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On Hyperbolicity of Domains with Strictly
Pseudoconvex Ends

Adam Harris and Martin Kolat

Abstract. This article establishes a sufficient condition for Kobayashi hyperbolicity of unbounded do-
mains in terms of curvature. Specifically, when 2 C C" corresponds to a sub-level set of a smooth,
real-valued function U, such that the form w = i@V is Kihler and has bounded curvature outside a
bounded subset, then this domain admits a hermitian metric of strictly negative holomorphic sectional
curvature.

1 Introduction

It is well known that any domain in C" biholomorphically equivalent to a bounded
domain is Kobayashi-hyperbolic. The main result of this note, proven in Section 2,
provides a sufficient condition for hyperbolicity of unbounded domains in terms of
curvature. In general, a complex space is Kobayashi-hyperbolic if it can be shown to
possess a hermitian metric, the holomorphic sectional curvature of which is bounded
by a negative constant (cf. [3]). With this in mind, we assume that

Q={zeC| V2 <1}

for a smooth function ¥: Q' — [0,+00) (Q C Q') that is strongly plurisubhar-
monic outside a bounded subset of €2.

Theorem 1.1 Suppose there exists a bounded subset of (2 outside which the real form
w := 100V has bounded curvature. Then () is Kobayashi-hyperbolic.

The proof of this result is not significantly altered if the role of C” (i.e., as the am-
bient space containing €2) is taken by an arbitrary Stein manifold. Section 3 provides
an example of a weakly pseudoconvex unbounded domain satisfying the above hy-
potheses, which we introduce as follows. Note first that the orthogonal group acts
holomorphically on vectors Z = X +1iY € C" according to the natural rule

0(Z)=0(X)+io(Y) forall o € O(n).
Beginning with a projection map

m: C" — [0,+00) X [0, +00)
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such that 7(2) = (|R(2)],|3(2)]) = (|X],|Y]), where |- | denotes the Euclidean
norm in R”, we compose with any smooth function %: [0,+00) x [0,+00) —
[0, +00) to define domains of the form

Q={ZeC" | V2 <c}

where U = ¢ o, for some ¢ > 0. These domains clearly possess orthogonal symme-
try, though in general they are not symmetric with respect to the full unitary group.
They are introduced in [2] as the building blocks of a theory of cellular decompo-
sition of Stein manifolds, based on a famous theorem of Andreotti and Frankel [1].
Our calculation of holomorphic sectional curvature will be carried out specifically
for 9(r,s) = r’s* and when n = 2. In this case W is seen to be strongly plurisubhar-
monic (hence w is Kihler) outside a pair of transversely intersecting discs, which are
extremally embedded with respect to the Kobayashi metric and are bounded by the
unique O(2)-orbit of weakly pseudoconvex points on the boundary of 2.

2 Hyperbolicity and Pseudoconvex Ends

Let ¥: C* — [0,+00) be a smooth function and let B C C" be a bounded sub-
set. Consider a domain 2 C C" defined, without significant loss of generality, by
the inequality ¥ < 1 and contained in a slightly larger domain Q' corresponding to
U < 1+ ¢ (in particular, Q C ). If it is assumed that ¥ |\ is strongly plurisub-
harmonic, then the real closed form w := iV is Kihler on Q' \ B, and we may
denote by g the associated metric. As always, the curvature tensor of g is defined by
the formula

2 _ _ -
R = 0 8i.j + Z ,1755&;5 aga,j
bkl 02,0z Oz, 0z

away from B. In the following theorem, all closures are taken with respect to 2.

Theorem 2.1 Suppose w |§\B has bounded curvature. Then §Q is Kobayashi-hyperbo-
lic.

Proof We begin by defining a metric hx associated with the form eX*90W on 2\ B.
Given a holomorphic map f(¢) from the unit disc D into €2, such that f(0) = Z €
Q \ B, we assume the presence of Kihler normal coordinates W = (wy,...,w,) ina
neighbourhood of Z (W = 0) in which

(0g; 7)
(Owr)

g,-j(O) =0;; and 0)=0, 1<k<n.

