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ON LINEAR FUNCTIONALS AND SUMMABILITY
FACTORS FOR STRONG SUMMABILITY II

W. BALSER, W. B. JURKAT AND A. PEYERIMHOFF

Introduction. The first part of this paper, which will be referred to by
I, appeared in Volume 30 of this journal. The present paper will use the
same bibliography as I.

Theorem 1 in I shows that the knowledge of all continuous linear
functionals in o[A4], is essential in determining convergence and sum-
mability factors for strong summability. So far, Theorem 7 in I was for
a general 4 the only tool in deciding whether a given sequence e generates
such a functional. We mentioned in a remark following Theorem 7 the
difficulties in verifying the conditions of this theorem (two parameters
are involved). In the present paper, we study continuous linear func-
tionals in 0[A]; in more detail, and we obtain in a corollary to Theorem
22 a condition which appears to be a more satisfactory answer to the
question, whether a given sequence ¢ generates a continuous linear
functional in o[4];.

In Section 7, the first section of this paper, we estimate a form

(}; ﬂklsklp)l/p

(with 5, = 0) in terms of the norm of s = (s;) in 0[4], and the value
of the form at certain extremal sequences (Theorem 14). If we only
consider the (N + 1)-dimensional subspace of o[A4];, consisting of all
s = (sx) with s = 0 for 2 > N, then the unit sphere with respect to
the norm in 0[4]; can be seen to be bounded by parts of hyperplanes, and
the extremal sequences mentioned above turn out to be the extreme
points of the part of the sphere containing the sequences with all non-
negative coordinates. One consequence of Theorem 14 is a comparison
theorem for strong summability (Theorem 15), another consequence
(and the more important one for the present paper) is a characterization
of all continuous linear functionals in 0[4]; in terms of extremal sequences
(Theorems 16, 17).

In Section 8 we give another characterization of these functionals by
stating that e generates a functional in o[4],* if and only if it is monotone
in a certain sense (Theorem 18). This result refines I, Theorem 7, (d) by
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characterizing sequences s for which the functional attains its (func-
tional-) norm. Theorems 19 and 20 discuss some properties of this type
of monotonicity.

In Section 9 we show that to every e € o[4],* there exists a uniquely
determined majorant which is monotone in a certain sense, and the
construction of this majorant leads to the characterization of ¢ € o[4],*
(Theorem 22 resp. its corollary) which we mentioned above. In the
concluding Section 10 we indicate how some of our results can be
extended to the case p > 1.

7. Linear functionals on o[4];. In what follows the following
assumptions on a matrix 4 will frequently be used:

(7.1) Aisnormal,0 L ay lasnl,n = &,
(72) Aisnormal,0Z ay |0asnl,n =k,
(7.3) Aisnormal, 0 < @, | OstrictlyasnT,n = k.

Let 4 = (a¢u), n, k € No be normal. For any index set J, i.e., any
subset of N, there exists a unique sequence s(J) = (so(J), s:(J), ...)
such that

(74) Yauwsx@) =1 ifnel, ssJ)=0 ifkg]l.

k
Clearly, sx(J) is independent of those elements of J which are greater
than k.

LEmMMA 5. Let A satisfy (7.1).
a) 5;(J) =2 0,2 s ausk(d) £ 1 for n € Ny and every J.

b) If s = (so, S1, - - . , Sy) salisfies
(7.5) 5, =20,) ramsi <1 forn=0,1,...,N,
then
(7.6) s =2 y0oy5:(J) fork=0,1,..., N,
where J runs through all subsets of {0,1,..., N}, and where the ay are

independent of k and satisfy ay = 0, D yay = 1.

Proof. Statement a) is an immediate consequence of (7.1) and (7.4).
In order to prove b) we use induction with respect to V. If N = 0, then
the only J's in (7.6) are Jo = @, J1 = {0}, and (7.6) is satisfied when
ay, = so/so(J1), ay, + a5, = 1. In order to carry out the induction, let

N—1
—1
Iy = ann (1 - Z(] a/Nksk) .
k=

It follows from (7.5) that sy < ty. Let 81 + B2 = 1, B2 = sy/ty (B2 =0
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We may then assume that

sk = 2k agsy(K), B=0,1,...,N—1,
a@g = 0 and independent of &, ZK ak = 1, and K runs through all subsets
of {0,..., N — 1}. If J is a subset of {0, ..., N}, we define

. = {ﬂI&J ifN¢J,
I Bedy_y) if N € J.

