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Abstract

Lagrangian necessary and sufficient conditions for a nonsmooth vector-valued minimax in terms of
Clarke’s generalized Jacobians are established under suitable invexity hypotheses.
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1. Introduction

Minimax points, or (more restrictively) saddlepoints, occur in several optimization
contexts, including stationary points that are neither maxima nor minima, saddlepoints
of Lagrangians for convex minimization problems, and saddlepoints for complemen-
tary variational problems (see [1]). These ideas generalize to vector functions (see
for example [8]), replacing maximum and minimum by weak maximum and weak
minimum. This paper considers generalizations to Lipschitz functions, not gener-
ally differentiable at all points, by constructing approximating problems with smooth
functions.

Let f, h and g be locally Lipschitz functions from R” x R", R™ and R" into R",
R” and R" respectively. Let Q C R", T C R* and S C R’ be closed convex cones,
with int O # @. This paper considers the vector-valued minimax problem :

(WMM1)
WMIN, {(WMAX, f(x, y) subject to — h(y) € S} subjectto — g(x) € T,
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where WMIN denotes weak local minimum, and WMAX denotes weak local maxi-
mum, with respect to the order cone Q. Here a weak minimum of a vector function
© at a point @ means that, for some function p(-) = o(j| - —al}),

O((2) — O(a) — p(z) ¢ —intQ as z — a through feasible points.

A weak maximum of ®(-) is a weak minimum of —©(.).

Necessary and sufficient conditions for a smooth vector-valued mimimax were
recently studied in [11], where under suitable invexity assumptions a weak maximum
of the inner problem becomes a strong maximum with respect to a suitable basic cone
K D Q. This property is not available for a nonsmooth problem. Instead, using
a method of smooth approximations, based on a known technique for generalized
functions (see [6], [10]), the nonsmooth problem is approximated by a smooth minimax
problem, to which results for smooth vector-valued minimax (see [9]) apply.

If S ¢ RPand K C R, then L(S, K) denotes the set of all linear mappings from
R? into R” whichmap S into K; if b € R", then K, :={y(t —b):t € K,y > 0}. A
convex cone K C R’ is called a basic cone if K has exactly r generators, which form
a basis for R". Let W := R"\(—intQ) and U := W N (—=W); Q* is the dual cone of
Q; f(x, y) is a column vector, and elements of Q* are row vectors.

2. Smoothed minimax problem

For sufficiently small positive parameters o and 8, define (see [8])

2.hH fx,y:a,p):= f fx =5,y —Do(sla)y (t1B) dsdt;

n R7

h(y : B) :=f h(y — DY @IB)dr;  glx - ) :=/ 2(x — ) (sl dis;
n Rll

where ds and dt denote Lebesgue measures on R” and R™ respectively; ¢ (s|a) :=
a ' ® s, v (tB) := B~'W (B |It]]), where ® and W are any fixed non-negative
C*-functions with supports in (—1, 1), scaled so that fu S()dz =1= fR Y(z)dz; if
f = (fi, fa,...) then f¢ is the vector (fi¢, fo,...). Notethat f(-,.: ¢, B), h(-:
B) and g(- : &) are continuously differentiable (see [6]), and tend to f (-, -), A(-) and
g(-)asa,B — 0. If f, h, g have Lipschitz constants , k;, k, in a neighbourhood
N, of a point (x, y) then, for (x, y) € Ny,

2.2)
lg(x 1) — g0 = f lgx —s) —g(x)l@(sla) ds < Kg/ slig(sle)ds < g,
R" R"
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[3] Conditions for a nonsmooth minimax 165

noting that ¢ (-) > 0 and has compact support; and similarly

23) r(y:B) —hWI =B, and | f(x, y 1, B) — fx, DI < kp(a + B).

By Rademacher’s theorem, the Lipschitz function g is Fréchet differentiable except
on a set N, of zero measure; then (see [6])

gx:a)= / g(x —s)p(sla)ds C Cola) :=7co{g'(s) : 5 & Ny, lIs — x| < a},
Rn

where ¢o denotes closed convex hull, since the integrand on N, does not affect the
integral. For sufficiently small «, C, () is compact, and (from [3]):

() Csle) = dg(x),

a>0

the Clarke generalized Jacobian.
Assume that (WMM1) reaches a weak local minimax at (x, y) = (x, y). Define

h(y :B):=h(y:B) —h(F: B) +h();
gx:B):=g(x:B)—gx:PB)+ g(x).
Then
h(3:B)=h(3), §F:B)=gQX.

