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A C O U N T E R E X A M P L E IN T H E P E R T U R B A T I O N 
T H E O R Y O F C * - A L G E B R A S 

BY 

B. E. J O H N S O N 

ABSTRACT. The strongest positive results in the stability theory 
of C*-algebras assert that if %, 93 are sufficiently close C*-subalgeb-
ras of 2(H) of certain kinds, then there is a unitary operator U on H 
near I, such that (7*3317 = %. We give examples of C*-algebras 
2Ï,33, both isomorphic to the algebra of continuous functions from 
[0,1] to the algebra of compact operators on Hilbert space, which 
can be as close as we like, yet for which there is no isomorphism 
a: 33-+21 with ||b-afe||<l/70||fc||(be$B). Thus the results men­
tioned do not extend to these C*-algebras. 

We shall describe, for each e ' > 0 , two C*-subalgebras SI and 93 of S£(K),the 
algebra of bounded operators on a Hilbert space K whose Hausdorff distance 

d(2I,93) = max( sup inf ||a —b||, sup inf | | a -b | | ) 

satisfies d(2I, 93) < e ' yet for which there is no isomorphism a:93->2l with 
| |6-a(6)| |<l/70| |6| |(bG95). (211,93! denote the unit balls of the respective 
algebras.) The algebras 21 and 93 are both isomorphic to the algebra of 
continuous functions from [0,1] into ^°ê(L), the algebra of compact operators 
on the Hilbert space L. In fact we show that 93 has a subalgebra 6 isomorphic 
with «SPë(L) so that (£ç=2I in the notation of [2; Definition 2.1] yet there is no 
homomorphism £:(£-> 21 with | |c- |3(c)| |<l/70| |c | |(ce(£). Replacing 70"1 by 
1000 - 1 we get the same result for a subalgebra ©0 °f ® isomorphic with c0. 
Phillips and Raeburn have shown ([7] Theorem 4.22) that there are s,t>0 
such that if SI is a unital continuous trace C*-algebra and d(% 93) < e <s then 
there is a isomorphism a:93-^2I with ||fr-o:(b)||<te1/2||b|| (6 G 95). Thus our 
example shows that their theorem cannot be extended to non-unital continuous 
trace C*-algebras. Christensen [2; Corollary 6.3] has shown that if © is a finite 
dimensional abelian C*-algebra and Kç2I then there is a * homomorphism 
a : (£^2I with | |c-a(c) | |<22e1 / 2 | |c | | (ceK). Thus our example also shows that 
this result does not extend to the case of an AF algebra K. 

We denote the set of strictly positive integers by Z+, L = €2(Z+) and £l5 £2> • • • 
is the standard basis of L. En is the orthogonal projection onto the span of 
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£ i , . . . , L- Any A e if(L) is given by a matrix Atj = <A§, £). If d = {d1? d2 , . . •} is 
a strictly increasing sequence from Z+ and A G «S?(L) we define Ad by 

(Ad)y = 0 if for some k 

d k_!<f<d f c and 4 - 2 < J ^ 4 + i 

= Ajy otherwise 

where d_x = d0 = 0. If we partition the basis into blocks of length dk - dk_1 and 
make a corresponding partition of the matrix for A then Ad is obtained from 
A by replacing the blocks on the main diagonal and the two adjacent diagonals 
by zero. Since the diagonal maps 

A - » £ ( E k - E k _ 1 ) A ( E k + I - E k + I _ 1 ) 
k 

have norm l (ZeZ and we put E m = 0 if m < 0 ) we see AdeJ£(L) and 
| |A j<4 | |A | | . 

LEMMA 1. For each e>0 and each dx<d2< * * * there exists a self-adjoint 
element A of 5£{L) with 

HANI 

l|Ad|hl 
| | A E n - E n A | | < £ n e Z + . 