We have a; = 0, independent of & and ) jay = 1. Furthermore, if

k=01,..., N —1,
ZJ aysi(d) = (81 + ﬁz)ZK aksi(K) = sy,
and (by (7.4))

;aJSN(J) = B2 ; agsy (K U {N})

N—1 N—1
= L ; &KaNN_l (1 - 1; aNksk(K)) = B2aNN_l(1 - ’FEO ank ; &Ksk(K))

= oty = sy
TuEOREM 14. Let A satisfy (7.1), let N € Ny, p € [1,00), and let
20,7, 20fork=0,1,...,N. Then
N 1/p N 1/p n
1.7) (Z nksk”) < max (Z meSi’ (J)) max . aust,
k=0 J k=0 nSEN k=0
where J runs through all subsets of {0, ..., N}.

Proof. We may assume that

n

max ) ams; = L.
nEN k=0

It follows from (7.6) and Minkowski's inequality that
1/ 1/p

(}:ZO nkskp) " = JZ ay (I:ZO NS (J)) ’ = max (; nksk”(J))

Remark. It can be shown that (7.7) is not true in general if one J
(except J = @) is left out in the maximum.

The following Theorems 15 and 16 discuss applications of Theorem 14.
Theorem 15 and its corollary give an answer to the problems mentioned
at the end of I, Section 4.

THEOREM 15. Let A satisfy (7.2), let p € [1,00), and let B = 0. Then
o[A]: € o[B], if and only if by — 0 for n — o0, k fixed, and

(7.8) stJp (; bnks,f(J))llp =0() asn— 0,

where J runs through all finite subsets of N.
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Proof. 1t follows from (7.2) that s(m) = (8,x) € 0o[4);, hence if
o[4):, C o[B],, then s(m) € o[B],, i.e., by, — 0 as n — o0, m fixed, and
(note that then (D_x b,x/sx|?)!/” is a continuous seminorm on 0[4];) there
exists C > 0 such that

1/p
05) (Soulsr)” 5 Coup Tl

for all m € Ny and s € 0[A4];. Conversely, if this inequality holds and
bpm — 0 as n — 0, m fixed, then the identity mapping, considered as a
mapping of the set of all sequences with finitely many non-zero terms
(as a subset of 0[4];) into o[B],, is bounded. Using the fact that these
sequences form a dense subset of o[4]; (c.f. 1), we conclude that the
identity maps even o[4]; boundedly into o[B],, which means o[4]; C
0[B],. Since (7.8) is equivalent to (7.8'), this proves the theorem.

COROLLARY. A sequence N is a sequence-to-sequence factor from o[A]; to
o[B], if and only if 0[A), C o[B),, where B = (b, Mi|?), hence Theorem 15
also gives a gemeral characterization of sequence-to-sequence factors from
o[A4], to o[B],.

Our next theorem characterizes absolute convergence factors in o[4];.

THEOREM 16. Let A satisfy (7.2). Then ¢ = (e) is an absolute con-
vergence factor for o[A) if and only if

(7.9)  sup 2 Jeilsi@) <o,
where J runs through all finite subsets of No.
Proof. This is an immediate consequence of Theorem 14.

Remark. The quantity in (7.9) is also the norm of f. € o[A]1*, f.(s) =
> exsy. It follows from the isomorphy between o[4];* and the absolute
convergence factors (see I, Section 1) that

(@.10) flell = [Ifll = sup 2 fexfsi (@)

Our next theorem shows that the supremum in (7.9) is attained for
some J which is not necessarily finite.

THEOREM 17. Let A satisfy (7.2), and let € be an absolute convergence
factor for o[A] (i.e., € € 0[A1*). Then there exists an index set J = J(e)
such that

(7.11) ]| = Zk: lex s (J).
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Proof. 1t follows from (7.10) that
(7.12)  |le]| = lim §k: x|k (Tr)

for some sequence J, of finite index sets. For fixed &, the sequence (sz(J,))
is bounded (since as;(Jn) < D m timsmTn) < 1), hence we may assume
that lim,s;(J,) = s exists for every k € Nj. Let

=liminfJ, = U N J..

m n2m

If # ¢ J then & ¢ J, for infinitely many #, and s; = lim,s;(J,) = 0. If
k € J, hence k& € J, for n = n,, then

k k
Z QimSm = 1Im Z WmSm () = 1.
m=0

N0 m=0
It follows that s = (s;) = s(J). By Theorem 7, (d) (note that the

theorem can be seen to hold even if 4 is not regular but satisfies (7.2)),
we have

[ee}
lex] = Z aplne  forsomea = (o) € 1, a, = 0.
m—tk

Hence, given 8 > 0 we can find N € N such that for all »

m

kZI:V }fklslc(‘]n) = ZI:Vam kz amksk(Jn) = Z 277 =6

m=. =N m=n
This and (7.12) show that (7.11) holds.
Remark. We could also have taken J = lim sup J, in the proof above.