Now consider

62\11 _ _ -
= (0 A )6 NG = g 1 G
K lz]: 8wi8wj ] f
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(for K an as yet unspecified constant) on TE‘OD ® Tg"lD. Now

log(1f) = KV o f+10g(2gijfi’fj/)
ij

implies
Ologlpy) _ O¥of 1 gl] )
L — K — ; I +6,8:f 1),
ac 8< Zl]gl]ff:, IZI< J Jh J ]>
and hence
9 log(py)
acac
62\I/of
T acal
1 0% ., )= 1= (")gi:_/ . .
_ m;( 8W:fkfi i+ 6ixgi i f fj) ( 8V.w]fz fifi +0giifi i )
i,j&i,jli )
1 g1] 11 g1
Zz]gz]f f]/ lel(gwawfkfff] +gt] ]ldl](f f] )

12 12 rl’ g1 112
=K1/ —wsz A +|f‘22(8wa;ﬂﬁfﬁ+|f ")

R T
=K = e |f|22R’f’<’fkfffJ

>KI|f') - ZZRz,szkfff;,
']

i,k

where R; ; ; as above denotes the curvature tensor of w. Since R; ; ; is uniformly
bounded on 2 \ B, we may choose the constant K >> supg, 5 [[R]|- To complete the

estimation of holomorphic sectional curvature at Z € 2\ B, it remains to note
g = eX¥°F| £'12, and therefore

2

1

1 Ol08Uip) (¢ _ up |IR) e
np o 9CaC e

given W(Z) < 1. Without loss of generality, let B correspond to
QNBy(0) ={ZeQ||z| < M}.

Consider also the slightly larger ball Bys.(0). We now introduce a C* cut-off func-

tion ¥, such that
1 if Z € By(0),
x(1z) =4 M
0 ifZ e C"\ Bupc(0).
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Letting wy again denote the standard Kéhler metric form on C", we then define a
hermitian metric / on € associated with the form

eK,%X"le((l — X)w + X - wp) -

(In particular, the adjusted constant K’ > K will be defined below.) The upper
bound on holomorphic sectional curvature remains essentially the same for Z €
Q\ Bpr+:(0), where the metric is identified with hg above. Two further regions of
must now be examined. First, note that if Z € By(0) N €2, we may consider h to be
associated with the form eK" "+12° g, Hence to f*h we associate the function

log(ps) = K'Wo f+[f]* +log(|f'*)

and obtain
_L@zlog(/ff) S_e*(Kl‘I’Ofﬂf'z)
s OCOC |f'I?

< _e—(K’+M2)

(K'gi;+ 6 )f f';

)

if we recall that g; ; f;/ f’ j = 0. It remains now to estimate the holomorphic sectional
curvature in the region

A-={ZeQ|M<|Z|<M+e}.
For Z € A, we will simply write
py= Kef %ij(Go f)ijfi/fljv

where G; ; = ((1 — x)g;,; + Xx9i j) is understood to be smooth, positive definite, and
bounded, with bounded derivatives in the region A, which is relatively compact in
)'. The calculation of holomorphic sectional curvature is then formally carried out
as in the case of hg, producing a curvature tensor R’ that is bounded on €2 \ By(0).
The leading term of this calculation corresponds to

2 1 I
75/ (? v fi/f/j — 7K/e*(K/\I!Of) g’v]f; f j _ < 7K/€7K, inf g’:]f; f i .
pr 0Z;0z; (Gof)i,jfi f’j Ac (Gof)i,j'ﬁ f’j
To see that the infimum above is strictly positive, we write
- . 2 - . 2 ’ ’
g7 e e e )

(Go isf f; (A =x)g;+xa)f f'; (11— X8k ) + X
noting that g(v, v) is positive definite for all Z € A., and all v € $*"~!. It remains

now to choose ~
. 8iifif'
K- mf”%i‘/ > sup ||R|,
A (Go f)iif 'y a\Buo
as in the construction of hg, so that the holomorphic sectional curvature of 4 is uni-

formly bounded above by a strictly negative constant on 2. It follows at once that €2
is Kobayashi-hyperbolic. ]
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3 An Example: ¥(2) = |R(2)]?|S(2)|?

Let Z = (z1,2,, .. .,2,) be coordinates in C" (n > 2), z; = x; + iy}, and let R(Z) =
X = (x1,%2, -, %), S(Z) =Y = (y1,¥2,-- -, ¥n). Then 7: C* — R? will denote
the natural projection

w(Z) = (|X|7 ‘Yl) )

where |- | denotes the Euclidean norm. Given ¢: [0, +00) X [0,+00) — [0, +00)
smooth, we define special complex domains with O(#n)-symmetry, of the form

N={zecC|¥2Z)<c}; T=gom.

A sufficient condition for local plurisubharmonicity of a general function ¥ =y on
is examined in [2]. If it is assumed that the critical locus of v is contained in 1) ~'(0),
then di) # 0 at all points (r, s) outside that locus, and the level set ¢/(r, s) = ¢ passing
through a given regular point locally admits an implicit function s = ¢(r). Let r =
IR2)| , s=1|3(2)],and Z € T~!(c), 0 < ¢ < 1. The following statement is given
in [2, Lemma 3.3.1].

