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1. In t roduc t ion . We c o n s i d e r the following cos ine and sine 
funct ional equa t ions : 

(1) f(x + y) + f(x - y) = 2f(x)f(y), 

(2) f(x + y)f(x - y) = f(x)2 - f(y)2 , 

w h e r e f i s an e n t i r e function of a complex v a r i a b l e z and x, y a r e 
c o m p l e x v a r i a b l e s [ l ; 2 ; 3] . F u r t h e r m o r e , we c o n s i d e r the following 
two funct ional equa t ions : 

(3) |f(x + y ) | 2 + |f(x - y ) | 2 = 2 |f(x) | 2 |f(y) | 2 + 2 | g(x) | 2 | g(y) | 2 , 

(4) | f ( x + y ) | 2 + |f(x - y ) | 2 = 2 |f(x) | 2 | g(y) | 2 + 2 |f(y) | 2 | g(x) | 2 , 

w h e r e f(z), g(z) a r e e n t i r e functions of a complex v a r i a b l e z and 
x, y a r e c o m p l e x v a r i a b l e s . In Sec t ions 2 , 3 we sha l l p rove the 
following t h e o r e m 

THEOREM 1. (i) If f ( z ) ( ^ l ) i s a c o m p l e x - v a l u e d function of 
a c o m p l e x v a r i a b l e z and sa t i s f i e s (1), then f s a t i s f i e s (3) with 

T^i. ——————— 
g(z) = f(f(z + V) - f ( z - 7)) (1 - f(v) )"*2 where \ is a c o m p l e x 

cons tan t such that f(2v) ^ 1 and A ' l - f(Y) deno tes one s q u a r e 
2 

root of 1 - f(v) . 

(ii) If f(z)(^ 0) i s a complex -va lued function of a complex 
v a r i a b l e z and sa t i s f i e s (2), then f sa t i s f i e s (4) with 
g(z) = (f(z + v) - f(z - V)/(2f(v)) w h e r e v is a c o m p l e x cons tan t 
such that f(Y) ^ 0. 

In Sect ion 4 we sha l l solve (3), (4), tha t i s , p rove the following 
r e s u l t . 
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THEOREM 2. (i) The only entire solutions of (3) are 

ff(z) = a 

[ g(z) = b , 

2 4 4 
where a, b are a rb i t ra ry complex constants with | a | = | a | + | b | 
and 

! f(z) = exp(icf)coskz 

| g(z) = exp(i(3)sinkz , 

where or, (3 are a rb i t ra ry real constants and k is an arbi t rary 
complex constant. 

(ii) The only entire solutions of (4) are 

f(z) = 0 

I g(z) = arb i t ra ry , 

and 

jf(z) = a 

j g(z) = ^ exp(ie), 

' f(z) = az 

: g(z) = exp(i9) , 

where a is an a rb i t ra ry complex constant and 0 is an a rb i t ra ry real 
constant, and 

' f(z) = asinkz 
! g(z) = exp(i8)coskz , 
i 

where a, k are a rb i t ra ry complex constants and 0 is an arbi t rary 
real constant. 

2. Proof of the part (i) of Theorem 1. We may assume that 
f 4 0. By (1), f(0) = 1, so that, patting y = x in (1), we get 

(5) f(2x) = 2f(x)2 - 1 . 

Replacing x, y by x + y, x - y, respectively, in (1), and using (5), 

we ded 
yields 

2 2 
we deduce that f(x + y)f(x - y) = f(x) + f(y) - 1, which, with (1), 

(6) (f(x+ y) - f(x -y ) ) 2 = 4(1 - f(x)2)(l - f(y)2), 
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Since f ^ 1, t h e r e e x i s t s a c o m p l e x n u m b e r y such that f(2y) ^ 1, 
2 

so tha t , by (5), 1 - f(Y) ^ 0. Put t ing y = \ in (6) and se t t ing 
2 - ^ 

g(z) = -|(f(z + y) - f(z - Y))(l - f(y) ) 2 , we conclude that 
2 2 

g(z) = 1 - f(z) for | z | < +oo. T h i s , with (6), gives 

|f{x + y) - f(x - y ) | 2 = 4 | g ( x ) | 2 | g ( y ) | 2 ; a l s o , by (1), 
2 2 2 

|f(x + y) + f(x - y) | = 4 | f ( x ) | | f (y ) | . Adding t h e s e two equa t ions and 
2 2 2 2 

using the p a r a l l e l o g r a m ident i ty |a + b | + | a - b | = 2 | a | + 2 |b | 
(a, b complex ) , we have (3). 