This already indicates that J with (7.11) is not unique. For details see
Theorem 20.

8. 45-monotone sequences. Let A4 satisfy (7.2). Given an index set J
we call a sequence ¢ = (&), & = 0, an A j-monotone sequence if a sequence
a = (a,) exists such that

Sa,, = O, a, = 0 lfz:k anksk(J) < 1,
(81) € é Zm Ay Q1 for k € No,
lék = Zm Ay Ak lf Sk(J) > 0.

If ¢ is Aj-monotone for J = Ny, then it is called 4-monotone. As an
example we mention that e is C;-monotone if and only if 0 £ ¢ | 0, and
it is C;-monotone with « € I if and only if in addition D _; & < 0.

The following theorem gives a characterization of absolute convergence
factors for 0[4]; in terms of 4 -monotonicity.

THEOREM 18. Let A satisfy (7.2). A sequence ¢ = (ex), e = 0, belongs
to o[A):* if and only if e is Aj-monotone for some J and « € I1. Moreover,
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Ya, = |le| and the index sets J for which e is Ay-monotone are exactly
those for which (7.11) holds.

Proof. Let € € o[A4],*. 1t follows from Theorem 7, (b) (note again that
Theorem 7 also holds if A satisfies (7.2)) that H = (h,;) with

”HH = Zn Supy Ihnk| < ©
exists such that
(8‘2) € = Zn hnkanky k E NO:

and the proof of Theorem 7 shows that h,, may be chosen such that
IH|| = ||€|| (this follows from the Hahn-Banach-Theorem). Also, we may
assume that %, = sup, |#.| whenever a,; = 0. Using (7.11) we find

“5” = Zk esk(J) = ZnZk $k(J) P
< 20 Supn [han[ 2k amse(@) < [H|| = ],

so that equality must hold in each estimate. Let a, = supy|hu|. If
D kamsi(J) < 1, then @, = 0, i.e., the first condition in (8.1) is satisfied.
If s;(J) > 0, then

Bk = supp |hum| = @, for all n € Ny,

i.e., the third condition in (8.1) follows from (8.2), and the second
condition is an immediate consequence of (8.2). This part of the proof
shows that (7.11) for some J implies that ¢ is 4;-monotone for this J
and @ € /; (even X a, = ||¢]|). Next, assume that ¢ is 4,-monotone, and
let € /;. It follows from (8.1) that

Zk €xSk (JO) = Zk Sk (JO)Zn aylyy = Zn anZk dnksk(JO) = Zn Oy,
and similarly
Sieasid) £ Y a, forany J.

Hence € € 0[4]:* (Theorem 10), 3" «, = ||¢]| (by (7.10)) and (7.11) holds
for Jo. This completes the proof.

There is another way of characterizing 4 j-monotone sequences, which
uses the inverse of 4 and related matrices. This will be discussed next.
Let 4 be normal. Given an index set J we define Ay = (a,x(J)) by
Ank 1f n E J,
o if m @ J.

The inverse of the matrix A; will be denoted by A;' = (a.:'(J)).

83)  aud) = {

LEmMMA 6. Let A satisfy (7.3), and let € € o[A],*. Then

Dok lextin’ )| < 00 for every m € Ny and every J.
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Proof. We consider the cases m € J and m ¢ J separately. Let m € J,
hence s,(J) > 0 (observe (7.3)), and let J =J — {m}, s = (s1),
sk = se(J) — sz (J). It follows from (7.10) that

> lewsi] < .

A short calculation shows that b = (by) = Ajs is given by
bi = SimlmmSm(J),

hence s = A4j'b, i.e.,
sk = A’ (T Gumsmn ()

which implies
2ok e’ (§)] < 0.

Letm ¢ J.If J = J U {m}, then m € J, hence
2ok |aam’ (J)] < oo.