The problem (WMM1) is then approximated by the smooth minimax problem:

(WMM2) WMIN, {WMAX, f (x, y : «, B) subjectto — fl(y : B) € S}
subjectto —g(x 1) € T.

By construction of g and h, the point (x, y) is also feasible for (WMM2). Denote
by (IP(«, B)) the inner problem of (WMM?2).

PROPOSITION 1. Let f and g be locally Lipschitz functions, satisfying the stability
condition:

(V€ € dh(y))  Oeint[h(y) +&R™) + S],

and the linear growth condition, for some 0 # v € Qx and somer > 0 :

Ax > 0Oy, lly =yl <r-h(y)e$) tf(x,y) <tf(& Cy)—xly-—Jl.

https://doi.org/10.1017/51446788700034935 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700034935

166 B. D. Cravenand D. V. Luu (4]

Then, for sufficiently small \|x — X||, « and B, the problem (IP(«, B)) reaches a weak
local maximum at a point y = y(x; «, B), where, for some 0 < p < 00,

Iy(xsa, B) = (50,00 < plix, @, B) — (x,0,0)].

PROOF. Since 4 is a locally Lipschitz function on finite dimensional spaces, the
mapping y — dh(y) is upper semicontinuous at y, by [3, Proposition 2.1.5]. From
this, and the hypotheses assumed, all hypotheses of [9, Lemma 4], are satisfied for
the minimization of tf(x, -; &, 8) subject to —h(; B) € S. This problem reaches a
local maximum at a point y(x; e, 8), satisfying the stated Lipschitz condition. Then
y(x; a, B) is a weak local maximum for (IP(«, B)). O

Letm(x;a, B) := f(x,¥(x;, B) : a, B); and for o € int Q, let
m(x;a, B) = mx;a, B) +ollx — x|

If0 # t € Q* then o > 0. Consider now the following problems:

(OP(a, B)) WMIN, m(x; «, B) subjectto — g(x :a) € T;
(OP(a, B)1): MIN, tm(x; a, B) subjectto — g(x : ) € T.

PROPOSITION 2. Let g be locally Lipschitz. Let x be a local minimum of the problem
(OP(0, 0) : 1), and let the hypotheses of Proposition 1 hold. Then m(x; a, B) reaches
a weak local maximum, subject to —g(x : a) € T, at a point x = x(«a, B), where
x(a,B) > xasa, B — 0.

PROOE. By Proposition 1, (IP(«, 8)) reaches a weak local maximum j(x; e, 8),
where y(-;-,-) is Lipschitz at (x;0,0). From (2.2) and the hypotheses, all the hy-
potheses of {9, Lemma 3] are satisfied for (OP(«, 8);7). Hence t/(- : «, B) reaches

a local maximum, subjectto —g(x : @) € T, at a point x(«, B8), where x(a, 8) — X
asa, B — 0. Then X (¢, 8) is also a weak local minimum of (OP(c, B)). O

3. Smoothing locally invex functions

A differentiable function F : R" — R" is invex at p € R" with respect to the order
cone Q C R" if, for some scale function n(x, p),

(Vx) F(x) — F(p) — F'(p)n(x, p) € Q.
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It can be assumed that, for p fixed, n(x, p) = x — p + o(Jlx — pl), so n(-, p) is
continuous, and n(p, p) = 0. A Lipschitz function F : R" — R" is Q-invex at p if

(Vx)(V¢ € F(p)) F(x) — F(p) —¢n(x, p) € Q,
where d F (p) is the Clarke generalized Jacobian of F at p. By Rademacher’s theorem,
F is differentiable except on a set Ny of zero Lebesgue measure.

DEFINITION 1. A Lipschitz function F : R — R is Q-invex around p if, for some
continuous scale function n(-, -}, and each u in some neighbourhood of p withu ¢ N,

(VX)F(x) = Fu) — Fwn(x —u+p, p) € Q.

Clearly, Q-invex around p implies Q-invex at p.
PROPOSITION 3. Let F(-) be Q-invex around p. Then the smoothed function
F(:a):= / F(x —s)p(s|a)ds,
Rn

with ¢ chosen as in Section 2, is Q-invex at p, with the same scale function as F (-),
whenever « is sufficiently small.

