
BULL. AUSTRAL. MATH. SOC. 22E15

VOL. 64 (2001) [415-421]

MAXIMAL COMPACT SUBGROUPS
AND THE CENTRE IN AN ANALYTIC GROUP

W.H. PREVITS AND T.S. WU

In this paper we study the centre of a simply connected analytic group. We present
two structure theorems on the centres of such groups. We also study maximal tori
and maximal compact subgroups of an analytic group, and as a result, we extend
a theorem by Goto.

1. INTRODUCTION

The purpose of this paper is two-fold. In Section 2 we study the centre of a simply
connected analytic group. In Section 3 we generalise a theorem by Goto.

Let G be a simply connected analytic group, R the radical of G, 5 a semisimple
Levi factor of G, and Z(G) the centre of G. Let d = rs, where r £ R and s € S. Then
we obtain necessary and sufficient conditions on r and s so that d £ Z(G) (Proposition
2.2). We also present two structure theorems on Z(G). In particular, we show that if
R is nilpotent, then Z{G) = (Z{G) n R) x (Z(G) D S) (Theorem 2.3).

In [2], Goto proved the following theorem.

THEOREM A. Let G be an analytic group and Z the centre of G. Let a denote
the natural homomorphism G -> G' = G/Z. Let H be an analytic subgroup of G
containing Z. Then H contains a maximal torus of G if and only if a(H) contains a
maximal torus of G'.

We generalise Theorem A as follows. Let G and G' be analytic groups and let
a be a continuous homomorphism from G onto G'. Let H be an analytic subgroup
of G containing the kernel of a. Then H contains a maximal torus of G if and only
if a(H) contains a maximal torus of G' (Theorem 3.6). We also obtain the following
result. H contains a maximal compact subgroup of G if and only if a(H) contains a
maximal compact subgroup of G' (Theorem 3.7).

NOTATION. Let G be a locally compact group. We denote the connected component
of G that contains the identity element by G°. Let Z, R + , R , and C denote the sets
of integers, positive real numbers, real numbers, and complex numbers, respectively.
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2. THE CENTRE OF A SIMPLY CONNECTED ANALYTIC GROUP

This section will be dedicated to the portion of the paper studying the centre of
a simply connected analytic group. Throughout this section, G will denote a simply
connected analytic group, R the radical of G, S a semisimple Levi factor of G, and
Z(G) the centre of G. Recall that G = R • S, both R and 5 are simply connected,
and 5 is closed.

THEOREM 2 . 1 . G = E • (A x S), where E and A are analytic subgroups of G

and E is a normal subgroup of G. In particular, Z(G) = (Z(G)nE)x(Z(G)D{A x S)).

PROOF: Let Z - Z(G) denote the centre of G. Then G/Z is a faithfully repre-

sentable analytic group. Therefore, G/Z = E' • F', where E' is a simply connected

solvable analytic group normal in G/Z, and F' is a reductive analytic group. Now

F' = T'S', where 5' is a semisimple Levi factor of F' and V is a cental torus of F'.

Let n denote the natural homomorphism G -t G/Z. Let E = ir~l(E')°. Then

7T-l(E') = EZ and E D Z°. Since n(EZ) = E' is simply connected, EnZ = Z° and

E is a simply connected normal solvable analytic subgroup of G.

Let F - n~1(S')°. Then F = Z° x S, where 5 is a semisimple Levi factor of G.

Let S act on R by conjugation. Let A be the direct complement of E in R under the

action of 5 (or A may be obtained as n~l{T')° - Z° x A). Thus G = E • (A x S).

Now Z = Z° x Z', where Z' is a finitely generated discrete group. We have that

Z° C E and Z' C A x S. Thus Z(G) = (Z{G) nE)x (Z(G) n{AxS)). D

Let d = rs € G, where r 6 R and s € S. Then r and s are unique. The following

proposition gives necessary and sufficient conditions on r and s so that d G Z(G).

PROPOSITION 2 . 2 . Suppose r € R and s € S. Then rs £ Z{G) if and only

if the following conditions are satisfied:

1. r~1r'r = sr's-1 for all r' 6 R.

2. s(EZ(S).

3. r centralises S.

PROOF: Suppose rs G Z(G). For any s' € S, we have (rs)s' = s'(rs) —

(s'Ts^^is's), so rs = (s'rs'~1)(s'ss'~1). By the uniqueness of the decomposition,

we have r = s'rs''1 and s = s'ss'*1 for all s' € S. Thus s 6 Z(S) and r is in the cen-

traliser of 5 . Also for any r' G R, we have r'rs = rsr' = rsr's~ls, so r'r = rsr's~1,

and therefore r~1r'r = sr's*1 for all r' e R.

