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Abstract

We study the relation between the coregularity, the index of log Calabi—Yau pairs and the complements of Fano
varieties. We show that the index of a log Calabi—Yau pair (X, B) of coregularity 1 is at most 12042, where A is
the Weil index of Kx + B. This extends a recent result due to Filipazzi, Mauri and Moraga. We prove that a Fano
variety of absolute coregularity 0 admits either a 1-complement or a 2-complement. In the case of Fano varieties
of absolute coregularity 1, we show that they admit an N-complement with N at most 6. Applying the previous
results, we prove that a klt singularity of absolute coregularity 0 admits either a 1-complement or 2-complement.
Furthermore, a kit singularity of absolute coregularity 1 admits an N-complement with N at most 6. This extends
the classic classification of A, D, E-type kit surface singularities to arbitrary dimensions. Similar results are proved
in the case of coregularity 2. In the course of the proof, we prove a novel canonical bundle formula for pairs with
bounded relative coregularity. In the case of coregularity at least 3, we establish analogous statements under the
assumption of the index conjecture and the boundedness of B-representations.
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1. Introduction

Fano varieties and Calabi—Yau varieties are two of the three building blocks of algebraic varieties. In
the former case, the canonical divisor is antiample, while in the latter case it is numerically trivial.
In this article, we study the coregularity of Fano and Calabi—Yau varieties. This invariant measures
the dimension of the dual complexes corresponding to log Calabi—Yau structures on the variety. We
show that if the coregularity is at most two, we can control the index of a Calabi—Yau variety and the
complements of a Fano variety. In [35], the third named author relates various problems about Fano
varieties with the concept of coregularity.

1.1. Log Calabi-Yau pairs

A log Calabi—Yau pair (X, B) is a projective log canonical pair for which Kx + B = 0. By the abundance
conjecture, which is known in this special case [21], it is also known that Kx + B ~g 0. The index of
(X, B) is the smallest positive integer I for which I(Kx + B) ~ 0. It is conjectured that the index I of
(X, B) admits an upper bound depending on the dimension of X and the set of coefficients of B. This is
known as the index conjecture. For instance, if (X, B) is two-dimensional and the coefficients of B are
standard (i.e., of the form 1 — % for some m € Zg), then I(Kx + B) ~ 0 for some I < 66 (see, e.g.,
[26, Theorem 4.11]). The bound 66 is optimal, and it can be obtained by considering nonsymplectic
finite actions on K3 surfaces [34]. In [9], the authors exhibit a sequence of kit Calabi—Yau varieties
X4 with index iy that grows doubly exponentially with the dimension d. The coregularity of a log
Calabi—Yau pair (X, B) is defined to be dim X — dimD(X, B) — 1. Here, D(X, B) is the dual complex
of (X, B). This is a pseudo-manifold that encodes the combinatorial data of log canonical centers of a
dit modification of (X, B). The dimension dim D(X, B) is independent of the chosen dlt modification,
so it is an intrinsic invariant of (X, B). In the following subsection, we present theorems regarding the

index of log Calabi—Yau pairs of coregularity 0 and 1.

1.2. Index and coregularity of log Calabi-Yau pairs

First, we study log Calabi—Yau pairs of coregularity 0 and 1. We use the language of generalized
pairs as in [3, 11]. This gives a larger scope for the theorems and also facilitates inductive argu-
ments. In the case of generalized log Calabi—Yau pairs of coregularity O, the following theorem is
proved in [13].

https://doi.org/10.1017/fms.2024.69 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.69

Forum of Mathematics, Sigma 3

Theorem 1. Let (X, B, M) be a projective generalized log Calabi—Yau pair' of coregularity 0, and let
be A a positive integer. Assume that A(Kx + B+My) is Weil. Then, we have that 2A(Kx + B+Mx) ~ 0.

Note that in order to have a linear equivalence D ~ 0, the divisor D must be Weil. Hence, multiplying
Kx + B + My by A4 is indeed needed to compute its index. In [13, Example 7.4], the authors give an
example for which (X, B) is log Calabi—Yau of coregularity 0, B is a Weil divisor, 2(Kx + B) ~ 0,
and Kx + B is not linearly equivalent to 0. Hence, the factor 24 in the previous theorem is optimal.
Indeed, the factor 2 is often related to the orientability of the pseudo-manifold D(X, B) (see [13, §5]).
In [13], the authors use topological methods and birational geometry to prove the previous theorem. In
this article, we recover this statement using birational geometry and the theory of complements.

Our next theorem deals with the index of log Calabi—Yau pairs of coregularity 1. This is a general-
ization of the previous statement to the case of coregularity 1.

Theorem 2. Let (X, B, M) be a projective generalized log Calabi-Yau pair of coregularity 1 and A be
a positive integer. Assume the two following conditions hold:

o the generalized pair (X, B, M) has Weil index A; and
o the variety X is rationally connected or M = 0.

Then, we have that [(Kx + B+ Mx) ~ 0 for I = mAd withm < 120A.

We emphasize that the previous theorem does not hold if X is not rationally connected and M is
nontrivial. For instance, we can let X be an elliptic curve and M be an /-torsion point in Pic’(X). Then,
we have that I(Kx + Mx) ~ IMx ~ 0 is minimal and (X, M) is a generalized log Calabi—Yau pair
of coregularity 1. Note that this is not an issue if X is rationally connected. In this case, the torsion
of components of the b-nef divisor is controlled by their Weil index. Theorem | and Theorem 2 are
still valid if the coefficients of B belong to a set of rational numbers satisfying the descending chain
condition (DCC) condition. This follows from the global ascending chain condition for generalized log
Calabi—Yau pairs with bounded coregularity (see [10, Theorem 2]). Finally, in the case of coregularity
1, we obtain the following statement.

Theorem 3. Let (X, B,M) be a projective generalized log Calabi-Yau pair of coregularity 1. Assume
that the following conditions hold:

o the coefficients of B are standard;
o the divisor 2M is b-Cartier; and
o the variety X is rationally connected or M = 0.

Then, we have that [(Kx + B+ Mx) ~ 0 for some I € {1,2,3,4,6}.

1.3. Fano varieties

Given a klt Fano variety X, the anticanonical divisor —K is ample. Hence, the linear system | — mKx |
is basepoint free for m sufficiently large and divisible. In particular, we can find an effective divisor
B € | — mKx| such that the pair (X, B/m) is kit (Kawamata log terminal) and log Calabi—Yau. This
means that every Fano variety admits a log Calabi—Yau structure. In [3], Birkar showed that an n-
dimensional Fano variety X admits an N (n)-complement, that is, a boundary B for which (X, B) is log
canonical and N(n)(Kx + B) ~ 0. This can be thought of as an effective log Calabi—Yau structure on
X. In [15], Filipazzi, Moraga and Xu proved that a 3-fold that admits a Q-complement? also admits a
N3z-complement.
Let X be an n-dimensional Fano variety. We can define the absolute coregularity to be:

cofeg(X) := min{coreg(X, B) | (X, B) is log Calabi—Yau}.

1A generalized log Calabi—Yau pair is a generalized lc pair (X, B, M) with Kx + B +Mx ~g 0.
2A Q-complement is a boundary B for which (X, B) islc and Kx + B ~g 0.
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By definition, the absolute coregularity of X is at most n. It is expected that a Fano variety of absolute
coregularity ¢ admits an N (c)-complement (see, e.g., [35, Conjecture 4.1]). Indeed, following the phi-
losophy of Kawamata’s X-method, one expects to lift complements from minimal log canonical centers.
In the case of a Fano variety of absolute coregularity ¢, we can produce minimal log canonical centers
having dimension c¢ [on a suitable dlt (divisorially log terminal) modification]. In the following subsec-
tion, we present some theorems regarding complements of Fano type varieties of absolute coregularity
Oand 1.

1.4. Complements and coregularity of Fano type varieties

Our main theorem in this direction states that a Fano type variety of absolute coregularity 0 admits a
1-complement or a 2-complement.

Theorem 4. Let (X, B, M) be a projective generalized Fano type pair of absolute coregularity 0. Assume
that the following conditions hold:

o the coefficients of B are standard;
o the b-nef divisor 2M is b-Cartier.

Then, there exists a boundary B* > B satisfying the following conditions:

o the generalized pair (X, B*,M) is generalized log canonical;
o we have that 2(Kx + B* + Mx) ~ 0; and
o the equality coreg(X, B*,M) = 0 holds.

In the case that B = M = 0, the previous theorem says that, for a Fano variety X of absolute
coregularity 0, the linear system | — 2Kx | contains an element with nice singularities. In particular, the
linear system | — 2Kx | is nonempty. In [42, §8], Totaro investigates Fano varieties with large bottom
weight, which is the smallest positive integer m for which H 0 (X,—-mKx) # 0.In particular, [42, Theorem
8.1] implies the existence of a Fano 4-fold that does not admit an m-complement for m < 1799233. This
shows that the constant N (4) obtained by Birkar in [3] is at least 1799233. More generally, [42, Theorem
8.1] shows that N (d) grows at least doubly exponentially with d. In contrast to this, our statement shows
that a Fano variety of absolute coregularity O either admits a 1-complement or a 2-complement. In [35,
Example 3.15], the third author gives an example of a Fano surface of absolute coregularity 0 for which
there is no 1-complement. Thus, the previous theorem is sharp. In the case of absolute coregularity 1,
we obtain a similar result.

Theorem 5. Let (X, B, M) be a projective generalized Fano type pair of absolute coregularity 1. Assume
that the following conditions hold:

o the coefficients of B are standard;
o the b-nef divisor 2M is b-Cartier.

Then, there exists a boundary B* > B satisfying the following conditions:

o the generalized pair (X, B*,M) is generalized log canonical;
o we have that N(Kx + B* + M) ~ 0, where N € {1,2,3,4,6}; and
o the equality coreg(X, B*,M) = 1 holds.

In Table 1, we summarize the unconditional theorems regarding complements of Fano varieties. The
entry (d, ¢) in the table corresponds to the minimum integer N4 . for which every d-dimensional Fano
variety of coregularity ¢ admits at most a N4, .-complement. In the blank spots, there set of such Fano

varieties is empty. Due to the work of Liu [33], we know that N, < 101011. However, it is expected that
we can take N, = 66. By the work of Totaro [42], we know that N; grows at least doubly exponentially
with d.
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Table 1. Dimension, coregularity and complements

Coregularity

7 Ny
6 N¢ N7
5 Ns Ng Ny
4 Ny Ns Ng Ny
3 N3 Ny Ns Ng Ny
2 No» N N No N» Np
1 6 6 6 6 6 6

0 1 2 2 2 2 2 2

1 2 3 4 5 6 7 Dimension

1.5. Calabi-Yau pairs of higher coregularity

In the case of higher coregularity, we need to deal with klt Calabi—Yau varieties of higher dimensions.
We show that controlling the index of log Calabi—Yau pairs of coregularity ¢ can be reduced to a problem
about c-dimensional kIt Calabi—Yau pairs. In order to state our next theorem, we need to introduce two
conjectures about Calabi—Yau pairs. The first one is the boundedness of the index for kit Calabi—Yau
pairs.

Conjecture 1. Let d be a positive integer, and let A be a set of rational numbers satisfying the descending
chain condition. There exists a constant 1 = I(A, d), satisfying the following property. For every
projective d-dimensional kit log Calabi-Yau pair (X, B) such that B has coefficients in A, we have that

I(A,d)(Kx + B) ~ 0.

The previous conjecture is stated in [5, Conjecture 2.33]. The second conjecture is known as the
boundedness of B-representations. It predicts that the birational automorphism group of a log Calabi—
Yau pair acts on the sections of I(Kx + B) ~ 0 with bounded order (see, e.g., [18, Conjecture 3.2]).

Conjecture 2. Let d and I be two positive integers. There is a constant b = b(d,I) satisfying the
Jollowing property. For every projective d-dimensional kit log Calabi—Yau pair (X, B) with I(Kx +B) ~
0, the image of Bir(X, B) in GL(H°(I(Kx + B))) =~ K* is finite and has order at most b.

Now, we can state our main theorem about the index of log Calabi—Yau pairs. It shows that the
boundedness of the index of generalized log Calabi—Yau pairs of coregularity ¢ can be reduced to the
previous two conjectures in dimension c.

Theorem 6. Let c and p be positive integers and A C Q be a set satisfying the descending chain condition.
Assume that Conjecture | and Conjecture 2 hold in dimension c. There is a constant I = I(A,c, p)
satisfying the following property. Let (X, B,M) be a projective generalized log Calabi—Yau pair of
coregularity c for which:

o either X is rationally connected or M = 0;

o the coefficients of B are contained in A; and

o the b-nef divisor pM is b-Cartier.

Then, we have that [(Kx + B+ Mx) ~ 0.

1.6. Fano varieties of higher coregularity.

In the case of Fano varieties of higher absolute coregularity, we get the boundedness of complements
of Fano type varieties with bounded absolute coregularity subject to the previous conjectures.
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Theorem 7. Let ¢ and p be positive integers and A C Q be a closed set satisfying the descending
chain condition. Assume that Conjecture 1 and Conjecture 2 hold in dimension c. There is a constant
N = N(A,c, p) satisfying the following. Let (X, B,M) be a projective generalized Fano type pair of
absolute coregularity c for which:

o the divisor B has coefficients in A\;
o the b-nef divisor pM is Cartier where it descends.

Then, there exists a boundary B* > B satisfying the following conditions:

o the generalized pair (X, B*,M) is generalized log canonical;
o we have that N(Kx + B* + Mx) ~ 0; and
o the equality coreg(X, B*,M) = ¢ holds.

We stress that Conjecture | is known up to dimension 3. On the other hand, Conjecture 2 is known
up to dimension 2. In particular, both Theorem 6 and Theorem 7 hold unconditionally in the case of
coregularity 2.

1.7. Coregularity and the canonical bundle formula

The canonical bundle formula plays a fundamental role in the theory of complements. In many cases,
we need to lift complements from the base of a log Calabi—Yau fibration. We will prove the following
statement that relates the canonical bundle formula with the coregularity.

Theorem 8. Let ¢ and p be nonnegative integers and A C Q be a set satisfying the descending chain
condition. Assume that Conjecture 1 and Conjecture 2 hold in dimension at most ¢ — 1. There exists a set
Q = Q(A, ¢, p) C Q satisfying the descending chain condition and a positive integer q = q(A,c, p),
satisfying the following property. Let n: X — Z be a Fano type morphism between projective varieties.
Let (X, B,M) be a projective generalized pair of coregularity c for which:

the generalized pair (X, B,M) is log Calabi-Yau over Z;

the coefficients of B belong to A;

the b-nef divisor pM is Cartier where it descends;

the b-nef divisor M is Q-trivial on the general fiber of X — Z;

every generalized log canonical center of (X, B,M) is a log canonical center of (X, B),; and
every log canonical center of (X, B) dominates Z.

O O O O O O

Then, we can write
q(Kx + B+Mx) ~ qn*(Kz + Bz +Nz),

where the following conditions hold:

o By is the discriminant part of the adjunction for (X, B,M) over Z;
o the coefficients of Bz belong to Q; and
o the b-nef divisor gN is b-Cartier.

1.8. Kawamata log terminal singularities

Finally, we show some applications of the previous theorems of this article to the study of kit singularities.
We obtain the following result about klt singularities of absolute coregularity O.

Theorem 9. Let (X;x) be a kit singularity of absolute coregularity 0. Then, there exists a boundary T’
through x satisfying the following conditions:
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o we have that 2(Kx + ') ~ 0 on a neighborhood of x;
o the coregularity of (X,I') at x is equal to 0.

In particular, the pair (X,T; x) is strictly log canonical at x.
Analogously, we obtain a similar result in the context of kit singularities of absolute coregularity 1.

Theorem 10. Let (X; x) be a kit singularity of absolute coregularity 1. Then, there exists a boundary T’
through x satisfying the following conditions:

o we have that N(Kx +T") ~ 0 for some N € {1,2,3,4,6};
o the coregularity of (X,T') at x is equal to 1.

In particular, the pair (X,T; x) is strictly log canonical at x.

The two previous theorems generalize the A, D, E-type classification of kit surface singularities
to higher-dimensional kit singularities. The A-type kit surface singularities are the toric surface sin-
gularities. In the Gorenstein case, these are the A,-singularities. The A-type singularities are the kit
surface singularities of absolute coregularity O that admit a 1-complement. The D-type klt surface
singularities are quotients of toric singularities via an involution. In the Gorenstein case, these are D ,-
singularities. The D-type singularities are the surface singularities of absolute coregularity O that admit
a 2-complement but no 1-complement. The E-type kit surface singularities are the exceptional surface
singularities. In the Gorenstein case, these are exactly the Eg, E7 and Eg singularities. These are the
kit surface singularities that have absolute coregularity 1. They admit a 3-, 4- or 6-complement but not
a 1-complement or 2-complement. The aforementioned results about complements and coregularity of
two-dimensional kit singularities are proved in [35, Section 3.2].

1.9. On the techniques of the article

The theory of complements was introduced by Shokurov in the early 2000s (see, e.g., [40]), although
these objects already appeared in the work of Keel and M°Kernan on quasi-projective surfaces [30]. In
this work, complements were called figers. Since then, it has been understood that vanishing theorems,
the canonical bundle formula and the minimal model program are indispensable tools to produce
complements on a variety (see, e.g., [38, 37, 30]). Using the aforementioned techniques, the language
of generalized pairs and the boundedness of exceptional Fano varieties, Birkar proved the boundedness
of complements for Fano varieties [3]. Since then, the theory of complements has been expanded to
Fano pairs with more general coefficients [14, 24, 41], to log canonical Fano varieties [44] and to log
Calabi—Yau 3-folds [15]. In this article, we study the theory of complements through the lens of the
coregularity. The techniques are similar to the ones in the aforementioned papers. However, in order to
obtain novel results, we need to re-prove several parts of this theory keeping track of this new invariant.
The fact that our results are independent of dimension imposes an extra difficulty. At the same time, we
will need to use some recent results regarding the coregularity and its connections to singularities [10]
and Calabi—Yau pairs [13].

Strategy of the proof

In this section, we give a sketch of the proof of the main theorems of this article, namely Theorem 6,
Theorem 7 and Theorem 8. The other theorems will be obtained using the same strategy and an analysis
of the coefficients throughout the proof. We write Theorem X(c) for Theorem X in coregularity at
most c¢. Theorem 6(0) follows from [13, Theorem 1], while Theorem 8(0) is trivial. We will prove the
following four statements:

(i) Theorem 7(0) holds;
(ii) Theorem 7(c¢ — 1) implies Theorem 8(c¢);
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(iii) Theorem 8(c) implies Theorem 6(c¢); and
(iv) Theorem 6(c) and Theorem 8(c) imply Theorem 7(c).

We write Theorem X (d, c¢) for Theorem X in dimension at most d and coregularity at most c. For
instance, Theorem 7(d, c¢) is known by [3, Theorem 1.7]. Thus, we may write N(A, d, c, p) for the
positive integer provided by Theorem 7(d, ¢). We may suppress A and p from the notation whenever
they are clear from the context. Our aim is to show that, once we fix c, there is an upper bound N(c)
for all N(d, c¢). Similarly, Theorem 8(d, c) is known due to [3, Proposition 6.3]. We write ¢(d, ¢) for
the constant provided by Theorem 8(d, c¢), and we show that ¢(d, c¢) is bounded above by a constant
only depending on ¢. Theorem 6(d, ¢) is not known even if we fix the dimension. In this case, the aim
is twofold: to prove the existence of an upper bound /(d, ¢) for fixed dimension d and to show that all
the I(d, c) are bounded above in terms of c. The proof of implication (i) is similar to that of (iv). In the
following three subsections, we sketch the proofs of (ii), (iii) and (iv).

A canonical bundle formula

Let (X, B,M) — Z be as in the setting of Theorem 8(d, c).

First, we show that for every z € Z closed, we may find a relative N (¢ — 1)-complement for (X, B, M)
over z. We pick an effective Cartier divisor £ on Z through z. We let ¢ be the largest positive number
for which (X, B + tn*E, M) has generalized log canonical singularities around z. By the connectedness
theorem, the coregularity of (X, B + tn*E,M) is at most ¢ — 1. Indeed, since all the generalized log
canonical centers of (X, B, M) are horizontal over Z, introducing a vertical generalized log canonical
center will strictly decrease the coregularity. Taking a dlt modification of (X, B + tx*E, M), we can
produce a new generalized pair (X’, B, M) such that z is contained in the image of a component S
of | B’]. By perturbing the coefficients, we may assume that the coefficients of B’ belong to A. We
replace (X, B,M) by (X’, B’, M) and assume there is a vertical divisorial log canonical center S. Notice
that this replacement changes the crepant birational class of the original generalized pair (X, B, M) in
order to create a new log canonical center. Running a suitable Minimal Model Program (MMP) over
Z, we reduce to the case in which § — #(S) > z is a Fano type morphism. The generalized pair
(S, Bs, Mg) obtained by adjunction of (X, B, M) to S has dimension at most d — 1 and coregularity at
most ¢ — 1. If ¢(S) = z, then we may apply Theorem 7(d — 1, ¢ — 1) to conclude that (S, Bs, Ms) admits
an N(d — 1, ¢ — 1)-complement. Since we are assuming Theorem 7(c — 1), this is also an N(c — 1)-
complement. If dim 77 (S) > 1, then we construct an N (¢—1)-complement by induction on the dimension.
In any case, we obtain an N(c — 1)-complement for (S, Bs, Ms) around z. Using Kawamata—Viehweg
vanishing, we lift such complement to an N (¢ — 1)-complement for (X, B, M) around the fiber of z € Z.
The details of this proof can be found in §5, where we discuss relative complements. In §5.1, we explain
how to lift complements from divisors.

