (4.16) may be written in the form

2\ 2
(j—‘:) — 1= — 2e{gay(u, u) ¥ Qe U
+ grs(x, %) Xy Come " X0 0" [y® XIXF + 3n' ']},

Applying (1.10) once more together with (1.17), we find after some simplifica-
tion

=\ 2
4.17) (gi) — 1= — 2€way(u,u) ' u”,
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where we have put
(4'18) ‘*’av(uy u’) = gﬁ“l(uy u’) 'Yﬂ([Que + Cihk nh Xft(Xi + %X'; Yes ni nj)].

It appears, therefore, that in the general case the Q., do not possess all the
essential properties which one may attribute to them in Riemannian geometry.
Nevertheless, it would not be feasible to introduce the w,, of (4.18) as the
coefficients of an alternative second fundamental form since these quantities
are not symmetrical in their lower indices.

5. The equations of Gauss and Codazzi. In order to find the desired re-
lations between the coefficients Q45 of the second fundamental form of F,_;
and the curvature tensor of F,, it is necessary to express the X4s in terms of
the unit normal vector #? in a manner analogous to equation (2.13). We
therefore define a new set of quantities wag by means of the equations

(5.1) Xk = Quan' + wls.

It is simple to derive an explicit expression for the was. Using (2.13) and (2.16)
we see that (5.1) may be written as

(5.2) weg = Qag{n*i sec(n, n*) —n'}.

If we decompose the vector ! in the form

(5.3) n'=¢n"t — X1

we find on multiplication of this equation by 7, that ¢ = sec(n, »*) in virtue

of (1.3); and similarly, on multiplying (5.3) by X} and taking into account
(1.15) and (1.16), we see that
s

(5.4) W= —n'X

The vector u®(#, #’) thus expresses the difference between the unit normal
vectors n® and #n**(x, x’). From (5.3) and (5.4) we finally deduce that

(5.5) wag = Qug u’ X3,
where u? is given by (5.4).

It may be verified by direct calculation that the process of generalised
covariant differentiation® leads to the identities
(5.6) Xisy — Xbog = Ry Xi — Rl X2 X5 X4,
where the subscripts 8 and v on the left-hand side indicate covariant different-
iation with respect to ## and " respectively, and where R? , and Rf’aﬁy re-
present the curvature tensors (8, p. 91 (3.7)) of F, and F,_;. From (5.6) and
(5.1) we therefore have

8Throughout this section the directional arguments are the components of a vector x”*
tangent to the hypersurface, corresponding to the direction along which the covariant different-
iation takes place.
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(57) X; .R.saﬁ-, = R.ihlez XIISC X-: + ni (Qaﬂ,'y - Qa'v.ﬁ)
+ “’:ﬂ'y - “’;‘yﬂ + Qog ”.17 — Qay ”,iﬂ

where %, denotes the generalised covariant derivative of }; with respect
to u”.

In this equation we substitute the values of 5% and 4!, as given by equation
(4.8). After some factorisation, equation (5.7) finally reduces to the form

Xi[Rlapr = 1" (Qar R — o 2r)] = Rt X2 X5 Xy
(5.8) +(‘°tzﬂ~/ - wi‘rﬂ) - gih(x’ n) Chn ”l(ﬂaﬂX: - Qang)
1 [Qur.p = Qapy = §Chue " 1" (Qup Xy — Quy X5)]-
We multiply this equation by g,;(x, n) Xi. In view of (1.12) and (1.3) we
thus obtain
Yor Riagy — (Qay D8 — Qas Dry)
(5.9) = gui(x, n) R Xa X5 X3 X1 — Crue ' (Qus Xy — Dy X5) X3

+ gij(x, ”) X){(wafﬁ'r - wciz'yﬁ)-

If, on the other hand, we multiply equation (5.8) by g,(x, #n)n/ we find, after
taking into account (1.3) and (1.4) and suitable rearrangement of indices:

) gu(x, ’ﬂ) R.ihkl n’Xi‘X",FX_,’ = (Qa'y.ﬁ — Qagy)
F35C o 171" (Qas Xy — Qay XB) — g5(x, 1) 17 (wagy — wayp)-