Proof. Let an(neZ) be the Fourier coefficients of the function f(eie) = 
i6l7r(-Tr<6<7r) in L°°(T). Then'c^ = ( - l ) n + 1 / r n r ( n ^ 0 ) and a0 = 0. However 
X «|n|eme is the Fourier series of the L2 function 2TT~X log | l + e ie | which is not 
in L°°(T). Thus [4; p. 135] the matrix [ a M ] represents an operator on €2(1) of 
norm 1 but [ a ^ i ] does not represent a bounded operator. Thus taking only 
Uj>0, [o^i-il is an operator on L of norm 1 [4; p. 139] whereas [a|j-i|] is not 
because, writing €2(Z) = L®L± divides [«|y_i|] into four blocks of which the off 
diagonal blocks are the same as the corresponding blocks in ±[aj_j] and so 
represent a bounded operator whereas the two blocks on the main diagonal are 
in fact the same and so must both represent unbounded operators. 

By taking m sufficiently large the matrix C = Em[a| i_ i |]Em represents an 
element of 2(L) of norm > e ~ \ Define Sd, Td :i?(L) -> S6{L) by 

(SdB)ti = Bd2id2. 

(TdB)tj = Bkl if i = d2k, j = d2l 

= 0 if (i, j) is not of the form 

(d2k, d2l). 

Td is an isometry, Sd is a contraction and SdTd = identity. Put A =||C||_1TdC. 
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Then A = A* = Ad and ||A|| = 1. Also if d2k < n < d2k+2 

\\AEn-EnA\\ = \\Sd(AEn-EnA)\\ 

= \\(SdA)Ek-Ek(SdA)\\ 

= \\CV\\CEk-EkC\\ 

= \\C\r max(||(I-Ek)CEk | | , | |EkC(J-Ek)| |) 

= ||C||-1 max(||(I-Ek)Em[«J._ i]EmEk||, | |EkEm[a I ._ j]Em(/-Ek)| | 

^\\c\r<e. 
We denote the set of self adjoint operators in i?(L) by i?(L)s a . 

LEMMA 2. For each e>0 there is a function A : [0,1] —> ££{L)S2i. and functions 
An :[0, l ] - ^ i ? ( L ) s a n e f such that 

1. | |A n (x ) -A(x) | |<e (neZ + ) 
2. | |A (x ) | | < l (xe [0 , l ] ) 
3. A is continuous in the weak operator topology and x »-» An(x)ê i = 1 , . . . , n 

are norm continuous. 
4. There is no function A^ifO, 1]—>S£(L), continuous in the strong * operator 

topology, for which 

| |A00(x)-A(x)| |<i (xe[0 , l ] ) . 

The strong * operator topology is that determined by the semi norms 

\\m,\\B*$\,èeL. 
Proof. Consider the set 

Me={A;Ae#(L),a, \\A\\< 1, ||AEn - E n A | | < 8 (n eZ+)} 

with the weak operator topology. sde is a weak operator closed bounded 
convex subset of «S?(L) and so is compact. It is also metrisable and so if 
X c [ 0 , l ] is the Cantor set there is a continuous surjection A0:X—>sde 

[6,p. 166]. We extend A0 to a continuous surjection A :[0, \~\-*Me by linear 
interpolation on each interval of [0,1]\X whose endpoints are in X. For each n 
put An(x) = EnA(x)En + ( I - E n ) A ( x ) ( I - E n ) . We have 

\\An(x)-A(x)\H\-EnA(x)(I-En)-(I-En)A(x)En\\ 

= mM\EnA(x)(I-En)l\\(I-En)A(x)En\\) 

H|A(x)E n -E n A(x) | |<e , 

giving 1. 2 is obvious and A is weak operator continuous so x ' ->An(x) | i 

(i < n) is weakly continuous. As its range is in the finite dimensional space EnL, 
on which the weak and norm topologies coincide, it is norm continuous. 