Suppose r e R and s € 5 satisfy conditions 1-3. Then (r's')(rs) = r'rs's —

r'rss' = rsr's-^^ss' = (rs)(r's'), for all r' 6 R and s' G 5. Hence rs G Z{G). D

Now we consider the situation when R is nilpotent. If d = rs G Z(G), then

r - V r = s r ' s - 1 for all r' G i?. Since s 6 Z(5), sm G Z(G) for some integer m.
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To see this, view 5 as a group of automorphisms acting on R by conjugation; then
it has finite centre. Thus we have that smr's~m — r' for all r' € R, which implies
that r-

mr'rm - r' for all r' 6 R. Hence r m € Z(R). Since R is nilpotent, Z(R) is
connected: since R is also simply connected, Z(R) is a vector group. Thus r € Z(R),
which implies that r € Z(G). Thus we have the following theorem.

THEOREM 2 . 3 . If R is nilpotent, then Z(G) = (Z(G) n R) x (Z(G) n 5 ) .

We conclude this section with an example of a simply connected analytic group G

such that Z (G) fl R is not a direct factor of Z (G) , where R denotes the radical of G.

EXAMPLE. Let

G = la :CT€ GL(3,C), a =

Let

N=\a€G: a=\0 1 y ) } , D={[0 c 0 ) : c £ C\{0}

and

5 =

Then G = N • (D x S), the radical of G is TV • D, and 5 is a semisimple Levi factor

of G. Note that 5 = SL(2, C) is simply connected. Let G be the universal covering

group of G. Let D = R + x R be the universal covering group of D, and let n : D -> D

be the covering homomorphism given by

/pe2™ 0 (T
7r(p,r)= 0 pe2™

V 0 0
Then G = N • (D x S). The centre of G is a subgroup of D x S: it is the infinite cyclic
group with generator c,

0

c= I I 0 1 0 I , (1,1/2), I 0 - 1 0 I I € Z J x 5 .

Then

c 2 = ( ( 0 1 0 I , (1,1), I 0 1 0 I I (EDCR.
V\0 0 1 / \ 0 0 1 / /

Thus, the subgroup Z(G) D R is not a direct factor of Z(G).
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3. MAXIMAL TORI AND MAXIMAL COMPACT SUBGROUPS

This section is mainly devoted to extending Theorem A. We begin by recalling the

following result of Goto [1, (7.1)].

THEOREM B. Let G and G' be analytic groups, and let 0 be a continuous ho-

momorphism from G onto G'. Let 7" be a maximal torus of G', and H' a closed

connected subgroup of G' containing 7". Then fi~x{H') is a closed connected sub-

group of G.

R E M A R K . (3~1{H') contains the kernel of /?. Also, /3~1(H') contains a maximal torus
of G. To see this, let T be a maximal torus of (5~1{H') and suppose T C T*, where
T* is maximal torus of G. Then (3(T*) is a torus in G', so there exists g' € G' with
g'(3{T*)g'-i C 7". Let g € G with 0(g) = g>. Then 0(g)P(T*)p(gy

1 = 0(gT*g-1) C
7", which implies that gT'g'1 C p~l(T') C p-x{H'). Thus there exists g € G such
that gT'g'1 C T, which implies that dimT = dimT*. Since T C T*, T = T*. Thus
T is a maximal torus of G.

COROLLARY 3 . 1 . Let G and G' be analytic groups, and let 0 be a continuous
homomorphism from G onto G'. Let K' be a maximal compact subgroup of G',
and H' a closed connected subgroup of G' containing K'. Then 0~1(H') is a closed
connected subgroup of G containing a maximal compact subgroup of G.

PROOF: Since K' is a maximal compact subgroup of G', K' is connected and
contains a maximal torus T" of G'. Thus fi~l(K') is a closed connected subgroup of
G. Let K be a maximal compact subgroup of fi~x{K'). Then K C j3~l{H') and K is
a maximal compact subgroup of G. This follows by using an argument similar to the
one in the above remark. Q

Let G be an analytic group and let Z be the centre of G. Let a denote the natural
homomorphism G -> G/Z = G'. Let T" be a maximal torus of G'. Then A = a~l(T')
is a closed connected Abelian group. Let T be the maximal torus of A. Then T is also
a maximal torus of G. Thus we have the following proposition.

PROPOSITION 3 . 2 . Let Z be the centre of an analytic group G. Then Z is
contained in an Abelian analytic subgroup A of G, which also contains a maximal
torus of G.

REMARK. The original statement in [3, Chapter XVI, Theorem 1.2] is that Z C A
without mentioning that A also contains a maximal torus of G.

Now Z = V x Tc x F x Zm, where V is a vector group, Tc is a central torus,
and F is a finite group. Since A/Z = V, there exists torus Tx C A with F C T\,
and Ti/F = T[. Also there exists a vector group V2 C A such that V2/Z

m = T^. Let
T = TcxTixT3. Then A/Z ̂  7" = T{ xT^xT3.
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The following lemmas will be used in proving Theorems 3.6 and 3.7.

LEMMMA 3 . 3 . Let G be an analytic group and let D be a discrete central sub-

group of G. Let a denote the natural homomorphism G —> G/D = G'. Let H be an

analytic subgroup of G which contains D and also a maximal torus of G. Then a{H)

contains a maximal torus of G'.