COROLLARY TO THEOREM 1 (i). If f(z)( i 1) i s an en t i r e 
function of a complex v a r i a b l e z and sa t i s f i e s (1), then t h e r e e x i s t s 
an e n t i r e function g of z such that f and g sat isfy (3). 

Proof . By T h e o r e m 1 (i) and the definit ion of g(z), th i s i s c l e a r . 

3. P roof of the p a r t (ii) of T h e o r e m 1. Since f ^ 0, t h e r e 
e x i s t s a complex cons tan t y such that f(v) $ 0. We put 
g(z) = (f(z + v) - f( z - Y))/(2f(y)). Replac ing x, y by |<x + y) , |<x - y ) , 

2 2 
r e s p e c t i v e l y , in (2), we get f(x)f(y) = f ( | (x + y)) - f ( | (x - y)) . 
Thus [ 1 , p . 138; 2 ] , 

2f(y)g(x) = ^~y (f(x + y)f(y) - f(x - y)f(y)) 

- - L , / f / x + y + v i 2 . f(
 x - y + V . f ( x + y- V 

f(V V 2 ; [ 2 ' v 2 ' 

= f^y(f (x + y)f(\) - f(x - y)f(\)) 

= f(x + y) - f(x - y) . 

We t h e r e f o r e have f(x + y) - f(x - y) = 2f(y)g(x), and, i n t e rchang ing 
x and y, and using the fact that f is an odd function (which follows 
f rom (2)), 

f ( x+ y) + f(x - y) = 2f(x)g(y). 

By these two equat ions and the p a r a l l e l o g r a m ident i ty (4) r e s u l t s . 

COROLLARY TO THEOREM 1 (i i) . If f(z)( £ 0) is an en t i r e 
function of a complex v a r i â t le z and sa t i s f i e s (2), then t h e r e e x i s t s 
an en t i r e function g of z such that f and g sat isfy (4). 
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Proof . By T h e o r e m 1 (ii) th i s i s c l e a r . 

4 . P r o o f of T h e o r e m 2 . 

To p rove T h e o r e m 2 we sha l l use the following two l e m m a s : 

LEMMA 1. If f(z), g(z) a r e e n t i r e funct ions of a c o m p l e x v a r i a b l e 
z and if | f ( z ) | ^ M | g ( z ) | holds for | z | < +oo w h e r e M is a non-
nega t ive r e a l cons t an t , then f(z) = Cg(z) holds for | z | < + oo w h e r e C 
is a c o m p l e x cons tan t wi th JC | g M. 

Proof . By R i e m a n n 1 s T h e o r e m conce rn ing a r e m o v a b l e 
s ingu la r i t y and by Liiouviile ' s T h e o r e m th i s i s c l e a r . 

LEMMA 2 . _I£ f i s an e n t i r e function of a c o m p l e x v a r i a b l e z, 
2 2 

then A | f ( z ) | = 4 | f f ( z ) | w h e r e A s t ands for the Lap l ac i an 

1 + (z = x + i y , x , y r e a l ) holds for | z | < + oo . 
3 x 3 y 

Proof . See [4 ] . 

P roof of T h e o r e m 2 . (i). We m a y a s s u m e tha t f(z) ? c o n s t . 
Pu t t ing y = 0 in (3), we have 

(7) | f ( x ) | 2 = | f ( x ) | 2 | f ( 0 ) | 2 + | g ( x ) | 2 | g ( 0 ) | 2 . 