Suppose a function A^ as in 4 existed. For each i the sets {AJ^x)^ ; x e [0,1]} 
and {Aoo(x)*é; xe[0,1]} are norm compact. Thus we can define inductively a 
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sequence 0 < d1 < d2 < d3 • • • of integers such that for each /, 

| |EdiA„(x)U- Edi+i)|| < (5.2--+2)-1 and \\{I- EdJAœ(x)Edi\\ < (5.2i+2)-\ 

We then have 

A„(x)d = I (Edi -Edi_)AJx)(I-EdiJ + X (I-EdiJAUx)(Edi-EdiJ 

so that H A ^ x ) ^ ^ . As the map A*->Ad has norm < 4 we see 
l |A00(x)d-A(x)d | |<f so | |A(x) J |< l . However by Lemma 1 there are values of 
x wi th | |A(x) d | |= l . 

We denote the C*-algebra of bounded functions [0,1] -> SB(L) by S) and the 
subalgebra of norm continuous functions with values in ^^(H) by 91. Given 
8 > 0 let A G 3) as in Lemma 2 and put U = exp iirA/8 and a = ad U (that is 
a(B)=U*BU) and a(x) = ad l/(x). We denote the map C^CB-BC by 8B. 
For cG^^iL) let /(c) G 91 be the constant function with value c, that is 
/(c)(x) = c , 0 < x < l . 

THEOREM 3. Let ef>0. For e <min{|, ^e 'exp-3ir /4} we hat>e d(9I, a9 I )<e ' 
and hence ( S ^ a / X i f ^ L ) ) ^ ! . There is no homomorphism /3 : <S —> SI with 
| | c- /3(c) | |<èl |c | | (ce©). 

Proof. Let D = ÔA, a G9I. Then | |D| |<2 and Ena(x)En -> a(x) uniformly for 
0 < x < l so for some value of n, \\Ena(x)En — a(x)\\<s \\a\\ ( X G [ 0 , 1]). Then 
\\Da -(8An)(EnaEn)\\ <\\D(a -EnaEj\ + ||(D - 6An)(EnaEn)|| < 4 e ||a||. How­
ever, (5An)(£^aEn)(x) = Ena(x)EnAn(x) — An(x)Ena(x)En G91 because EnAn 

and A n E n e9l . Thus for each a G 91 there is 6 G 9 1 with ||b —Da||<4e ||a||. Using 
this we can show by induction that for each n there is bn G 91 with ||bn - D n a | | < 
6n£||a|| and hence dist(a(a),2l)<e ||a|| exp 3 T T / 4 < § £ ' ||a||. Similarly 
dist(a~1(a),?{) = dis t (a ,a(9ï))<^ , |k l l and so d(», a(91)) < e \ 

If j3 is as stated then a and pa are homomorphisms /(«^(L))—»® with 
Wa-palji&eiLVW^lO-1. For each xe[0 , l ] ,7 (x) (c ) = |8oj(c)x defines a 
homomorphism y ( x ) ; ^ ( L ) ^ i P £ ( L ) with | |a(x)-7(x) | |<70~1 . As 
| | a - i d ® | | < 2 s i n 7r/8<^ this implies H'y(jc) — icLS?9?|| <cf so y(x) is an isomorph­
ism. Asx»-> y(x)(c) = |8a/(c)(x) defines an element of 91 the map x •—» y(x) is 
continuous with respect to the point-norm topology (that is the topology 
defined by the semi-norms A »->||A(C)||, CeJZ^iL)). Let JLL(X) = log y(x) (using 
the principal value). Then JLL(X) is a derivation on <£%!(L) [3; p. 313]. If p is a 
polynomial in one variable then A •—> p(A); i?(iP#(L))-* *£(£&€(L)) is point-
norm continuous on bounded sets and so x •-> JH(X) is point-norm continuous. We 
have loga(x) = 3(x) where 8(x)(a)=iir(aA(x)-A(x)a)/8. Also ||S(x)-JLL(X)|| 
= ||log a(x) ~ log y(x)|| < I n > 0 n-1!! (a(x) - id ^)n ~ (y(x) - id #<g)n|| < 
I n x ) ® " " 1 | | a (x) -7(x) | |<5^<7r /40 . For each X G [ 0 , 1] define B(X)G«S?(L) by 
B(x)c^1-(ô(x)-|Li(x))(ce11)^(cGc2

