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Abstract

A two-bridge knot (or link) can be characterized by the so-called Schubert normal form X, , where p
and q are positive coprime integers. Associated to K, , there are the Conway polynomial Vg, (z) and
the normalized Alexander polynomial Ak, (#). However, it has been open problem how Vi, (z) and
Ak, , (1) are expressed in terms of p and ¢q. In this note, we will give explicit formulae for the Conway
polynomials and the normalized Alexander polynomials in the case of two-bridge knots and links. This
is done using elementary number theoretical functions in p and q.
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1. Introduction and statement of results

Let K be a knot (or link) in R, and let A ¢ () be the normalized Alexander polynomial
(reduced when K is a link) for K. There is also the Conway polynomial Vg (z) of
K in the variable z. The Conway polynomial is related to the Alexander polynomial
A(t) by the equation:

(1.1) V(™2 = tV2) = Ag (D).

A two-bridge knot (or link) can be characterized by the so-called Schubert normal
form K, , where p and g are positive coprime integers. (Figure 1 illustrates the
diagram Ks3.) The reader is referred to Burde-Zieschang [3] or Kawauchi [9] for more
detailed description of K, .. It is known that K, ; is a knot if p is odd, respectively, a
two-component link if p is even. (Figure 2 illustrates the two-component link K, ;.)

The author wishes to thank Professor N. Yui and the referee for their helpful advice.
© 2005 Australian Mathematical Society 1446-7887/05 $A2.00 + 0.00

149

https://doi.org/10.1017/51446788700008004 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700008004

150 Shinji Fukuhara [2]

FIGURE 1. The knot K 3.

Throughout this article, we use the notation K, , for an oriented knot (or link)
which are represented by the diagram K, ,. Our main purpose of this note is to
express explicitly the Alexander polynomials and the Conway polynomials of K, , in
terms of p and g. Explicit descriptions of these polynomials have been sought after by
many knot theorists (see [7, 8] for algorithms of calculating the Alexander polynomials
of K, ,). However, the problem has been rather intractable. One motivation stems
from the same problem for a torus knot T, , of type (p, q). For T, 4, the Alexander
polynomial has a beautifu!l simple expression given as follows:

(712 — 12y (1Pa/2 — tPa/2)
Ag, (1) =

(t=P/2 — tp12)(t-9/2 — 1a/2) *

Unfortunately, in the case of K, ,, one cannot hope to obtain such a nice expression
for the Alexander polynomial.

One of the reasons is the fact that K, , is equivalent to K, ;.2 while T, is
not equivalent to 7, 4., in general (this means that Ak, _,, (¢) should coincide with
Ak, (1) while Ay, ., (¢) and Ag, (¢) can be independent).
In order to obtain explicit expressions for Ay, (¢), we should look for a function

f(p, g) in p and q satisfying the following equation:

(1.2) f®.9)=fP, q+2p).
It should be remarked that such a function is related to Dedekind symbols introduced

in [6]. This function should be of great interest from a number theoretical view point,
see, for example, [1, 10].
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FIGURE 2. The two-component link K, ;.
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Hence we introduce functions ¢;, i and v; as follows. First let us fix notation;
by [x], we denote the greatest integer not exceeding x € R.

DEFINITION 1.1. For integers i and &, we define ¢;(p, q), u{p, q) and v (p, q) by

p—1 p-1

ei(p,q) = (D", up,q) =) & and w(p,q) =1+ e

i=1 i=1

It can be checked easily that these functions satisfy (1.2). We also know that
vol(p,q) = u(p,q) + 1.

In what follows, we write simply &;, i and v, instead of ¢;(p, q), u(p, g) and
vk (p, q) to ease the notation. Though the reader should keep in mind that ¢;, i and v,
do depend on p and q.

Furthermore, whenever we are dealing with a two-bridge knot K, ,, we may assume
without loss of generality that g is odd (as any two-bridge knot can be reduced to such
a case).

