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1. I n t r o d u c t i o n . It i s an obvious p r o p e r t y of c o n v e r g e n c e 
tha t l i m s = s i m p l i e s tha t l i m s , e x i s t s and equa l s s 

n n+k 
n-^oo n-*oo 

for k = - 1 (left t r a n s l a t i v i t y ) and for k = 1 ( r igh t t r a n s l a t i v i t y ) . 
Not so for s u m r n a b i l i t y . 

G. H. H a r d y pointed out in 1903 [cf. 3, p . 183 ( T h e o r e m 127), 
p . 196] tha t s u m m a t i o n by B o r e l ' s exponen t i a l m e a n s is t r a n s ­
la t ive to the left, but not to the r i g h t . However , for s e q u e n c e s 
{ s } whose r a t e of g rowth with n i s r e s t r i c t e d su i tab ly , the 

n 

B o r e l me thod is a l so r i g h t - t r a n s l a t i v e . Th is was shown to be 

t r u e when s = 0 ( n ) , K an a r b i t r a r y fixed quant i ty , by V. G a r ­

ten [2], and unde r m o r e g e n e r a l c i r c u m s t a n c e s by J . K a r a m a t a 

[4] and D . G a i e r f l ] . 

S u m m a b i l i t y by B o r e l ' s exponen t i a l m e a n s ( i . e . , B - l i m s = s) 
n 

i s defined by 

00 S - S 

(1) l i m e " X 2 - 2 — X
n = 0 . 

.x-*- co n=0 ni 

A d i s c u s s i o n of this and r e l a t e d m e t h o d s is found, e . g . , in [3 , 
C h a p t e r s 8 and 9 ] . 

On th is concep t can be s u p e r i m p o s e d that of , f s t rong s u m m -
ab i l i t y " in the usua l way. A sequence {<r } wi l l be said to be 

" s t r o n g l y s u m m a b l e by B o r e l ' s exponent ia l me thod , with (pos i ­
t ive) index k , to the va lue cr , M if 
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oo jcr - cr | 

( 2 ) l i m e ~ X S — £ - ; x * = 0 . 
x-»- oo n=0 

T h i s w i l l b e w r i t t e n 

(3) S, B - l i m 0- = cr. 
k n 

T h e S B m e t h o d c a n b e s h o w n to b e t r a n s l a t i v e b o t h to t h e 
k 

r i g h t and to t h e l e f t . T h a t i t i s t r a n s l a t i v e to t h e l e f t f o l l o w s f r o m 

t h e c o r r e s p o n d i n g r e s u l t f o r B o r e l s u m m a b i l i t y [ 3 , p . 1 8 3 ( T h e o ­

r e m 1 2 7 ) ] . W h a t r e m a i n s t h e n i s t o p r o v e : 

T H E O R E M . If S B - l i m cr = o- , t h e n S B - l i m cr ( A 
k n k n + 1 

e x i s t s and e q u a l s or . 

T w o p r o o f s w i l l b e p r o v i d e d : A d i r e c t e l e m e n t a r y o n e , 

b a s e d o n t h e l a w of t h e m e a n f o r d e r i v a t i v e s ( § 2 ) , a n d a n o t h e r 

o b t a i n e d b y s h o w i n g t h a t t h e h y p o t h e s i s S B - l i m o" = cr i m p l i e s 
\r K" te n 

t h a t s = 1er -cri = 0 ( n ), i n f a c t , o ( n ^ ' 2 ) , r e d u c i n g t h e 
n n 

above T h e o r e m to a s p e c i a l c a s e of G a r t e n ' s [2] (§ 3) . 

The m a i n po in t of th i s note i s r e a l l y the d i r e c t proof, b e ­
c a u s e of i t s s i m p l i c i t y and e l e m e n t a r y c h a r a c t e r , avoiding the 
d e l i c a t e c a l c u l a t i o n s of [2] and the f u n c t i o n - t h e o r e t i c m e t h o d s of 
[1] and [4]. 

2. D i r e c t P roof of the T h e o r e m . The r e s u l t wi l l fol low 
a t once f r o m the second l e m m a below, i t se l f a c o n s e q u e n c e of 
the m e a n - v a l u e t h e o r e m for d e r i v a t i v e s . 

L E M M A 1. If G'(x) > 0 , 0 < x < oo; if G !(x) i s a non-
d e c r e a s i n g funct ion of x ; and if 

(4) G(x+1) - G(x) = o_{e ) a s x-»*oo, 

then G !(x) =c>(e ) a s x-*oo . 