Now, we can assume the existence of bounded relative N(c¢ — 1)-complements for (X, B,M) — Z.
The existence of bounded relative complements allows us to find ¢ in the statement of Theorem 8(d, c).
Indeed, we can take g(d, c) = N(c — 1). The main difficulty is to control the coefficients of Nz in the
model where it descends. In order to do so, we will cut the base with hypersurfaces to reduce to the
case in which the base is a curve. Once the base is a curve C, we will study the coefficients of a relative
complement over a closed point ¢ € C. Analyzing the coefficients of this relative complement will show
that gN is integral. A similar argument on a suitable resolution Z’” — Z proves that gN - is integral,
where Z’ is a model on which Nz descends. This finishes the proof of Theorem 8(¢) using Theorem
7(c — 1). The details of this proof are given in §6.

Index of log Calabi-Yau pairs

Let (X, B, M) be a generalized log Calabi—Yau pair as in Theorem 6(d, c¢). By [10, Theorem 2], we may
assume that the set A in the statement of the theorem is finite. By [16, Theorem 4.2], we can replace
(X, B,M) by a Kollar—Xu model (see §2.7). We have a Fano type contraction ¢g: X — Z such that all
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the generalized log canonical centers of (X, B, M) dominate the base Z. Both the index and Weil index
of Kx + B+My are preserved by the Kollar—Xu model. We will proceed with the proof in three different
cases, depending on the dimension of the base of the Kollar—Xu model and the coefficient sets of B and
M. We argue by induction on the dimension d of X. The base of the induction is the kit case which
follows by Conjecture | (see, e.g., Lemma 2.30).

Case I: the moduli part M = 0.

In this case, we know that Kx + B ~g 0. We do not assume that X is rationally connected. We
choose a component S of | B| and run a (Kx + B — €S)-MMP. This minimal model program terminates
with a Mori fiber space on which S is ample over the base. Observe that the variety S may not be
normal. However, the pair obtained by adjunction (S, Bg) is semilog canonical. In §4, we show that the
statement of Theorem 6(d — 1, ¢) holds for semilog canonical pairs provided it holds for log canonical
pairs. To do so, we use Conjecture | and Conjecture 2 in dimension c. Here, it is crucial that we work
with pairs instead of generalized pairs. Indeed, Conjecture 2 is not known for generalized pairs, even in
dimension 2. Hence, we conclude that I(A,d — 1,¢,0)(Kgs + Bs) ~ 0.

Thus, in this case, we conclude that the index of (X, B) is at most I(A,d — 1, ¢, 0).

Case 2: the base Z of the Kollir—Xu model is positive-dimensional, the divisor {B} + My is trivial on
the general fiber of X — Z and the b-nef divisor M is nontrivial.
In this case, we apply Theorem 8(c). We can write

q(Kx+B+Mx)~q7l'*(Kz+Bz+Nz). (11)

The variety Z has dimension at most c. The integer g only depends on A, ¢ and p. The coefficients of Bz
belong to a DCC set that only depends on A, ¢ and p. The b-nef divisor gN is b-Cartier. The variety X is
rationally connected, as we are assuming that the b-nef divisor M is nontrivial. Hence, Z is also rationally
connected. Let Z’ — Z be the model where Nz descends. In particular, Z’ is rationally connected.
Note that in general, Nz may have torsion components. However, since Z’ is rationally connected, the
g-th multiple of such torsion components are linearly equivalent to zero (see [ 13, Corollary 3.9]). Using
Conjecture |, we will show that the index of Kz + Bz +Nz only depends on A, ¢ and p. Thus, by the linear
equivalence (1.1), we conclude that the index of (X, B, M) is bounded above by a constant Iy(A, ¢, p).

Case 3: the divisor {B} + My is nontrivial on the general fiber of X — Z and the b-nef divisor M is
nontrivial.

We run a (Kx + | B])-MMP over Z. Since Kx + | B] is not pseudo-effective over Z, this minimal
model program terminates with a Mori fiber space p: X’ — W over Z. We denote by B’ the push-
forward of B on X’. the divisor Kx- + | B’] is antiample over W. Since | B] is big over Z, the divisor | B’
has a component S that dominates W. By construction, the general fibers of S — W are of Fano type. In
this case, X and X’ are rationally connected, as we are assuming that the b-nef divisor M is nontrivial.
Hence, the image W of X’ is rationally connected. Since a general fiber of S — W is of Fano type, they
are rationally connected. Thus, S is rationally connected, being the base and general fibers of S — W
rationally connected. In particular, if (S, Bs + My) is the generalized pair obtained by adjunction, then
we know that I(A,d — 1, ¢, p)(Ks + Bs + Mg) ~ 0. Here, we argued by induction on the dimension
and used Theorem 6(d — 1, ¢). Depending on the dimension of W, we either use Kawamata—Viehweg
vanishing or Kollar’s torsion-free theorem to conclude that I(A,d — 1,¢, p)(Kx + B" + Mx/) ~ 0.
Hence, the index of (X, B, M) is at most I(A, d — 1, ¢, p). These lifting arguments are explained in §5.1.

In summary, a generalized log Calabi—Yau pair (X, B, M) as in Theorem 6(d, ¢) has index at most

max{lo(A,c,p),I[(A,d—-1,c,p),I(A,d-1,c,0)}.
Thus, we have that

I(A,d,c,p) < max{ly(A,c,p), [(A,d-1,¢c,p),[(A,d—-1,¢,0)}.
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Hence, there is an upper bound for I(A, d, ¢, p) which only depends on A, ¢ and p. This finishes the
sketch of the proof of Theorem 6(¢) using Theorem 8(c).

Complements on Fano varieties

Let (X, B,M) be a Fano type pair as in Theorem 7(d,c). In §3, we reduce to the case in which
A finite. This is crucial for lifting complements from divisors (see §5.1). By the assumption on the
absolute coregularity of (X, B, M), we may find a generalized log Calabi—Yau structure (X, B + ', M)
of coregularity c. By dimensional reasons and the assumption on the absolute coregularity of (X, B, M),
(X, B+TI',M) may be generalized kit only if d = ¢ and (X, B, M) is exceptional; this case is settled by
[3, Theorem 1.7] in dimension c. Therefore, in the rest of this sketch, we may assume that (X, B+1", M)
is not generalized kit. Let (Y, By + I'y + E, M) be a dIt modification of (X, B + I, M). Here, By (resp.
I'y) is the strict transform of the fractional part of B (resp. I'), while we set E = |By + 'y + E].
Since (X, B + I', M) is not generalized klt, we have E # 0. Since X is of Fano type, it easily follows
that so is Y. In particular, Y is a Mori dream space. We run a —(Ky + By + E + My )-MMP. Note that
—(Ky + By + E + My) is a pseudo-effective divisor. Hence, this minimal model program must terminate
with a good minimal model Z. We let B and Ez be the push-forwards to Z of By and E, respectively. In
order to produce a complement for (X, B), it suffices to produce a complement for (Z, Bz + Ez,Mz).
Replacing (X, B,M) by (Z, Bz + Ez,Mz), we may assume that —(Kx + B + My) is semiample and
coreg(X, B,M) = c. Notice that this reduction does not alter the coefficients set for the boundary part
of (X, B,M), since the only divisors that may have been introduced in the boundary have coefficient 1.
Furthermore, by the choice of the MMP run, it follows that E cannot be contracted. In particular, after
this reduction, we may assume that | B] # 0. We will proceed in three different cases depending on the
dimension of the ample model W of the divisor —(Kx + B + My).

Case 1: the dimension of W is 0.
In this case, we have that Kx + B+ Mx ~g 0. Hence, producing a complement for (X, B, M) is the
same as controlling the index of the generalized pair. Thus, the statement follows from Theorem 6(c).

Case 2: the dimension of W is d.

In this case, we have that —(Kx + B + M) is semiample and big. Furthermore, the round-down | B|
is nontrivial. We pass to a suitable birational model of (X, B, M) where a component S of | B] is of
Fano type. Performing adjunction to S, we obtain a log Fano pair of dimension d — 1 and coregularity
¢. Using Theorem 7(d — 1, ¢), we produce an N(A,d — 1, ¢, p)-complement on S that can be lifted to
an N(A,d — 1, ¢, p)-complement of (X, B).

Case 3: The dimension of W is positive and strictly less than d.

The fibration 7: (X, B,M) — W is a log Calabi—Yau fibration for (X, B,M). If {B} + M is big
over W, then by perturbing the coefficients of B we reduce to Case 2. Otherwise, we may replace W
with the ample model of {B} + M over W. Doing so, we may assume {B} + M is trivial on the general
fiber of X — W. If all the generalized log canonical centers of (X, B) dominate W, then we are in
the situation of Theorem 8(c). The generalized pair (W, By, Nw ) induced on the base is of Fano type
and exceptional. By [3, Theorem 1.7] in dimension c¢ or less, we can find an N (£, ¢)-complement for
(W, Bw,Nw). Here, Q only depends on A, ¢ and p. Then, we can pull the complement back via x to
obtain an N(Q, ¢)-complement for (X, B, M). Finally, we may assume that {B} + M is trivial on the
general fiber of X — W and there is some component S C | B] that is vertical over W. In this case, Bpor
is big over W. Here, By, stands for the sum of the components of B which are horizontal over W. Again,
we can perturb the coefficients of B to reduce to Case 2.

In summary, a generalized pair (X, B, M) as in Theorem 7(d, ¢) admits an N-complement, where
N <max{N(Q,c), N(A,d — 1,c, p)}. Thus, we have

N(A,d,c,p) < max{N(Q,c),N(A,d - 1,¢,p)}.
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Hence, there is an upper bound for N(A, d, ¢, p) which only depends on A, ¢ and p. This finishes the
proof of Theorem 7(c¢) using Theorem 6(c¢) and Theorem 8(c).

2. Preliminaries

We work over an algebraically closed field K of characteristic zero. Our varieties are connected and
quasi-projective unless otherwise stated. In this section, we introduce some preliminaries regarding
singularities, Fano varieties, Calabi—Yau pairs and coregularity.

2.1. Divisors, b-divisors and generalized pairs
In this subsection, we recall some basics about b-divisors and generalized pairs.

Definition 2.1. Let X be a normal variety. A b-divisor M on X is a function which associates any
birational map X’ --» X with an R-divisor Mx- on X’. The set of divisors {My-: X’ --» X} satisfies the
following compatibility condition: If g: X; — X> is a birational morphism over X, then g.My, = Mx,.
We say that a b-divisor M on X descends on some birational model X’ of X if My is R-Cartier and M
is equivalent to (X’ — X,Mx-). In other words, for any birational map i: Y — X’ over X, we have
h*Myx, = My. In the previous case, we say that M is a b-R-Cartier divisor.

Let X — Z be a projective morphism. The b-divisor M is said to be b-Cartier (resp. b-nef, b-nef/ Z) if
My is Cartier (resp. nef, relatively nef over Z) on some birational model X’ over X where M descends.

The b-Cartier closure of an R-Cartier divisor M is a b-divisor M whose trace on every birational
model f:Y — Xis f*M.

Definition 2.2. Let X be a normal variety and 7: X — Z be a projective morphism. A generalized pair
on X over Z is a triple (X, B, M) where

o Bis an effective R-divisor on X;
o M s a b-nef/Z b-R-Cartier on X; and
o Kx + B + My is R-Cartier.

When Z is a point, we simply call (X, B, M) a generalized pair.

2.2. Singularities of generalized pairs
In this subsection, we define the notions of singularities for generalized pairs.

Definition 2.3. Let X be a normal variety and (X, B, M) be a generalized pair on X. Let D be a divisor
over X. Pick a log resolution f: X’ — X of (X, B) such that D is a divisor on X’ and M descends on
X’. We can write

Kx/ + B +Mxr = f*(KX +B+Mx)

for some uniquely determined B’. Define the generalized log discrepancy ap(X, B,M) to be 1 —
coeffp (B’).

We say that (X, B, M) is generalized log canonical (resp. generalized klt) if ap (X, B, M) is nonneg-
ative (resp. positive) for any divisor D over X. A generalized non-klt place (resp. generalized log canon-
ical place) of (X, B,M) is a prime divisor D over X with ap (X, B,M) < 0 (resp. ap (X, B,M) =0). A
generalized non-kit center of (X, B, M) is the image of a generalized non-klt place. We denote the set
of generalized non-klt centers of (X, B, M) by Nklt(X, B, M). A generalized log canonical center of
(X, B,M) is the image Z of a generalized non-klt place such that every generalized non-klt place whose
image on X contains Z is a generalized log canonical place.

We say that (X, B, M) is generalized dlt if it is generalized log canonical and satisfies the following
condition: for any generalized log canonical center V of (X, B, M), the pair (X, B) is log smooth around
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the generic point of V and M descends on X in a neighborhood of the generic point of V. We say that
(X, B,M) is generalized plt if it is generalized dlt and every connected component of | B] is irreducible.

Let (X, B,M) be a generalized log canonical pair over a base Z. Let f: Y — X be a birational
morphism and write

Ky +By +My =f*(KX +B+Mx).

We say that (Y, By, M) is a Q-factorial generalized dlt modification of (X, B, M) if the variety Y is Q-
factorial, (Y, By, M) is generalized dlt and every f-exceptional divisor appears in By with coefficient 1.

Lemma 2.4 [16, Theorem 2.9]. Every generalized log canonical pair over a base Z has a Q-factorial
generalized dlt modification.

The following lemma states that the singularities of the pair (X, B) are milder than the singularities
of (X, B,M).

Lemma 2.5 [7, Remark 4.2.(3)]. Let (X, B,M) be a generalized log canonical pair over Z. Suppose
Kx + B is R-Cartier. Then for any divisor D over X, the log discrepancies satisfy

ap(X,B,M) < ap(X, B).

In particular, the pair (X, B) is log canonical.

2.3. Crepant birational maps

In this subsection, we recall the notion of crepant birational map and group of crepant birational
automorphisms.

Definition 2.6. Let (X, B;, M) and (X3, By, M) be generalized pairs over Z. We say that they are crepant
if there exists a common resolution @ : X’ — X; and a: X’ — X», where each «; is proper, such that

KX’ +Bi +MX’ = Kxf + Bé +MX’7

holds, where we have Kx- + B; + Mx+ = o] (K, + B; + M, ) fori = 1,2.

In the case of pairs, we recall the notion of B-birational map, originally due to Fujino [17, Definition
1.5]. Observe that, for our purposes in later sections, it is important to deal with possibly reducible
varieties.

Definition 2.7. Let (X,A) = U(X;,A;) and (X’,A’) = U(X/,A}) be possibly reducible normal pairs.
We say that f: X --> X’ is a B-birational map if (X, A) and (X’, A’) are crepant. That is, X and X’ have
the same number of irreducible components, and there exists a permutation o of the index set of the
irreducible component such that, for every i, the restriction f;: X; --» X(’T (i) is birational and (X;, A;) is
crepant to (X’ A:T(l.)).

o (i)’

Definition 2.8. Given a pair (X,A) = LI(X;, A;) as in Definition 2.7, we define
Bir(X,A) == {f|f: (X,A) --» (X,A) is B — birational}.

The set Bir(X, A) forms a group under composition.

We observe that Definition 2.7 and Definition 2.8 naturally extend to the case of generalized pairs.
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2.4. Complements

In this subsection, we introduce the notion of relative complements.

Definition 2.9. A contraction is a projective morphism of quasi-projective varieties f: X — Z such
that f,Ox = Oz. Notice that, if X is normal, then so is Z. A fibration is a contraction X — Z such that
dim Z < dim X.

Definition 2.10. Let (X, B) be a pair and X — Z a contraction. We say that a pair (X, B) is log Fano
(resp. weak log Fano or log Calabi-Yau) over Z if it is log canonical and —(Kx + B) is ample over Z
(resp. —(Kx + B) is nef and big over Z or Kx + B is R-trivial over Z).

We say that (X, B) is of Fano type (resp. log Calabi-Yau type) over Z if (X, B+ A) is klt and weak
log Fano (resp. log Calabi—Yau) for some choice of A > 0.

If (X,0) is of Fano type (resp. log Calabi—Yau type) over Z, we say that X — Z is a Fano type
morphism (resp. log Calabi-Yau type morphism). If (X, B) is log Fano (resp. log Calabi—Yau, Fano
type, Calabi—Yau type) over a point, we simply say that (X, B) is log Fano (resp. log Calabi-Yau, Fano
type, Calabi-Yau type).

Definition 2.11. Let X — Z be a contraction and (X, B, M) be a generalized pair over Z. Let N be a
positive integer. An N-complement of Kx + B+ Mx over a point z € Z is a divisor Kx + B* + My such
that over some neighborhood of z, we have:

(X, B*,M) is generalized log canonical;
N(KX + B* +Mx) ~z 0;

NM is b-Cartier; and

B* > B.

If the above conditions hold for Kx + B* + My over every z € Z, we say that Kx + B* + My is an
N-complement of Kx + B+Myx over Z. We say that Kx + B* + My is a Q-complement of Kx + B +Mx
over z € Z (resp. Q-complement of Kx + B + Mx over Z) it is a g-complement for some g € Z~.

O O O O

The following lemma states that complements can be pulled back via Kx -positive birational contrac-
tions (see [3, 6.1.(3)]).

Lemma 2.12. Let (X, B,M) be a generalized log canonical pair over a base Z. Suppose f: X --> X' is
a (Kx + B + My )-nonnegative birational contraction over Z. Let B’ = f,.B and N be a positive integer.
If Kx' + B’ + Mx: has an N-complement over 7 € Z, then Kx + B+ Mx also has an N-complement over
z € Z.

The following lemma says that extracting divisors with small log discrepancy from a Fano type
variety preserves the Fano type property (see [3, 6.13.(7)]).

Lemma 2.13. Let X — Z be a contraction. Let X be a Fano type variety over Z and (X, B) a log
Calabi-Yau pair over Z. Let f: Y — X be a birational morphism. Suppose that every f-exceptional
divisor E satisfies ag (X, B) < 1. Then Y is of Fano type over Z.

Furthermore, let Ky + By be the log pull-back of Kx + B. If Ky + By has an N-complement over
z € Z, then (X, B) also has an N-complement over z € Z.

2.5. Coefficients under adjunction

In this subsection, we study the coefficients of a pair under adjunction.

Definition 2.14. Let R be a set of rational numbers. We define Iz to be the minimal integer / such that
for any r € R and n € N, we have that

|nlr] = n(I - 1r.

If there does not exist such an integer, we define Iz to be 0.
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Note that when the set R is finite I exists as the least common multiple of the denominators will
satisfy the previous inequality. When R is the set of standard coefficients Ir=1. If R is finite, then Iz
is bounded above by the least common multiple of the rational numbers in R that are not standard.

Definition 2.15. Let A be a set of real numbers in [0, 1]. Define the derived set of A as

m—-—1+A41+---+41,
m

D(A) = {a € [0,1] |a= , wheren € Zsg,m € Zsgand Ay,...,4, € AU {0,1}}.

We also define D,,(A) € D(A) to be the subset in which, in the definition of a, at least one A;
is equal to Ag. The set A is said to be derived if A = D(A). If A is a positive integer, then we set

D= D(Z[4] n(o.1]).

For instance, the set of standard coefficients S = {1 — 1/m | m € Z-¢} U {1} is derived. The
following lemmata describe some properties of derived sets.

Lemma 2.16 [22, Proposition 3.4.1]. Let A be a set of real numbers in [0, 1]. Then D(A) = D(D(A)),
that is, D(A) is a derived set.

The following lemma allows us to control the coefficients of the generalized pairs obtained by
divisorial adjunction. The lemma is a special case of [3, Lemma 3.3]; we refer to the proof of [13,
Lemma 3.8] for the details of this adaptation.

Lemma 2.17 [3, Lemma 3.3]. Let (X, B,M) be a generalized log canonical pair over Z and A be a set
of rational numbers in [0, 1]. Suppose the coefficients of B and My belong to A for some model X’
where M descends. Let S be the normalization of a component of | B]. Write

(Kx+B+Mx)|S "‘KS+BS+NS

for the generalized adjunction on S, where Bg is the boundary part and N the moduli part. Then the
coefficients of Bs and Ng/ belong to the derived set D(A) for some model S’ where N descends.

The following lemma is used in the proof of Theorem 6.1 to control the coefficients of the discriminant
part of a log Calabi—Yau fibration over a curve.

Lemma 2.18. Let g be a positive integer. Let A\ be a set of nonnegative rational numbers. Suppose A
satisfies the DCC and has rational accumulation points. Then the set

bt -b
I ::{ — 20|qb+€Z>o,b+sl,mEZ>0,b€A}QQ

satisfies the ascending chain condition and has rational accumulation points.

Proof. We first show that X, satisfies the ascending chain condition. Suppose in X, we can find an
increasing sequence
bT—b1<bJ2'—b2 by — b

< e <
mi ma mg

< v e

Since b} € {i/q: 0 < i < g} has only finitely many choices, we may assume, by passing to a
subsequence, that all b} are the same and equal to the number 5*. Furthermore, note that

ml(bz_bk) < mq
le’—bl T bt —by

my <
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The second inequality holds as 1 > b} > b} — by. Hence, the sequence ny is bounded above. Thus, by
passing to a subsequence we may assume that m; = m for all k. Now, we obtain a decreasing sequence

by >by>--->bp>--,

which violates the descending chain condition of A. Thus, %, satisfies the ascending chain condition.
Let a # 0 be an accumulation point of X,. Since X satisfies the ascending chain condition, we may
find a sequence

bi-bi _by-br _ bi-b

mi %) nmi
whose limit is a. We may assume that b} = b™ for all k. Then

bt - by
mi <

1
<—.
a a
The second inequality holds as 1 > b} > b} —by. Hence, the sequence my is bounded above. By passing
to a subsequence, we may assume that mj = m for all k. Since A has rational accumulation points,
b*—br b*

a = lim =——— lim by €Q,
k—00 m m m k—oo

as desired. ]

2.6. Coregularity of pairs

In this subsection, we define the coregularity of a generalized pair and prove some of its properties.