We can now give an explicit formula for (reduced) normalized Alexander polyno-
mial Ag, . The results are formulated as follows:

THEOREM 1.2. (1) For a two-bridge knot K,, ,,
p-1

1 1
(13) AKP,,,(I) — 5(t—ll-/z + tﬂ/Z) _ Z(t—l/Z _ t1/2) Z(_l)ksk(t——vkﬂ _ tvk/Z)-
k=1
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(2) For a two-bridge link K, ,,

1 1 -
(14) AKP'(’([) = E(t“#/z _ t#/Z) _ Z(t—l/Z _ t1/2) Z(_l)kgk(t—vk/Z 4 tvk/Z).
k=1

Next we will consider the Conway polynomial of K, ,. Note that the Alexan-
der polynomial can be derived easily from the Conway polynomial by substituting
t=1/2 — 12 for z. However, the other way around is not so easy. Thus, by the aid of
the Lucas polynomials, we will transform the Alexander polynomial to the Conway
polynomial (the definition of the Lucas polynomials will be given in Section 5). Our
result is formulated as follows:

THEOREM 1.3. (1) For a two-bridge knot K,, 4,

lul/2 +j
[l (|MI/2 J) 2
L5) V + ul/2— j
(1.5) Vi, (@) = ZIM|/2 J \lul/2 jz

(vl -1)/2 .
——Z( UM pp— .('”"'/2“/2+’.)z2f+2.
2 72+ 17247 \l/2 = 172

(2) For a two-bridge link K, ,,

(pl-1/2 _

1 241/2+75) 4

16 Vi, @=5 ) —“__(W'/ / f_)zzjﬂ
' 2 = ll/2+1/2+7 \lul/2 =1/2 =

{vel/2 .
"Z( ke kZ [ ('”k'/“’.)z”“.
[Vel/2+J \lvel/2 =)
Here we regard

|l (|M|/2+j)=2 (respectively [ve (lvk|/2+f>=2>
ll/24+j \Iul/2—j el /2+j \Iwl/2—J

when |} = j = 0 (respectively |vi| = j = 0).

Finally we present an alternative formula for Vi, (z) by describing its coefficients
explicitly. For a knot (or link) K, let a; (K') denote the j th coefficient of the Conway
polynomial Vg (z), that is,

Vi@ =) 4 (K)7.
Then a; (Vk, ) is expressed as follows:
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THEOREM 1.4. (1) For a two-bridge knot K, ,,

aO(Kp.q) =1, a2j+1(Kp,q) =0 (G =20,

1 J
@y 2(Kpg) = s | [ [ — 4m?)
j + p.q 221+2(21 +2)! [’E)
p-1 Jj
~Qi +2 Y (—Drew [ [ {v - @m - 1)2}] G = 0).
k=1 m=1

(2) For atwo-bridge link K, ,,
a2j(Kp,q) =0 (] > O)v

1 j
@ 1(Kp g) = m [#n {Mz - (2m — 1)2}
m=1

p-1 Jj-1
~@i + DY (-Dra i - 4m2)} G =0).
k=1 m=0

Here we regard

J J ji-1
[Tiv-@m-1} =T (- @m -1} =[]0} -4m> =1
m=1 =

m=1 m=0
whenj = 0.
2. Some properties of numbers ¢;, u and v,

In order to prove the theorems we need several properties of numbers ¢;, ¢ and v;.

LEMMA 2.1. (1) ForisuchthatO <i <p, &,_; =&,

(2) ForisuchthatO <i <p, &,y = —6&;.
3) & =-1
PROOF. We recall the assumption that ¢ is odd (namely (—1)? = —1). We also

note that identities [-x] = —[x] — 1l and [r + x] = n + [x] hold forx € R\ Z and
n € Z. Then we have

o)) Epi = (_l)l(p—i)q/pl — (_1)q+[—iq/p] — (_1)q—(iq/p]—l — (_l)liq/pl =g

(2) gpyi = (—De+dalp) — (—1)etlia/rl = _(—1)lia/P) = —g;