A short verification shows that
T’ () = G’ ),

and Lemma 6 follows.

THEOREM 19. Let A satisfy (7.3) and let € = (e), ¢ 2 0, B € Ny be
gwen. Then e is Ay-monotone and o € 1y if and only if 3 exsx(J) < 0 and
the numbers

Bn = 2 e’ (J), m € Ny

exist and satisfy

84) Bu=0 ifmed, Bu=0 ifmdlJ.

If this is the case, the sequence a of (8.1) is unique and satisfies
Ay =PBpn fmeld, a,=0 ifm¢glJ.

Note that (7.3) implies Y ; ausi(J) < 1 if and only if » ¢ J and
se(J) > 0 if and only if & € J. It follows that (8.1) can be written in
the form

(8 5) € = Zm COmky Oy = Ov
’ a, # 0 implies n € J, and this implies ¢, = D, tnma.

Proof of Theorem 19. Let € be 45-monotone and a € /;, and note that
i (J) = 64, if B @ J. If m € J, then

Bn = ZkEJ &’ (J) = Zk arm’ (J) Zn i (J)
=2 a2k (D)’ ) = an,

https://doi.org/10.4153/CJM-1981-058-x Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1981-058-x

776 W. BALSER, W. B. JURKAT AND A. PEYERIMHOFF

and if m ¢ J, then
Bm = ZkeJ fkakm, (J) + fmamm/ (J)
= ZkGJ akm, (J) Zn Aplpg (J) + amm, (J) Zn CpQyp = Qp = 0.

It follows that (8.4) holds, that « is unique and «,, = 8, if m € J. From
Theorem 18 we conclude Y esx(J) < oo.

To prove the converse, assume that ) es;(J) < o and (8.4) hold
for some J. From Theorem 18 we see that e is 4y-monotone with « € /;
if and only if

Teasi(V) 2 Tesi(d)
for all index sets J. Therefore we assume zasi(J) < Zeas (J) for some

J, and we furthermore may assume > ¢si(J) < oo (we actually may
take J finite). Choose IV such that

2 asd) < ieksk(j),
and concatenate J and J by introducing
J=dN{o,1,...., NH)UJIN{N+1,N+2,...}).
It follows that s,(J) = s;(J) for £ < N, hence
(8.6) i ex(sid) — s:(d)) > 0.
Let \, = D & @ () (s (J) — 5:(J)). A short calculation shows that
§0ifn€ jf\Jorn& jUJ,
(87) N=<Ks(d)20ifnecd—17,
le au)sd) —1=20ifned —17,

and especially N, = 0 if n > N.
It follows from s;(J) — s;(J) = D, axy’ (J)\, and (8.7) that

0

Zo: fk(slc(j) - 5(J)) = ; € En: ew TN = ; A, z’; &l (J)
=2 NbBa= 22 MBut 2 MBS0,

neJ—J neJ—J
and this contradicts (8.6).

To illustrate Theorem 19, let A be the weighted mean M,, p, > 0,

P, — 0, and let J = {ng, n1,...}. A short verification shows that
5 0 if b < ny,
’ _ _Pni—l/Pm' if B = ni—1,
(88) an.‘k (J) - —pk/Pm lf Ni1 < k < ni,
P/ P if bk =mn,

(when 2 = 0, we definen_; = —1),and ¢,/ (J) = 6 if n ¢ J.
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Let e = (e), & = 0 be given. Then

Bn = pn(en/pn - fnk/pnk) if mey < nm < my,
Bnk = Pnk(enk/Pn/: - enkﬂ/pn;;ﬂ)‘

It is therefore easy to determine a J such that the 8, have the right signs,
just by considering the sequence (e,/#,). Then Theorem 19 can be easily
applied by calculating s(J).

Another case where Theorem 19 can be effectively used to calculate
lell is when ¢ = 0 for all but finitely many k. In this case the Simplex
Method applies and gives J and | €| effectively (c.f. Stoer, Einfithrung in
die Numerische Mathematik I, Springer-Verlag, Berlin-Heidelberg-New
York).

THEOREM 20. Let A sansfy (7.3), and let € € o[A]}*, & = 0, k € N,,
and choose any o* € l1, o,* 2 0, n € Ny and Jo C Ny such that € s
Ay,-monotone with respect to o*. Let

(8’9) J1 = {nlan* # O}v J2 = {nlen = Zm am*amn}'

Then the following statements hold:
(@) If e is Ay-monotone with respect to a, then o = a* and J; & J € Jo.
(b) If J1. € J C J,, then € is Ay-monotone with respect to o*.