REMARKS. This conclusion, required in Theorem 1, would not hold if Q-invex
around p is weakened to invex at each point in a neighbourhood of p, because a sum
of invex functions is not necessarily invex, if the scale functions are different.

Invex around p holds, in particular, for a C'-function F if invexity at the point p is
strengthened to

(Vx) F(x) — F(p) — F'(p)n(x, p) —ollx — plI* € Q,

where o € int Q. For then
(Vx) F(x) — F(p) — F'(p)n(x, p) € int Q,
so that, for sufficiently small §,
(Vx)(Vu, lu — pl < 8) F(x) — F(u) — F'u)n(x —u+p, p) € Q.
For a C* function F, shifting origins to make p = 0 and F (p) = 0, consider
F(z) = Az + %ZTB.Z and 7(z,0) =z + %ZTD.Z

up to quadratic terms. Here B. represents the set of Hessian matrices, B, say, for the
components of F, and similarly for D.. Substitution in the definition then shows that
invex around 0 requires the matrices B. — (A — u” B.)D. to be positive semidefinite,
for sufficiently small ||u — ||, where A D. represents the matrices X; Ay, D;. Hence the
matrices B. — AD. must be positive definite, and this in turn implies that F is invex
around 0.
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PROOF OF PROPOSITION 3. Using the differentiability of F (- : @) and the Lipschitz
property of F(-),
F(:a)= / F'(x —s)¢(s|la)ds,
Rn

since F’'(x — ) is only undefined on a set of zero measure. Hence, for {#;} — p with
u; ¢ Ny, and noting that ¢ (-{a) > 0,

Fuj+y:a)—Fu;:a)— F'(u; :a)n(p +y, p)
= | [Fluj+y—s)—Fu;—s)— F'(uj —s)n(p +y, p)lg(sle) ds,
Rn

in which [...] € Q for almost all s, provided that «; and «; — s are in a suitable
neighbourhood of p. Consequently,

Flujt+y:a)—Fuj:a)—F(u;:a)n(p+y, p)eQ,
which implies that
Flpt+y:a)—F(p:a)—F'(p:a)n(p+y,p) € Q.
0

REMARK. Suppose that F : R” — R" (where r < n) is invex at each point in a
ball B with centre p, with respect to an order cone Q C R". If F is differentiable at
u € B\{p} then:

F(u +z:a)—F(u:a)=/[F(u +z—5)—Fu—-s5)]¢p(sla)ds

> / F'(u—s)w(z,u—s)p(s|la)ds
(where w(z,u —s) :=n(z +u —s,s))
= F'(ula)8(z, u)

if there exists 8(z, u) satisfying the linear equation

MO (z, u) = [] F'(u— s)¢(s|(x)ds:| 0(z,u) = f F'(u —s)w(z,u) — ¢(sla)ds.

Consider the hypothesis that for each sufficiently small § > 0, there exists some s,
with ||s|| < &, such that F’(u — s) has full rank. This implies that, for some ¢(-) > 0
with support in a ball of radius 8, M has full rank; hence 6(z, u) exists, and 6(z, p) as
a limiting case. Thus F (- : &) is invex, as required in the proof of Theorem 1.

If F is differentiable at p, and p is a Karush-Kuhn-Tucker point for the minimization
of Fy(:) subjectto F;(-) <0 (j = 2,3,...,r), then F'(p) does not have full rank.
But F'(p — s) may have full rank, for small ||s{| > O.
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4. Necessary conditions for a weak minimax

Assume that the inner problem of (WMM1) :
4.1 (IP,): WMAX, f(x, y) subjectto — h(y) € § := R%,

reaches a (non-unique) weak local maximum at y = y(x), with $(X¥) = ¥ and
constraints of (IP;) are active at y. Following [11], construct the problem (MP;) by
adjoining p — k additional constraints:
4.2)

PV(y =P =al(y =P +3;0-NTA(-¥N=<0 (j=12,....p—k)
to (IP;). The matrices A; are chosen (see [11], and (iii) in Theorem 1 below) so that

the ¢ satisfy an invex property. Then y is also a weak maximum of (MP;). Another
similar set of functions

YOO =9 =bo-N+30-NBy-N=<0 (=12....5-1

is also required in Theorem 2, with the B; chosen to satisfy an invex property. Note
that ”(0) = 0 and ¥*”(0) = 0. (These ¢’ and ¥ are unrelated to the mollifier
functions ¢ and ¢ in section 2.)