3) g = (=DHarl = (-1} = —1. d
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The following identities can derived using Lemma 2.1.
LEMMA 2.2. (1) ForksuchthatO <k <p, Yy & =p— Y '\ e
(2) Fork suchthat0 <k < p,
k-1

uw ek—l_ ve 1
2+Ze,+ =3 g

i=1

PROOF. (1) By Lemma 2.1 (1), we have
p-1 P

k—1 k-1 -1 p—k p—k
ZE,':[L— Ei+Z€,‘=/L— 8,»:#—28,,_,-=/,L—Z£,«.
i=1 1 i=1 i=1 i=1

i=k
(2) Next applying (2) and (3) of Lemma 2.1, we obtain

[ Ek—l
> +;e,+ )

1 p-1 k-1 £ — 1 1 p-1 1 k-1 1
=—5 8,+Z]:81+ 5 =_5,Xk:€,+2. 81_5
= i= i=k+1 i=1

-1 -1
1 1
=3 g5 ng_H =g, — 1 (by Lemma 2.1 (2)-(3))
i=k+1 i=1
-1
1 Vi 1
= —— i 1 _— - =
7 Ltk 2 2 -

3. The Wirtinger presentation for the knot (or link) group of K, ,

In the next section we will obtain the Alexander polynomial Ax,, applying Fox
calculus. To do so we first study the Wirtinger presentation for the knot (or link) group
of K, ,. Let

Ly :=58'S8%...87"8S?" and Lp:= 85'SP--- 8§78

be words in S; and S,. Put Ry := S;L,S;'L]! and R, := §;L,8;'L;". From the
diagram K, , like Figure 1 or Figure 2, the reader can easily read off the following
Wirtinger presentation (also refer to [3, page 208] and note that our relators R; and R,
are conjugate elements of their relators).

When p is odd, the knot group of K, , is presented by G, := (S, S: | R;). Whenp
is even, the link group of K, , is presented by G, := (S1, $2 | Ry).
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4. The Alexander polynomial of a two-bridge knot K, ,

In this section we will obtain the normalized Alexander polynomial of a two-bridge
knot K, , from the Wirtinger presentation, applying Fox calculus. From here to
Section 5, we assume p is odd so that K, , is aknot. We use the following notation: let
a:ZF(S8,, S;) — Z[t, t~'] be an abelianization map such that «(S;) = ¢, ¢(S,) = t.
We also use the symbol (#)* instead of a(u).

Since G, = (S, S; | R;) is the Wirtinger presentation of K, ;,, we know both
(OR,/03S;)* and (3R, /8 5,)* are Alexander polynomials. This follows from the theory
of Fox calculus (the reader can refer to [4] or [3, Chapter 9] for Alexander polynomials
and Fox calculus).

We introduce symbols D;(¢) and D,(¢):

A _ (3R
1(t) = (asl) and Dz(t) = <BSZ>

to emphasize that they are (Laurent) polynomials in ¢. Then both D;(¢) and D,(t) are
Alexander polynomials for K, , (not normalized!). In the following lemma we obtain
explicit formulae for D(¢) and D,(z).

p—1

LEMMA4L (1) D=1+ (=1 Y geleior@
k=1, k even
p—1
@ D) =—t“+(t—1) Y egpTmote2
k=1, k odd

PROOF. By the definition of the free derivative 3/9.S, we have

AL \* asg'sfz.--sg"*sfp-‘)“
38,) 35

p-1 @ p-1
_ k-1 _
= < Z EkS;l sz . Sf“ l)/2> — Z Sktz‘=‘ £i+(ex 1)/2.

k=1, k even k=1, k even

Similarly we have

Z & t):, Z) et (e D2
882

=1, k odd

Next we calculate D, (r) = (3R;/3S,)* as follows:
a8 L,S;'L"\* aL, ) ( 1y 0L )
D)= —————} =1 S SiL,S; LT
15 ( 38! + 1351 1L 1 35,
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p-1

Li\* k-1
=140G¢-1) (GS ) =14+@¢-1 Z gt T Eit /2

k=1, k even

Similarly, we have

a8\ L,S; L \* L \" » 3L
Dyt) = ——2-) =(Si— ] —(SiL:S SiLiS;'L;
2() ( 3S2 laS2 (1 12) 1 BS

L ] p-1
___) = —# + (t —_ 1) Z 8kt2f=_1lfi+(£k—l)/2'
5, k=1, k odd

=—tZ5e 4 (1= 1)

/'\

This completes the proof. O

Lemma 4.1 gives a description for the non-normalized Alexander polynomials
for K, ,. To find the normalized Alexander polynomials for K, ,, we need the
following two lemmas.