Definition 2.19. Let (X, B, M) be a generalized log canonical pair. Let f: ¥ — X be a generalized dlt
modification, and write

Ky + By +My Zf*(KX +B+Mx).
Let
|By| =E{+Ey+---+E,

be a simple normal crossing divisor on Y.
The dual complex D(Y, By + My) is a simplicial complex constructed as follows:

o For every 1 < i < r, there is a vertex v; in D(Y, By + My) corresponding to the divisor E;. For

every subset / € {1,2,...,r} and every irreducible component Z of (;¢; E;, there is a simplex vz
of dimension #I — 1 corresponding to Z;
o Forevery I C {1,2,...,r}and j € I, there is a gluing map constructed as follows. Let Z C (;¢; E;

be any irreducible component. Let W be the unique component of (;¢j\(;; Ei containing Z. Them,
the gluing map is the inclusion of vy into vz as the face of vz that does not contain the vertex v;.

Define the dimension of D(Y, By + My) to be the smallest dimension of the maximal simplex, with
respect to the inclusion, of D(Y, By + My ). When D(Y, By + My) = @, set its dimension to be —1.
The dual complex D(Y,By,My) depends on the dIt modification Y. However, its PL-
homeomorphism type is independent of the dlt modification (see, e.g., [16, Theorem 1.6]).
Define the dual complex D(X, B, M) associated to the generalized pair (X, B, M) as the homeomor-
phism type of the complex D(Y, By + My ). Thus, for any dIt modification we have

dimD(X, B,M) = dim D(Y, By, My).

When M = 0, we write D(X, B) instead of D(X, B, 0) for simplicity.
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Definition 2.20. Let (X, B, M) be a generalized log canonical pair over Z. We define its coregularity
to be

coreg(X,B,M) :=dimX — 1 —dimD(X, B,M).

Definition 2.21. Let (X, B,M) be a generalized log canonical pair over Z. We define the absolute

coregularity over Z of (X, B,M), denoted by cofeg(X/Z, B, M), as follows:

o if (X, B*,M) is not a generalized log Calabi—Yau pair over Z for every divisor B* > B, we set
cofeg(X/Z, B,M) to be oo;

o otherwise, we set coteg(X/Z, B, M) to be the smallest value of coreg(X, B*, M), over all divisors
B* > B for which (X, B*,M) is generalized log Calabi—Yau over Z.

Let z € Z be a point. We define the absolute coregularity of (X, B,M) over z € Z, denoted by
cofeg, (X, B,M) to be the minimum of coteg(n~!(U)/U, B,M) where U runs over all neighborhoods
ofzeZ.

By definition, we have that

coteg (X, B,M) € {0,...,dim X, oo}.
If X — Z is the structure morphism of X and coreg(X, B, M) = dim X, then we say that (X, B, M) is
an exceptional generalized pair.
By the negativity lemma, the coregularity is preserved under certain MMP.
Lemma 2.22. Let (X, B,M) be a generalized log canonical pair over Z. Let 7 € Z be a point. Suppose
f: X - Yisa (Kx + B+ Mx)-nonnegative birational contraction over Z. Write By = f.B. Then

coteg, (Y, By,M) = cofeg, (X, B,M).

Proof. Up to shrinking Z around z, we can find a generalized log Calabi—Yau pair (X, B + I', M) over
Z that computes the absolute coregularity of (X, B,M) over z. Let 'y = f.I'. Since (X, B +I',M) is
generalized log Calabi—Yau over Z, we conclude that (¥, By + I'y, M) is generalized log canonical.
As (X,B +T',M) and (Y, By + I'y,M) are crepant equivalent, we conclude that they have the same
coregularity. Hence, we deduce that

cofeg, (Y, By,M) < cofeg, (X, B,M).

On the other hand, up to shrinking Z around z, we can find an effective divisor Dy on Y that computes
the absolute coregularity of (Y, By, M) overz. Let p: W — X and ¢: W — Y be a common resolution.
Write

Kx+B+D+MX:q*p*(Ky+By+Dy+My).

By the negativity lemma, we know that D is an effective divisor. Hence, (X, B+ D, M) is a generalized
log Calabi—Yau pair over Z. As above, we conclude that the absolute coregularity of (X, B, M) over
z € Z is at most the absolute coregularity of (Y, By, M) over z € Z. This finishes the proof. O

The following lemma states the coregularity behaves well under adjunction for generalized log
Calabi—Yau pairs.

Lemma 2.23. Let (X, B, M) be a generalized log Calabi-Yau pair over Z. Let 7 € Z be a point. Let S be
the normalization of a component of | B] whose image on Z contains z. Let Bs and N be the boundary
and moduli parts defined by generalized adjunction, so that (Kx + B+ Mx)|s ~ Ks + Bs + Ng. Then,
we have that

coreg(S, Bs, N) = coreg(X, B,M).

holds after possibly shrinking around z € Z.
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Proof. By passing to a generalized dlt modification, we may assume that both generalized pairs
(X,B,M) and (S, Bs,N) are generalized dlt. Since any minimal generalized log canonical center of
(S, Bs,N) is a minimal generalized log canonical center of (X, B, M), we have that coreg(S, Bs, N) >
coreg(X, B, M). On the other hand, let W be a minimal generalized log canonical center of (X, B, M)
whose image on Z contains z. By [16, Theorem 1.4], (S, Bs,N) admits a generalized log canoni-
cal center Wy that is P'-linked to W, thus dim Wy = dim W. This implies that coreg(X, B,M) >
coreg(S, Bs,N). O

See [3, §3] for the construction of generalized adjunction. By altering the pairs, we can get the same
result for pairs with nef anticanonical class.

Lemma 2.24. Let (X, B, M) be a generalized log canonical pair over Z. Assume that —(Kx + B + My)
nef over Z. Let S be the normalization of a component of | B]. Let Bs and N be the boundary and moduli
parts defined by generalized adjunction so that (Kx + B+ Mx)|s ~ Ks + Bs + Ng. Then, we have that

coreg(S, Bs, N) = coreg(X, B,M).

Proof. Define P := —(Kx + B + Myx) and let P denote its b-Cartier closure. Then, P is a b-nef Q-
Cartier divisor. We can apply Lemma 2.23 to the generalized log Calabi—Yau pair (X, B,M + P).
Therefore, coreg(S, Bs,N + P|g) = coreg(X, B,M + P). Since P descends on S, we conclude that
coreg(S, Bs, N + P|g) = coreg(S, Bs, N). Hence, coreg(S, Bs,N) = coreg(X, B, M). O

The following lemma will be used to cut down the dimension of the base Z in a fibration X — Z.

Lemma 2.25. Let (X, B) be a log canonical pair over Z and n: X — Z be a fibration with dim Z > 2.
Suppose

the pair (X, B) is log Calabi—Yau over Z;

¢ is of Fano type over an open set U of Z;

every log canonical center of (X, B) dominates Z; and
the coregularity of (X, B) is at most c.

O O O O

Let H be a general hyperplane section of Z and G be the pull-back of H to X. Write
(KX +B+G)|G =K¢g + Bg.

Then we have

the pair (G, Bg) is log canonical;

the pair (G, Bg) is log Calabi—Yau over H;

the induced map G — H is of Fano type over U N H;
every log canonical center of (G, Bg) dominates H; and
the coregularity of (G, Bg) is at most c.

O O O O O

Furthermore, let By and By denote the discriminant parts of the adjunction for (X, B) over Z and
(G, Bg) over H, respectively. Let D be a prime divisor on Z and C a component of D N H. Then

coeffp (Bz) = coeffc (By).

Proof. We follow the proof of [2, Lemma 3.2].

Since G is the pull-back of a general hyperplane section on Z, (X, B + G) is log canonical. Thus, by
adjunction, (G, Bg) is log canonical and log Calabi—Yau over H. Moreover, every log canonical center
of (G, Bg) is a component of the intersection of a log canonical center of (X, B+ G) and G, and hence
must dominate H. By 2.23, we have an equality

coreg(G, Bg) = coreg(X, B) < c.
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Denote the map G — H by . Let ¢ be the log canonical threshold of 7*D with respect to (X, B) over
the generic point of D. Then there is a non-klt center W of (X, B + 2" D) which dominates D and the
pair (X, B+tr* D) is Ic over the generic point of D. Since G is a general pull-back, (X, B+ G +tx*D) is
also Ic over the generic point of D. By inversion of adjunction [27], there exists a component of G N W
which is a non-klt center of (G, Bg +t7n*C) and (G, Bg +tn*C) is Ic near the generic point of C. Thus,
t is the log canonical threshold of ¥*C with respect to (G, Bg). In particular, we have

coeffp(Bz) =1 -1t = coeffc(By). o

Definition 2.26. We say that a log canonical threshold ¢ = Ict((X, B);I") has coregularity c if
coreg(X, B + tI') = ¢ and the support of I" contains the image on X of a c-dimensional log canonical
center on a dIt modification.

2.7. Kollar-Xu models for log Calabi-Yau pairs

In this subsection, we introduce the concept of Kollar—Xu models. Using a theorem due to Filipazzi and
Svaldi, we conclude that every generalized log Calabi—Yau pair admits a Kollar—Xu model.

Definition 2.27. Let (X, B, M) be a projective generalized log Calabi—Yau pair. We say that (X, B, M)
is a Kollar-Xu generalized pair if there exists a projective contraction 7: X — Z for which the following
conditions are satisfied:

(1) the generalized pair (X, B, M) is generalized dlt;
(2) every generalized log canonical center of (X, B, M) dominates Z; and
(3) the divisor | B] fully supports a 7-big and -semiample divisor.

In particular, the morphism 7: ¥ — Z is of Fano type.

Let (X, B, M) be a generalized log Calabi—Yau pair. Let 7: Y --> X be a birational map. Assume that
7 only extracts log canonical places of (X, B, M) and is an isomorphism over X \ Supp| B]. If (Y, By, M)
is a Kollar—Xu generalized pair, then we say that Y --» X is a Kolldr—Xu model for (X, B, M). We may
also say that (Y, By, M), together with 7, defines a Kollar—Xu model for (X, B, M).

The following theorem is a generalization of [31, Theorem 49] to the context of generalized pairs.
We refer the reader to [16, Theorem 4.2]. It gives a first approximation for the existence of Kollar—Xu
models in the following theorem.

Theorem 2.28. Let (X, B,M) be a projective Q-factorial generalized dlt log Calabi-Yau pair. Then,
there exists a crepant birational map ¢: X - X, a generalized pair (X, B,M) and a morphism
n: X — Z such that:

(1) | B] fully supports a w-ample divisor; o
(2) every generalized log canonical center of (X, B, M) dominates Z;

(3) E c Supp|B] for every ¢_l—£xcepti0ncidivis0r E Cc X; and
4) ¢~" is an isomorphism over X \ Supp|B].

We observe that the model X in Theorem 2.28 is not necessarily Q-factorial. However, using
Q-factorial dIt modifications, we construct a Kollar—Xu model.

Theorem 2.29. Let (X, B, M) be a projective generalized log Calabi—Yau pair. Then, it admits a Kolldr—
Xu model Y --> X. Furthermore, if (X, B, M) has coregularity c, then so does (Y, By, M).

In the context of Theorem 2.29, if ¢ = 0, then Z = Spec(K) and Y is a variety of Fano type.
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Proof. Let (X, B,M) be a generalized pair as in the statement. Then, we first consider a Q-factorial
generalized dlIt modification and then apply Theorem 2.28 to such modification. Call (X, B, M) the re-
sulting model and 77: X — Z the morphism claimed in Theorem 2.28. Since (X, B, M) has coregularity
¢, then so does (7, B, M). In particular, (7, B, M) has a c-dimensional generalized log canonical cen-
ter. Then, by (2) in Theorem 2.28, it follows that Z has dimension at most c¢. By (1) in Theorem 2.28,
B fully supports a r-ample divisor, which we will denote by H. Now, let (Y, By, M) be a Q-factorial
generalized dlt modification of (Y, B, M), with morphism p: Y — X. We denote by my the induced
morphism nry : ¥ — Z. Note that every generalized log canonical center of (¥, By, M) dominates Z.
Then, (2) in Definition 2.27 holds. By [16, Remark 4.3], we have NkIt(X, B, M) = Supp| B]. Since p
only extracts generalized log canonical places, it then follows that every p-exceptional divisor has posi-
tive coefficients in Hy := 7*H and that Supp Hy = Supp| By |. Then, it follows that | By | fully supports
a my-big and my -semiample divisor. Thus, (3) in Definition 2.27 holds. The statements (1) and (3) in
Definition 2.27 hold by construction. We conclude that (Y, By, M), together with 7y, are a Kollar-Xu
model of (X, B, M). Lastly, (Y, By, M) has coregularity c, since it is crepant to a generalized pair of
coregularity c. O

2.8. Index of generalized klt pairs

In this subsection, we reduce the index conjecture for generalized klt pairs to the standard index
conjecture.

Lemma 2.30. Let d and p be two positive integers. Let A be a set of rational numbers satisfying
the descending chain condition. Assume Conjecture 1(d) holds. Then, there exists a positive integer
I = I(A,d, p), satisfying the following. Let (X,B,M) be a generalized kit Calabi-Yau pair for
which:

o the variety X has dimension d;
o the coefficients of B belong to A;
o the divisor pM is Cartier where it descends.

Then, we have that (Kx + B+ Mx) ~ 0.

Proof. By the global ascending chain condition (ACC) [7, Theorem 1.6], we may assume that A is a
finite set of rational numbers. The statement is clear in dimension 1. We proceed by induction on the
dimension. If M = 0, then the statement follows from the conjecture. Since (X, B, M) is generalized
klt, it admits a small Q-factorialization. Therefore, we may assume that X is Q-factorial. By the ACC
for generalized log canonical thresholds, we may assume (X, B, M) is e-log canonical for some € that
only depends on d, p and A. Then, it follows that X is itself e-log canonical. We run a Kx-MMP which
terminates with a Mori fiber space X --» X’ — Z. If Z is zero-dimensional, then X’ belongs to a
bounded family by [4]. By [14, Theorem 1.2] (Kx- + B’ + Mx-) admits an /-complement for some / that
only depends on A, d and p. Since Kx- + B’ + M’ ~q 0, we conclude that I(Kx’ + B’ + M) ~ 0, so
the statement follows for X as well. Now, assume that Z is positive-dimensional. We write 7”: X’ — Z
for the corresponding contraction. By [14, Lemma 5.4], we can write

q(Kx' + B'+Mx') ~ qn*(Kz + Bz +Nz),

where the coefficients of Bz belong to © which satisfies the DCC and only depends on A, d and p.
Furthermore, g only depends on A, d and p and ¢gN is Cartier where it descends. The generalized pair
(Z,Bz,N) is generalized log canonical since it comes from the generalized canonical bundle formula
[11, Theorem 1.4]. By induction on the dimension, we know that Io(Kz + Bz +Nz) ~ 0 for some I, that
only depends on A, d and p. Thus, we conclude that I(Kx + B+ Mx) ~ 0, where I = lcm(q, Iy). O
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2.9. Lifting sections using fibrations
In this subsection, we give some lemmata regarding the lifting of sections using fibrations.

Theorem 2.31. Let A, d and ¢ be nonnegative integers. Assume that Theorem 6(d — 1, c) holds, and
let 1 .= I(D,,d - 1,c,) be the integer provided by this theorem. Let (X, B,M) be a d-dimensional
rationally connected generalized log Calabi—Yau pair. Assume that the following conditions hold:

X is Q-factorial and (X, B,M) is generalized dit;

there is a fibration X — W, which is a (Kx + | B])-Mori fiber space;
a component S C Supp| B] is rationally connected and ample over W;
the coefficients of B belong to D ,;

we have that AM is b-Cartier; and

the generalized pair (X, B,M) has coregularity c.

Then, we have that I(Kx + B+ Mx) ~ 0.

Proof. Let (X,B,M), S, f: X > Wand I :=I(D,,d - 1,c,A) be as in the statement. First, we show
that we can apply the inductive hypothesis to S.

Since (X, | B]) is dlt, S is normal. Furthermore, we have Nklt(X, S) = S. Since —(Kx +S) is f-ample,
by the connectedness principle [16], it follows that S — W has connected fibers. Now, let (S, Bs, N) be
the generalized pair induced on S by generalized divisorial adjunction. By Lemma 2.23, (S, Bg, N) has
coregularity c. Furthermore, by Lemma 2.17 and Lemma 2.16, it satisfies the assumptions of Theorem
6(d — 1, ¢) with constant /. Thus, we have

O O 0O O O ©

I(KS + Bgs + Ns) ~ 0. 2.1

By [10, Theorem 3.1], the coefficients of Bg belong to a finite set only depending on A and c. In
particular, they are divisible by 1, as so are the coefficients of Ng. Then, these coefficients control the
coefficients of Diffs(0), as we explain in what follows. By [29, 3.35], along the codimension 2 points
of X contained in S, X has cyclic singularities.

Then, given a prime divisor P in S, an étale local neighbourhood of a general point p € P is
isomorphic to

(pe(X,B,M)) ~(0¢€ (A2 = (x,y), (x = 0) +c(y = 0)))/(Z/mZ) x AdIMX-2

where Z ~ (A% = (x,))/(Z/mZ), S = (x =0) and S" = (y = 0). Since the class group of Z is generated
by §’, there exists an integer u such that

I(Kx + B+My) ~ uS’. 2.2)

By adjunction, S’|s ~q %{0}. We also have that I(Kx + B + Mx)|s ~ 0, as the denominators of the
coefficients of Bg and Ng divide / and hence it is a Cartier divisor on a smooth germ.
Then, we can write

0~ I(Kx + B +M)|s ~ uS']s ~ %{0}.

We conclude that m divides u. In particular, we have that S is a Cartier divisor, as the Cartier index
of any Weil divisor of X through {0} divides m. By the linear equivalence (2.2), we conclude that the
divisor I(Kx + B + M) is Cartier at the generic point of P. Note that this argument is independent
of P, so we conclude that I(Kx + B + M) is Cartier at the generic point of every divisor on S. Thus,
I(Kx + B+ M) is Cartier along a set U that contains the generic point of every divisor of S.

Then, by [3, 2.41 and Lemma 2.42], we have the following short exact sequence

0— Ox(I(KX +B+Mx) —S) — Ox(I(KX +B+Mx)) e Os(I(KS +BS +Ns)) — 0. (23)
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Since I(Kx + B+Mx) — S ~q,r —S, the divisor —S§ is f-ample and dim W < dim X, we have
[:Ox(I(Kx +B+My)—-S)=0.
Similarly, we write
I(Kx+B+Mx)~-S ~q 5 =S ~o,5 Kx +(B-S5+My).

Note that X is kltand B—S+My = B<! +My + (B=' —S) is f-ample since f is a Mori fiber space and the
divisor B<! + My is f-ample. Thus, by the relative version of Kawamata—Viehweg vanishing, we have

R'f,Ox(I(Kx + B+Mx) - S) = 0.
Therefore, by pushing forward (2.3) via f, we obtain
[:Ox(I(Kx + B+My)) = f,Os(I(Ks + Bs + Ng)).
Now, taking global sections, we have
H°(X,Ox(I(Kx + B +My))) = H(S,Os(I(Ks + Bs +Ns))) = H'(S,0s) #0.  (2.4)
By Lemma [13, Lemma 3.1], (2.4) implies that [(Kx + B+ Mx) ~ 0. m]

Theorem 2.32. Let A, d and ¢ be nonnegative integers. Assume that Theorem 6(d — 1, ¢) holds, and let
I = I(D,,d—1,c,0) be the integer provided by this theorem. Assume that I is divisible by 2A. Let
(X, B) be a d-dimensional log Calabi—-Yau pair. Assume that the following conditions hold:

X is Q-factorial and klt;

there is a fibration X — W;

S is a prime component of | B] that is ample over W;
(X,B-1S) isdlt;

the morphism S — W does not have connected fibers;
the coefficients of B belong to D y; and

the pair (X, B) has coregularity c.

O O 0O 0O O O ©O

Then, we have that I(Kx + B) ~ 0.

Proof. Let (X,B),S,f: X »>Wand ! :=1(D,,d-1,c,A) be as in the statement. We will proceed in
several steps.

Step 1: In this step, we observe that dim X — dim W = 1, f is generically a P!-fibration and By = S.

Since (X, B) is log canonical and X is Q-factorial, then (X, S) is log canonical. By considering a
general fiber of f, the restriction of S induces a disconnected ample divisor. Therefore, by [25, Exercise
II1.11.3], it follows that the general fiber of f is a curve. By the log Calabi—Yau condition and the fact
that O # Bpo > S, it follows that f is generically a P!-fibration. Since S — W does not have connected
fibers and deg Kp1 = -2, it follows that S is the only component of Supp B that dominates W, that is, we
have Bpor = S. In particular, we may find a nonempty open subset U € W such that Kx + S ~q 0/U.

Step 2: In this step, we show that dim W > 0.