We sha l l show tha t the a s s u m p t i o n g(0) / 0 l eads t o a c o n t r a d i c t i o n . 

If g(0) # 0, then we have by (7) tha t | g ( x ) | 2 = | g ( 0 ) | " 2 ( l - | f(0) | 2 ) | f(x) | 2 . 
Subs t i tu t ing th i s into (3), we obtain 

2 
|f(x + y ) | 2 + | f ( x - y ) | 2 = 2(1 + ( ' " | f ( 0 ) j ) 2 ) | f ( X ) | 2 | f (y> | 2 , 

| g ( 0 ) | 

w h e n c e , by putt ing y = x , we have 

| f ( 0 ) | 2 , 2 ( l M ^ ^ ) 2 ) | f ( x ) | 4 . 
| g ( 0 ) | 

By (7) and s ince g(0) 4 0, a l s o f(0) + 0; h e n c e , for | x | < + oo, 
f(x) î 0 and | l / f ( x ) | g K, w h e r e K is a r e a l c o n s t a n t . T h u s , by 

\ 
L i o u v i I l e ! s T h e o r e m and so f(x) is a c o m p l e x cons t an t . 

f(x) 
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This is a con t r ad i c t i on . Hence g(0) = 0, so that , by (7) and the fact 
that f(z) is not a cons tan t , it follows that |f(0) | = 1. Pu t t ing x = 0 
in (3), we get | f ( - y ) | = | f ( y ) | . Since f is an en t i r e function 
f(-y) = exp(i6)f(y), w h e r e 0 is a r e a l cons tan t . Pu t t ing y = 0, 
we have exp(i0) = 1. Hence f(-y) = f(y), so that f (0) = 0. 

Taking the Lap lac ian + — of both s ides of (3) with 
9 s 9 t 

r e s p e c t to y (y = s + i t , s , t r e a l ) , by L e m m a 2 we conclude that 

(8) | f ' ( x + y ) | 2 + | £ « ( x - y ) | 2 = 2 |f(x) | 2 |f« (y) | 2 + 2 | g(x) | 2 | g' (y) | 2 

Put t ing y = 0 in (8), we have 

(9) f ' (x) = exp( ie )g ' (0 )g(x) , 

w h e r e 8 i s a r e a l cons tan t . If g! (0) = 0, by (9) we have ff (x) = 0 
and so f(x) = cons t . This is a con t r ad i c t i on . Hence gf (0) ^ 0. By 
(9), f"(x) = exp( ie )g ' (0)g ! (x), so tha t , putt ing x = 0, we obtain 
f"(0) i 0. 

Taking the Lap lac ian of both s ides of (8) with r e s p e c t to y 
(y = s + i t , s , t r e a l ) , by L e m m a 2, we have 

| f ' ( x + y ) | 2 + | f " ( x - y ) | 2 = 2 | f ( x ) | 2 | f " ( y ) | 2 + 2 | g(x) | 2 | g"(y) | 2 

Put t ing y = 0, we get for | x | < +oo, | fM(x) | ^ | fM(0)f(x) | . Hence by 
L e m m a 1, for | x | < + oo, Cfn(x) = fM(0)f(x), whe re C is a c o m p l e x 
cons tan t with | C | ^ 1. Set t ing x = 0 and using | f (0 ) | = 1, 
f"(0) + 0, we have C = f(0) i 0. T h u s , fn(x) = (f"(0)/f(0))f(x). 

Solving th i s d i f fe rent ia l equat ion with the a p p r o p r i a t e boundary 
condi t ions and using (9), we obtain 

j f(z) = exp(iûr)coskz 

j g(z) = exp(i(3)sinkz , 

whe re a, (3 a r e r e a l cons tan t s and k is a complex cons tan t . D i r e c t 
subs t i tu t ion shows that the two s y s t e m s of functions l i s ted in T h e o r e m 
2 sat isfy (3). 

(ii) can be proved s i m i l a r l y . 
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Remark. By the two corol lar ies to Theorem 1 and by Theorem 2, 
all entire solutions of the functional equations (1), (2) can be easily 
found. 
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