Lemma ([2, Lemma 3.3.1]) If, in a neighbourhood of (ry,s0) = (|R(Z)],|3(2)]),
Z € U~(c), we have

(@) ¢'(r) >0,¢"(r) <0,9'(r) > 575, and

(¢'(r))° 1

/ 2
7%(1+(¢ (r)7) =0,

then the hypersurface is pseudoconvex at Z, co-oriented from above;
(b) ¢'(r) <0, ¢""(r) >0, and

¢ (r) +

@OF 1 _,
o(r) = 7

then the hypersurface is pseudoconvex at Z, co-oriented from below.

" (r) +

In the following, we examine the case v(r, s) = r?s?, for which the pseudoconvex-
ity condition above is easily checked to hold. More directly, we can perform some
routine calculations based on the formula

1 . 2
V() = [ROPIS@I = ¢ (4|Z|4 - [;zi +2 ) :

In particular,

PU 19, .
02,05 176872](8‘2‘ “Zj *4;(21( +Zk)'zz)

1
= §(|Z|26i7j +Z]‘Z,' — Z,‘ij) .
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Given any tangent vector v € T;(C", note that

62 _ 1 2 _ _ _
020z 9,05 Y = Z 82,32 ) > (127615 + 22 — 2i2)) 7 - i

i

= E(IZIZIVI2 +1(Z,v)? = 1(Z,v)])

1
2 E|<Z’V>|2 > 0,
where (-, -} denotes the standard hermitian inner product on C". Hence ¥ is pluri-
subharmonic. Note also that

_ 1 1
(VH00); = (VOI0); = |2 2 — zkj(zi +2) -2 =0

ifand only if U(Z) = 0, 1 < i < n, hence the critical locus of this plurisubharmonic
function coincides with R” U iR". Let I' C € denote the set of points at which the
form w = 0OV is degenerate (i.e., w restricted to © \ I is Kahler). Then w induces
the Levi form on restriction to the complex tangent space of the W-level set through
any point Z € (2, hence weak pseudoconvexity of the level set at Z implies Z € T
Let g; ; denote the i, j-component of the associated Kéhler metric corresponding to

82

25 7z (|Z| 0ij+2zizi — ziZj) .

In the remainder we will specialize to the case n = 2, where I' is defined simply by
the vanishing of

1
det(g) = (\Z| —laz —aznl?) = Z\zf + 227,

hence det(g) = Oifand only ifz; = +iz,. Nowg, ; = %(|Z|2§i3j+zj2i —zZ;), implies

565 _ L5050+ Guids — dusd)

aZkafl = ) k104, j 1,iOk,j k,iOl,j)-
Moreover, ,

T 0 gi,{" + Z G,’gagiﬁa ag(j'.f

i 82;4921 aZk 821

C ’,

is bounded on Q \ T, where I'. = {Z | |z} + 2| < &} for ¢ arbitrarily small and
positive. A uniform bound can be determined reasonably explicitly in this case if we
introduce a parameter ¢ = re'’ such that z; = £z,, and hence

|Zz|4

det(g) = = i| (7 +1)* = 4% sin’(0)) > (- 1)
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Then

2
ki z . L
rae le;t(g) ((r +1)%00,5 +4(1 — 8a,5)* sin*(0))
2(r* +1)

= TaP(? - 12

(if we note that (r* + 1)* > 4r?). Similarly,

98i 5 _

1, _ i} i}
D2 E(Zk&,,@ +Zi6k3 — 236 k)

for which the substitution z; = z,(dx + (1 — d2)§), etc., and the inequality
|02k + (1 — 620)€] < max{l,r}

etc., yields

agi B 8gaf 3
. = < = 1 .
Oz 0z ‘ -2 maX{ ,1’}|Zz|
Hence
08,5 0805 ?+1
a,p ~8i,B @] ‘ 1 2
‘;g Oz, 0z | — (r2 —1)2 maX{ ,T‘} '

From the continuity in r of this last expression for all » > 1 + ¢, and the fact
that its limit as r — oo is finite, we conclude that R; ;; ; is uniformly bounded for
1=l > e

In the light of this example we make a final remark. Let ¥ be any plurisubhar-
monic function on C? satisfying the following:

. det(%) = (2, 2)Pe/ %P, (s € R\ {0}, f smooth) on

* outside the locus corresponding to {(Z,Z) = 0}, the form w = 9OV has
bounded curvature on the domain Q = {¥ < 1}.

Then the pair of transversely intersecting discs corresponding to the locus above
is extremally embedded in the sense that the Kobayashi distance between two points
(£i¢, ¢) and (£i¢’, ¢’) in the same disc is equal to the Poincaré distance between ¢
and ¢’. In other words, the O(2)-orbit of weakly pseudoconvex points on 92 bounds
a pair of extremally embedded discs. Moreover, the Ricci form i99 log(det(g)) asso-
ciated with the metric vanishes identically when f is constant.
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