By Step 1, X — W is generically a P'-fibration, and S determines two distinct points on the geometric
generic fiber of f. Thus, if dim W = 0, it would follow that (X, B) ~ (P', {0} + {c0}), with S identified
with {0} + {co}. Since we assumed that S is a prime divisor, this leads to the sought contradiction.
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Step 3: In this step, we show that we may replace X birationally so that (X, S) is plt, Kx + 5 ~g O/W
and f is a Mori fiber space.

Since (X, B) is log canonical and X is Q-factorial, then (X, S) is log canonical. Let X’ be a Q-
factorial dlt modification of (X, S), and let S” denote the strict transform of S. In particular, (X’, S") is
plt. By [23, Theorem 1.1], (X’, S§’) has a relatively good minimal model over W, which we denote by
(X, S). Since S” dominates W and dim X —dim W = 1, S is relatively big over W. Therefore, S’ cannot
be contracted on X, and therefore S is a divisor. Since (X’,S’) is plt, then so is (X, S). We denote by
W the relatively ample model, which is birational to W. Now, we run a K-MMP with scaling over W,
which terminates with a Mori fiber space f : X — W over W. Since dim X — dim W = 1, it follows that
W — W is birational. As before, since § dominates W and is relatively big over W as dim X —dim W = 1,
it follows that § cannot be contracted on X. Let § be its strict transform on X. Lastly, as K Kx + S ~g O/W
and § is the only log canonical place of (X S) § is the only log canonical place of (X, S). But then,
since § is a divisor on X, it follows that (X S) is plt In particular, $ is normal. Thus, by [13, Corollary
3.3], up to replacing X, S and Z with X, § and Z, respectively, in the following of the proof, we may
further assume that (X, S) is plt, Kx + S ~g 0/W and f is a Mori fiber space.

Step 4: In this step, we introduce a suitable pair structure on the base W.

Let (S, Bs) denote the pair induced by adjunction from (X, B) to S. By Lemma 2.23, (S, Bs) has
coregularity c. Then, by Lemma 2.17, the inductive hypothesis applies to (S, Bs) for the same value
of I. We also let (S, Diff5(0)) be the pair structure induced from (X, S) to S. By Step 1, fs: S —» W
is generically 2:1 and hence Galois. By [29, Proposition 4.37.(3)], (S, Diffs(0)) is invariant under the
rational Galois involution. Then, since Kx + S ~g 0/W and f is a Mori fiber space, it follows that B — S
is the pull-back of a Q-divisor on W. Then, it follows that also (S, Bs) is Galois invariant. Then, by
considering the Stein factorization of S — W and descending the pair structure thanks to the fact that
Ks+Bs ~g 0, it follows that we can induce a pair structure (W, Bw ) such that f¢ (Kw +Bw ) = Ks+Bs.
Since (S, Bs) has coregularity c, by [13, Proposition 3.11], then so does (W, By ). Furthermore, since
(S, Bs) has coeflicients in D 4, then so does (W, By ). Indeed, at the codimension 1 points of W where
S — W is étale, we will have the same coefficients on By and Bg for the corresponding divisors. Then,
we can consider a prime divisor Q ¢ W such that S — W ramifies of order 2 at the generic point of Q.
Then, over the generic point of Q, by the Riemann—-Hurwitz formula, we have

N 1 c
Kg+cP =fS(KW + §Q+ EQ)’

where P is the unique prime divisor in S dominating Q, in other words coeffp(Bs) = ¢ € D, and

coeffo(Bw) = ”‘ . By the definition of D,, we must have ¢ = = m=ltad” for some m € Z-o and
a € Zsp, and it follows that
1 m-1l+al™ 2m—-1+aa™!
— 4+ = € D,l.
2 m 2m
Thus, by the inductive hypothesis, we have
I(Kw + Bw) ~ 0. (2.5)

Step 5: In this step, we introduce a suitable generalized pair structure on W, and we compare it with
(W, Bw).

By the canonical bundle formula, the lc-trivial fibration f: (X, B) — W induces a generalized pair
structure (W, Aw ,N) on W. By [38, §7.5, (7.5.5)] and the fact that the generic fiber of f: (X, B) —» W
is a conic with two points, we have
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Kx+B~f*(KW +Aw +Nw) (2.6)

Furthermore, the representatives of the b-divisor N are determined up to Z-linear equivalence.

By [20, proof of Theorem 1.1], in an lc-trivial fibration (Y,T") — C, the total space of the fibration
and a minimal (with respect to inclusion) log canonical center E dominating the base C induce the same
generalized pair on the base space. More precisely, they induce the same boundary divisor as Q-Weil
divisor and the same moduli divisor as Q-b-divisor class. Yet, this comparison is possible after the
base change induced by the Stein factorization of E — C, as E — C may not have connected fibers.
We observe that the identification between the boundary divisors can also be obtained by inversion of
adjunction together with the connectedness principle.

In our situation, this implies that (X, B) and (S, Bs) induce the same generalized pair on W, up
to pull-back to the Stein factorization on S — W. In this case, S is generically a 2:1 cover of W.
Thus, it follows that (W, Ay ,N) and (W, By ) agree once pulled back to S. By construction, we have

o (Kw + Bw) = Ks + Bs, and the moduli b-divisor is trivial. In turn, this implies that Ay = Bw and
S¢Nw ~ 0. As for the moduli b-divisor, we only claim Z-linear equivalence, as a representative of the
b-divisorial class can be replaced in the Z-linear equivalence class.

Let S’ denote the Stein factorization of § — W, with induced morphism fs.: S — W. Then, fy is
a finite Galois morphism of degree 2, f¢,Nw ~ 0. By construction, f¢,Nw is Galois invariant since it
is the Q-Cartier pull-back of a Q-divisor on W via the finite morphism fs. We observe that this implies
that 2Ny is a Z-divisor and that 2 f¢, N is the integral pull-back of the integral divisor 2Ny .

Now, let s be a trivializing section of fg,Nw, and let 7 be the nontrivial element in the Galois group
of § — W. By the invariance of fg,Nw , we have that f,Nw + 77 f;,Nw =25 Nw. But then, s ® 7*s
is a Galois invariant trivializing section of 2f¢ Ny . Then, this section descends to W, thus implying
that

2Nw ~ 0. 2.7

Step 6: In this step, we conclude the proof.

Combining the previous steps and using the fact that 2|1, we have

I(KX +B) ~ If*(KW +BW +Nw)
~1f*(Kw +Bw) + I f"Nw
~ f*(I(Kw + Bw)) + f*INw
~ 0+ f*0~0,

where the first linear equivalence follows from Equation (2.6), the second one follows from the fact that
Kw + Bw is Q-Cartier, the third one follows from the definition of pull-back of Q-divisors, while the
last line follows from Equations (2.5) and (2.7). This concludes the proof. O

3. Finite coefficients

In this section, we explain how to reduce the problem of boundedness of complements from pairs with
DCC coeflicients to pairs with finite coefficients. First, we prove two lemmata that will be used in the
proof of the main proposition of this section.

Lemma 3.1. Let ¢: X — Z be a contraction from a projective Q-factorial variety X. Let (X, B, M) be
a generalized dlt pair over Z. Assume (X, B,M) is generalized log Calabi—Yau over Z. Assume there
is a component S C | B] that is vertical over Z. Then, there exists a birational contraction X --> X’
over Z
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satisfying the following conditions:

(i) the generalized pair (X', B’, M) is generalized log canonical;

(ii) the strict transform S’ of S in X’ is a divisorial generalized log canonical center of (X', B’,M);
(iii) we have that ¢’ (¢(S)) = S’ holds set-theoretically; and
(iv) the generalized pair obtained by adjunction of (X', B’,M) to S’ is generalized semilog canonical.

Proof. By [36, Lemma 3.5], we may run an MMP for (X, B — S, M) over Z with scaling of an ample
divisor A. By the negativity lemma, the divisor S is not contracted by this MMP. Furthermore, this
MMP is (Kx + B+ My)-trivial. Hence, conditions (i) and (ii) hold for any model in this minimal model
program.

We argue that after finitely many steps condition (iii) holds. Let X; --> X;4; be the i-th step of this
MMP and ¢; : X; — Z be the induced projective morphism. We let A; the positive real number for which
the birational map X; --» X;41 is (Kx, + B; — S; + M, + 4;A;)-trivial. Let Ao = lim; 4;. If s > 0, then
the previous MMP is also an MMP for (X, B—S+1.A, M). By [36, Lemma 3.7], this is also an MMP for
a klt pair with big boundary over Z which must terminate by [6]. Let X’ be the model where this MMP
terminates. In X”, we have that —S” is nef over Z. So S’ must be the set-theoretic preimage of ¢’ (S").

From now on, we assume that 1o, = 0. Let Wy, ..., Wy be the irreducible components of ¢~! (4(S))
different than S. Note that every step of the MMP is S-positive. Thus, if the strict transform of any
component W; is contained in the exceptional locus of X; --» X, then the number of components
of ¢)i_1 (¢(S)) drops. Henceforth, it suffices to show that each such component is eventually contained
in the exceptional locus of a step of the MMP. Assume ¢(W;) C ¢(S) is maximal among the sets
¢(W;)’s with respect to the inclusion. Let z € ¢(W;) be a general point. Up to reordering the W;’s,
since X — Z has connected fibers, we may assume that ¢~'(z) N W; N S is nonempty. Hence, for a
general point w € ¢_l(z) N Wi, we can find a curve C such that w € C, C € S, and C intersects S
nontrivially. In particular, we have that C C Bs_(Kx + B — S + Mx/Z). In particular, since we have
w € C, it follows that w € Bs_(Kx + B — S + Mx/Z). Since w is a general point in ¢~'(z) N Wy,
we also get that ¢~'(z) N W) C Bs_(Kx + B — S + Mx/Z). Since z is general, we conclude that
Wi, c Bs_(Kx + B—S+Mx/Z). For A; > 0 small enough, we have that

W, C BS(Kx+B—S+/llA+Mx/Z).

Since A1, = 0, we conclude that for some i the birational map X --» X; is a minimal model for
(X,B-S+11A,M/Z). In particular, W; must be contained in the exceptional locus of X --> X;. Hence,
after finitely many steps of this MMP, condition (iii) is satisfied.

Let X’ be a model where condition (iii) holds. By construction, the generalized pair (X', B, M) is
obtained by a partial run X --> X’ of the MMP for (X, B — S,M). In particular, (X', B’ — S, M) is
generalized dIt and Q-factorial. Hence, (X', B’ — €| B’]) is klt, where O < € <« 1. By [19, Example 2.6],
the pair obtained by adjunction of (X', B’ — €| B’] + €S’) to S’ is semilog canonical. In turn, by letting
€ — 0, it follows that the pair obtained by adjunction of (X', B”) to S’ is semilog canonical. Hence, the
generalized pair obtained by adjunction of (X', B’,M) to S’ is generalized semilog canonical. O

Lemma 3.2. Let ¢ and p be nonnegative integers and A C Qg be a closed set satisfying the DCC. There
exists a finite subset R = R(c, p, ) C A satisfying the following. Let (X, B,M) be a generalized log
canonical pair over Z and X — Z be a fibration for which the following conditions hold:

o the generalized pair (X, B,M) is log Calabi—Yau over Z;
o the generalized pair (X, B,M) has coregularity c;

https://doi.org/10.1017/fms.2024.69 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2024.69

Forum of Mathematics, Sigma 25

o pM is b-Cartier; and
o the coefficients of B belong to A.

Then, the coefficients of By belong to R.

Proof. Let (X;, B;, M;) be a sequence of generalized pairs as in the statement and ¢;: X; — Z; be the
corresponding contractions. Assume there exist prime divisors P; C X; for which d; := coeftp, (B;)
is strictly increasing and P; dominates Z;. Assume that some generalized log canonical center of
(X;, B;,M;) is vertical over Z;. We may replace (X;, B;, M;) with a generalized dlt modification
and assume there is a component S; C |B;] that is vertical over Z;. Furthermore, up to choosing a
different vertical component possibly dominating a different subset of Z;, we may assume that there is
a generalized log canonical center of (X;, B;, M;) dimension ¢ contained in S;. By Lemma 3.1, up to
losing the dlt property for (X;, B;, M;), we may assume that S; is the set-theoretic preimage of ¢. Let
Wi; be the normalization of S;, and let W; — Zyy, be the fibration obtained by the Stein factorization of
W; — ¢:(S;). Let (W;, B;, N;) be the generalized pair obtained by generalized adjunction of (X;, B;, M;)
to W;. Note that P; NS; dominates ¢(S;). Hence, there is a component of By, with coefficient in D 4, (A)
which is horizontal over Zyw, (see Lemma 2.17). Observe that the following conditions hold:

the generalized pair (W;, B;, N;) is log Calabi—Yau over Zy,;

the generalized pair (W;, B;, N;) has coregularity c;

pN; is b-Cartier;

the coefficients of By, belong to D(A); and

there is a component Q; of By, horizontal over Z; whose coefficient belong to D4, (A).

O O O O O

We replace (X;, B;, M;) with (W;, Bw,, N;) and P; with Q;. After finitely many replacements, we may
assume that for every i the generalized log canonical centers of (X;, B;, M;) are horizontal over Z;. [10,
Theorem 2] applied to the general fiber of X; — Z; implies that the coefficients of By, belong to an
ACC set. Thus, we conclude that the coefficients of By belong to a finite set /R which only depends on
¢, pand A. O

The proof of the following corollary is verbatim from the previous proof by replacing [ 10, Theorem 2]
with [13, Corollary 3].

Corollary 3.3. Let (X, B,M) be a generalized log canonical pair over Z and X — Z be a fibration for
which the following conditions hold:

the generalized pair (X, B,M) is log Calabi-Yau over Z;
the generalized pair (X, B, M) has coregularity 0;

2M is b-Cartier; and

the coefficients of B belong to S.

O O O O

Then, the coefficients of Bnor belong to {1, %}

Notation 3.4. Let A € Q¢ be a closed set of rational numbers satisfying the DCC. Given a natural
number m € Z, we consider the partition

a2} (252

of the interval [0, 1]. Denote by I(b, m) the interval of P, containing b € A. Define the number

bm =sup{x | x € I(b,m) N A} € A.
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For every positive integer m and every b € A, we have that b < b,,, asb € ANI(b,m).If b € Ais fixed
and m divisible enough, we have that b = b,,. The set C,,, := {b,, | b € A} is finite, and we have that

the set
A= | cn

meZxo

satisfies the DCC. Given a boundary divisor B > 0 on a quasi-projective variety X, we can write
B =73 ;b BY) in a unique way such that the B"/)’s are pairwise different prime divisors on X. If the
coeflicients of B belong to A, we define

By =) by BY.
7

It follows that B < B,,,.

Theorem 3.5. Let ¢ and p be nonnegative integers and A C Q¢ be a set satisfying the DCC with
rational accumulation points. There exists a finite subset R = R(c,p,A) € A C Qg satisfying the
Jollowing. Let (X, B, M) be a generalized log canonical pair over Z, X — Z be a contraction and z € Z
be a point. Assume the following conditions are satisfied:

o the variety X is of Fano type over Z;

o the divisor B has coefficients in A\;

o pM is b-Cartier;

o the generalized pair (X, B,M) has coregularity ¢ around z; and
o the divisor —(Kx + B + M) is nef over Z.

There exists a birational transformation X --» X’ over Z and a generalized pair (X’,I”’,M) satisfying
the following:

o the coefficients of T belong to R;

o the pair (X', I"", M) has coregularity c over z;

o the divisor —(Kx' + I + Mx-) is nef over a neighborhood of z € Z; and

o if (X', T",M) is N-complemented over z € Z, then (X, B, M) is N-complemented over z € Z.

Proof. Let (X,B,M) be a generalized pair as in the conditions of the theorem. By passing to a
Q-factorial generalized dIt modification, we may assume the considered generalized pairs are gdlt and
Q-factorial. We denote by m (X, B, M) the minimal m for which R = C,, satisfies the statement of the
theorem for (X, B, M). Since B,, = B for m large enough, then m (X, b, M) is finite. It suffices to show
that m(X, B, M) is bounded above by a constant that only depends on ¢, p and A. Assume that this is
not the case. Then, we may find a sequence of generalized pairs (X;, B;, M;), contractions X; — Z; and
closed points z; € Z;, satisfying the conditions of the theorem, for which m; = m(X;, B;,M;) — 1 is
strictly increasing. In particular, we have that B; ,,, — B; is a nontrivial effective divisor. Let P; be a prime
component of B; ,,, — B; that intersects the fiber over z. We study how the singularities of (X;, B;, M;)
over z; € Z; and the nefness of —(Kx, + B; + M;) over Z; change as we increase the coefficient at P;.

Step 1: For the generalized pair (X;, B;, M;), we will produce a positive real number #; which either
computes a log canonical threshold or a pseudo-effective threshold.

For each generalized pair (X;, B;, M;), we will define a real number ¢; as follows. We consider the
generalized pairs

(X;, Bit, M;) == (X;, B; + t(coeffp, (B; m; — Bi))Pi, M;). 3.D
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Let t; o be the largest real number for which the generalized pair (3.1) is generalized log canonical over
z; € Z; and

—(Kx, + B; + t(coeftp, (B; m, — Bi))P; + M; x;)

is nef over a neighborhood of z; € Z;. Assume that #; o < 1. Then, for ¢ > t; o close enough to ¢#; o one
of the following conditions hold:

(i) the generalized pair (X;, B; s, M;) is not generalized log canonical over z; € Z;; or
(ii) the divisor —(Kx, + Bi: + M; x,) is not pseudo-effective over a neighborhood of z; € Z; and
(Xi, Bit, M;) is generalized log canonical over a neighborhood of z; € Z;; or
(iii) the divisor —(Kx, + B; s + M, x,) is pseudo-effective, but it is not nef over every neighborhood of
zi € Z; and (X;, B; ;, M;) is generalized log canonical over a neighborhood of z; € Z;.

Assume that case (i) holds. Then, we set
1= l‘[,ocoeﬂ"pi(B[’mi - B)) +COCffpi(B[) S [COCffpi(B[),COCffpi (Bi,mi))~

We show that #; computes a generalized log canonical threshold of coregularity at most c. Indeed, we
have that

ti = glCt((Xi,Bi - coeffpl. (Bi)Pi,Mi);Pi),

so ¢; is a generalized log canonical threshold over z; € Z;. By construction, the support of P; contains a
generalized log canonical center of the generalized pair (X;, B; +t; P;, M;). SetN; := —(Kx, +B; +1; P; +
M;) as a nef b-divisor over Z;, that is, we set N; to be the b-Cartier closure of —(Kx, + B; +; P; +M; x,).
Then, we have that

(Xi,Bi+liPi,Mi +Ni) (32)

is a generalized log Calabi—Yau pair over Z;. Furthermore, the generalized log canonical centers of
Equation (3.2) are the same as the generalized log canonical centers of (X;, B; + t;P;,M;). By [16,
Theorem 1.4], up to replacing (X;, B; +t; P;, M;) with a generalized dIt modification, the support of P;
contains a generalized log canonical center of (X;, B; +t; P;, M;) of dimension at most c¢. Hence, ¢; is a
generalized log canonical threshold of coregularity at most c.

Assume that case (ii) holds. Then, we set

t; = t;ocoeff (B m, — B;) + coeff p, (B;) € [coeffp,(B;),coeftp, (B m;)).

In this case, we can find a Mori fiber space structure X; — W; over Z; such that the following conditions
are satisfied:

o the generalized pair (X/, B; — coeff p/(B])P; +1;P;, M;) is generalized log Calabi-Yau over W;;
o the prime divisor P; is ample over W;.

Note that (X/, B} —coeff p: (B;) P} +1; B, M;) has coregularity at most c. We have that ; is the coefficient
of a component of B} — coeff P (B;) +t; P} which is horizontal over W;.

From now on, we assume that (i) and (ii) do not happen. Assume that (iii) holds. Then, there exists a
birational contraction X; --» X/ which is (K, + By, , + M; x,)-trivial. Indeed, this contraction is defined
by the partial —(Kx, + B;  + M; x,)-MMP with scaling of P;, for ¢’ close enough to #; o as in (iii). By
construction, the first scaling factor is t' — t; o, and since —(Kx, + B; »» + M, x;) is pseudo-effective over
Z; and X; — Z; is of Fano type, this MMP terminates with a good minimal model. In particular, at the
last step of this MMP, the scaling factor is 0. Then, Xl.’ is the outcome of the last step where the scaling
factor is ¢’ — t; o. In particular, we have that _(KX{ + Bf,t + Mi,x;) is nef over Z; for t > ¢; o close enough
to t; 9. Note that an N-complement of (X/, B, , MXI{) induces an N-complement of (X, B; s, ,, M;)

1,10
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by pulling back, and so an N-complement of (X;, B;, M;). Henceforth, we may replace X; with X/ and
keep increasing t. Since X; is of Fano type over Z;, there are only finitely many birational contractions
X; --» X/. Therefore, we can replace X; with X; only finitely many times. Thus, after finitely many
birational contractions, we either have that #; o = 1, that #; < 1 is a log canonical threshold or that#; < 1
is a pseudo-effective threshold.

We assume that #; 0 = 1. Then there exists a birational contraction X; --» X/ and a generalized log
canonical pair

(Xi,’ Bz, - (coeﬁpi Bl/ + COCffp[Bl{’mi)Pi, Mi) 3.3)
for which the divisor
~(Kx: + B} — (coeftp, B] + coeffp, B] ,,,. ) Pi + M x7)

is nef over Z;. Note that the coefficients of the boundary of the generalized pair (3.3) belong to A and
the variety X/ is of Fano type over Z;. The b-nef divisor pMx; is b-Cartier. By construction, if the
generalized pair (3.3) admits an N-complement, then so does (X;, B;, M;). We can replace (X;, B;, M;)
with the generalized pair (3.3). By doing so, we decrease the number of components of B; ,,, — B;. By
the choice of m;, the divisor B; ,;, — B; cannot be zero after this replacement. Thus, we may pick a new
component and start increasing its coefficient (to this end, notice that X/ is Q-factorial by construction).
Note that this process must terminate either with #; < 1 a log canonical threshold or #; < 1 a pseudo-
effective threshold. Otherwise, we contradict the definition of m;.

