
ON THE WEAKNESS OF SOME
BOUNDARY COMPONENT
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1. Let D be a domain in the complex 2-plane and γ be a boundary component

of D consisting of a single point. The component γ is said to be weak if its

image under any conformal mapping of D consists of a single point. If γ is

not weak, then we say that γ is unstable (Sario [3], [4]).

Let Sn(n = 1, 2, . . .) be a sequence of slits being symmetric and orthogonal

to the positive real axis of the complex z-plane and converging to the origin
CO

O : 2 = 0. We delete the set \JSnU {O} from the 2-ρlane and denote by D
n = l

the resulting domain. In this note, we treat the weakness of the boundary

component O of the domain D.

2. First we prove the following

LEMMA 1. Consider two slits: x = aj{ > 0), \y\^ hj (j = 1, 2), (a2 < ai) which

are symmetric and orthogonal to the positive real axis and satisfy the equality

— - = —- = k. Construct a doubly connected domain B bounded by two circular

arcs Cj \\z\ =yla) + h) a ^, arg z^2 n - a, (j = 1,2), ivhere 0<α: = tan - 1 β ( < ~ ) ,

and slits Si, S2. Let μ be the module of B and μ* be the module of the ring

domain R : y/al + hi < I z I < >la\ + h\. Then it holds

Mia)** =μ"

where Mia) is a constant depending only on a.

Proof. Let ZJ — aj + ihj and zj = aj — ihj be two endpoints Sj (j = 1, 2). We

map the trapezoid T: (z2, zί, zί, Z\) onto the quadri lateral (22, zί, z[, zi) bounded

by two minor circular arcs zΓzi on |z\ = Vtz2

2-f /zz, sΓ^ί on \z\- ya\ + ^2 and two

rectilinear segments z2 zu z\ z[ under the topological mapping ζ(z) = \/{l+k2)x2—y2

+ iy = V^2 sec2 α: ~^2 + iyf z = x + iy. It is obvious that I C(z) \ =
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Now we put

. 1 / ac . ac \ 1 / ac , . ac

By an easy computation, we have

\p\ + \q\ < (x sec2 a + V*2 s e c ^ a 7 - / ) 2 + v2

 < (sec2 a + sec a:)2 + tan2 a:

ϊ ί I - IQ i = x sec2 W* 2 sec2 α: —/2 = sec2 α:

^ 4 s e c 4 Λ : + s e c 2 a λ 2 . 1
^ i e ^ =4secα + l.

If we put 4 sec2 a -f1 = M(a)f then

fuP'lf

Hence C(z) is a quasiconformal mapping with bounded dilatation. There-

fore, if we define

cω, 2GT

2, ZΪΞB-T,

then C = ^(2) is a quasiconformal mapping of B onto R with bounded dilatation.

Thus we have the required inequality

3. Suppose t h a t Sn (n = 1, 2, . . . ) a re segments : x = an( > 0), \y\^hn

satisfying 0 < an+i < an, lim β n = 0 and
w->oo

ΛΛ ^ <2« tan α: = h'n

for some fixed α: f 0 < a < —-)-

Let Sn be a segments x = an, \y\ = h'n. Denote by D (or D') the domain

obtained by deleting segments SΛ(or S'n) (w = l, 2, . . . ) and the origin z = 0

from the complex 2-plane. It is obvious that DDD'.

We construct doubly connected domains Bn (n = 1, 2, . . . ) in D' bounded

by Sn, S'n+i and by two circular arcs Cj : 121 = V«j +/ίj 2, a ^ arg 2 ^ 2 7r-α:,

(j = n, n + 1). Evidently, BnCD and Bnf^Bm- φ if n^m. Let μ» be the

module of 5«. By Lemma 1, we have
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where μ% = log a n is the module of the ring domain Va&+1 + hn+i < \z\ <
an+i

2

n + hn. Hence it follows t h a t

Since lim «n = 0, the left hand side of the above inequality is divergent.
n-»oo

By Savage's criterion [5] we see that the origin O is a weak boundary com-

ponent of D. Thus we obtain the following

THEOREM 1. If Sn (n = 1,2, . . . ) are segments: x - an( > 0), \y I ̂  hn satis-

fying 0 < an+i < an, lim an = 0 βwrf
n-*oo

(*) hn^an tan α = Λ{,

/or sowg >?Λr̂  α: ( θ < α r < - ^ - j , ί/ẑ w O fs a weak boundary component of the
00

domain obtained by deleting U S W U { O } from the z-plane.
n = l

4. Here we show that in the case when segments in our Theorem 1 do

not satisfy the condition (*) the origin O is not always weak.

