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ABELIAN GROUPS THAT ARE UNIONS OF PROPER SUBGROUPS
K.P.S. BHASKARA Rao AND J.D. REID

The abelian groups that can be written as a union of proper subgroups are char-
acterised, all the ways that this can be done for a given group are indicated, and
the minimal number of subgroups necessary for such a decomposition of a given
group is determined.

INTRODUCTION

It is an elementary fact that no group is the union of two proper subgroups. On the
other hand, a finite non-cyclic group is the union of its (finitely many) cyclic subgroups,
all of which are proper. One can consider the related question of whether a vector space
over a field can be written as a finite union of proper subspaces. Some results on this,
and further references, may be found in [2]. The fact that finite dimensional spaces over
fields of characterictic 0 (or over any infinite field) cannot be so written is the basis of
an elegant proof of the theorem of the primitive element in field theory (see for example
[3], Corollary to Theorem 1, p.34). More general questions concern the possibility of
representing vector spaces as unions of hyperplanes.

In this note we characterise the abelian groups that can be written as a finite
union of proper subgroups; we determine all the ways in which this can be done for a
given group; and we determine the minimal number of subgroups necessary for such a
decomposition of a given group. All groups under discussion are abelian. See [1] for a
general reference.

NEUMANN’S LEMMA

Our approach is based on a generalisation of the following result of Neumann (see
[1, p.31]). (We are indebted to K.M. Rangaswamy for this reference):

LEMMA. Let S, ..., Sn be subgroups of the group A such that A is the set-
theoretic union of finitely many cosets

A=(a;1+ S1)U...U(an + Sn), a; € A.

Then some one of Sy, ..., Sy, is of finite index in A.

This lemma can be generalised to
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THEOREM 1. Let S;,..., Sn be subgroups of the group A such that A is the
set-theoretic union of finitely many cosets

A= (a1 +8)U...U(an + Sn)

a; € A, and with the further property that no proper subunion equals A. Then each
of Sy, ..., Sn has finite index in A.

ProOF: By the Lemma, one of the §;, say S;, has finite index in A. Suppose
that in fact Si, ..., Si have finite index in A. We show that, if £ < n, then at least
one more Sj, k < j < n has finite index in A.

Thus, let §= 8;N...NS,. Then § is also of finite index in A so each of the cosets
a; + Si, 1 <i< k,is a finite union of cosets of §. Since (a1 + S$1)U...U(ar + Si) is
not equal to A4, some coset z+ S is disjoint from this union (a; + $1)U...U(ax + Si)-
Hence

z+SC (ak+1 +Sk+1)U...U(a,.+S,.),

n
so S itself is contained in |J (a:—z+S:). Thus any coset y + S is contained in
t=k+41
n
U (ae—z+y+ S:) and it follows that a; + S;, 1 < 4 < k, being a union of finitely
t=k+1
many such cosets, is contained in the union of finitely many cosets of the subgroups

Sk+1y ---5 Sn- Therefore A is contained in the union of finitely many such cosets and by
Neumann’s Lemma, some one of Siy1, ..., S, is of finite index in A. This completes
the proof. 1]

COROLLARY 1.1. Let S;, ..., S, be proper subgroups of A such that
A= S1 U...u S«n,

and no proper subunion equals A. Put S=5,N...NS,. Then A/S is a finite group.

MAIN RESULTS
To facilitate the statement of the main result we make the following

DEFINITION: A finite collection of proper subgroups S;, 1 < < n, of A is called
a decomposition of A if A is the union of the S; and no proper subunion of the S;
equals A (equivalently, no S; is contained in the union of the others).

DEFINITION: Let B be a homomorphic image of the group A under the homomor-
n
phism ¢. Suppose that By, ..., B, is a decomposition of A. Then A = |J ¢~ 1(B;)
i=1
will be called the decomposition induced by that of B via ¢.
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THEOREM 2. Let A be an abelian group. Then A can be written as the union of
a finite number of proper subgroups if and only if A has a finite non-cyclic homomorphic
image. Every decomposition of A into a union of finitely many proper subgroups is
induced by a decomposition of some finite homomorphic image into proper subgroups.