Step 2: We show that a subsequence of the #;’s is strictly increasing.

Up to passing to a subsequence, we may assume that #; is either strictly increasing, strictly decreasing
or it stabilizes. The condition #; € [coeft p(B;), coeff p (B;,,,)) implies that #; must be strictly increasing.

Step 3: We finish the proof of the statement.

If case (i) happens infinitely many times, then we get a contradiction to the ACC for generalized
log canonical thresholds with bounded coregularity [10, Theorem 1]. If case (ii) happens infinitely
many times, then we get a contradiction to Lemma 3.2. In any case, we get a contradiction. Hence, the
sequence m; has an upper bound. O

4. Semilog canonical pairs

In this section, we discuss the index of semilog canonical pairs. We show that to control the index of
a semilog canonical log Calabi—Yau pair of coregularity c it suffices to control the index of dlt log
Calabi—Yau pairs of coregularity c. To prove the main statement of this section, we will need to use the
language of admissible and preadmissible sections. The preliminary results for this section are taken
from [19, 17, 44].

The following definition is due to Fujino [17, Definition 4.1].

Definition 4.1. Let (X, B) be a possibly disconnected projective semi-dlt pair of dimension n, and
assume that N(Kx + B) is Cartier. Let (X’, B’) be its normalization and D" C X’ be the normalization
of | B’]. As usual, we denote by (D", Bpn) the dlt pair obtained by adjunction of (X’, B’) to D". We
define the concept of preadmissible and admissible sections in H(X, Ox (I(Kx + B))) by induction on
the dimension using the two following rules:

1. we say that a section

s € HO(X, Ox (I(Kx + B)))
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is preadmissible if s|pn € H°(D",Opn(I(Kpn + Bpn))) is admissible. This set is denoted by
PA(X,I(Kx + B)); and
2. we say that

s € H (X,Ox(I(Kx + B))

is admissible if s is preadmissible and g*(s|x;) = slxj/_ holds for every crepant birational map
g: (X/,Bx;) - (X]’.,BX;_), where X’ = LX/ are the irreducible components of X’. The set of
admissible sections is denoted by A(X, I(Kx + B)).

The following lemma is due to Gongyo [21, Remark 5.2].

Lemma 4.2. Let (X, B) be a projective semi-dlt pair for which I(Kx+B) ~ 0. Letn: (X’,B’) — (X, B)
be its normalization. Then, a section s € H*(X, Ox (I(Kx + B))) is preadmissible (resp. admissible) if
and only if t*s € H* (X', Ox (I(Kx' + B’))) is preadmissible (resp. admissible).

The following lemma allows us to descend linear equivalence from normal varieties to semilog
canonical varieties (see, e.g., [17, Lemma 4.2]).

Lemma 4.3. Let (X, B) be a projective semilog canonical pair for which I(Kx + B) is an integral
divisor. Let (X', B’) — (X, B) be its normalization and (Y, By) a Q-factorial dlt modification of
(X', B’). Assume that I(Ky + By) is Cartier. Then, a section s € PA(I(Ky + By)) descends to
HY(X,Ox(I(Kx + B))). In particular, if we have that I1(Ky + By) ~ 0, and there exists a nowhere
vanishing section 0 # s € PA(I(Ky + By)), then we have that I(Kx + B) ~ 0.

Proof. The first part of the statement is [ 17, Lemma 4.2]. Now, s € PA(I(Ky + By)) is nowhere vanish-
ing, it descends to a nowhere vanishing section of Ox (I(Kx +B)), thus showing that /(Kx + B) ~0. O

In the context of connected dlt pairs, the set of admissible sections is the same as the set of
preadmissible sections (see, e.g., [17, Proposition 4.7]).

Lemma 4.4. Let (X, B) be a connected projective dlt pair with | B] # 0. Assume that (Kx + B) ~ 0
and I is even. Then, we have that

PA(I(Kx + B)) = A(I(Kx + B)).

On the other hand, in the dlt setting, we can lift admissible sections from the boundary to preadmissible
sections on the whole pair (see, e.g., [44, Lemma 3.2.14]).

Lemma4.5. Assume that (X, B) is a possibly disconnected projective dlt pair. Assume that [( Kx+B) ~ 0
and I is even. Assume that

0#seA(LBl,I1(Kx +B)|(5))-
Then, there exists
0+1tePA(X,I(Kx +B))

for which t||g| = s.

The following lemma states that the boundedness of indices for kit Calabi—Yau pairs together with the
boundedness of B-representations imply the existence of admissible sections (see, e.g., [44, Proposition
3.2.7)).

Lemma 4.6. Let c be a nonnegative integer and A be a set of rational numbers satisfying the descending
chain condition. Assume Conjecture 1 and Conjecture 2 in dimension c. There is a constant I1(A, c),
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only depending on A and c, satisfying the following. Let (X, B) be a projective kit log Calabi—Yau pair
with coefficients in A and dimension c. Then, there is a section

0#seAX,I(A,c)(Kx +B)).

Note that for a kit log Calabi—Yau pair an admissible section is nothing else than a section which is
invariant under the pull-back via crepant birational transformations.

Finally, we prove the following lemma that allows us to produce admissible sections on possibly
disconnected dlt pairs, once we know the existence of admissible sections on connected dlt pairs. The
proof is similar to that of [44, Proposition 3.2.8].

Lemma 4.7. Let d be a positive integer. Let (X, B) be a possibly disconnected projective dit log
Calabi—Yau pair. Assume that for every component (X;, B;) of (X, B), we have a nontrivial section on
A(X;, I(Kx, + B;)). Then, we have that A(X, I1(Kx + B)) admits a nowhere vanishing section.

Proof. Let (X, B) be a possibly disconnected projective dlt log Calabi—Yau pair. We write (X;, B;) for
its components fori € {1,..., k}. By assumption, for each 7, we have

0 # s; € A(X;, I(Kx, + By)).
For A; € C, we define
s = (181, ..., Aksx) € H'(X,N(Kx + B)).
Let G = Bir(X, B). We claim that the image of G in GL(H(X, Ox (I(Kx +B)))) is finite. We denote by
p1: Bir(X,B) —» GL(H(X, Ox(I(Kx + B))))

the usual map induced by pulling back sections. Thus, we want to show that p; (G) is finite. By [19], the
finiteness of p; (G) is known if X is connected. Thus, we need to reduce the disconnected case to the
connected one. Note that for every g € G, we have that p;(g)*" has finite order by [19, Theorem 3.15]
and the fact that the order of any permutation in Sy divides k!. Hence, we conclude that p; (G) is a finitely
generated subgroup of finite exponent of a general linear group, where the bound is determined by k!
and the least common multiple of the orders of the pluricanonical representations of each irreducible
component. Indeed, notice that p; (G) is finitely generated, as it is the extension of two finite groups:
the image via p; of the subgroup fixing the irreducible components of X, which is isomorphic to the
product of the pluricanonical representations of each irreducible component (hence, a finite group by
[19]), and a subgroup of Si. By a theorem due to Burnside, known as the bounded Burnside problem
for linear groups [8, Theorem 6.13], we conclude that p; (G) is finite.
Consider the section
t = Z a(s).

oceG

By construction, we have that t € A(X,I(Kx + B)). Indeed, ¢ is invariant under the action of any
birational transformation of (X, B). Thus, the restriction of ¢ to every log canonical center is also
invariant. It suffices to show that 7 is nontrivial on each component of X. By considering orbits of the
action, we may assume that Bir(X, B) acts transitively on the components of X. Consider the basis
((0,...,5is...,0)1<i<xk of H*(X, Ox(I(Kx + B))). Since the sections s; are admissible, in this basis,
the action of pj(g) is represented by a matrix whose diagonal entries are either O (if g(X;) # X;) or
1 (if g(X;) = X;). Hence, by observing that the matrix associated to the identity element of G is the
identity matrix, it follows that the action of }, s o in this basis is given by a nontrivial matrix whose
diagonal entries are all integers greater than or equal to 1. By the transitivity of the action and the fact
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that the action of }; .5 o is given by a matrix whose diagonal are positive integers, we deduce that we
can find A; € C for which ¢ is nonzero on all components. O

Now, we are ready to prove the main theorem of this section.

Theorem 4.8. Let c be a nonnegative integer and A be a set of rational numbers satisfying the descending
chain condition. Assume Conjecture | and Conjecture 2 in dimension c. There is a constant I (A, ¢), only
depending on A and c, satisfying the following. Let (X, B) be a projective dlt pair with coefficients in A
and coregularity c. Assume that I(A, c)(Kx + B) ~ 0. Then, there is a nowhere vanishing admissible
section

0#seAX,I(A c)(Kx +B)).

Proof. Let I(A, c) be the positive integer given by Lemma 4.6. Without loss of generality, we may
assume that 7(A, ¢) is even.
By induction on i, we prove that every i-dimensional log canonical center V of (X, B) satisfies that

0#sy € A(V,I(A, C)(KV + By)), “.1)

where (V, By ) is the pair obtained by dlt adjunction of (X, B) to V. If i = ¢, then the pair is kit and the
statement follows from Lemma 4.6.

Now, assume that the statement holds for every irreducible i-dimensional dlt center of (X, B). Let
W be a log canonical center of (X, B) of dimension i + 1. The pair (W, By ) obtained from adjunction
is dlt of dimension i + 1 and it holds that I(A, ¢)(Kw + Bw) ~ 0. Let W, be the union of all the log
canonical centers of (W, Bw ). Let (Wy, Bw,) be the pair obtained by performing adjunction of (W, By )
to (Wo, Bw, ). Hence, (W, By, ) is an i-dimensional semi-dlt pair with /(A, ¢) (Kw,+Bw,) ~ 0. Observe
that Wy may have multiple irreducible components. Let ng; : U — W, be the normalization of Wy. Let
(U, By) be the pair obtained by log pull-back of (W, Bw,) to U. Then, we have that (U, By) is a
possibly disconnected projective dlt pair of dimension 7/ and coregularity c. By [16, Theorem 1.4], we
know that every component has coregularity c. Furthermore, we have that I(A, ¢)(Ky + By) ~ 0. By
Equation (4.1) in dimension i, we have that each irreducible component U; of U satisfies that

0+sy,;€ A(Uj, I(A, C)(KUj + BU,))
By Lemma 4.7, we conclude that there exists a nowhere vanishing section
0#sy € A(U,IA,¢)(Ky +By)).

By Lemma 4.3, we conclude that this section descends to sy, € H°(Wo, Ow, (I(A, ¢)(Kw, + Bw,)))-
Note that we have ny; sw, = sy. By Lemma 4.2, we conclude that sw, € A(Wo, I(A, ¢)(Kw, + Bw,))-
By Lemma 4.5, we conclude that there exists

0#tw € PAW,I(A, ¢)(Kw + Bw)).
Finally, since W is connected, we conclude by Lemma 4.4, that there is a section
0#tw € AW, I(A, ¢)(Kw + Bw)).

This finishes the inductive step.

We conclude, that for every i € {c,...,dim X}, every i-dimensional log canonical center of
(X, B) admits an admissible section. In particular, we get a nowhere vanishing section 0 # sx €
A(X,I(A, c)(Kx + B)) as claimed. O

The previous theorem allows controlling the index of semilog canonical pairs once we can control
the index of their normalization.
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Theorem 4.9. Let c be a nonnegative integer and A be a set of rational numbers satisfying the descending
chain condition. Assume Conjecture | and Conjecture 2 in dimension c. There is a constant I (A, ¢), only
depending on A and c, satisfying the following. Let (X, B) be a projective semilog canonical pair with
coefficients in A and coregularity c. Let (Y, By) be a Q-factorial dlt modification of a normalization of
(X, B). Assume that I(A\, ¢)(Ky + By) ~ 0. Then, we have that I(A, c)(Kx + B) ~ 0.

Proof. We can consider I(A, ¢) as in Theorem 4.8. By Theorem 4.8 and Lemma 4.7, we know that
there exists a nowhere vanishing preadmissible section

0# sy € PA(Y,I(A,c)(Ky + By)).

By Lemma 4.3, we conclude that the linear equivalence I(A, ¢)(Kx + B) ~ 0 holds. O

In the case of dimension 0, Conjecture | and Conjecture 2 are trivial. Indeed, the only variety of
interest is Spec(K), no boundary is allowed for dimensional reasons, and Bir(Spec(K)) is trivial. Thus,
we get the following statement.

Theorem 4.10. Let (X, B) be a projective semilog canonical Calabi—Yau pair of coregularity 0 and
A be its Weil index. Let (Y, By) be a Q-factorial dlt modification of a normalization of (X, B). If
2A(Ky + By) ~ 0, then 2A(Kx + B) ~ 0.

Finally, Conjecture 1 and Conjecture 2 are known in the case of klt pairs of dimension 1 or 2 (see,
e.g., [44]). We get the following statement.

Theorem 4.11. Let A be a set of rational numbers satisfying the descending chain condition. There
exists a constant I (), only depending on A, satisfying the following. Let (X, B) be a projective semilog
canonical Calabi-Yau pair of coregularity 1 (resp. 2) such that B has coefficients in A. Let (Y, By) be a
Q-factorial dit modification of a normalization of (X, B). If I(A)(Ky +By) ~ 0, then I(A)(Kx +B) ~ 0.

Let us note that Conjecture 1 is known for kit 3-folds (see, e.g., [44]). However, Conjecture 2 is still
unknown in the case of kit Calabi—Yau 3-folds.

4.1. Lifting complements from nonnormal divisors in fibrations
In this subsection, we prove a statement about lifting complements from nonnormal divisors in fibrations.

Theorem 4.12. Let A, d and ¢ be nonnegative integers. Assume that Conjecture 1(c) and Conjecture 2(c)
hold. Let I == 1(D,,d -1, c,0) be the integer provided by Theorem 6(d — 1, ¢). Up to replacing I with a
bounded multiple, further assume that I is divisible by the integer provided by Theorem 4.9(D 4, c). Let
(X, B) be a projective d-dimensional log Calabi—Yau pair. Assume that the following conditions hold:

X is Q-factorial and klit;

there is a fibration X — W, which is a (Kx + B — S)-Mori fiber space;

a component S C | B] which is ample over the base and (X, B — S) is dlt;
the morphism S — W has connected fibers;

the coefficients of B belong to D ,; and

the pair (X, B) has coregularity c.

Then, we have that I(Kx + B) ~ 0.

O O O O O O

Proof. The proof is formally identical to the proof of Theorem 2.31, with the only difference that we
need to appeal to the results in §4 since S may not be normal. For completeness, we include a full proof
of the statement.

Let (X,B),S, f: X > Wand I = I(D,,d - 1,c,A) be as in the statement. First, we show that we
can apply the inductive hypothesis to S.

By [19, Example 2.6], the pair obtained by adjunction of (X, B—e€| B] +€S) to S is semilog canonical.
In particular, S is Sy. In turn, by letting € — 0, it follows that the pair obtained by adjunction of (X, B)
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to S is semilog canonical. In particular, let (S, Bs) denote the pair obtained by adjunction from (X, B),
and let (S”, Bgv) denote its normalization. By [10, Lemma 2.28], (S”, Bs») has coregularity c. Then,
by Lemma 2.17, (S”, Bgv) satisfies the assumptions of Theorem 6(d — 1, ¢) with constant 1. Then, by
Theorem 4.9, we have

I(Ks + Bs) ~ 0. “4.2)
By [29, Proposition 4.32], S is seminormal. Then, by [12, Lemma 2.3] and the fact that S — W has
connected fibers, we have f.Os = Ow . Lastly, we observe that, if dimX — dimW = 1, since S - W
has connected fibers, it follows that (B — S)yor # O.
Now, consider the short exact sequence

0—- Ox(I(Kx+B)-S) > Ox(I(Kx +B)) = Os(I(Ks + Bg)) — 0. 4.3)

The exactness of Equation (4.3) follows verbatim as the exactness of Equation (2.3). Since I(Kx + B) —
S ~q,r —S, the divisor —S§ is f-ample and dim W < dim X, we have

f:Ox(I(Kx +B)—S)=0.
Similarly, we write
I(Kx + B) -S ~Q,f -S ~Q,f KX + (B - S)

First, assume that Bpor # S. Note that X is kit and B — S is f-ample since f is a Mori fiber space and the
assumption that By, # S. Thus, by the relative version of Kawamata—Viehweg vanishing, we have

R'f.Ox(I(Kx +B) - S) = 0.

Now, assume that By, = S. By the equality Bpor = S and the fact that f is a Mori fiber space, we have
I(Kx +B)-S ~q,r =S ~q,rf Kx + (B-2S5) ~q,f Kx + Bver ~0,5 Kx.

Thus, we obtain

I(Kx +B) - S - Kx ~q,r 0.
Since X is a klt variety, by [28, Theorem 1-2-7], we have that le*Ox(I(Kx + B) — S) is torsion
free. To conclude that it vanishes, it suffices to show that it has rank 0. As observed at the end of the
previous paragraph, we have that dim X > dim Z + 2 under the additional assumption Bpor = S. Then,
by applying Kawamata—Viehweg vanishing to a general fiber [30, Theorem 2.70], we conclude that the
rank of R' f,Ox (I(Kx + B) — S) is 0, thus implying that R' £,Ox (I(Kx + B) — S) = 0.

Therefore, by pushing forward Equation (4.3) via f, we obtain
£:Ox(I(Kx + B)) = f.Os(I(Ks + Bs)).

Now, taking global sections, we have

HY(X,Ox(I(Kx + B))) = H*(S, Os(I(Ks + Bs))) = H’(S, Os) # 0. (4.4)

By [13, Lemma 3.1], (4.4) implies that I(Kx + B) ~ 0. O
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5. Relative complements

In this section, we prove an inductive statement regarding the existence of complements for Fano type
morphisms with bounded coregularity.

5.1. Lifting sections from a divisor

In this subsection, we introduce some tools to lift complements from a divisor of a log Fano pair. Let X
be a Fano type variety and (X, B, M) be a generalized log canonical pair for which —(Kx + B + Mx)
is nef. The main theorem of this subsection implies that we can lift complements for (X, B, M) from a
component S of | B] under some suitable conditions explained in the following theorem.

Theorem 5.1. Let d, ¢ and p be nonnegative integers and R C Qsq be a finite set. Let N := N(D(R),
d — 1,c, p) be the integer provided by Theorem 7(d — 1, c). Assume that N is divisible by p and by
Ir. Let m: X — Z be a Fano type morphism, where X is a d-dimensional variety. Let (X, B,M) be a
generalized log canonical pair over Z and 7 € Z a point satisfying the following conditions:

o the generalized pair (X, B,M) has coregularity at most ¢ over z;
o the divisor B has coefficients in R;

o pM is b-Cartier; and

o the divisor —(Kx + B + M) is nef over Z.

Assume that there exists By < B and a € (0, 1] for which:

o the generalized pair (X, By, aM) is generalized log canonical but it is not generalized kit over z;
o the divisor —(Kx + B| + aMy) is big and nef over Z.

Then, (X, B,M) admits an N-complement over z.

In order to prove the main theorem of this section, we take inspiration from [3, §6.6]. In particular,
we will first prove a weaker statement.

Proposition 5.2. Let d, ¢ and p be nonnegative integers and R C Qs¢ be a finite set. Let
N =N(D(R),d - 1,c, p) be the integer provided by Theorem 7(d — 1,c). Assume that N is divis-
ible by p and by Ir. Let m: X — Z be a Fano type morphism, where X is a d-dimensional variety.
Let (X, B,M) be a Q-factorial generalized log canonical pair over Z and z € Z a point satisfying the
following conditions:

o the generalized pair (X, B,M) has coregularity at most c over z;
o the divisor B has coefficients in R;

o pM is b-Cartier; and

o the divisor —(Kx + B + M) is nef over Z.

Assume there exists a boundary T on X and a € (0, 1) for which:

o the generalized pair (X,T", aM) is generalized plt over z;
o we have that S = |I'| C | B] intersects the fiber over z; and
o the divisor —(Kx +T" + aMy) is ample over Z.

Then, (X, B,M) admits an N-complement over z.

Proof. We will proceed by induction on the dimension, keeping the coregularity constant. Over several
steps, we will lift a complement from a divisor. Since the statement is local over z € Z, in the course
of the proof we are free to shrink Z around z. In particular, all linear equivalences that are relative to Z
can be assumed to hold globally. We add the fractions with denominator p to the set R. This does not
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change the value of N, hence proving the statement for this new finite set is the same as proving it for
the original R.

Step 1. In this step, we reduce to the case where (X, B, M) is Q-factorial generalized dIt.

Let (X', B’,M) be a Q-factorial dlt modification of (X, B, M). Pick E exceptional such that —F is
ample over X. Notice that the existence of E is guaranteed by the hypothesis that X is Q-factorial. Also,
let (X’,T”, aM) be the trace of (X,T", M) on X’. We observe that I'” may no longer be effective.