PROOF: Let V be a maximal torus of G'. Let B = o r 1 (7"). Then B/D S V
and B is a closed connected Abelian group. Let T be the maximal torus of B. Then
T is also a maximal torus of G. Let D = F x Zm, where F is a finite group. Then
V = a(T) x T", where T" is a torus of dimension m.

Since D is contained in the centre of if, by the above discussion, there exists a
vector subgroup V C H such that V D Zm. Thus a{H) contains a torus T* such that
dim (T*) = dim(a(T)) + m. Therefore, a{H) contains a maximal torus of G'. D

LEMMA 3 . 4 . Let G be an analytic group and let D be a discrete central sub-
group of G. Let a denote the natural homomorphism G -> G/D = G'. Let H be
an analytic subgroup of G which contains D and a maximal compact subgroup of G.
Then a{H) contains a maximal compact subgroup of G'.

PROOF: Let if be a maximal compact subgroup of G contained in H. Since
K is connected, if is a compact analytic group. Thus K = T*S*, where T* is a
central torus of K and S* is a compact semisimple normal subgroup of K. Let T be
a maximal torus of S*. Let T - T*f. Then K = TS* where T is a maximal torus
of K, hence a maximal torus of G. Note that the dimension of 5* is equal to the
dimension of the compact part of a semisimple Levi factor of G.

Since T C H, by Lemma 3.3, a(ii) contains a maximal torus of G'. Let K' be a
maximal compact subgroup of G'. Since K' is a compact analytic group, K' = T'*S'*,
where T'* is a central torus of K' and S'* is a compact semisimple normal subgroup
of K'. Note that the dimension of 5'* is equal to the dimension of the compact part
of a semisimple Levi factor of G'. Let B = a " 1 ^ ' * ) 0 . Then a\B : B -4 S'* is a
covering. Thus B is a compact semisimple analytic group, and dim 5'* — dimB ^
dim5* = dima(S*). Hence a{H) contains a compact semisimple subgroup, a(S*),
whose dimension is equal to the dimension of the compact part of a Levi factor of G'.
Since a(H) also contains a maximal torus of G', say T', ct(H) contains a maximal
compact subgroup of G', namely T'a(S*). D

Let G be an analytic group and let iV be a normal analytic subgroup of G. Assume
G/N is compact. Let K be a maximal compact subgroup of G. Then G — NK ([4,
Lemma 3.13]). In particular, if G/N is a torus, there exists a torus T C G such that
G = NT.

LEMMA 3 . 5 . Let G be an analytic group and let N be a closed normal analytic
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subgroup of G. Let a denote the nafcura/ homomorphism G -> G/N = G'. Let H
be an analytic subgroup of G which contains N and a maximal torus T of G. Then
a(T) is a maximal torus of G'.

PROOF: Let V be a maximal torus of G'. Let F = a~1(T'). Then F is a closed
connected subgroup of G such that F/N = T'. Thus there exists a torus T\ C F such
that NTi = F. Let T C if be a maximal torus of G. Then there exists g S G such
that gTig-1 C T. Thus NgTxg'1 C NT, which implies that gNTxg-1 C NT. Thus
NTi C g~1NTg, which implies that NTX/N C g~1NTg/N. Hence dimT' ^ dima(T),
so a(T) must be a maximal torus of G'. D

Now we are ready to prove Theorems 3.6 and 3.7.

THEOREM 3 . 6 . Let G and G' be analytic groups, and let a be a continuous
homomorphism from G onto G'. Let M be the kernel of a. Let H be an analytic
subgroup of G containing M. Then H contains a maximal torus of G if and only if
ct(H) contains a maximal torus of G'.

PROOF: We identify G/M with G'. Let /? denote the natural homomorphism
G —> G/M°, and let 7 denote the induced homomorphism G/M° —> G/M. Let T be
a maximal torus of G contained in H. Then by Lemma 3.5, (3{T) is a maximal torus
of G/M°. Since ,8(H) 2 P(T), by Lemma 3.3, a(H) = 7 0 /3(H) contains a maximal
torus of G/M.

The converse follows from the remarks made after Theorem B. D

THEOREM 3 . 7 . Let G and G' be analytic groups, and let a be a continuous
homomorphism from G onto G'. Let M be the kernel of a. Let H be an analytic
subgroup of G containing M. Then H contains a maximal compact subgroup of G if
and only if oc{H) contains a maximal compact subgroup of G'.

PROOF: We identify G/M with G'. Let /? denote the natural homomorphism
G —> G/M°, and let 7 denote the induced homomorphism G/M° —> G/M. Let K be
a maximal compact subgroup of G contained in H. Then, using the same argument as
in Lemma 3.5, P(K) is a maximal compact subgroup of G/M°. Since (3(H) D (3(K),
by Lemma 3.4, ot(H) = 7 0 j3(H) contains a maximal compact subgroup of G/M.

The converse follows from Corollary 3.1. D
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