ON THE WEAKNESS OF SOME
BOUNDARY COMPONENT

TOHRU AKAZA

1. Let D be a domain in the complex z-plane and y be a boundary component
of D consisting of a single point. The component r is said to be weak if its
image under any conformal mapping of D consists of a single point. If 7 is
not weak, then we say that r is unstable (Sario [3], [4]).

Let S,(n=1, 2,...) be a sequence of slits being symmetric and orthogonal
to the positive real axis of the complex z-plane and converging to the origin
0O:z2=0. We delete the set LZS,, U {0} from the z-plane and denote by D
the resulting domain. In this"_note, we treat the weakness of the boundary
component O of the domain D.

2. First we prove the following

LemMma 1. Consider two slits: x =a;( > 0), |y|<h; (7=1,2), (a: < a)) which
are symmetric and orthogonal to the positive real axis and satisfy the equality
hi _ R

@ a'j =k. Construct a doubly connected domain B bounded by two circular

arcs Cj: |z =Vaj+ 1} a <, arg 2= 2 —a, (j=1,2), where 0<a =tan"'k (< LZT),
and slits S;, S:.  Let 1 be the module of B and u* be the module of the ring
domain R:Nai+ <1zl <Va+hl. Then it holds

1 * *
i SpsMla)y™,

where M(a) is a constant depending only on «a.

Proof. Let zj=a;+ih; and z; = a; — ih; be two endpoints S; (=1, 2). We
map the trapezoid T : (2, 23, 21, zi) onto the quadrilateral (z, zi, 21, z:) bounded
rectilinear segments z: zi, 24 z) under the topological mapping ¢(z) = v (1+ &) x*— y?
+iy=vx?sec’ a —»*+1iy, z=x+14y. It is obvious that |¢(2)| = VI+Ex.
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Now we put

1 /92¢ . o¢ 1 /o€ . o6
p=3 (% —i%). =2 (5+i5)
By an easy computation, we have
Ipl+1ql _ (xsec® a+ Va'sec? a—y")"+ " _ (sec’ a +sec a)’+tan’ «
Ipl—=1ql = x sec’ ava? sec? a —y* = sec” a
4 2
< 4 sec a—z|-sec o =dsec at1.
sec? a
If we put 4 sec’ a4+ 1= M(a), then
Ipl+14q|
R L <
P (pi=lqr =M

Hence ¢(z) is a quasiconformal mapping with bounded dilatation. There-
fore, if we define

{ ¢(2), zeT

C=¢(2) =
71z z, ze B-T,

then ¢ = ¢(z) is a quasiconformal mapping of B onto R with bounded dilatation.

Thus we have the required inequality

M(W y wisps M(a)u®.

3. Suppose that S, (m=1, 2,...) are segments: x = a,( >0), [y < h,

satisfying 0 < @u+1 < @p, lima, =0 and

n->wm

hn<an tan a = hy

for some fixed « (O <a< —Q—)

Let S;, be a segments £ = a,, |yl =hh. Denote by D (or D') the domain
obtained by deleting segments S,(or S,) (=1, 2,...) and the origin 2=0
from the complex z-plane. It is obvious that DD D'

We construct doubly connected domains B, (=1, 2,...) in D' bounded
by Sh Si.: and by two circular arcs Cj: lzl=Val+h, a< arg 2<27—a,
(j=mn, n+1). Evidently, B,C D and BN B,=¢ if nxm. Let u, be the
module of B,. By Lemma 1, we have
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‘ﬂ%a) v < pun = M(a) ey,

where 2 =log aa" is the module of the ring domain Vahi,+ h': < |z] <

n+1

Vai + nl%. Hence it follows that
21/1;5 < M(a) Z}ﬂn.

Since lim @, =0, the left hand side of the above inequality is divergent.

By Savage’s criterion [5] we see that the origin O is a weak boundary com-

ponent of D. Thus we obtain the following

TueoreMm 1. If S, (n=1,2, ...) are segments: x=an( > 0), |v| = hy satis-

JSyving 0 < ap+1 < an, lima, =0 and

n->00

(%) Bn=<an tan « = h),

Jor some fixed « (0 <a< -725), then O is a weak boundary component of the
domain obtained by deleting \J S, \U {O} from the z-plane.
n=1

4. Here we show that in the case when segments in our Theorem 1 do
not satisfy the condition (*) the origin O is not always weak.