P r o o f . The m e a n - v a l u e t h e o r e m e s t a b l i s h e s the e x i s t e n c e 
of 5 , x < £ < x + 1 , s u c h tha t G ! ( | ) = G(x+1) - G(x) . Hence 

0 < e " X G'(x) < e " X G ' ( ^ ) = e " X (G(x+1) - G(x)}->0, a s x-> oo. 
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A s p e c i a l c a s e of the foregoing i s what i s r e a l l y required 
for the proof of the Theorem: 

LEMMA 2 . If G'(x) i s a pos i t ive non-decreas ing function 

of x , 0 < x < oo, and if G(x) = £ ( e ) , as x-*oo , then G !(x) = 

£ ( e ) a s x-*oo . 

Proof . It suff ices to note that 

G(x+1) - G(x) = e G(x+1) _ G& = o 

x x+1 x — ' 
e e e 

and apply L e m m a 1. 

The T h e o r e m fol lows f r o m L e m m a 2 on defining 

00 \(T - 0" J 

G(x) = S - ^ - x n , 
n=0 

s ince , . 

G (X) = = (n-l)I X = = 5 X * 
1 0 

3 . Reduction to Garten's T h e o r e m . Alternat ively , the 
T h e o r e m of this note can be subsumed under Garten ' s . To this 

end, define s = |<r - <r , so that is \ i s summable to 0 by 
n n *- nJ 

B o r e l ' s exponential m e a n s , s > 0 , n = 0, 1, . . . . 
n — 

We need 

LEMMA 3. If s > 0 and B - l i m s = 0 , then s = o (\Tn), 
n— n n — 

n-*oo . 

P r e l i m i n a r y r e m a r k . In the proof, use i s m a d e of the i n e ­
qua l i ty 

, n - n - 1 / 2 ^ 
n; e n <. e > n = 1, 2, . . . 

Th is i s an e l e m e n t a r y r e s u l t e s t a b l i s h e d , e . g . , in the c o u r s e of 
the proof of L e m m a 16 .2 of [7, p . 384], w h e r e i t i s shown tha t the 
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left m e m b e r d e c r e a s e s a s n i n c r e a s e s . 

P r o o f of L e m m a 3. Obvious ly , for x > 0 , 

s oo s 
—- x < 2 — x , n = 0, 1, 2, 
ni — n nl 

n=0 

s i n c e s > 0 . Pu t t i ng x = n , i t fo l lows tha t 
n~~ 

s 
n n n 

—r n < € e , w h e r e € -* 0 a s n -** oo , 
ni ~ n n 

s i n c e B - l i m s = 0 , i . e . , 2 (s / n i ) x = o (e ) . 
o n 

F r o m the p r e l i m i n a r y r e m a r k , we have now tha t 

_ n - n r-
0 < s < € e n i n < € e v n . 

T h i s p r o v e s L e m m a 3 . 

T h e T h e o r e m of th i s no te now fol lows f r o m G a r t e n ' s r e ­
su l t , s i n c e the S B s u r n m a b i l i t y of cr to cr is e q u i v a l e n t to 

the B - s u r n m a b i l i t y of s to 0 , wi th s > 0 , and L e m m a 3 i m -
n n — 

p l i e s (in v i ew of G a r t e n ' s r e s u l t ) tha t B - l i m s e x i s t s and is 
n+1 

0. 

4. Add i t iona l R e m a r k s . Some m i s c e l l a n e o u s c o m m e n t s 
fo l low. 

(a) The def in i t ion (2) of s t r o n g B o r e l s u r n m a b i l i t y does not 
a p p e a r in the g e n e r a l l i t e r a t u r e , so f a r a s I know, but i t w a s 
g iven in the l e c t u r e s of Otto Szasz at the U n i v e r s i t y of C inc inna t i 
in 1936-37 or 1 9 3 7 - 3 8 . 

(b) The m e t h o d , c l e a r l y r e g u l a r , i s s t r o n g e r than c o n v e r -
3 

g e n c e . The d i v e r g e n t s e q u e n c e {cr ) , w h e r e cr = 1 for n .= m . 
nJ n 

m = 0, 1, . . . , cr = 0 o t h e r w i s e , i s S B s u m m a b l e to cr = 0 for 
n k 

a l l i n d i c e s k . 
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To s e e t h i s , le t s = 1er - cr I = <r . Then 
n n n 

1/3 
s + . . . + S = [ n 1 + 1 , w h e r e [x] d e n o t e s , a s u s u a l , the 

o n 
l a r g e s t i n t e g e r £ x . Hence the ( C , 1) m e a n s of {s } a r e 

n S o ^ " + S n f n 1 / 3 1 + 1 _, - 2 / 3 . , - 1 / 2 , 
0 < 7j = J Tj = Q(n ) = £ ( n ) . 

n+1 n+1 ~ ~ 

The B o r e l s u m m a b i l i t y of {s } to 0 (and hence the S, B s u m -
n k 

i nab i l i t y of {cr } to <r = 0 ) , then fol lows f r o m a t h e o r e m of 

H a r d y [3 , p . 213, ( T h e o r e m 149)] . 