Under the hypotheses of Proposition 1, the smoothed problem (IP(«, B)) reaches a
weak local maximum at y = y(x; «, 8), where y(-; -, -) satisfies a Lipschitz condition.
Consider then the following smoothed version of (MP,) :

4.3) WMAX, f(x,y : o, B) subject to

(MIP(, B)): —h9y:p <0 (=12,...,p);
V(-0 B) <0 (G=1,2,...,p—k).

Then y(x;a, B) is also a weak local maximum for (MIP(c, 8)). Under a constraint
qualification, weak Karush-Kuhn-Tucker conditions [5, Theorem 1] hold:

(WKT): t(xa, B) fi(x, y(x 1 a, B) 1 a, B)
=T M a, RV G a, B) : B) + Z; ui(xia, Ba);
M, RO a, B): B) =0;
for some nonnegative Lagrange multipliers 7(x;a, B), A; (x; ¢, B), i;(x; a, B); the

summation X, is over active constraints (thus h’(y) = 0), and Z; is over j =
I,...,k—p.
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THEOREM 1. Let (x, y) be a local weak minimax for ( WMM1). Assume that:

(1) the hypotheses of Propositions 1 and 2 hold,

(ii) for each & € 3h'(3), the set of gradients &, for those constraints for which
h(5) = O, together with the gradients a] (j = 1,...,p — k) of the adjoined
constraints, form a linearly independent set,

(iil) the vector function H (), comprising — f (x, -), those h(-) for which h(y) =
0, and ¢V () (j = 1,2,... .,k — p), is Q x R:-invex around each point y' in a
neighbourhood of ¥, whenever || x — x| is sufficiently small,

(iv) the Lagrange multipliers in (WKT) are continuous at (x, 0, 0);

(v) the Lagrange multipliers for (OP(«, B8)) are continuous at (0, 0);

(vi) (Vn e dg(x))0e int[g(Cx)+n(R") +T].

Then, for some basic cone K O Q, and some § > 0,

Vx,—gx)yeT, ||x—x|| < 8)(3A(x) € [L([R'jr, K),
M(x) € LRZ™, K), 7 € L(T_g5, 0), & € 8, f(F, 7), 7 € 3g(¥)),
0€d,[f(x, $(x) — ARG )] — M(x)a; A)h(H(x)) = 0; ran[é + 77 C U.

PROOFE. From (iii) and Proposition 3, the vector function H (-), comprising the
objective — f(x,- : a, B), h2(-; B) for the constraints for which h'(§) = 0, and
oY) forj=1,2,... ,k— p,is Q x Rf-invex at each y’ in a neighbourhood of y,
whenever [[x — x|| is sufficiently small. From Proposition 1, the problem (IP(«, 8))
reaches a weak local maximum at y = y(x;«, B), whenever «, B and ||x — x| are
sufficiently small. From (ii), the Robinson stability condition (see [14], and [16] for
the nonsmooth generalization) holds for (IPC,). Since this condition requires 0 in the
interior of a set involving gradients, and the Clarke generalized subdifferentials are
upper semicontinuous, the stability condition extends to (MIP(«, 8)) for sufficiently
small ||x — x||. Then, applying [11, Proposition 1] to (MIP(«, 8)), which requires
the invexity hypothesis (iii), there is some basic cone K O (), such that the strong
Karush-Kuhn-Tucker conditions hold:

4.4) fi(x, (e, B) ta, B) — Alx;a, Bh,(G(x;a, B) : B) — M(x;a, Ba = 0;
Al a, BAG(xa, B) : B) = 0;

for some Lagrange multipliers A (x; «, 8) € L(R?, K)and M (x; e, B) € IL([R_T", K).

From Proposition 2, the function m(-; a, 8) from Section 2 reaches a weak local

minimum, subject to —g(-; &) € T, at X(a, B), where x{(a, B) —> X as e, B — 0.
From (vi), the smoothed function g satisfies the Robinson condition:

0 e int [g(x;a) + g.(x;a)(R") + T] whenever « is sufficiently small.
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From {6, Theorem 1], there exists a Lagrange multiplier 7 («, 8) € L(R’, R"), satis-
fying

ran [r;l,\(-fv o, IB) + n(a, ,B)gx()?va)] C U, n(a, ﬂ)(T—g'(i;a)) C Q
From [11, Proposition 2], m,(x;a, ) = f.(x, ¥ : a, ). Combining these,
(4.5) ran [f, (X, y : a, B) + (e, B)g:(x;)] C U.
Letting o, 8 — 0, A(x;¢, B) — 1~\(x) and M(x;«, B) — M(x) (these limits
existing by (iv)), (o, f) — 7 (by hypothesis (v)), the left side of (4.4) tends to
an element of 3,(f — A(x)h — M(x)a)(x, y(x)), f. (X, y;, B) and g.(X; ) tends

to elements of d, fx, y) and dg(x). So the results follow as limits from (4.4) and
4.5). |

REMARKS. If hypothesis (vi) is replaced by the hypothesis that, for each n; €

ag; (x), the set of n; for the active constraints, together with bjT (G=12,...,5=D,is
linearly independent, then the conclusion holds in which the inclusion ran[£ +7 7] C U
is replaced by

0€d[f(X,3)+7gX)]+Eb,7g(x) =0

oy

form € L(R), H), & € L(R*™, H), where H isabasic cone satisfying Q C K C H.

Theorem 1 assumes that Lagrange multipliers are continuous functions of smooth-
ing parameters. Consider strong Karush-Kuhn-Tucker conditions expressed as:

Hlx, y(xsa, B) ta, B) = Al a, Bk, (F(x;a, B) : a, B),
where A comprises A and M, and k, comprises h y and a. In case the p x m matrix &,

has full rank, and p < n, then the linear equation for A is solvable, for A a continuous
function of «, 8.

5. Sufficient conditions

Recall [13] that a multifunction @ : R" — R”™ is called pseudo-Lipschitzian around
(x,¥) € gr® (the graph of @) with modulus ¢ > 0 if there exist neighbourhoods U
of x and V of y such that

(Vx,x' € Uy ®(x)NV C ®(x) + c|x — x'|| By (0).
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Here B;(0) is the unit closed ball. Denote the Clarke generalized Jacobian with respect
to x and y by 9, and 9, and let N(v, 2) denote the Clarke normal cone to a set Q at a
point v € Q. Define the Lagrangian:

L(x,y; A, M, T1, E) := f(x,y) — Ah(y) — M@(y — Cy) + Ilg(x) + Ev¥(x — x).

A function F (-) reaches a (local) strong minimum at x with respect to a cone H (see
[4]D) if F(x) — F(x) € H for all feasible x near x.

THEOREM 2. Let (x, ¥) be a feasible point for (WMM1), where k < p constraints
from —h(.) € S are active at y, and ] < s constraints from —g(-) € T are active at X.
Assume that:

(a) For some closed convex cones K and H, Q C K C H, and

(3A € L(S_is), K), M € L(RZ™*, K), 11 € L(T_y5), H), E € L(RS™, H))

oh

(0,0) € 8, L(%, y; A, M, T1, E) x 3,L(%, y; A, M, 1, E);
(here 0L is independent of (A, M), and d,L is independent of (I1, E));

(b) For sufficiently small |x — x|\, the vector function comprising — f (x, ), h(-),
and V(- —3) (j = 1,2,...,p —k) (asin (4.2)) is O x S x R. *-invex at each
point y' in some neighbourhood of y, with scale function independent of x, and the
vector function comprising f(-,¥),8(), and YV (- —x) (j = 1,2,...,s =D is
Q x T x R -invex at X;

(©) (£, 0)eN({(x,2),Q)=¢=0,

where

Q:=kerd,L N (R" x ker[Ah(y) + Mp(y — 7)) N
([R" x R™ x {(A, M) : A(S) + M(R%™*) C K}).

Then (x, y) is a local strong minimax for (WMM), with the additional constraints

Py -y <0G =12,...,p—KandyV(x-x)<0( =12,...,s=1
adjoined, with respect to the order cones K and H .

PROOF. Define a multifunction ¢ by

Px)={z=(0,AM):0€d,Lx,y; A, M, II, E), Ah(y) + M¢p(y — y) =0,
A(S) + M(Rﬁ_k) C K},
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noting that 9, L(-) does not involve IT and E. From hypothesis (a), z := (y, A M) e
@ (x). From definition of ®(-), grd = 2. Using hypothesis (c),

(£.0) € N((x, 2), grd) = ¢ = 0.

According to Aubin [1] and Rockafellar [15], this condition ensures that & is pseudo-
Lipschitzian. Hence, whenever ||x — Cx|| is sufficiently small, ®(x) # @, (as shown
in the proof of [10, Theorem 3], thus

Qz(x) = F(x), Ax), M(x)) 3 d(x)) 2(x) = (5, A, M).