Since (X, T, aM) is generalized plt with |[I"| c |B] and X’ — X only extracts divisor that appear
with coeffcient 1 in B, for 0 < 4 <« 1, the datum of (X', (1 —)B’ + AI'’, (1 — 1 + Aa)M) is actually
a generalized pair (i.e., its boundary is effective) and it is generalized plt with 1 — 2 + da € (0, 1).
Furthermore,

—(Kx'+(1=2)B"+AT" + (1 - 1+ 2a)My)

is the pull-back of a divisor on X that is relatively ample over Z. Thus, for £ > 0 small enough, we have
that

—(Kxr+(1 =B’ + AT’ + eE + (1 — 1 + da)My/)

is ample over Z. Hence, up to replacing (X, B,M) with (X', B’,M) and (X, T,aM) with (X’, (1 —
B+ AT + ¢E, (1 — 1+ Aa)M) we can assume that X is Q-factorial and (X, B, M) is generalized dIt.

Step 2. In this step, we prove that S — 7(S) is a contraction.

As aMy is the push-forward of a divisor that is nef over Z, its diminished base locus does not contain
any divisor. Let 7 : X’ — X be amodel where M descends. Let Kx + 1"+ @My be the crepant pullback
of Kx +I' + aMy (this I'’ is different from the one defined in step 1). For any 0 < § < 1, we can write

(1 - 6)(KX/ +I7 +(¥MX/) = Kx +I7 + (QMX/ - 6(KX/ +I7 +C},’Mxl)).

As aMy- is nef and —(Kx+ + IV + aMy-) is big and nef over Z, by [32, Example 2.2.19] there exists
an effective divisor E” such that aMy: — 6 (Kx: +I'" + aMx’) ~q A;( + %E’, for all positive integers &,
where each A} is ample over Z.

So, we can write (1 — 6)(Kx + " + aMx) ~qg Kx' +T" + A} + %E'. If we choose k large enough
and A generically, then the subpair (X', + A} + %E ") is sub-plt. With those choices fixed, we define
A= ﬂ*A];, E = %N*E’. Therefore,

(1-0)(Kx+TI'+aMx) ~g Kx +T'+A+E,

with (X, A+ E +T') being plt. Call G := A + E +I'. For ¢ small enough, we have that —(Kx + G) is
ample over Z and |G| = S. From the exact sequence

0— Ox(=S) - Ox — Og — 0,
we get the exact sequence
7.0x — m.0s = R'm.0x (-5).
Since —S = Kx + G — S — (Kx + G), with (X, G — S) being kit and —(Kx + G) being ample over
Z, we have that R'7,Ox (=S) = 0 by the relative Kawamata—Viehweg vanishing theorem. Therefore,
1.0x — n,.Og is surjective.

Let gon’: § —» Z' — Z be the Stein factorization of 7: S — Z. Then Oz = 1.(Ox) —
7.0s = 8.0z is surjective. As Oz — g.0z factors as Oz — Oy — g.Oz, the morphism
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Ox(s) — 8+(Oz) is surjective. Then, it is an isomorphism, as the map Z’ — Z is finite. Hence,
Z’" — n(S) is an isomorphism and S — 7(S) is a contraction. Restricting Kx + G to S shows that S is
of Fano type over 7(S).

Step 3. In this step, we use adjunction and consider a complement on S.

Consider alogresolution f: X’ — X of (X, B, M) such that M descends on X', and write Kx+Bx’ =
f*(Kx + B). Let S’ be the strict transform of S and g: §” — S be the induced morphism. Let (S, Bs, N)
be the generalized pair obtained by adjunction of (X, B,M) to S. By Lemma 2.17, the coefficients of
Bg are in D('R) and the b-divisor pN is b-Cartier. By Lemma 2.24, the coregularity of (S, Bs, N) is at
most ¢. By Theorem 7(d — 1, ¢) if dimz(S) = 0 or by the inductive hypothesis if dim 7 (S) > 0, the
divisor K + Bs + Mg has an N complement B over z with coregularity at most c. In the following
steps, we will lift BY to an N-complement By, of Kx + B + Mx over z with coregularity at most c.

Step 4. In this step, we introduce some divisors and prove some properties of these divisors.

Define Qx/ = Bx: — LB)Z((,)J and Tx: = NQx — I_(N + 1)QX/J - N(KX/ + By + MX/). We write
Kx' +I'x = f*(Kx +T'). Now, we define a divisor Px- in the following way. For any prime divisor
Dx: # §’, we set coeffp,, (Px/) = —coeffp,, |[I'xs + NQx» — [ (N + 1)Qx-]] and coeffs:(Px/) = 0.
Hence, Py’ is an integral divisor such that Jx- = 'y, + NQx — [ (N + 1)Qx/] + Px- is a boundary,
(X', Jx,aMy) is generalized plt and |Jx-| = S’. For Dx. # S’ not exceptional over X, as NB is
integral, we have that coeffp,, (N€x~) is an integer. Thus, coeffp,, [ (N + 1)Qx/ | = coeffp,, (NQx').
So, coeffp,, (Px’) = —coeffp,, (I'x’) = 0. We conclude that P~ is exceptional over X.

Step 5. In this step, we lift sections from S’ to X’ using Kawamata—Viehweg vanishing.

Observe that:

Tx + Px: = NQX' - |_(N+ 1)QX'J - N(Kxf + Bx: +fo) + Px
= Kxf +Fxf - (KX' +Fxr) +NQXf - |_(N+ I)QX/J —N(KX/ +BX' +MX/) +PX/
ZKX/+JX/—(KX/ +FX/)—N(KX/+BX/+MXf).

Then, we have that —(Kx- + I'ys + aMy+) — N(Kx’ + Bx' + Mx/) + aMx- is big and nef over Z and
(X', Jx» — §’) is klt. Therefore, up to shrinking Z around z, the relative Kawamata—Viehweg vanishing
theorem implies that 2! (X', Ox/(Tx' + Px: — §’)) = 0. So, we obtain

HY(X',Ox/(Tx' + Px))) —» H (X', Ox(Tx' + Px') |s)) = H' (X', Ox(Tx: + Px» = §")) = 0.

This means that we can lift sections of (Txs + Px/) |s» from S’ to X’.
Step 6. In this step, we introduce a divisor G g which is linearly equivalent to (T’ + Px’)|s’.

We have —N(KS + Bg +Ng) = —N(KS +B§ + Bg —Bg +Ng) ~ —N(BS —B;) = N(Bg —BS) > 0.
Define Ks+Bs/+Ns' := g*(Ks+Bs+Ns). Then, we have that —-N (K +Bgs+Ns') ~ Ng*(Bg—Bs) > 0.
Then, it follows that =N (Kx+ +Bx'+My/) |s= =N(Ks +Bs' +Ng/) ~ Ng* (B¢ — Bs). We define G =
Ng*(Bg - Bs) + NQyx- |5l —|_(N + 1)QX' |S/J + Px/ |S’- By definition, we have G g ~ (TXr + PX/) |S’~

Step 7. In this step, we prove that G is effective and that it lifts to an effective divisor Gx- on X’.

Assume Gy is not effective, then there exists some prime divisor Cs» with coeffc,, (Gs/) < 0. As
Ng*(B§—Bs) and Py are effective, we must have that coeffcy, (NQx- |57 = (N+1)Qx- [s/]) is negative.
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Since X’ is a log resolution, we have that the restriction to S” commutes with taking the integral (resp.
fractional) part of a divisor whose support is involved in the log resolution. In particular, observe that

coeffc,, (NQx/ |sr = (N + 1)Qx- [s7]) = coeffc,, (—Qx |s» +{(N + 1)Qx- |s/}) = —coeffcg, (Qx- |s7) > 1.

As Gy is integral by the previous inequality its coefficients cannot be negative. Therefore, by Step 4,
we can lift G to an effective divisor Gx- ~ Txs + Pxs with support not containing S’ and such that
Gx |ls=Gyg.

Step 8. In this step, we introduce a divisor B* > B for which NB* ~ —N(Kx + My).

Since NB is integral, | (N + 1)Q] = NQ, where Q is the push-forward of Qy-. Similarly, we call 7,
P and G the push-forwards of Tx-, Px- and G-, respectively. We have that P = 0 as Px- is exceptional
and therefore T =T + P ~ G. Hence, we have that -N(Kx + B+Mx) =T =T+ P ~ G > 0. Therefore,
N(Kx + B* +Mx) ~ 0, where we define B* := B + +-G.

Step 9. In this step, we prove that (X, B*, M) is generalized log canonical over some neighbourhood of
z, thus proving that B* is an N-complement for (X, B, M) over z.

‘We first prove that #G |s= B§ — Bs. Note that we have the following chain of Q-linear equivalences:
Rx = Gx — Px + |_(N+ I)QX/_] - NQx ~Txr + |_(N+ I)QXfJ - NQx = —Nf*(KX +B+Mx) ~Q O/X

Since NQ is integral, we have that | (N + 1)Q] = NQ. Therefore, as Px- is f-exceptional, f.(Rx') = G
and Ry is the pull-back of G. Observe that

Ng*(B; - Bs) =Gs — Py + [(N+ 1)Qx' |s/] = NQx |s= (Gx — Px' + [(N + 1)Qx'| = NQx/) |s'= Rx |s' .

Therefore, g* (B — Bs) = ﬁRXf ls'= g*(#G s), implying that By, — Bs = #G Is -

‘We now have that KS+B§+NS = Ks+Bs+B§—Bs+N5 = (Kx+B+%R+Mx) ls= (Kx+B++Mx) |s.
By inversion of adjunction, (X, B*, M) is generalized log canonical near S. Moreover, it has coregularity
¢ by [10, Lemma 2.30].

If (X, B*, M) is not generalized log canonical near the fiber over z, then (X, aB* + (1 — a)T"),M) is
also not generalized log canonical near the fiber over z for a < 1 close enough to 1. The generalized pair
(X, B*,M) is generalized log canonical near S, therefore a component of the generalized non-klt locus
of (X,aB*+(1-a)T"), M) is not near S. But S is also a component of the generalized log canonical locus.
Hence, the generalized non-klt locus of (X, aB* + (1 — a)I"), M) is disconnected near the fiber over z.
This is a contradiction as —(Kx +aB*+(1—a)[ +M) = —a(Kx +B*+M) — (1 —a)(Kx + '+ M), is big
and nef over Z, so the connectedness principle can be applied (see, e.g., [3, Lemma 2.14]). Therefore,
(X, B*,M) is generalized log canonical near the fiber over z. m}

Proof of Theorem 5.1. We will proceed in several steps to reduce to Proposition 5.2. Without loss of
generality, we may replace X with a small Q-factorial modification.

Step 1. In this step, we define a boundary divisor B, < B and reduce to the case where —(Kx + B, +
abMy) is big and nef for some b € (0, 1).

For any 0 < a < 1, we have that
a(Kx +B+Mx)+(1-a)(Kx +B1+aMy) =Kx + (aB+ (1 —a)B;) + (a+ (1 —a)a)My

is antibig and anti-nef, hence we can replace B by aB + (1 — a)B; and a by a + (1 — a)a to obtain B
with coefficients as close as needed to the coefficients of B.
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Let B, = bBj for some b < 1. Since X is of Fano type over Z, —(Kx + B| + aMy) defines a
contraction X — V over Z. We run an MMP on —(Kx + By + abMy) over V. In the resulting model
—(Kx’+ B/ +abMx) is big and nef over V. By the definition of V, —(Kx + B}, +abMx-) (1 —t) — (Kx' +
B +aMx)t is nef over Z for t close enough to 1, which is equivalent to saying that —(Kx- + B, +@bMx-)
is nef over Z for b close enough to 1.

By taking a close enough to 1, we have that Kx + B + My is nonnegative over V, hence the MMP
we ran is (Kx + B + Mx)-nonnegative. So, by Lemma 2.22 the coregularity of (X, B, Mx) remains
unchanged.

Then, we can replace (X, B,M) with (X', B’,M), B; with B| and B, with B/, to have also that
—(Kx' + Bé + abMy-) is big and nef over Z. As —(Kx + B + aMy) is big and nef over Z, we have that
there is A ample and E effective, such that —(Kx + Bj + aMx) ~q,z A+ E.

Step 2. In this step, we separate into cases depending on whether the generalized log canonical centers
of (X, B;, M) are contained in the support of E.

We can take a generalized dlt modification of (X, B, My ), so we can assume that (X, By, aMy)
is generalized dlt. If Supp E contains no generalized log canonical center of (X, By, aM), then (X, By +
eE,aM) is generalized dlt for £ > 0 small enough.

We have that —(Kx + By + ¢E + aMx) ~q.z (1 — &)(5;A + —(Kx + By + aMy)) is ample over
Z. Hence, by altering the coefficients of B; + ¢E, we can produce a divisor I" that lets us conclude by
Proposition 5.2.

If Supp E does contain some generalized log canonical center of (X, B;,aM), then for 0 < r < 1
we define B, := rBy + (1 —r)By and @, = (r + b(1 — r))a. Then, we define 7, to be the generalized
log canonical threshold of E + B} — B, with respect to (X, B,, @, M) over z. Since X is of Fano type,
it is klt. Furthermore, since (X, B, M) is generalized log canonical and 0 < b,r < 1, it follows that
(X, By, ;M) is generalized klt. In particular, we have 7, > 0. We have

—(Kx +B, +t,(E+B; - B,)+a,Mx) =—(Kx +By+aMx)+ B, - B, —t(E+ B — B,) + (@ — a,)My
~rz A+E+(1-t.)(B1 - B;) —tE + (@ — a;)Mx
=t,A+(1-1t,)(A+E+ (By - B,)) + (a — a,) My
~rz yA—(1-1.)(Kx + B +aMx) + (& — )My
~r,z tyA—=(1=1t,)(Kx + B, + a,;Mx) +t, (& — )My
=t,(A+ (¢ —a,)Mx) — (1 - t,)(Kx + B, + yMx).

If we pick r close enough to 1, then « — a,- tends to 0, hence A — (@ — @, )My is ample over Z for r close
enough to 1. Fixing such an r, it follows that —(Kx + B, +t,(E + B; — B,) + a,My) is ample over Z.

Step 3. In this step, we separate into cases according to the round-down of the divisor ® := B, +¢,(E +
B - B;).

If we have |®] = 0, then we let (X’,0’,a,M) be a dIt modification of (X, 0, a,M). We can
assume that every component of |®’] intersects the fiber over z, after shrinking Z. Furthermore,
since (X, B, a;M) is generalized klt, |®’] is the exceptional divisor of X’ — X. An MMP on
Kx' +|®’] + abMx- over X ends with X, as | ®’] is the exceptional divisor of X’ — X and X is klt and
Q-factorial. The last step of this MMP would be a divisorial contraction X" — X contracting one prime
divisor §” with (X", §”, @, Mx~) generalized plt and —(Kx~ +S”’ + @, Mx~) ample over X. Furthermore
§”" is a component of both ®” and B{’, where Kx» + ®" and Kx~ + B}’ are the pull-backs of Kx + ©
and Kx + By, respectively.

As —(Kx+0O+a,My) is ample over Z and —(Kx~»+S”" +a, Mx~) is ample over X, a linear combination
of §” and ®” yields I'” such that —(Kx~» + I'" + @, Mx~) is ample over Z and (X"',T”, a,Mx») is
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plt with [I"”"] = S”. We can apply Proposition 5.2 here. As an N-complement on X" would induce an
N-complement on X, we have reduced to the case where |®] # 0.

It only remains to deal with the case where |®] # 0. In this case, there is a component S of
[®] < |B1] < |BJ. On adlt modification of (X, S, @My ), we can perturb the coefficients of ®’ to get
that | @] is irreducible and —(Kx- + " + @, My ) is ample. Therefore, we can obtain the N-complement
by Proposition 5.2, as desired. As an N-complement on X"’ induces an N-complement on X, we are
done. O

5.2. Relative complements

In this subsection, we study the existence of complements in the relative setting. The main theorem of
this subsection states that we can lift complements from lower coregularity pairs when all the generalized
log canonical centers are horizontal over the base.

Theorem 5.3. Let d, ¢ and p be nonnegative integers and A C Q be a closed set satisfying the DCC.
Assume Theorem 7(c — 1) holds. There exists a constant N := N(A, ¢, p) satisfying the following.

Let m: X — Z be a Fano type morphism, where X is a d-dimensional variety, and dimZ > 0.
Let (X, B,M) be a generalized log canonical pair over Z and z € Z a point satisfying the following
conditions:

the generalized pair (X, B, M) has coregularity at most ¢ over z;
the coefficients of B belong to A;

every generalized log canonical center of (X, B, M) dominates Z;
pM is b-Cartier; and

the divisor —(Kx + B + M) is nef over Z.

O O O O O

Then, there exists an N-complement for (X, B, M) over z.

Proof. We will proceed in several steps to be able to lift complements using Theorem 5.1.

Step 1. In this step, we reduce to the case in which the boundary coefficients belong to a finite set,
(X, B,M) has coregularity ¢ — 1 over, and | B] has a vertical component intersecting the fiber over z.

By Theorem 3.5, there exists a finite set R and a relative pair (X’, B’, M) with coeff(B’) C R such
that if (X’, B, M) is N-complemented, then so is (X, B, M). So, we can replace our generalized pair
(X, B,M) with (X’, B’, M). Hence, we may assume the coefficients of B belong to the finite set R. Up
to taking a Q-factorial dIt modification, we may further assume that X is Q-factorial.

We pick an effective Cartier divisor N on Z passing through z. We let ¢ be the generalized log canonical
threshold of ¢*N with respect to (X, B, M) over z. By the connectedness principle [16, Theorem 1.7]
and the assumption that all the generalized log canonical centers of (X, B, M) dominate Z, we know
that the coregularity of (X, B +tq*N,M) is at most ¢ — 1.

Let (X’,T’,M) be a generalized dlt modification of (X, B + tq*N, M) over z. Let B’ be the strict
transform of B on X’. Let Q' be a boundary such that B’ < Q" < T, coeff(Q’) c R and some
component S of | Q'] is vertical over Z intersecting the fiber 77! (z). Let Q = 7.Q".

We run an MMP over Z on _(KX’ +Q/+MXI). As _(KX’ +Q/+MX') = _(KX’ +T,+MXf) +(T’ —Q,),
with —(Kx- + T’ +M’.) nef over Z and (T’ — Q') effective, the MMP ends with a minimal model, which
we denote by X”’.

If (X”,Q",Mx~) has an N-complement over z, then (X’, Q’, Mx-) has an N-complement over z by
Lemma 2.12. As B < Q, we have that also (X, B, Mx) has an N-complement by Lemma 2.13. So, we
can replace (X, B, Mx) with (X", Q",Mx~), to obtain | B] having a component intersecting the fiber
over z, with —(Kx + B+Mx) nef over Z. Notice that, after this reduction, the coregularity has decreased,
and it is no longer the case that all generalized log canonical centers dominate Z.
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Step 2. In this step, we define a divisor B; which satisfies the hypothesis of Theorem 5.1.

For any prime divisor D that vertical is over Z, we set coeffp (B1) = coeffp(B). For any prime
divisor D horizontal over Z, we set coeffp (B1) = coeffp(aB) for a < 1, close enough to 1.

As X is of Fano type over Z, we have that —Kx is big over Z. Therefore, —(Kx + aB + aMy) =
—a(Kx+B+Myx)—(1-a)Kx and —(Kx + B +aMy) are big over Z. The generalized pair (X, By, aM) is
generalized log canonical as B; < B and | By | contains the same vertical component as | B] intersecting
the fiber of z.

Step 3. In this step, we reduce to the case in which —(Kx + B + My) is big and nef over Z.

Since 7 is a Fano type morphism and —(Kx + B + M) is nef over Z, —(Kx + B + M) is semiample
over Z. Let X — V over Z be the contraction defined by —(Kx + B + Mx). We run an MMP on
—(Kx + By +aMx) over V. In the resulting model —(K§, + B| + aMx) is big and nef over V. By the
definition of V, —(Kx- + B] + aMx)(1 = t) — (Kx- + B’ + M)t is nef over Z for t close enough to 1,
which is equivalent to picking a close enough to 1. We have that Kx + B + My is trivial over V, hence
the MMP is (Kx + B+ My )-nonnegative. Applying Lemma 2.22, the coregularity of (X, B, M) remains
unchanged after this MMP. Thus, we can replace (X, B, M), with (X’, B’,M) and B; with Bi with a
close enough to 1.

Step 4. In this step, we conclude by applying Theorem 5.1.

Let N(R, ¢ — 1, p) be the positive integer provided by Theorem 7(c¢ — 1). Taking N to be the least
common multiple of N(R,c — 1, p), Ir and p. Hence, N depends only on A, ¢ — 1 and p. Indeed, R
only depends on A, ¢ and p. By Theorem 5.1 the generalized pair (X, B, M) admits an N-complement,
where N only depends on A, ¢ and p. O

6. Canonical bundle formula

In this section, we prove a special version of the canonical bundle formula. We obtain an effective
canonical bundle formula that is independent of the dimension of the domain. It only depends on the
coregularity of the fibers.

Theorem 6.1. Let d, ¢ be nonnegative integers and A C Q be a closed set satisfying the descending
chain condition. Assume Theorem 7(c — 1) holds. There exists a set Q = Q(A, c) C Q satisfying the
descending chain condition and a positive integer q ‘= q(A\, ¢) satisfying the following. Let n: X — Z
be a fibration from a d-dimensional projective variety X to a projective base Z with dimZ > 0. Let
(X, B) be a log canonical pair satisfying the following conditions:

the fibration rt is of Fano type over a nonempty open set U of Z;
every log canonical center of (X, B) is horizontal over Z;

the pair (X, B) is log Calabi-Yau over Z;

the coefficients of B are in \; and

the coregularity of (X, B) is at most c.