LEMMA 4.2. D;(t) = —D;y(2).

PROOF. From the fundamental formula for free calculus ([2, Proposition 3.4]), we
have

JR, JdR,
— (S 4+ —(S— 1) =R, —1.
351(1 D+ 3S2(2 ) 1

Sending it by the abelianization map, we have

oR, aR,
4.1) (351) (t ~1)+<852) t—-1=0,

where we used ¢(R;) = 1.
Since Z[t, t~!] is an integral domain, we can cancel z — 1 in (4.1). Hence we have
proved the lemma. g

We study another relation between D; () and D,(¢).
LEMMA 4.3. D,(t) = —t*D,(¢t™").

PROOE. By Lemma 2.1 and Lemma 2.2, we have

k-1 p—k
Y e+ (a—1)/2=p—) &+ (e —1)/2 (by Lemma2.2 (1))
i=1 i=1
p—k
=p— ) &+ (x—1)/2 (byLemma2.1(1).

i=1
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Using these identities, we obtain

p-1
Di(N=1+(—1) Y gaTmotabn
k=1, k even
p-1
=1+ ([ _ 1) Z 8p_ktu—2f=‘,ke,-+(s,,_k—l)/2
k=1, k even
p-1
=1+@—1) Y e Tmet@ D2 (by Lemma2.1 (1))
k=1, k odd
p—1
=t (=1 Y g Do
k=1, k odd

=1 {-D, (")} = —*D,(t7").
This completes the proof. O

Now we are ready to get the normalized Alexander polynomial for K, ,. Set
(4.2) D(t) := t™/*Dy(1).

LEMMA 4.4. D(2) is the normalized Alexander polynomial. Namely, D(t) satisfies
D(t™') = D(¢t) and D(1) = 1.

PROOF. We know that D, (t) = —t*D,(¢t™") (Lemma 4.3). This implies D, (¢7!) =
—17#Dy(2). We also know D;(t) = —D,(r) by Lemma 4.2. Using these identities,
we have

D™y = #*Dy(¢7") = {—17*Dy(0)} = t7/*D\(t) = D(»).
Furthermore, we have D(1) = D(1) = 1 which completes the proof. d

Lemma 4.4 shows that D(#) coincides with Ak, . This is a nice result, but short
of our final goal. We wish to have an expression for A, with more symmetry
in 7 and t~'. We will proceed with calculation to find a more symmetric expression

of AKp.q‘
LEMMA 4.5.
p-1
@3) 2D =t (1= 1)) (—Drge AR e,
k=1
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PROOF. We have

2D(t) = t7™2D,(t) — t7™/2D,(t) (since Dy(t) = —D,(2))

-1
=24t —1) pX: gt M IS at e D)2
k=1, k even
p—1
+— (1= 1) Y e WHEL G2 (by Lemma 4.1)
k=1, k odd
p—1
=124 Ry (1= 1) ) (= DTS e, O
k=1

Before reaching the final form of Ak, ,, we need further modification of (4.3).

LEMMA 4.6.
1 o _un n_ Lo in IZp_l k. -w/2
(4.4) D(t) = 5 (™ + %) = (7 — 12 Y (=Dl ™,
k=1
PROOF. Applying (2) of Lemma 2.2, we have
p—1
2D(t) = 72+ ** 4 (1 — 1) Z(—l)k&‘kt—“/HZf;‘I ei+(er~1)/2
k=1
p—1
=12 P (1= 1) ) (—Drer ™
k=1

p-1
=2 P (= ) Y (D e
k=1

This implies the lemma. 0

Now we are ready to prove (1) of Theorem 1.2.