>cg(L)). Then as in [5; Theorem 3.1], 
(Ô(X)-/LL(X))C = CB(X) - JB(X)C , | |B (X) | |<7T /40 and <B(x)^, | 1 ) = 0. Put A ^ x ) = 
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A(x)-8B(x)/7ri. Then | | A 0 0 ( X ) - A ( J C ) | | < | and ii(x)a = iir(aAO0(x)-Aa0(x)a)IS. 
For 7], £ e L let i\ ® £ be the rank one operator £ •-» (4 £)TJ and put ^ = ê ® §. 
We have 

8eiijM(x)(eii) = iVfi® (AÏ(x)Ê -(AooCx^rfi) 

8jLL(x)(eii)eii = ÏTTCAOOCX)^ - A ^ x ) ^ » ) ® ê 

8eii|ui(x)(cii)eiJ- = ^ ( A ^ x ^ - A J x ) ^ ^ 

A(x)11 = A00(x)11 

Since the left of the first three equations is a norm continuous function of x 
and A(x)n is continuous we see that all the AOD(x)ii are continuous and 
x >-> AO0(x) is strong * continuous. This contradicts the properties of A in 
Lemma 2. 

By identifying a diagonal matrix with its diagonal sequence we can consider 
c 0ç=^ë(L) . 

COROLLARY 4. Let (£0 = a/(c0) and £'<(1000_ 1). Then there is no * 
homomorphism p0:<&0->SH with ||c —j30(c)||^1000_1 ||c|| (c eGt0)-

Proof. We shall use the method of [2; Theorem 6.4] to extend j30 to ©. 
Consider 3 as an algebra of operators on the Hilbert space K = ££[0,1]. Then 
there is a unitary operator W on K with \\I— W| |<999_ 1 [1; Theorem 5.4] and 
|3 0 (c )=W*cW(cee 0 ) . Put ^ = W^W. Then G ^ ç S where e" = 3(999)-1 

and Po(So)^^in2l . Put py = W*a/(Bij)W. For each nel+ let fteSl with 
l |Pm-/nlN332- 1 and put fn = Pllf'nPnn so | | P l n - / J < 3 3 2 - 1 . Thus | | / n / * - P l l N 
ll/nllllPin-/nll + IIPin-/nll<165-1 and so ( / J* ) ' 1 ' 2 exists in the algebra P l l 2 I P l l 

and we have | | P l l - ( / n / * r 1 / 2 | | < ( l - 1 6 5 - 1 r 1 / 2 - l < 3 2 8 - 1 so that g n -
(/n/î)"1/2/n has | |g n - / n | |<328- 1 ( l + 332-1)<327-1 . Also gnGPl lSïPnn and 
gng* = Pn so g*gn is a projection in Pnn2lPnn with | |g*g n - P n n | |< 
llgnllllgn-Pinll + llgn-Pinll<4.327-1 and so g*gn = Pnn. Put V = I n P n l g n , the 
series converging because for each n the nth term is a unitary operator on 
pnnK. As Ynii^nn) converges weakly to I on K we see £ Pnn converges weakly 
to I and so V is unitary and | | I -V | | = s u p J | P n n - P n l g J = s u p J | P l n - g J < 
2.327 -1 . Now put p ( c ) -V*W*cWV(cGg) . Then P<x(j(eii)) = V*p0-V = 
gfpug,es l , so that 

| 8 ( g ) g » 

and 

| | c - /3(c) | |<2 | | / -WV| | | | c | |<2( | | I -W| | + | | I -V| | ) | | c | |<70- 1 | | c | | (cee) . 

Although K is not separable the subalgebra of 2) generated by SI and a21 is 
and so could be represented on a separable Hilbert space. The algebras 21 and 
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a(SÏ) do not have units but we could adjoin the identity on K to 21, a (21) and (£ 
and the identity on L to £%(IS) and the proofs would apply. The algebra 
obtained by adjoining a unit to % is postliminal but does not have continuous 
trace. 
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