PROOF: Let A be the union of a finite collection of proper subgroups S;, 1 < <
n. Without loss of generality we may assume that the §; form a decomposition of 4,
that is that no §; is contained in the union of the others. Denote by S the intersection
of the S;, 1 <1 < n. Then the group B = A/S is finite by the corollary above, and
B is the union of its subgroups B; = S;/S, which are clearly proper subgroups of B.
Then B is not cyclic, otherwise a generator would belong to some B;, which would
then be all of B. Clearly the given decomposition of A coincides with that induced by
the decomposition of B into the union of the B;.

Conversely if A has a finite non-cyclic homomorphicimage B under the homomor-
phism ¢, say, then B is the union of its cyclic subgroups, which are finite in number
and certainly all proper. Then A has a decomposition, namely the one induced via ¢
by that of B. 0

COROLLARY 2.1. In any decomposition of an abelian group A into a union
of finitely many proper subgroups S; the maximal divisible subgroup, D, of A is
contained in each of the S;. Every decomposition of A is induced by a decomposition
of the reduced quotient A/D of A. In particular a divisible abelian group admits no

decomposition into a union of finitely many proper subgroups.

In view of this corollary, the decomposition theory (in our sense) of a group A is
determined by that of its reduced part.

DEFINITION: For an abelian group G we denote by k(G) the smallest number of

proper subgroups of G whose union is G if such a union exists; k(G) = oo otherwise.

Here, “c0” is to be interpreted as denoting an object that exceeds every natural

number. We will see later that any (non-cyclic) abelian group can be written as the
union of countably many proper subgroups, so that once this is known, oo could be
taken to be Ry.

Observe that, if H is a homomorphic image of G, then k(G) < k(H) since any
decomposition of H induces one of G with the same number of subgroups. We have

the following

THEOREM 3. Suppose that the finite group G is the direct sum of H and K
and that H and K have relatively prime orders. Then

k(G) = Min[k(H), k(K)).

ProOOF: Let G = H @ K, with H of order n, K of order m and ged(n, m) =1.
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Then H and K are homomorphicimages of G so that k(G) < k(H) and k(G) < k(K);
hence k(G) < Min[k(H), k(K)).

Suppose that G = S; U ... U Sk, with k = k(G) least. Expanding each S; to
a maximal subgroup if necessary, we may assume that each §; is maximal in G, so
has prime index p;, say. Then p; divides n or m but not both. Now nG = K and
mG = H soif p; divides n then K = nG C p;G C S;, and if p; divides m then
H C S; by a similar argument. Thus, for each 1, either H C §; or K C S; (but not
both since S; is a proper subgroup of G). We assume the numbering so chosen that
S1, ..., S¢ contain H, the remaining S; contain K.

Now if there were an element z in K but not in any of the §; 1 < i < ¢, and
an element y in H but not in any of the remaining S;, t +1 < j < %k, then consider
the element = + y of G. It must lie in some S;. If i < ¢ then both y and z + y lie
in H, so z is also in H. But then z lies in H N K = 0, a contradiction. Similarly,
z + y cannot lie in S§; for j > ¢. Thus, either K = SN KU...U S, N K, in which
case k(G) 2t > k(K),or H = LkJ S;NH so k(G) 2 k—1t 2> k(H). In either case

j=t+1
k(G) > Min[k(H ), k(K))] as required.

COROLLARY 3.1. Let G be a finite group with primary components
G, = {z € G : p™z = 0 for some integer m}.
Then k(G) = Min{k(G,) : p prime }.
We can now determine the value of k¥(G) for any G.

THEOREM 4. Let G be an abelian group which can be written as a union of
finitely many proper subgroups. Then k(G) equals p+1 where p is the smallest prime
for which G/pG is not cyclic (that is, for which G/pG has dimension greater than one
over the field Z[pZ ).

PROOF: By Theorem 2 it suffices to consider finite groups. Then Corollary 3.1
reduces the problém to the case of primary groups, that is, groups in which every
element has order a power of a fixed prime, say p. Write such a group G as the union
of §;, 1 €1 < k, with k£ minimal. We may expand each S; to a maximal subgroup
of G and the new groups still have union G. Thus we may assume our original S; are
maximal subgroups of G, so each has prime index in G. Since G is a p-group, this
means that pG C S; for all i. Hence the §; induce a decomposition of G/pG into a
union of k proper subgroups. But G/pG is a vector space over the field Z/pZ, and by
Theorem 1 of [2] we have k > p+ 1, as required. 1]

GROUPS WITH NO DECOMPOSITION

One can ask for a determination of those groups that have no decomposition into a
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union of proper subgroups. Of course these are the groups that have no finite non-cyclic
homomorphic images, but we give here in a sense a description of them all. We need a
small amount of notation.