Ano the r d i v e r g e n t s e q u e n c e having th is p r o p e r t y i s cr = 1 , 

n = 2 , m = 0, 1, . . . , cr = 0 o t h e r w i s e , as m a y be seen , e . g . , 
n 

f r o m a r e s u l t of G. Pô lya [5], tha t 

oo 2 
r - x ^ x 1 

l i m NIX e S = , 
x-*oo m=0 2 1 v 2ir 

as wel l a s f r o m the a fo remen t ioned t h e o r e m of H a r d y . 

An e x a m p l e of an unbounded d i v e r g e n t s e q u e n c e which i s 
1/3 12 

S. B - s u m m a b l e i s cr = n , n = m , m = 0 , l , . . . , c r = 0 
k n n 

o t h e r w i s e , cr = 0 , when k = 1 . Obvious mod i f i ca t i ons lead to 
ana logous s e q u e n c e s for o t h e r v a l u e s of k . 

(c) In the above e x a m p l e s , S, B - l i m cr = cr i m p l i e s 
k n r 

(5) l im inf cr = cr . 
n n-*oo 

Th i s i s a c o m m o n p r o p e r t y of s t r ong s u m m a b i l i t y m e t h o d s . To 
e s t a b l i s h i t for a l l sec 

qui te s t r a i g h t f o r w a r d . 

e s t a b l i s h i t for a l l s e q u e n c e s s u m m a b l e by S B m e t h o d s i s 

jk 
We m a y w r i t e s = (cr - cr so tha t B - l i m s = 0 , and 

n n n 
suppose tha t s > € > 0 for a l l n > N . Then 

n € 
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N 
00 S € S 00 S 

e " X
 S - f x n = e " X 2 - f x n + e ' X S - ^ x » 

n=0 n l n=0 n l N +1 n ' 
€ 

N 
€ S CO 

- x n n - x n 
> e S — r x + e e S x 

n = 0 N +1 n i 
€ 

N N 
e s e n 

- x n n - x x 
e S — : x + € - € e Z) -— 

n=0 n l 0 n l 

= € + JO ( 1 ) , X - * 00 , 

a c o n t r a d i c t i o n . 

(d) L e m m a 3 c a n b e s h a r p e n e d ( a s i s c l e a r f r o m t h e p r o o f 

g i v e n ) t o t h e f o l l o w i n g : 
s 

If ( i) s > 0 , ( i i ) e"*X Z —7 x 3 1 = c o ( l / x ) , t h e n 
n — n ! 

s < o ) ( l / n ) e N T n , n = 1, 2 , . . . ; t h u s , s -* 0 if w ( l / n ) = o ( l A / n ) . 
n — n — 

T h e i n e q u a l i t y g i v e s t h e c o r r e c t o r d e r of m a g n i t u d e f o r s , 

a s m a y b e s e e n f r o m P 6 1 y a ! s f u n c t i o n i n ( b ) . T h e r e 

1 1 
OJ (1 / x ) = + £ ( ) a s x -> 00 . 

\l 2 TTX NTX" 

T h u s , t h e i n e q u a l i t y g i v e s 

s < — 5 - + o ( l ) , 

w h i c h i s t h e p r o p e r o r d e r , s i n c e i n f i n i t e l y m a n y s e q u a l 1 . 

( e ) T h e n o n - t r a n s l a t i v i t y of B O r e l ' s e x p o n e n t i a l m e t h o d 
i s w h a t u n d e r l i e s O . S z a s z ' s e x a m p l e of a p a i r of r e g u l a r s u m -
m a b i l i t y m e t h o d s T and T h a v i n g t h e p r o p e r t y t h a t T • T 

d o e s n o t i n c l u d e T , i . e . , s u c h t h a t t h e T t r a n s f o r m of t h e 
1 1 
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TV transform of a series need not converge even if the T t 2 & 1 
transform of the series converges [6, §6, pp.81-82]. This be­
comes particularly clear if his example is simplified by taking, 
as he does, T to be Borel's exponential means, but replacing 

1 i 
his binary transformation given by T (s ) = 9 (s I s t j) by 

' 2 n ^ n n+1 
the translation T_(s ) = s . 

2 n n+1 
A still simpler example of the phenomenon described by 

Szâsz is provided by R.P. Agnew [Math. Reviews, vol. 15 (1954), 
p. 26] in his report on [6], 
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