PROOF OF (1) OF THEOREM 1.2. From (4.4) and the fact that D(¢t) = D(t™}), we
have

p-1
(4.5) AD(f) = 2(t7* + M) — (1712 — V) Z(—l)"sk(t_”"/z — 1Y,
k=1

This gives us a more symmetric form (1.3) of Ak, completing the proof. O
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5. Lucas polynomials

In this section we study Lucas polynomials. These polynomials are used to trans-
form the normalized Alexander polynomials to the Conway polynomials.

Let z = t71/2 — Y2 and V, = (72" 4+ (—1"*)". Then V, is expressed as a
polynomial in z , say V,(z), as follows:

[n/2] .
(5.1) w@)=§:nij("fj)ﬂﬂf(n31)

j=0 J

These polynomials are called Lucas polynomials and are characterized by
Va@) = 2V1@) + Vaa () (Wo(2) =2, Vi(2) = 2).

The reader can refer to, for example, [5] for basic properties of Lucas polynomials.
From (5.1) we obtain the following lemma.

LEMMA 5.1. Suppose that z = t~'/2—t1/2, Thenthe following identities hold:

k .
(1) (V2% 4 (g2 Z 2k +1 (k +1 +J)zzj+1 (k > 0).

Sk+H14+j\ k—j
k .
_ 2k (k+]\ 5
Q@) ¢TVH* 4 (—* = ——( .)Z’ (k = 0).
;k+1 k—j

Here we regard 2k/(k +j)) (:fj) =2whenk=j =0.

The following identities are obtained easily from Lemma 5.1. These formulae are
not used in this paper; however, they are of interest on their own right.

COROLLARY 5.2. Let Ag(t) = Y j_o ac(t™ + 1*) be the Alexander polynomial of
a knot K. Then the Conway polynomial Vi (z) of K is

Vk(2) = Z“kaH (k+j)z

k=0 Jj=0

Now we obtain Conway polynomial of a two-bridge knot.

PROOF OF (1) OF THEOREM 1.3. Suppose that z = r~'/2 — ¢!/2, Seeing that p is
even and v, is odd (since p is odd), we have

1 1 -
D) = E(t—u/z + 4% — Z(t-l/z — 1'% Z(_l)ksk(t—v,,/z — /Y
. k=1
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I 1 -
— E(t—u/Z + 7y — Z(t—1/2 — 1177 Z(—l)ksk sgn(vy) (1712 — gwlr2y

k=1
I 172 .
55 |ul (Ud/2+l>zy
tel/2 +j \|l/2—j
(vel—1)/2 .
vl CMﬂHﬂﬂ)zl
—-z (=D*e; sgn(v B raA
Z: )*g(“§:|mzHﬂ+J|mn—U%v
(by Lemma 5.1)

_Sf | Cuv2+j)z@
lel/2+j \Inl/2—j

lP (wel-1)/2 241/2 . ,
I (i,
4 — Wel/2+1/2+j \Iwl/2-1/2—

i=0

This implies (1.5) completing the proof. a

To describe the coefficients of the Conway polynomials, we need the following two
lemmas. These lemmas can be shown by direct computation, and proofs are left to
the reader.

LEMMA 5.3. Let u and j be integers such that j > 0. Then
i—1
|l (mu2+j> S = TP 2
T A - = S oA no - (2m) .
lel/2+j \lul/2 = 22’“‘(21)!11{ }
LEMMA 5.4. Let v and j be integers such that j > 0. Then
j

v (/24124 .
IvI/2+1/2+j(|u|/2_1/2 J) —22,(21+1),1_[ - (2m — 1)*}.

1

Finally, we obtain the coefficients of the Conway polynomial of a two-bridge knot.

PROOF OF (1) OF THEOREM 1.4. From (1.5) and Lemmas 5.3 and 5.4, we have

Iul/2 .

2

Ve, ==~ Z Il <|M|/ +J,)Z2’
lel/2+j \lul/2 —j

1 P— Uvl-1)/2 ) 1/2 . A
_ _Z(_l)kak Z Vi : (lvkl/ + / +_]‘>sz+2
g w72+ 17247 \Iwel/2 - 1/2 - j

j=0
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Iul/2

22221 1(21)11—-[{“ —(2m)2

(vel-1)/2

_.1_ - 1)k J U
4;( 1) Ex j‘L:J 221(21_’_1)'1—[1 (2m 1)}2" .