Proof. Let € be Ay-monotone with @ and 4 j-monotone with & (in (8.1)).
It follows from Theorem 18 that

el = 2w asi@) < 2w se) D Cnllnk
=2 a2k @usi(d) £ 2na = e,

hence (since equality must hold in each estimate) ¢ = D n iy if
s:(¥) > 0, and o, = 0 if D amsi(J) < 1. It follows that (8.1) with J
holds for a and &, and Theorem 19 shows that @ = @ = «*. The inclusion
J. € J C J; follows from (8.1). Conversely, if J satisfies J; CJ C J,,
then (8.1) holds.

9. The smallest 4;-monotone majorant. As an application of
Theorem 20 we prove

THEOREM 21. Let A satisfy (7.3), and let € € o[A]i*, & = 0, & € Ny.
Then there exists a uniquely defined sequence € = (&) such that

€ 1s A-monotone and a € I,
9.1) & < &, k € N,
llell = [I]-

Proof. Let o™* be the sequence which corresponds to ¢ by Theorem 20. If
& = Zn an*ankv k € NO:

https://doi.org/10.4153/CJM-1981-058-x Published online by Cambridge University Press


file:///n/On*
https://doi.org/10.4153/CJM-1981-058-x

778 W. BALSER, W. B. JURKAT AND A. PEYERIMHOFF

then (9.1) is satisfied (note that [[e = D x &si(No) = L a,* = ||¢]). In
order to prove that € is unique, let € be any sequence satisfying (9.1). It
follows that

& = Zn anane, k € Ny for some a € ;.
Let ||¢]| = X esz(J). The relation
92) &l 22 @) 2 2 as @) = [l = [|¢

implies

(i) & = ¢ forkel,

(ii) €is Aj-monotone (Theorem 18).

It follows from (i) and (ii) that e is also 4 j-monotone with « = &, there-
fore we see from Theorem 20 that & = «¥, i.e., € is unique.

If ¢e€o0[d,*, ¢ =0 for € Ny, and if & is A-monotone and
0= ¢ =< & =< & for k € Ny, then ¢ = & In fact, it follows as in (9.2)
(with J = Ny) that ||| = ||e]] £ ||¢|l = ||¢||, hence the uniqueness of &
implies ¢ = & For this reason the sequence € of Theorem 21 will be called
the smallest A-monotone majorant of e. The foregoing does not generally
rule out the possibility that an 4-monotone sequence € exists with 0 < ¢,
< & k € Noand & < & for some k (and then & > |¢/| by Theorem
21). However, this is not the case if A satisfies in addition to (7.3) the
condition a,;’ £ 0 for & < n, which is denoted by 4’ £ 0. In this case a
sequence e which satisfies the assumptions of Theorem 21 is 4-monotone
by Theorem 19 if and only if

©

(93) €x ; Ak Z fnlanklly k 6 NO-

n=k+1

LEMMA 7. Let A satisfy (7.3) and A" £ 0. Consider a family e(y) =
(x(v)) € o[A]i*, v € T of A-monotone sequences. Then e = (),
ex = infycr e (y) s in o[A],* and A-monotone.

Proof. Obviously € € o[4],*. Moreover,
€k(7) = Qg Zl eniank,|

n=k+

for k € Ny and every y € T, hence
€& = Qi Z €n|ank"-
n=k+1
In order to show that an € as above does not exist, we introduce € by
E)C/ = min (Ek, Zk), k € No.

This sequence is 4-monotone by Lemma 7 and satisfies ¢, < ¢/, & € Ny,
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llell = |l€']l = |l€l = |le]l. It follows from Theorem 21 that ¢ = &, hence
& < € for k € N,.

We next give the following construction of the smallest 4-monotone
majorant.

THEOREM 22. Let 4 satisfy (7.3) and A" £ 0. Let ¢ € o[A],*, e« = 0
for k € No. Then its smallest A-monotone majorant & is given by

& = max (e, &),
[ee]

& =supau@) X elas’ @)
J n=k+1

Proof. Let Cy = (¢.x(J)) = AAy', hence Cy' = (¢’ J)) = A;A" with

e’ (J) = \an if n ¢ J.