O O 0 O O

Then, we can write
q(Kx + B) ~ qn*(Kz + Bz +Nz),

where (Z, Bz,N) is a generalized log canonical pair such that

o By is the discriminant part of the adjunction for (X, B) over Z;
o the coefficients of Bz belong to Q; and
o the divisor gN is b-nef and b-Cartier.
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Proof. The proof is given in several steps. In Step 1, we make a choice of ¢ and N. In Steps 2—4, we find
Q and show that the coefficients of Bz belong to Q. We also prove that gN is integral. In Step 5, we
show that ¢gN is b-Cartier. We observe that, by the assumptions on the log canonical centers of (X, B)
and on the coregularity of (X, B), it follows that dim Z < c.

Step 1. In this step, we find ¢ and make a choice of N.

Let ¢ be the integer N in the statement of Theorem 5.3(d, ¢ — 1). Here, we assumed Theorem 7(c —1).
Fix a general closed point z € U. Let H be a general hyperplane section of U passing through z. Then
(X, B+ n*H) is log Calabi—Yau and satisfies

coreg(X,B+n*H) <c—1.

This implies that the absolute coregularity of (X, B) over z is at most ¢ — 1. By Theorem 5.3(d, ¢ — 1),
there is a g-complement Kx + B* of Kx + B over z with B¥* > B. Note that ¢ only depends on A and
c. Since Kx + B is Q-trivial over Z, B* — B ~g 0 over z and hence B* = B near the generic fiber of 7.
Therefore, g(Kx + B) ~ 0 over the generic point of Z. Thus, we can find a rational function s on X such
that gL := q(Kx + B) + Div(s) is zero over the generic point of Z. Note that L ~g 0 over Z, so we can
write L = n* Ly for some Q-Cartier Q-divisor Lz on Z. Define

Nz =Lz — (Kz + Bz),

where By is the discriminant part of adjunction for (X, B) over Z. Similarly, for any birational morphism
g: Z' — Z,we can define Nz as follows. Let f: X’ — X be a higher birational model of X such that
the rational map X’ --» Z’ is a morphism. Write Kx- + By for the pull-back of Kx + B and By be the
discriminant part of adjunction for (X’, Bx/) over Z’. We define

NZ’ = g*LZ - (KZ’ +BZ’)-

The data of Ny, for all birational models Z’ — Z, determine a b-divisor N on Z.
Step 2. In this step, we reduce to the case when the base Z is a curve.

Assume dim Z > 2. Let H be a general hyperplane section of Z and G be the pull-back of H to X. By
adjunction, we can write

(KX +B+G)|G =Kg + Bg
for some divisor Bg on G. By Lemma 2.17, there exists a set A’ satisfying the DCC, having rational
accumulation points and depending only on A such that the coefficients of B belong to A’. We may
replace A with A’ to assume that the coefficients of B belong to A. Since dim Z < ¢, this replacement
can only happen at most ¢ — 1 times and is hence allowed. By Lemma 2.25, the pair (G, Bg) over H
satisfies the same conditions as (X, B) over Z in the statement of this theorem. Furthermore, let By

denote the discriminant part of the adjunction for (G, Bg) over H. Let D be any prime divisor on Z and
C a component of D N H. Then

coeffp (Bz) = coeffc(By).
Pick a general H' ~ H,and let Ky = (Kz+H’)|y, which is properly defined as a Weil divisor. Define

Ny’ =(Lz+H')|g — (Ku +Bp).
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Similarly to the way we defined the b-divisor N on Z, we can define N’ as a b-divisor on H. Then, we have

q(KG +Bg) ~q(L+G)lg ~qy*(Lz + H)|g ~ q¢”" (Kg + Ba +Ng').

Thus, Ny’ is the moduli part of (G, Bg) over H. Moreover, we have By + Ny’ = (Bz + Nz)|u-
This implies that coeffc (By + Ng’) = coeffp(Bz + Nz) and hence coeffc (Ng”’) = coeffp(Nz). In
particular, gNg’ is integral if and only if gNg is integral.

As aresult, to prove that coeff(Bz) belongs to a fixed set Q and that gN is integral, we may replace
(X, B) — Z with (G, Bg) — H. By repeating this process until the base of the fibration is a curve, we
may assume that dimZ = 1.

Step 3. In this step, we show the existence of Q.

By Step 2, we can assume dim Z = 1. By [3, Lemma 2.11], the variety X is of Fano type over Z.
Pick any closed point z € Z. Let t be the log canonical threshold of 7*z with respect to (X, B) around
z.SetI' = B +tr*z, and let (X', T"") be a Q-factorial dlt modification of (X,I"). Then Kx +I'" ~q 0
over Z and I'” has a component with coefficient 1 mapping to z. Pick a boundary B’ on X’ satisfying the
following conditions:

o we have B < B’ < T, where B is the strict transform of B on X’;
o the coeflicients of B’ are in A; and
o the divisors B’ and I'” have the same round-down, that is, | B’| = |[T"].

By construction, Supp(I"’ — B’) is contained in the strict transform of Supp(n*z). If t < 1, | B’| has a
component 7 mapping to z which is exceptional over X. Note that X’ is of Fano type over Z. We run a
—(Kx’ + B’)-MMP with scaling over Z. Since —(Kx- + B") ~g I’ = B is pseudo-effective, this MMP
terminates with a model (X", B”’) such that —(Kx~ + B"") is semiample over Z by [1, Theorem 1.1]. The
divisor 7 is not contracted by this MMP because T ¢ Supp(I"’ — B”). Furthermore, by Lemma 2.22, we
have

coreg(X”, B”) = coreg(X’, B’) < coreg(X’,T’) < c.

As a result, up to losing the dlt condition, we may replace (X’, B’) by (X", B”") to assume that the
following properties hold:

X’ is Fano type over Z;

(X’, B’) is a log canonical pair over Z;
the coeflicients of B’ are in A;
coreg(X’,B’) < c;

—(Kx’ + B’) is semiample over Z; and
| B’| has a component mapping to z.

O O 0O O O ©

If t = 1, we may simply take B’ = T"” so the above conditions hold as well for (X’, B’).

By Theorem 5.1 and our choice of ¢, the pair (X’, B’) has a g-complement (X’, B*) over z with
B’+ > B’. Pushing forward B’+ to X gives a g-complement (X, B*) of (X, B) over z with B* > B.
Furthermore, Kx + B* has a non-klt center mapping to z, since its pull-back Kx- + B’+ does. Note that
B* — B ~g 0 over z, so B* — B must be a multiple of 7*z over z. This implies that B* = B + t7*z over z
since Kx + B* has a non-klt center mapping to z.

Pick a component S of n*z. Let b, b* and m be the coefficients of S in B, B* and 7*z, respectively.
Then b* = b +tm and ¢ = NT_[’ By construction, gb* and m are integers, b* < 1 and b € A. By
Lemma 2.18, t belongs to a fixed set £ (depending only on I, A) which satisfies ACC and has rational
accumulation points. Since the coefficient of z in Bz is 1 — ¢, it belongs to a set € depending only on /
and A such that € satisfies DCC and has rational accumulation points.
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Step 4. In this step, we show that gNz is integral.

By Step 2, we can assume that Z is a curve. By Step 1, the equivalence g(Kx + B) ~ 0 holds over
some nonempty open subset V C Z such that Supp Bz € Z\ V. Let

®=B+ Z 1.z,
z€Z\V

where ¢, is the log canonical threshold of 7%z with respect to (X, B) over z. Note that Kx +® ~g 0 over
Z. Let ®7z be the discriminant part of adjunction for (X, ®) over Z. Then

®z =Bz + Z 1,2= Z Z

zeZ\V zeZ\V

is an integral divisor. Moreover, by Step 3, the pair (X, ) is a g-complement of (X, B) over each
z€ Z\V.Over V, we have q(Kx + ®) ~ q(Kx + B) ~ 0. Thus, ¢g(Kx + ®) ~ 0 over Z by [3, Lemma
2.4]. Furthermore, from the equalities

q(Kx +0) = q(Kx +B) +q(® — B) ~ qn"(Kz + Bz + Nz) + qn* (027 — Bz) ~ qn*(Kz + 0z + Nz),
we obtain that ¢g(Kz + ©z + Nz) is an integral divisor and hence ¢N7 is integral.

Step 5. In this step, we show that gNz- is nef Cartier on some resolution Z" — Z.

The nefness follows from [3, Theorem 3.6], so we just need to show that gNz- is integral. Denote
the birational morphism Z’ — Z by g. As in Step 1, let f: X’ — (X, B) be a log resolution such
that the rational map n’: X’ --» Z’ is a morphism. Let Uy € U be a nonempty open set such that
U = g2 '(Uy) — Uy is an isomorphism. Let A’ be the sum of the birational transform of B and reduced
exceptional divisors of f but with all components mapping outside of Uy removed. Then, the generic
point of every log canonical center of (X', A’) lies inside Uy.

Let T be the normalization of the main component of Z’ Xz X. Run an MMP on Kx- + A’ over T
with scaling of some ample divisor. This MMP terminates with a Q-factorial dlt pair (X’/,A”") such
that Kx» + A” is nef over T. Let Xy = 7~ 1 (Up). Over Uy = U/, we have Z’' xz X = X, and hence
Kx» + A" is nef over Xy C X. By the negativity lemma, over U|, the divisor Kx» + A" is equal to the
log pull-back of Kx + B. This shows that (X”’, A”’) is a dIt modification of (X, B) over Uy. In particular,
X" is Fano type over U. Furthermore, every log canonical center of (X”,A”) dominates U. Indeed,
(X, B) satisfies the same property and the generic point of every log canonical center of (X’ A”’) lies
inside U]. Thus, we have

coreg(X”,A"") = coreg(X,B) < c.

By [1, Theorem 1.4], we can run an MMP on Kx~ + A’ over Z’ which terminates with a good minimal
model over Z’. Since this MMP is trivial over U, the dual complex and hence the coregularity of
(X", A’") does not change under this MMP. Abusing the notation, we again denote the good minimal
model by X”. Let n”: X" — Z"" over Z’ be the morphism induced by the relatively semiample divisor
Kx» +A".Since Kx» + A" ~q 0 over U, Z"" — Z’ is birational and U/, the preimage of U] in Z”, is
isomorphic to Uj. Thus, every log canonical center of (X", A”’) also dominates Z”.

Let W be a common resolution of X and X”’, and set @: W — X and 8: W — X”’. By construction,
over the preimage of Uy in W, we have a*(Kx + B) = 8*(Kx» + A""). Write Kx» + B” = B.a*(Kx + B)
and L"” = B.a"L, where gL = q(Kx + B) + Div(s) as in Step 1. Let P”” = A” — B”, which is Q-trivial
over Z" and supported outside of Uj'. Hence, P”" = n’7  Pz» for some Q-divisor Pz~ on Z”. Let A z»
be the discriminant part of adjunction for (X"’,A’”") on Z”. Let Bz» = Az» — Pz», then Bz~ is the
discriminant part of adjunction for (X", B””) on Z”’. By the definition of N in Step 1, we have
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q(KXN +A”) = q(KXH +B” +P”) ~ qﬂ'// * (KZ” + BZH +NZH +PZN) ~ qﬂ" * (KZH +AZH +NZH).

Here, Lz~ is the pull-back of Lz in Step 1. This shows that N~ is the moduli part of (X", A”") over
Z". Since the coefficients of A”” are in A and the coregularity of (X", A”’) is at most ¢, we may apply
Steps 2—4 to show that gNz~ is an integral divisor. Thus, gNz- is also an integral divisor and hence
Cartier as Z’ is smooth. O

We show that Theorem 6.1 also holds for generalized pairs (X, B, M) in the special case that Mx ~g 0
over the base Z.

Theorem 6.2. Let d, c and p be nonnegative integers and A C Q be a closed set satisfying the descending
chain condition. Assume Theorem 7(c — 1) holds. There exists a set Q = Q(A, ¢, p) C Q satisfying the
descending chain condition and a positive integer q = q(A, ¢, p), both Q and q only depending on A
and ¢, and satisfying the following. Let n: X — Z be fibration from a d-dimensional projective variety
X to a projective base Z with dim Z > 0. Let (X, B,M) be a generalized pair for which

the generalized pair (X, B,M) is generalized log canonical;

the fibration rt is of Fano type over a nonempty open set U of Z;

every generalized log canonical center of (X, B, M) is horizontal over Z;
the divisors Kx + B + Mx and My are Q-trivial over Z;

the coefficients of B are in A,

pM is b-Cartier; and

the coregularity of (X, B) is at most c.

O O 0O O O O O

Then, we can write
q(Kx + B+Mx) ~ gn*(Kz + Bz + Nz),

where (Z, Bz, N) is a generalized log canonical pair such that

o By is the discriminant part of the adjunction for (X, B,M) over Z;
o the coefficients of Bz belong to Q; and
o the divisor gN is b-nef and b-Cartier.

Proof. We proceed in several steps. In the first step, we apply the canonical bundle formula for pairs.
In the rest of the proof, we show that M is the pull-back of a b-nef divisor on the base and control the
Cartier index of this b-nef divisor where it descends.

Step 1. We show that the pair (X, B) satisfies the conditions in the statement of Theorem 6.1.

By Lemma 2.5, (X, B) is log canonical. Furthermore, every log canonical center of (X, B) is also a
log canonical center of (X, B, M), and hence it dominates U.
Thus, by Theorem 6.1, there exists € and /, depending only on A and ¢ such that

q(Kx + B) ~ qn*(Kz + Bz +Pz),

where Bz and P are the discriminant and moduli part of adjunction for the fibration (X, B) — Z. Since
(X, B) is log canonical, (Z, Bz, P) is generalized log canonical. Furthermore, the coefficients of B
belong to Q and gP is nef Cartier on any high resolution of Z. By replacing g with pg, we can assume
that ¢ is a multiple of p.

Step 2. In this step, we express M as a pull-back of some b-divisor from Z.

Let g: Z' — Z be a log resolution of (Z, Bz + P) such that P descends on Z’ and P is nef. Let
f: X’ — X be aresolution such that the rational map n’: X’ --» Z’ is a morphism and M- is nef. By
the negativity lemma, we can write
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f*Mx = Mxl + EX/

for some effective f-exceptional Q-divisor Ex . Since Mx ~g 0 over Z, Ex is vertical over Z, so there
is a nonempty subset of U over which Ex» = 0 and Mx, ~q 0. Since n is of Fano type over U, the
general fibers of 7 are of Fano type and hence rationally connected. Thus, the general fibers of 7’ are
also rationally connected. By [3, Lemma 2.44], after replacing X’ and Z’ with possibly higher birational
models, we can write

pMyx: ~ pr’ # Tz

for some Q-divisor Tz- on Z’ such that pT, is nef Cartier. Let T be the b-divisor on Z with the data
g:Z' > Zand Ty (ie., T descends on Z’ as /).

Step 3. In this step, we show that gMx ~ gn*T2.

As in Step 2, write
f*MX = MX/ + Ex.

Then Ex- is vertical and Q-linearly trivial over Z’ (since Mx» ~g 0 over Z’), so we can write
Ex =n’ « Ez for some effective Q-divisor Ez.. If Ez has a component Dz, which maps onto a
divisor D in Z, then Ex = n’ * Ez has a component mapping onto D, contradicting the fact that Ex/
is f-exceptional. Thus, Ez is g-exceptional. Note that 7” * (T2 + Ez/) = My’ + Ex ~g 0 over Z, so
Tz + Ez ~g 0 over Z. This implies that g*Tz = Tz + Ez. Now, we have

qf"Mx =qMx' +Ex)) ~qn’ » (Tz +Ez)) =qn’ xg'Tz = qf'n" Tz

and hence gMx ~ gn*T. In particular, ¢T is a b-Cartier divisor. From now on, we consider (Z, Bz, P+
T) as a generalized pair, with moduli part P + T.

Step 4. In this step, we show that the generalized pair (Z, Bz, P + T) is generalized log canonical.

Write Kx» + Bx: = f*(Kx + B). Let Bz be the discriminant part of the adjunction for (X’, Bx-) over
Z’. We can assume that (Z’, Supp Bz +Supp Ez+Supp Pz +Supp Tz/) is log smooth. By construction,
we have

Kz + By + Ez +PZ’ + TZf = g*(KZ + By +PZ + Tz)

Thus, it suffices to show that every coeflicient of Bz + E- is at most one. Let D be a prime divisor
on Z'. Let tp be the log canonical threshold of (X', Bx-) with respect to 7’ * D over the generic point
of D. Since (X, B,M) is generalized log canonical, (X', Bx' + Ex-) is sublog canonical. Furthermore,
Ex» = n’ x Ez, so the coeflicient of D in E is at most tp, (otherwise Exs > (tp + €)' = D for some
€ > 0 and this violates the sublog canonical condition). By definition, coeff,(Bz/) = 1 — tp. Thus,
coeffp(Bz + Ez) < 1—tp +tp =1, as desired.

Step 5. In this step, we conclude that the generalized pair (Z, Bz, P+ T) satisfies the desired properties.

By Step 1, the coefficients of Bz belong to € and gP is b-nef and b-Cartier. By Steps 2 and 3,
gT is b-Cartier. By Step 4, (Z, Bz,P + T) is generalized log canonical. Finally, by Steps 1 and 3,
we have

q(KX +B+Mx)~qﬂ'*(Kz+BZ +Pz+Tz). [m}
Proposition 6.3. Assume that Theorem 7(c — 1) holds. Then, Theorem 8(c) holds.
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Proof. Theorem 7(c¢ — 1) implies that Theorem 6.2(c¢) holds.

Let (X, B, M) be a generalized pair in the statement of Theorem 8(c). We may replace (X, B, M) by a
Q-factorial generalized dIt modification and assume that (X, B, M) is Q-factorial generalized dlt. Since
X is of Fano type over Z, we can run an MMP on My over Z to get a model (X’, B, M) such that M- is
semiample over Z. After replacing (X, B, M) with (X’, B’, M), up to losing the generalized dlt property
for (X, B, M), we may assume that My is semiample over Z. Let X — Z’ be the morphism induced by
M. Since M is trivial on a general fiber of 7, the morphism Z’ — Z is birational. After replacing Z with
Z’, we may assume that M ~g 0 over Z. Now, the result follows from Theorem 6.2(c). O

7. Proof of the theorems

In this section, we prove the main theorems of this article. In this section, we use the notation from Sec-
tion: ‘Strategy of the Proof’, we write Theorem X (d, ¢) for Theorem X in dimension d and coregularity
at most c. The following is the boundedness of complements for Fano type pairs of coregularity 0. Note
that the following theorem is an unconditional version of Theorem 7(0).

Theorem 7.1. Let p be a positive integer. Let A C Q be a closed set satisfying the descending chain
condition. There exists a constant N = N (A, p) satisfying the following. Let X be a Fano type variety
and (X, B,M) be a generalized pair of absolute coregularity 0. Assume that the following conditions
hold:

o the coefficients of B belong to A;
o pM is b-Cartier.

Then, there exists a boundary B* > B such that

o the generalized pair (X, B*,M) is generalized log canonical;
o we have that N(Kx + B* + M) ~ 0, and
o the equality coreg(X, B*,M) = 0 holds.

Proof. First, we replace A with its derived closure (see Lemma 2.16). We let R := R(A,0, p) C A be
the finite subset provided by Theorem 3.5. This finite subset only depends on A and p.

By [14, Theorem 1.2], there is a constant N (A, d, 0, p) such that every generalized pair (X, B, M) as
in the statement and of dimension at most d admits an N (A, d, 0, p)-complement. We will proceed by
induction on d. We may assume that N (A, d, 0, p) is divisible by I(A) and p for every d. Throughout
the proof, we assume that N(A, d, 0, p) is minimal with such properties.

By Theorem 3.5, we may assume that the coefficients of B belong to R. Let B+1I" be a Q-complement
of (X, B,M) of coregularity 0. Let (Y, By + I'y, M) be a generalized dlt modification of (X, B+ T, M).
Here, I'y is the strict transform of the fractional part of I" and By is the reduced exceptional plus the strict
transform of B+ |I"|. By Lemma 2.13, Y is a Fano type variety. Thus, we may run a —(Ky + By + My )-
MMP which terminates with a good minimal model Z since —(Ky + By + My) ~q I'y is effective.
Let Bz be the strict transform of By on Z and Mz be the trace of M on Z. Note that (Z, Bz, M)
is a generalized pair of coregularity 0 and —(Kz + Bz + Mz) is a semiample divisor. In order to
produce an N-complement for (X, B,M), it suffices to produce an N-complement for (Z, Bz, M)
(see Lemma 2.12 and Lemma 2.13). Hence, we may replace (X, B, M) with (Z, Bz, M) and assume
that —(Kx + B + My) is semiample and that (X, B, M) has coregularity 0. By [14, Theorem 1.2],
then this reduction shows that Theorem 7(d, 0) holds for any d; this will be used to then appeal to
Theorem 5.1.

If Kx + B+ Mx ~q 0, then the statement follows from [13, Theorem 1]. Hence, we may assume
that the ample model W of —(Kx + B + M) is positive-dimensional. Since (X, B, M) has coregularity
0 and dim W > 0, then some generalized log canonical center of (X, B, M) is vertical over W. We may
replace (X, B, M) with a generalized dlt modification and assume that some S C Supp| B] is vertical
over W. Write E = B — §. Let X’ be the ample model of E + My over W. Notice that, since X is of Fano
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type and S is vertical over W, X --> X’ is a birational contraction. Let E’, B’ be the push-forward of Z, B
on X’. Note that S is not contained in Bs(E + Mx /W). Hence, S is a generalized log canonical place
of (X', B’ — €E’, (1 — €)M) for every € > 0 small enough. Let (¥, By, M) be a Q-factorial generalized
dlt modification of (X’,B’,M). Let n: Y — X’ be the associated projective morphism. We write
Ey +My = JT*(E +Mx).