First we prove the following

LEMMA 2. Consider two slits Sj : x=aj( >0), \y\ ^hj (j = 1, 2), (a%<a{) ivhich

are symmetric and orthogonal to the real axis. Let Ω be the doubly connected

domain obtained by deleting Si and S2 from the z-plane and let Q be the rectan-

gle : (a2-f thy a2 - ih> aι - ih, aι + ih), where h = Min(/zi, fe>). If μ is the module

of Ω, then it holds

" = * h

Proof. We denote by {γ} a family of rectifiable curves in Ω separating Si

from S2 and by {γf} a family whose elements consist of rectifiable curves

joining the upper side ck+ih, aiΛ-ih to the lower side a2-ih, ai — ih of Q in Q.

It is obvious that each r^ir) contains a curve γf e {/}. Denoting by λ{γ},

λ{γ'} the extremal lengths of these families in the sense of Ahlfors-Beurling

[1], we get the following inequality:
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From the relation λ{γ) = — -- and λ{f} = > we have

,<

Now we denote by Sn in - 1, 2, . . .) segments in the 2-plane

1 / 1 \̂
n ' " '' ~ \n—1/

where c is a positive constant and z = AT + iy. Let D b e a domain obtained by

deleting U S« U {0} from the 2-plane and let Bj ij = 1, 2, . . . ) be any sequence
n -1

of doubly connected domains in D separating O from the infinity and converg-

ing to O. We suppose that Bj+1 lies in a domain G, which is a component,

containing O, of the complementary sets of Bj with respect to the £-plane.

Let SmU) be the segment such that, for any n> m(j), SnCGj and that

Sm(j)(tGj. Then Bj separates Sn (n> m(j)) from Sm(j).

Without loss of generality, we may assume that {Bj} (j = kι + l, . . . , km)

are all the doubly connected domains separating Sm{k^\){ = = Sm(kι+i)) from

Smί^/+i)fi, where h = 0, mil) = 1 and

τn(kι+i) < wϊiki + 1) + 1 ̂  m{kι+i + 1).

Denote by Ωι the domain obtained by deleting Smώι+D and Smdn+D+i from

the 2-plane. Then Bj (j = kι+1, . . . , kι+i) are contained in Ωu The well-known

Teichmiiller's inequality implies that

,x i μj = μι ,

where /jy (y = fe + l, . . . , fen) are the moduli of Bj (y=fe+l, . . . , fen) and

μf is that of Ωι.

Thus, using Lemma 2, we obtain

^ ^ m(fe+l) m(fo+l) + l ^ ^Λ 71 ^ + ΐ ^ π
i = 0 Λ/M(fej + 1) + 1 n = l ΐln + 1 C
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03 00

Since *Σnp~2 (0 <p < 1) is convergent, we see that the series Σμy is con-
n = 1 j = 1

vergent for any sequence {Bj}. By using Oikawa's theorem [2], i.e., the con-

verse σf Savage's criterion, we have the following

1 / 1 \^
THEOREM 2. If Sn (w = l, 2, . . .) <sr£ segments: x= —, IjΊ ^ c(~^Γϊ~/ '

(0 < ^ < 1), ί/ẑ ^ ί/ẑ  origin O is an unstable boundary component of the domain
CO

obtained by deleting U Sn U {0} from the z-plane.
« = 1

Recently Oikawa has treated the case that the number of boundary com-

ponents converging to the origin is not countable and obtained interesting results,

some of which contain our results.
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