It follows that Cy’ £ 0, hence ¢,:(J) = 0 (c.f. [15]). It also follows that
) =6 if n € J. If n > k, thenforn € J

n—1
(lnk, (J) = Z anm’cmk (J) = Zk anm’cmk (J) é 0

and @’ (J) = 6, for » ¢ J. This shows that 4y < 0. Let J be any
index set. Then

[ )

akk(J)"; Gnlank’(J)l = akk(J)nZk: gnlank'('])l

=k+1 —k+1

=& — au(J) ; énttnr’ (J)
and
(94) Zn gnankl (J) = En anlc, (J) Zm am*amn = Zm am*cmk(J) g 0-

Therefore, & < & for & € N,.
Let € be Ay-monotone. If £ € J, then ¢, = &, hence

max (e, &) = max (&, &) = &.

Next, let 2 ¢ J. Then (note that o, = 0 if » ¢ J by Theorem 20)
& = Zn ap g = Zne.l ¥ (J) = Zn o, ¥t (J)

and (note that az,’(J) = 64, if & € J)

©

Ekakk, (J) + ;l enank, (J) = ;k énafnlcl (J)

= Z ank’(J) Z am*amn(J) = ak* = O,
n=~k m
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hence & =< &, consequently & = & in this case. It follows that
max (e, &) = max (e, &) = &
in this case, which completes the proof of Theorem 22.
The foregoing theorefn has the following

COROLLARY. Let A satisfy (7.3) and A’ £ 0. Then ¢ = (e) is in o[A]*
if and only if

9.5) zk: sk (No) sup a(J) :Zk len] lan’ (J)] < 0.

Proof. For the proof we may assume ¢ = 0 for & € N, Let

e € olA]i*, and let € be its smallest A-monotone majorant. Then
Zk &s:(No) < oo, hence (by Theorem 22)

Zk (ex + &)se(No) = 2Zk &sx(No) < 00.
But

€ + & = Sglp akk(J) ;k en,ank,(‘])l

for k € Ny, which proves (9.5).
Conversely, assume that (9.5) holds. If we define

o

& = max (e, &), & = s;xp aix@) D enlan’ )| for k € N,

n=k+1

then Y &s,(No) < . If we show that Zk &rm’ = 0 for m € Ny, then
an application of Theorem 19 shows & € o[4]:*, hence ¢ € 0[4];*. In

order to prove the missing inequalities, we define ¢™ = (&™) by
ek(n) — €r lf k é n,
0ifk > n

Then certainly ™ € 0[4];*, and we denote by é™ the smallest 4A-mono-
tone majorant of ¢™. Then by Theorem 22 we have

n
o) W . w _
& = max (", &™), & = sup aux() > emlam’ ()],
J m=k+1
hence &™ < & for & € Ny. On the other hand, &™ T & as n— 0, k
fixed, and therefore ™ T & as n — o0, k fixed.
Since ™ is 4-monotone, we have

@
~ (n) ~ )
& = Ak Z En lamkll for £ € N,
m=k+1

and by taking the limit as # — o0 on both sides, we see

o)

Elc ; Ak Z gkla’mk,l fork E No,
m=k+1

which completes the proof.
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We apply the corollary to 4 = M,, p, > 0, P, — oo. It follows from
(8.8) that
& = pk SUPn>k en/pm

consequently

€& = Pk SUPp>k en/Pm

and since sx(Ny) = 1, we see that the corollary coincides with the case
p = 1 of Theorem 8.

10. A remark on p > 1. In Sections 7-9 we have discussed the
structure of o[4];*. In particular, if 4 satisfies (7.3) the central result of
Theorem 18 can be written as follows: ¢ € 0[4],* if and only if ¢t = (&)
and @ = (a,) exist such that
] = 1,k € Ny
a, 20,0, =0if |£,] <1

€ = thn [ 20 for k S N(]
el = Z o < 0.

(10.1)

Given ¢, the corresponding « is uniquely defined (by Theorem 20) and
so is ¢t if we set t, = 0 when a, = 0 for all » = k.

We wish to state without proof that the sequences e € o[4],%,
1 < p < oo can be characterized analogously. We obtain a character-
ization of these sequences from (10.1) when the conditions || < 1 and
|t,] < 1 are replaced by

Zm akm[t,,,|“ é 1 (P—l + q—l = 1) and Zk ank‘tqu < 1.

Again, the sequences a and ¢ are uniquely defined by ¢, if we again set
tx = 0 when a, = 0 for all n = k.
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