Taking the (2j + 2)th coefficient in the last expression, we obtain Theorem 1.4 (1). O

6. Polynomials of a two-bridge link X, ,

In this section we assume that p is even, in which case K, , is not a knot but a
two-component link. We will describe the Alexander and Conway polynomials. More
precisely, we give proofs of (2) of Theorem 1.2, Theorem 1.3 and Theorem 1.4. We

set
IR\ IR\"
E = — d E ={—] .
1(0) (as,) an 2(2) (asz)

Then both E(r) and E,(¢) are reduced Alexander polynomials for the two-bridge link
K, 4. They are calculated as:

p~1

LEMMA 6.1, (1) Ex()=1—r+(—1) Y gelaoteDr
k=1, k even
p—1
@ E=0-1) Y geEaeter
k=1, k odd

PROOF. We take the free derivative 3/9S; of L, and then abelianize it:

0L \" (9SS 87 sy\*
s, ) 35

p-1 *
=( > sksglsfzn-sff*‘”/z)

k=1, k even

p-1

- Z aktzf;ll eit(ex=1)/2

k=1, k even

Similarly, we have

3L2 a P—l k-1
— Yoo ait(e—1)/2
= E Ext =t .
(HSZ) ¢

k=1, k odd
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Next we calculate E,(¢) = (3R,/05,)" as follows:

38, L, ST L\
El(z)=(——‘ o )

Y
aL,\" " AL, \®
=14+ (85— —(SiLS7")" = { SiL,S7 'Ly —=
(lasl> (SiL257) (12128&
p-1 8L2 “
=1 — s r— [ =2
* )<3S1)
p-1 \
-1
=1-r+0@¢-1) Z £t T Et ez,
k=1, k even

Similarly, we have

8 LS LN\ AL, \" aL,\"
Ez(t)=(-—‘2‘—2 — Sx-——2> _ SILZS‘—IL—I__2>
9S, S

=(—-1) _8& ) =0t-1 i gk,}if;‘ eit(ex=1)/2
3S2 .

k=1, k odd
This completes the proof. O

Now we need two lemmas which show fundamental properties of E;(t) and E,(¢).
LEMMA 6.2. E (t) = —E;(¢).

PROOF. The proof is the same as that of Lemma 4.2. g

Next we study another property of E,(z).
LEMMA 6.3. E,(t) = —t*E,(t™").

PROOF. Recall that

p-1
EZ(t) = (t - 1) Z gktz:i;ll €i+(5k—])/2.
k=1, k odd
Then we have
p-1
k1
Exn)=0-1) Z gyt Zimt S =D/
k=1, k odd
p-1
P~k
=@-1 Z 8ktﬂ‘21=1 £it(Ex—1)/2 (by Lemma 2.2 (1))
k=1, k odd
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p-1
=(t=1) Y e TR G2 (by Lemma 2.1 (1))
k=1, k odd
p-1
=(-1) Z gt~ Ziei et @02 (note that p is even)
k=1, k odd
p-1
=" [(t - > gt™ et "‘*‘*/2“/2]
k=1, k odd
p—1
=" {(1 -t Z gt~ T5 “‘(5"“”/2]
k=1, k odd

=t {-E;(t7)} = —*E,(r7).
This completes the proof. O

Now we are ready to get the normalized Alexander polynomial for K, ,. We put
E(t) = —t™?E,(v).

LEMMA 6.4. E(t) is the normalized Alexander polynomial. Namely, E (t) satisfies

_ . E(1)
E(t l) =—E(t) and %l—rfll t—_m = lk(KPJ)),

where k(K ;) is the linking number of the oriented two-component link K, ,.
PROOF. We have
E(t™)y = —t"PEy(t7") = —t** {—t ™ Ey ()} = 7 Ey(1) = —E(1).