Equations (5.9) and (5.10) represent the generalisations of the equations
of Gauss and Codazzi of classical differential geometry. On comparing these
equations with the corresponding equations (5, p. 162 (4.11) and (4.12)) of
Riemannian geometry, we see that the essential differences (apart from the
impossibility of contracting terms with different directional arguments) lie
in the additional terms involving the C;;; and the wegy This, again, is owing to
the fact that the covariant derivative of the unit normals is not tangential
to the hypersurface and that different normals have to be taken into account.
However, it is possible to remove the terms in (5.9) and (5.10) involving the
wis, and to replace these terms by expressions involving the Qu. If we write
down the generalised covariant derivative of (5.5) and use (5.1) we find

(5.11) apy = (Qapy i’ + Qag uly) X3 + Qug 4’ (@ 1" + wiy).
Hence, on observing (1.12) and (1.3), we thus obtain

(5.10

gis (%, 1) Xi wdsy = 106(Qupy 1° + Qus 1y) + o506, 1) Xi why Qg 1.

In the last term of this expression we substitute from (5.5), so that (1.12)
may be applied once more. Thus the last equation becomes

(5-12) gij(x) n) X){ waiﬂ'y = 'Y)\J(Qaﬂ.‘y MG + Qaﬂ M.a'y + Qe'y Qaﬁ I-"E ”5 )'
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Also, it follows from (5.5) and (1.3) that

n; w;ﬁ = 0.
Hence on multiplying (5.11) by #; and taking into account (1.3) and (1.4),
we find that
(513) n; wigy = Qaﬁ Qg-, ,us.

On substituting from (5.12) and (5.13) in (5.9) and (5.10) respectively, we
obtain the equations of Gauss and Codazzi in their final form:

Yo Riagy — (Quy Do — Qs Dy) = g5(%, 1) Rl Xa X5 Xy X{
(5.14) —Cyu ' (Qus X5 — Dy X5) XA
+ Yotk Qagy — Qays) + (Qas iy — Ly 135)
+ (Qey Qap — Ly Dp) 1° '],
together with
gis(x, n) Rl anng le = (Qav.8 — Qasr)
+ 3Cm 17 1" (Qap X5 — Qg X5) — (g Ry — Qay Qip) 1.

It is clear that different forms of the Gauss-Codazzi equations are obtained
when one considers the secondary second fundamental form

(5.15)

*
Qaﬁ e u/ﬁ

together with a given generator n*!(x, x’) of the normal cone; i.e. when equa-
tion (2.13) is used instead of (2.15). The calculation proceeds along similar

lines to the one outlined above, and will therefore be omitted. Instead of
(5.7) one obtains

. , , * * X
ga (u, u') Xdi[Reah(u: 1) — Y(Qey Qtﬂ — Qg Q)]
= R (6, %") XEXEX) — g" (x,2") Couert” (Qus X} — 9y X5)

5% Chn™ n* (e XE — of, X5)
| * ’
- ﬁ(gaﬁ‘pﬂ - Qa'y‘l’.ﬂ)]-

On multiplying this equation by g;;(x, ') X\’ we obtain in virtue of (1.10)
and (1.6):

Ruagn (16, 4') = (Quy Dag — Ui Ooy)
= R, &) X3 XEXEX) — Chun™ ' X(Qus X5 — 02, XE).
In analogy to (5.15) we find similarly by means of (1.6) and (1.8):
Roma(, ) n? XXEX] = (O — Dapr)
+ 3Com ™ 1™ Qs X§ — iy XB) — (@ Vg — ey ¥.6)-

(5.16) L.
—n [(Qay.s — Qapy) —

(5.17)

(5.18)
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Equations (5.17) and (5.18) thus represent alternative forms of the
generalisations of the equations of Gauss and Codazzi. As regards the study of
imbedding problems it is probably advantageous to base any such discussion
on equations (5.14) and (5.15).

In conclusion we may remark that the equations of Gauss and Codazzi
in Riemannian geometry are known to be dependent on each other to a certain
extent: whether this is true also for the general case is still an open question.
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