For an abelian group G denote by T the torsion subgroup of G, that is, the
subgroup of elements of finite order in G. Then G/T is a torsion free group that we
denote by W. By the p-rank of a group A we understand the dimension of A/pA asa
vector space over the field Z/pZ. Here of course p represents a prime. We write r,(4)
for the p-rank of A.

THEOREM 5. For an abelian group G, the following are equivalent:

() G has no finite non-cyclic homomorphic images;
(b) 7p(T) +r(W) <1 for all p.

PROOF: Suppose that G has no finite non-cyclic homomorphic images and let p
be a prime. Then G/pG is cyclic and since G/pG = T/pT @ W/pW it is clear that
condition (b) holds.

Conversely, suppose that r5(T) + (W) < 1 for all p. Since any finite homomor-
phic image of G is itself an image of a group of the form G/nG for some integer n,
and since G/nG is isomorphic to the product of the groups G/p*G where n = IIp®,
it suffices to show that the groups G/p°G are cyclic for all primes p and non-negative
integers e.

Observe that for the torsion free group W, W/p*W is cyclic since its socle, that
is, {z : pz = 0} is p°"*W/p*W which is isomorphic to W/pW and so is (0 or) cyclic.
Similarly, T/p°T is cyclic under our hypotheses. We consider two cases:

(1) 7p(T)=0 sothat pT =T. Then T C p°G so G/p*G = W/p*W and is
cyclic by the remarks above.
(2) (W) =0 so that pW = W. Here p°G + T = G and it follows that

G/p°G = ("G +T)/p°G=T/(p°GNT)=TpT,

hence is again cyclic (or 0).
Since one of these cases must occur this proves the theorem. 0
CoROLLARY 5.1. If G has no decomposition into a union of proper subgroups,
then its torsion subgroup, T, has the form T = @ Z(p"”) y 0 < kp € 0o, where Z(p"’)
is cyclic of order p*» if k < 00, Z(p™) othetwis:.

There are several well known classes of groups that can serve as examples of the
exceptional groups discussed in the last theorem. The groups in the first two of these do
not split into the direct sum of torsion and torsion free parts, and so perhaps indicate
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the complexity of structure of the groups under discussion. Some details on these groups
may be found in (1, vol II, p.186].

(i) Let T be the direct sum of cyclic p-groups for a set of distinct primes
p. Form G = Ext(Q/Z,T). Then T can be identified with the torsion
subgroup of G and the corresponding quotient group W is divisible. If
T is not finite G is a simple example of an adjusted cotorsion group.

(ii) Let T be a direct sum of cyclic groups C(p) of order p for some set of
distinct primes p and form the product

G =1C(p).

Then T is again the torsion subgroup of G and the quotient W is divis-
ible.

(iii) The so-called Murley groups are exactly the torsion free groups (of finite
rank) of p-rank at most 1 for each prime p, and hence are among the
groups under discussion.

We have seen that the torsion subgroup T of a group G that has no decomposition
into a (finite) union of proper subgroups is rather special, in particular is countable,
while the torsion free quotient W = G/T can be structurally complicated. However,
since W/nW is cyclic for all positive integers n and W can be embedded in O, W/nW
if W is reduced, it follows that such a group has cardinality at most equal to ¢. This
upper bound is realised, for example, by the group I, R,, where R, is the subgroup
of the rationals @ comnsisting of all rational numbers whose denominators are prime to
p. It is clear that every finite image of this group is cyclic. Of course non-reduced
groups satisfying our condition can be arbitrarily large since their divisible subgroups
are unrestricted.

In contrast to the results we have obtained on the decomposability of groups into
finite unions of proper subgroups we note that every noncyclic abelian group G can be
written as the union of countably many proper subgroups.

Indeed, we note first that if the group G is itself countable (but noncyclic) we
write it as the union of its countably many cyclic subgroups, all being of course proper.
Otherwise, G has a countable non-cyclic homomorphicimage H and H can be written
as a countable union of proper subgroups as we have noted. Then this yields, in the
usual way, a representation of G as a countable union of proper subgroups.
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