Furthermore, we have

/2 p-1
lim E(®) = lim ! -1 Z sk,zf;,‘ £it+(ex—1)/2
=1 t—]/2 — tl/2 =1 t—1/2 —_ t1/2

k=1, k odd

p—1 p-1
. _ k-1
=lim¢ w2 Z 81(12"=‘ siten/2 — Z E.

t—1
k=1, k odd k=1, k odd

Then we can easily identify the last term Y5, , .o, & first with > P2 e34_1, and then
with lk(K,, ,) (refer to [3, page 185]). These imply that E(¢) is normalized. O

The following form of E (¢) is also useful.
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LEMMA 6.5.
1 1 P
6.1 E@t) = =(t7™? — t#) — —(t7V2 — 12 —D¥g /2,
6.1) (0= 5( )= 5 )é( Yer
PROOF.
(6.2) 2E@) = —t""*E,(t) + t**E,(?)
p-1
—= _t—n/z(t -1 Z gkth;,‘ et (ex—1)/2 + t—u/2(1 — )
k=1, k odd
p-1
+ t—u,/Z(t . 1) Z sktzf;} ei+(ee-1)/2
k=1, k even
p-1
=1 =)+ (= 1) ) (— Dk eran
k=1
p-1
= H_ P (1—1) Z(—l)"akt“’*/z'l/z (by Lemma 2.2 (2))
(6.3) k=1
p-1
= 2 g2 (V2 g2y Z(—l)"skt""‘/z. O
k=1

Now we are ready to prove (2) of Theorem 1.2.

PROOF OF (2) OF THEOREM 1.2. From (6.1) and the fact that E(t) = —E(t™}), we

have
1 Pl
2E(t) = (t—u/z _ t“/z) _ _(t—l/z _ t1/2) Z(_l)kgk(t—w/z + tvk/z)_
2 k=1
This implies (1.4). O

Next we obtain the Conway polynomial of a two-bridge link.

PROOF OF (2) OF THEOREM 1.3. Suppose that z = ¢~!/2 — ¢!/, Observing that u is
odd and v, is even (since p is even), we have

1 1 =
E(t) — 5(t—ll-/z — tﬂ/z) —_ Z(t_l/z — tl/z) Z(_l)kgk(t—vk/z + tvk/Z)

k=1
1 1 =
= — Sgn(u)(,—lul/z _ tlu/|2) _ _(t—1/2 _ tl/2) Z(_l)ksk(t—lwlﬁ + tlvk|/2)
2 4 =

https://doi.org/10.1017/51446788700008004 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700008004

{i7] Explicit formulae for two-bridge knot polynomials 165

1 ke ul/2+1/2+ 5\
= sgn(u) Z ———( / / 1)22’“
2 lul/2+1/2+j

lul/2—1/2—j
Juel/2 \
el (wl/24 5\
——z (=Dke ( i P
Z kzlkl/2+1 Vel/2 — j
|- R
=l<|u /2 w (|,;,|/2+l/2~&-]>zzj-+1
2 = 2+ 12+ \Ipl/2-1/2—
s O N A E AN
—_ - (—1)k8 _____( '>22]+1.
4?;, k;lvkll2+1 vel/2 = j
This implies (1.6). O

Finally, we prove (2) of Theorem 1.4.

PROOF OF (2) OF THEOREM 1.4. Suppose that z = /2 — ¢'/2, Then we have,

(Jul=1)/2 .
v, =l “Z 12 <|M|/2+1/2+1>z2j+1
2 2+ 12+ \Iul/2 = 1/2 =
1 p-1 1vel/2 24 i '
__Z(—l)kskzﬂ‘__(lvkl/ +]_>ZZJ+1
4 = /247 NIl /2=
1 (ul-1/2 J
- - N 2 _(om — 1)?) ¥
2 & 22’(2j+1)!£[1{u @m—1)*}z
1 2= 1 [vel/2 1 ji-1
2 2} ,2j+1
_Zkz—; 1)81(222] =YeT )'H{k—(2m)}z1
by Lemmas 5.3 and 5.4. Taking the (2j + 1)th coefficient in the last expression, we
obtain (2) of Theorem 1.4. O
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