First we prove the following

LemMmA 2. Consider two slits Sj - x=a;j( >0), |yl =h; (j=1,2), (a:<a1) which
are symmetric and orthogonal to the real axis. Let 2 be the doubly connected
domain obtained by deleting S, and Ss from the z-plane and let Q be the rectan-
gle: (as+ih, a—ih, a,—ih, a1+ ih), where h = Min(hy, he). If o is the module
of @2, then it holds

< ﬂ(dl"{lﬁ.

Proof. We denote by {r} a family of rectifiable curves in £ separating S,
from S, and by {y'} a family whose elements consist of rectifiable curves
joining the upper side @+ ih, ai+ih to the lower side @,—ih, ai—th of Q@ in Q.
It is obvious that each 7 < {7} contains a curve 7' < {y'}). Denoting by i{r},
#{7'} the extremal lengths of these families in the sense of Ahlfors-Beurling
[1], we get the following inequality :
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Mr'y = Mo
From the relation {7} = 2n and A{y'} = ~—2-h——, we have
)z a1—a;

nla,— as)
< .

Now we denote by S, (n=1, 2,...) segments in the z-plane

b
g= o IplSh=c(- 1 ), 0<p<),

S|

where ¢ is a positive constant and z=x+iy. Let D be a domain obtained by
deleting len U {O} from the z-plane and let B; (=1,2, ...) be any sequence
of doubl;-connected domains in D separating O from the infinity and converg-
ing to O. We suppose that Bj.; lies in a domain G; which is a component,
containing O, of the complementary sets of B; with respect to the z-plane.

Let Su ) be the segment such that, for any = > m(j), S, CG; and that
Smiy & G;. Then Bj separates S, (n> m(j)) from Syj).

Without loss of generality, we may assume that {B;} (j =k +1, ..., k1)
are all the doubly connected domains separating Suk+1,( = * * * = Spky) from

Smii+1y+1, where k=0, m(1) =1 and
m(krs) <m(kr+1) + 1= m(k1+1).

Denote by £; the domain obtained by deleting Snuk,+1y and Swe+1y+: from
the z-plane. Then B; (j=k+1, ..., ki+1) are contained in ;. The well-known
Teichmiiller’s inequality implies that

ki+1
> wisp,

J=k1

where p; (j=k+1,..., k1) are the moduli of B; (j=k+1,..., k1) and
a7 is that of 2.
Thus, using Lemma 2, we obtain

® ki

PNTEDIEDINED N
=1 1=0 j=k;+1 1=0
o 1 1_ 1
< s mlki+1) mi+1)+1 _ <Shom o ntl 7w <h s
_ﬂg hm(kz+1>+1 27:"%{ R ¢ ygn ’
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Since D #*7* (0 < p < 1) is convergent, we see that the series >, u; is con-
n=1 =1

vergent for any sequence {Bj}. By using Oikawa’s theorem [2], i.e., the con-

verse of Savage’s criterion, we have the following

. o1 1\
TaeoreM 2. If S, (n=1,2,...) are segments: x= o Iyléc< %_i,) ,

(0 < p < 1), then the origin O is an unstable boundary component of the domain
obtained by deleting \J S, \J {O} from the z-plane.
n=1
Recently Oikawa has treated the case that the number of boundary com-

ponents converging to the origin is not countable and obtained interesting results,

some of which contain our results.

REFERENCES

[11 Ahlfors, L. V. and Beurling, A., Conformal invariants and function-theoretic null-
sets, Acta Math., 83 (1950), 101-129.

[ 2] Oikawa, K., On the stability of boundary component, Pacific Jour. Math., 10 (1960),
263-294,

[ 3] Sario, L., Stability problems on boundary components, Proc. Conference Analytic
Function, Princeton (1957), 55-72.

[ 4] Sario, L., Strong and weak boundary components, Jour. Analyse Math., 5 (1958), 389—
398.

[ 5] Savage, N., Weak boundary components of an open Riemann surface, Duke Math.
Jour., 24 (1957), 79-95.

Mathematical Institute

Kanazawa University

https://doi.org/10.1017/50027763000002154 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000002154