By construction, the following conditions hold:

o the generalized pair (Y, By, M) is generalized dlt and —(Ky + By + My) is nef;
o the generalized pair (Y, By — €Ey, (1 — €)M) is generalized dlt, it is not generalized klt, and the
divisor —(Ky + By — €Ey + (1 — €)My) is big and nef.

By Lemma 2.12 and Lemma 2.13, an N-complement of (Y, By, M) induces an N-complement of
(X, B,M). By Theorem 5.1, we conclude that (Y, By, M) admits an N(D(R),d — 1,0, p)-complement.
Notice that we can rely on Theorem 5.1 in lower dimension, since we are proceeding by induction on
d, and the conjectures to which Theorem 5.1 is conditional are known in coregularity O (by the remarks
under the statement of Theorem 7). Hence, (X, B, M) admitsa N(D(R), d — 1,0, p)-complement. Note
that D(R) c A.Sothisisalsoa N(A,d-1,0, p)-complement. Thus, by the minimality of N(A, d, 0, p),
we have that

N(A,d,0,p) < N(A,d-1,0,p).
This implies that N(A, d, 0, p) is bounded above by N(A, 1,0, p). This finishes the proof. O

Proof of Theorem 4. We follow the notation of the proof of Theorem 7.1. By [13, Corollary 3], a log
Calabi—Yau pair with standard coefficients and coregularity 0 has coefficients in {%, 1}. In particular,
a generalized log canonical threshold with standard coefficients and coregularity O belongs to {%, 1}
(see Definition 2.26 and [10, Theorem 4.3]). On the other hand, by Corollary 3.3, a generalized pseudo-
effective threshold with standard coefficients and coregularity O is either % or 1. In the proof of Theorem
3.5, the set R(S,0,2) only consists of log canonical thresholds of coregularity 0 and pseudo-effective
thresholds of coregularity 0. Hence, by the proof of Theorem 3.5, we may assume that the coefficients
of B belong to {%, 1}, that is, we have that

1
R() = R(S,O, 2) = {5, 1}
Note that /s = 1 (see Definition 2.14) and p = 2 in this case. By the proof of Theorem 7.1, we conclude
that

N(S,d,0,2) = N(Ry,d,0,2) < N(Rp,d - 1,0,2),
for every d > 2. Then, the proof follows as N(S,1,0,2) = 2. O

Proposition 7.2. Assume that Theorem 8(c) holds. Then, Theorem 6(c) holds.

Proof. By Lemma 2.16, we may assume that A is derived. By [13, Theorem 2], we may assume that
the coefficients of B belong to a finite subset Ag C A. Let 1 be the smallest positive integer such that
AoAo C Z and p divides Ag. Let 1(Ag, ¢, d, p) be the smallest positive integer that is divisible by the
index of all the generalized pairs as in the statement of dimension at most d. A priori, (A, ¢, d, p)
may not exist. However, due to Conjecture 1 and Lemma 2.30, we know that (Ao, ¢, ¢, p) is finite.
We proceed by induction on the dimension d. Assume that I(Ag,d — 1, ¢, p) is finite. We may assume
that 1(Ag,d — 1, ¢, p) is divisible by A¢. Let (X, B, M) be a d-dimensional generalized pair as in the
statement. We write (X, B, M) for the index of this generalized log Calabi—Yau pair.

By Theorem 2.29, we may replace (X, B, M) with a Kollar—Xu model and assume the following
conditions hold:
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o the generalized pair (X, B, M) is generalized dlt;
o there is a contraction m: X — Z for which | B] fully supports a 7-semiample and 7-big divisor; and
o every generalized log canonical center of (X, B, M) dominates Z.

In particular, we know that Z has dimension at most c.
We will proceed in two different cases, depending on the coefficients of B + Mx and the rational
connectedness of X.

Case 1: We assume that M is numerically nontrivial and X is rationally connected.
We will proceed in two different sub-cases, depending on the coefficients of {B} + Mx.
Case 1.1: We assume that { B} + M is Q-trivial on the general fiber of 7.

We observe that, given the running assumption that M is numerically nontrivial, in this subcase we
have dim Z > 0. By Theorem 8(c¢), we can write

q(Kx + B+Mx) ~ gn*(Kz + Bz +Nz),

where (Z, Bz, N) is a generalized klt log Calabi—Yau pair and the positive integer g only depends on
Ao, ¢ and p. The coeflicients of Bz belong to a set €2, which satisfies the DCC, and only depends on Ay,
c and p. Finally, the divisor gN is b-Cartier. We conclude that

I(X,B,M) <lem(q,1(Q,c,c,q)).

Note that the value on the r.h.s. only depends on Ay, ¢ and p.
Case 1.2: We assume that { B} + My is nontrivial on the general fiber of 7.

Weruna (Kx +| B|)-MMP over Z. Since Kx + | B] is not pseudo-effective over Z, this minimal model
program terminates with a Mori fiber space n”: X’ — W over Z. We denote the push-forward of B to X’
by B’. We may replace (X, B, M) with (X’, B’,M) and assume that Kx + | B] is antiample over W. In
this reduction, we may give up the generalized dlt property for (X, B, M), while (X, | B], M) remains
generalized dlt. By the reduction to the Kollar—Xu model, the divisor | B] contains a prime component
S which dominates W. By construction, the general fiber of § — W is rationally connected. Since W is
rationally connected, we conclude that S is rationally connected. Since (X, | B|, M) is generalized dlt,
S is normal. Let (S, Bs, N) be the generalized pair obtained by adjunction. Then, by Lemma 2.17 and
[10, Theorem 2], we know that the coefficients of Bg belong to Ag and pN is b-Cartier. We conclude that

I(Aog,d —1,c,p)(Ks + Bs +Ng) ~ 0.
By Theorem 2.31, we conclude that
I(A(),d — 1,C,p)(KX +B+Mx) ~ 0.

Putting Case 1.1 and Case 1.2 together, we conclude that if M is numerically nontrivial and X is
rationally connected, then we have that

I(X,B,M) < max{I(Ao,d - 1,c, p),lem(q, [(Q,¢c,c,q))}.

Case 2: We assume that either M is the trivial b-divisor or M is numerically trivial and X is rationally
connected.

In the latter case, by [13, Lemma 3.9] we know that pMx, ~ 0 where X’ — X is a resolution on
which M descends. Replacing M with pM, we may assume that the first case holds.
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Let (X, B) be a log Calabi—Yau pair as in the statement. We assume that the coefficients of B belong
to Ag. We may assume that d > c¢. We replace (X, B) with a Q-factorial dIt modification. Let S c | B] be
a prime component. We run a (Kx + B —S)-MMP. This terminates with a Mori fiber space 77: X’ — W.
We denote by B’ the push-forward of B to X’. We replace (X, B) with (X’, B’). Note that S is ample
over the base W and (X, B — §) is dlt. Let (S, Bs) be the pair obtained by adjunction. Then, (S, Bs) is
a semilog canonical log Calabi—Yau pair by [19, Example 2.6]. Furthermore, by Lemma 2.17 and [10,
Theorem 2], the coefficients of Bg belong to Ag. By Theorem 4.9, up to replacing 1(Ag,d — 1, ¢) with
lem(1(Ag,d - 1,¢), 1,(Ag, c)), we may assume that

[(Ao,d -1,c, 0)(K5 +B5) ~ 0.

Here, 1,(Ao, ¢) is the constant from Theorem 4.9. By construction, we have that (X, B — S) is dlt, X is
Q-factorial and klit, and S c | B] is ample over W. If the fibers of S — W are connected, then we can
apply Theorem 4.12, to conclude that

I(A(), d-1,c, 0)(KX + B) ~ 0.
Otherwise, we can apply Theorem 2.32, to conclude that
I(Ao,d —1,¢,0)(Kx + B) ~ 0.

Putting Case 1 and Case 2 together, we conclude that every generalized pair (X, B, M) of dimension
d as in the statement satisfies that

I(X,B,M) < max{I(Ag,d - 1,¢, p),lem(q, [(2,c,c,q))}.
Hence, we have that
I(Ag,d, c, p) < max{I(Ag,d — 1,¢, p),lem(q, (2, c,c,q))}.
Proceeding inductively, we conclude that
I(Ao,d,c,p) < max{I(Ag,c,c,p),ql(Q,c,c,c)}.
The r.h.s. does not depend on d. This finishes the proof of the proposition. O

Lemma 7.3. Let A be a positive integer. Let (P', Be1, M1 ) be a generalized log Calabi—Yau pair. Assume
that the coefficients of Bp1 belong to D y and 2AMp: is Weil. Then, I(K]%)+BP1 +Mpi) ~ Oforsome I = mA,
where m < 1201 is an even positive integer. Furthermore, if Mpi = 0, then H(P', Qg (I(K]é + Bp1)))
admits an admissible section.

Proof. We prove the second statement. Let G = Aut(P!, Bp:). The group G is a finite extension of a
torus. First, we assume that G is finite, which turns to imply that Bp: is supported in at least three points.
Let (P', Bpi) — (P', B.,) be the quotient by G given by the Hurwitz formula. By pulling back to P, it
suffices to show that

hO(P', Opi (I(Kz1 + B,)))) # 0
for some I = mA, where m < 1204. We write

k | e Pik
=1 A
Py [ e [

m; m
i=1 ! !
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where the p; i ’s are positive integers. We may assume thatm > --- > my.If m; < 5, thenfor I = 1204,
we have that IB];] is Weil. If my > 5, thenms = --- = my = 1. If my > 24, then m; > 24 and

coeff, (By,) + coeff , (BL,) + coeff,, (BL,) > (1 - %) + (1 - %) + /ll =2
This leads to a contradiction. Hence, we may assume that m, < 2A. In this case, we have that mleBI’le
is Weil. Thus, it suffices to take I = mpA with my < 24.

Now, we assume that G is a finite extension of a torus. This implies that Bp: is supported in two
points, so we may assume that Bpi = {0} + {00} and that G =~ G,,, = Z,. Note that G,,, acts trivially on
B-representations as it is connected. Hence, in this case, 2(Kpi + Bpi) admits an admissible section.

In the first statement, we need to control the index of the generalized pair. The same argument we
used in the previous paragraph to control the index of (PI,B{P[) applies to (P!, Bpi, My1). The only
difference is that due to the presence of M, it could be that By is supported at only one point or it could
even be empty. In this case, 2A(Kp1 + Bp1 + Mp1) is integral, and the claims follow. O

Proof of Theorem 2. Let (X, B, M) be a d-dimensional generalized log Calabi—Yau pair as in the state-
ment. We follow the proof of Proposition 7.2. In Case 1.1, we can write

qg(1)(Kx + B+ Mx) ~ g(A)n* (Kp1 + Bpi + Mp1),

where (P!, Bpi,Mp1) is a generalized log Calabi-Yau pair for which the coefficients of Bpi belong
to a DCC set Q and 2AMp: is Weil. Here, we can take g(41) = 21. Indeed, the constant g(1) in the
canonical bundle formula depends on the existence of bounded complements with standard coefficients
and relative absolute coregularity 0. By Theorem 5.3 and Theorem 4 such relative complement can be
chosen to be a 24-complement. On the other hand, we can take Q = D ,. Indeed, in this case, (X, B, M)
admits a log canonical center which has a finite dominant map to P!. Thus, the coefficients of Bp:
can be computed by the adjunction formula and Riemann—Hurwitz. By Lemma 7.3, we conclude that
I(Kpi +Bpi +Mpi) ~ 0 for some integer I = mA where m < 1201. We conclude that I(Kx +B+Mx) ~ 0
for the same choice of I.

In Case 1.2 and Case 2, the index of (X, B, M) divides the index of a possibly nonnormal log Calabi—
Yau pair of coregularity 1 and dimension d — 1. Inductively, we reduce to the one-dimensional case
which follows by Theorem 4.9 and Lemma 7.3. O

Proof of Theorem 3. In a similar fashion as the proof of Theorem 2, this follows from the proof of
Proposition 7.2 and the classification of log Calabi—Yau pair structures on P! with standard coefficients.
O

Proposition 7.4. Assume that Theorem 6(c) holds and Theorem 8(c) holds. Then, Theorem 7(c) holds.

Proof. By Lemma 2.16, we may assume that A is derived. Let N(A, d, ¢, p) be the smallest positive
integer for which every generalized pair (X, B, M) of dimension d as in the statement admits an
N-complement. By Theorem 3.5, there exists a finite subset R C A for which

N(R,d,c,p) = N(A,d,c,p)

for every d. We proceed by induction on d. We may assume that every complement throughout the proof
is divisible by p and Iz. We write N(X, B, M) for the smallest positive integer for which (X, B, M)
admits an N-complement of coregularity c. Let B + I" be a Q-complement of (X, B, M) that computes
the absolute coregularity. Let (Y, By + I'y + E,M) be a generalized Q-factorial dIt modification of
(X, B+Ty,M), where By (resp. I'y) is the strict transform of the fractional part of B (resp. I'). Then,
the generalized pair (Y, By + E, M) has coregularity c. We run a —(Ky + By + E)-MMP with scaling,
which terminates with a good minimal model Z. By Lemma 2.22, the generalized pair (Z, Bz + Ez)
has coregularity ¢. By Lemma 2.13 and Lemma 2.12, we have that N(X, B,M) < N(Z,Bz + Ez,M).
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In order to give an upper bound for N(X, B, M), we may replace (X, B,M) with (Z, Bz + Ez,M).
Thus, we may assume that coreg(X, B, M) = c and —(Kx + B+ Mx) is semiample. Let W be the ample
model of —(Kx + B + Myx). We proceed in three different cases, depending on the dimension of W.

Case 1: In this case, we can assume that dim W = 0.
Then, we have that N(Kx + B+My ) ~ 0 for some N that only depends on A, ¢ and p by Theorem 6(c).
Case 2: In this case, we assume that dim W = dim X.

In this case, we have that —(Kx + B+ M) is a nef and big divisor. We may assume that (X, B, M) is
Q-factorial and generalized dlt. By Theorem 5.1, we conclude that N(X’, B’,M) < N(A,d - 1,¢,p) =
N(R,d - 1,c, p). In this case, we conclude that

N(X,B,M) < N(A,d-1,¢c,p)=N(R,d-1,c,p).

Case 3: In this case, we assume that 0 < dim W < dim X.

We run a ({B} + Mx)-MMP over W which terminates with a good minimal model X --» X’ —» W
over W. By Lemma 2.22, the coregularity of (X, B, M) is unaffected by this MMP. Let W — W be the
ample model of { B} + My over the base. First, assume that dim W’ = dim X. In this case, {B’} + M- is
big over W. Hence, for € > 0 small enough, we have that the generalized pair (X’, B’ —e{B’}, (1 - €)M)
is generalized log canonical but not generalized kit and the divisor

—(Kx'+ B’ —€{B’} + (1 — e€)My)
is big and nef. Note that N(X, B,M) = N(X’, B, M). By Theorem 5.1, we conclude that
N(X,B,M) < N(A,d-1,¢c,p)=N(R,d-1,c,p).

From now on, we assume that 0 < dim W’ < dim X. We separate in two cases, depending on the log
canonical centers of (X', B’”,M).

Case 3.1: In this case, we assume that there is a generalized log canonical center of (X', B’, M) that is
vertical over W'.

We may assume that (X', B, M) is generalized dlt. Let S’ ¢ |B’] be a prime component that is
vertical over W’. In this case, Bl’10r is big over the base. We run a B}’mr-MMP over W’ which terminates
with a good minimal model X/, and we consider its ample model X"’ over W’. We have the following
commutative diagram:

(X, B,M) — — > (X', B',M) — — > (X}, B}, M) ——= (X", B, M)

W<—"—W.
Note that all the previous models are crepant. Hence, we have that
N(X,B,M) =N(X',B’,M) =N(X",B",M). (7.1)

By construction, the following conditions are satisfied:

o the variety W is an ample model for —(Kx + B + Mx);
o the variety W’ is an ample model for {B’} + Mx- over W;
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4

o the variety X is a good minimal model for Bj, over W’; and
o the variety X" is an ample model for B/’ over W’.

We conclude that the divisor

—(KXN +B" - E{B”} - 6B/

hor

+ (1 - €)Mx»)
is ample for € > § > 0 small enough. We claim that the generalized pair

(X", B"” — e{B"} — 6B, (1 — €)M)

hor?

is generalized log canonical but not generalized klt. Note that (X, Bj — e{By} — 6B, .. (1 — €)M) is

generalized log canonical and not generalized kit as S is a component of | Bj — €{B(} — 0B, |. The

morphism i is (Kxé +B)—€e{B{} - 0B, +(1- e)Mxé)-triVial, so the claim follows. By Theorem
5.1 and the sequence of equalities (7.1), we conclude that

N(X,B,M) < N(A,d-1,c,p) =N(R,d - 1,cp).
Thus, in this case, we have that N(X, B,M) < N(R,d - 1, ¢).

Case 3.2: In this case, we assume that all the generalized log canonical centers of (X', B, M) are
horizontal over W’.

Let n’: X’ — W’ be the projective contraction. We may apply Theorem 8(c) to obtain a linear
equivalence:

q(Kx/ + B +MX/) ~ q7T' * (KW/ + BW' +NW/),

where the following conditions are satisfied:

o the generalized pair (W’, Bw-, N) is of Fano type, has dimension dw- < ¢ and is exceptional (i.e., its
absolute coregularity is equal to its dimension dy);

o the positive integer g only depends on A, ¢ and p;

o the coeflicients of By belong to a DCC set  which only depends on A, ¢ and p; and

o the b-nef divisor gN is b-Cartier.

Indeed, if (W’, Bw-,N) is not exceptional, by pulling back a non-klt complement of it, we obtain a
complement for (X', B’, M) of coregularity strictly less than c. This leads to a contradiction. By [14,
Theorem 1.2], any generalized pair (W’, By, N) as above admits an N(Q, dw, dw, q)-complement.
By pulling back, we obtain an N-complement for (X', B’, M) for some

N <lem(q,N(Q,dw',dw’,q)).
Putting Case 1 through Case 3 together, we conclude that
N(X,B,M) < max{N(R,d - 1,¢,p),lem(q,N(Q, 1,1, g)),...,lcm(q,N(Q,c,c,q))}.

for every d-dimensional generalized pair (X, B,M) as in the statement. Proceeding inductively, we
conclude that every generalized pair (X, B, M) as in the statement of the theorem satisfies that

N(X,B,M) < max{N(R,c,c,p),lcm(q,N(Q,1,1,q)),...,lcm(q, N(Q,c,c,q))}.

Observe that the number on the r.h.s. only depends on A, c¢ and p. This finishes the proof of the
implication. O

Lemma 7.5. Let (P!, Byi, Mp1) be a generalized log Calabi—Yau pair for which coeff(Bp1) € D;(Zs()
and 2Mp: is Cartier. If t > %, thent = 1.
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Proof. Each coeflicient of Bp: is either standard or of the form

i I
l——+Lls1-— 55/ (12)
m m 6m

The only sets of standard coefficients whose sum is less than % are {1} and {% %} Thus, Bp: is supported
in at most 3 points and t = 1. O

Proof of Theorem 5. Let (X, B,M) be a d-dimensional generalized pair as in the statement. Following
Step 1 of the proof of Theorem 3.5, let ¢ be a log canonical threshold of coregularity 1 (or a pseudo-
effective threshold) of a prime divisor with respect to (X, B,M). By [10, Lemma 3.2] (or proof of
Lemma 3.2 in the case where ¢ is a pseudo-effective threshold), we can construct a generalized log
Calabi—Yau pair

(P!, Bpi, Mz1)

for which coeft(Bpi) € D,({1}) and 2Mp: is Cartier. By Lemma 7.5, we conclude that r = 1 provided
that ¢ > 5/6. Hence, by the proof of Theorem 3.5, we may assume that the coefficients of B belong to

12345
= {5’5’1’5’5}
Proceeding as in the proof of Proposition 7.4, we conclude that
N(X,B,M) < N(Ri,d,1,2) <lem(2, N(R1, 1, 1,2)).

Note that we can take ¢ = 2 due to Theorem 1. We conclude that N € {2,4,6}. O
We prove the three main theorems of the article. The theorems are proved together inductively.

Proof of Theorems 6, 7 and 8. Note that Theorem 8(0) is trivial. By [13, Theorem 1], we conclude that
Theorem 6(0) holds. By Theorem 7.1, we know that Theorem 7(0) holds. Assume that Theorem 6(c—1),
Theorem 7(c¢ — 1) and Theorem 8(c — 1) hold. By Proposition 6.3, we conclude that Theorem 8(c)
holds. By Proposition 7.2, we conclude that Theorem 6(¢) holds. By Proposition 7.4, we conclude that
Theorem 7(c¢) holds. This finishes the proof of the theorems. O

Finally, we prove the application to klt singularities.

Proof of Theorem 9. Let (X;x) be aklt singularity of absolute coregularity 0. Let (X, I'y; x) be a strictly
log canonical pair of coregularity O at x. By [43, Lemma 1], there exists a plt blow-up 7: ¥ — X that
extracts a unique exceptional divisor E that is a log canonical place of (X, Ig;x).> In particular, the
pair (E,Diff(0)) is a Fano pair of absolute coregularity 0 and with standard coefficients (see, e.g.,
[39, Proposition 3.9]). By Theorem 4, (E, Diff £ (0)) admits a 1- or 2-complement. By Steps 4-9 of the
proof of Proposition 5.2, we can lift this complement to a 1- or 2-complement of (X;x) at x. O

Proof of Theorem 10. The proof is analogous to the one of Theorem 9 by replacing Theorem 4 with
Theorem 5. O
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