From this, with hypothesis (b), if —h(y) € S, ¢V (y—3) <0 =1,2,...,p—k),
then

fO,3(0)) = f(x,y)

= L(x, 5(x); A(x), M(x), T1, E) — L(x, y; A(x), M(x), T1, E)
+ A@[=hQ) + RGN+ M@ -y — 7) + G x) — )]
€ —AX)(y, §(x) + 0 + K CK,

where A(x) € 9,L(x, y(x); f\(x), M(x), I, ), £(y, y(x)) is a scale function from
the invex hypothesis (b), ¢ := (¢", ..., "), and the values of IT and E do not
matter in this calculation. Hence y(x) is a strong maximum, with respect to the
cone K, for the inner problem of (WMM1) with additional constraints ¢/’ (y — y) <
0( =12,...,p—k). From z(x) € ®(x) and hypotheses (a) and (b), if ||x — x|
is sufficiently small, —g(x) € T,and y'(x —x) <0(j =1,...,s — ) then

fx 360 — F&,5)

= f(x, 5() — f, D+ f&x, 5 — FEH)

= L(x, 5(x); A(x), M(x), T, E) — L(x, §; A(x), M(x), 1, E)
+L(x,5;A, M, T1,E) — L(x,5;A, M, 11, )
— A@)A(F) —~ M(x)$©0) + ARG () + Mx)$(F(x) — 7)
+ M[-g(x) + g(®) ]+ E[-¥(x — ) + ¥ (0)]
€ —AXX (Y, YN+ K+By(x,x)+ H+ K+HCH

where A(x) and £ (-) are as above, B € 9, L(x, y; A, M, T, 2), y (-) is a scale function

from the invex hypothesis (b), ¥ := (¥'", ..., ¥©™"). Thus X is a strong minimum
with respect to the cone H of the outer problem of (WMM 1) with additional constraints
YO =3 <0G =1,2,...,5 1. 0O

REMARK. To find an instance where the hypotheses of Theorems 1 and 2 hold,
suppose that the vector function ®(x) reaches a local weak minimum at z = p,
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subject to the constraint —y (x) € I', where the convex cone I' has interior points.
Then there is no solution x to

Ox)—-0(p)e —int Q, —y(x) € intT.

If the vector function (O, y) is convexlike (see [12]), then there exist multipliers
(T, A) € Q* x I'*, not both zero, such that

'O — 0PI +A y(x) =0

for all x near p. Note that convexlike (with differentiable) implies invex. If a Slater
constraint qualification holds, that is —y (¢) € int " for some ¢, then the multiplier
7 # 0. Then there is a matrix Y, with Y in the matrix cone § := {y : y(I') C @}, such
that ®(x) + Yy (x) reaches a weak minimum at x = p. It follows that f(x, y) :=
®(x) + yy (x) reaches a weak minimax at (x, y) = (p, Y), with respect to the cones
Qand S.

Consider the hypotheses of Theorem 1, and assume Lipschitz functions, so that
Clarke generalized subdifferentials are available. The stability condition of Proposi-
tion 1 holds, in particular, if the generalized subdifferentials £ of the active constraints
are linearly independent, and then hypothesis (ii} of Theorem 1 follows by suitable
construction of the adjoined constraints. The linear growth condition in Proposition
1 holds, omitting active constraints, if —y(p) € int S. Hypotheses (iv) and (v) of
Theorem 1 require Lagrange multipliers to be continuous in their parameters. If the
problem is differentiable, it suffices to locally linearize it, obtaining a linear program,
and then to assume that the dual linear program is stable to small perturbations; then
the Lagrange multipliers, which are dual variables, have the required continuity. For
a nonsmooth problem, the same construction applies to the linear programs obtained
by replacing gradients of generalized subdifferentials. A similar remark applies to
hypothesis (v). The remaining hypothesis (iii) is invexity; this holds if the vector of
— f(x,-) and the active h'(-) is invex, by suitable choice of quadratic terms in the
adjoined ¢'’. Theorem 2 assumes (KKT) condition (a), and invexity conditions (b),
to which the discussion of invexity for Theorem 1 also applies. Hypothesis (c) is
made to ensure the pseudo-Lipschitzian property; see [13] for discussion of when this
holds.
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