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ON THE , FUNCTION OF BROWN AND PEARCY
AND THE NUMERICAL FUNCTION OF AN OPERATOR

NORBERTO SALINAS

1. Introduction. Throughout this paper § will denote an infinite dimen-
sional, separable complex Hilbert space, and & will denote the unit sphere of
D (e. = {x€ H:|x|]| = 1}). Also () will represent the algebra of all
bounded linear operators on §, and & will represent the ideal of all compact
operators on 9. Furthermore P8 will denote the set of all (orthogonal) pro-
jections on  and P, will denote the sublattice of P consisting of all finite
rank projections. In most of the cases (especially when limits are involved)
B, will be regarded as a directed set with the usual order relation inherited
from .

Brown and Pearcy in [1] define the non-negative function 4 on £($) by

(1.1) 7(T) = inf sup ||Tx — (Tx, x)x||.

PePr 2€& N (1-P)D
They showed [1, Theorem 1] that y(7") = 0 if and only if T can be written
as T = A+ K where K € ® and X\ € C (as usual, C denotes the complex
field). Following the notation of [3], we denote by (7") the set

T ={K+NKeg®\e(},

and we denote the complement of (T°) in 2(9) by (F) [1]. Our first task in
this paper (§ 2) is to study some of the properties enjoyed by the function 7.
In particular we prove (§2, Theorem 3) that 5(T") = (T*) for every
T € 2(9), which was conjectured by Brown and Pearcy. In § 3 we define the
essential numerical range W,(T") of an operator 7', and we show (Lemma 3.3)
that our definition is equivalent to the one given by Stampfli and Williams in
[5]. Also we prove that the diameter d,(T") of W, (T) is zero if and only if
T € (T') (Theorem 4), which constitutes another characterization of the
class (T"). Finally, in § 4, we introduce the numerical function, ¢ r, of the opera-
tor 7. This function is defined by the formula

dr(x) = (Tx,x)/|l«]]*, 0 x€ .

The function ¢, seems to have an important relation with the operator T’
for example, the range of ¢ is the numerical range W(T') of T.
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Furthermore, let w® (T") (the differential numerical radius of T") be defined
by
w?(T) = sup D2 )],

where D¢ r(z) denotes the differential of the function ¢, at z. Also, set
w,2(T) = inf w™([1 — PIT[1 — P)).
PPy

Using some standard techniques provided by the differential calculus on
Banach spaces [2, Chapter VIII] we prove in Theorem 6 that

(1/2)de(T) = w,P(T) = 29(1).

This inequality (in conjunction with Theorem 4) produces an alternative
proof of the above mentioned theorem of Brown and Pearcy [1, Theorem 1]
and gives a sharper estimate for the diameter of the essential numerical range
of T, than that given by [1, Lemma 2.2].

In the last part of Section 4 we make some remarks concerning the higher
order differentials of the numerical function ¢ 7.

2. Properties of the » function. We begin with some preliminary notation
and remarks. Since the function 7z — (T2, 2)z plays an important role in the
definition (1.1) of the function 7, in what follows we adopt the notation

Er(z) = Tz — (T3, 2)z.

The following are some of the properties enjoyed by the function E(z), for
any z € &,

(i) Erp(z) = Er(3), A€ C,

(ii) Ez(z) = 0if and only if z is an eigenvector of T,

(i) [[E-@)| = (|7l

Given any bounded function F: & — 9 and any Q € B, we will write
[|Flle = sup:esn osl|F(x)||, and simply ||F|| if Q = 1.! Then formula (1.1)
takes the form

(7)) = inf ||Ef|le = lim [|Ep||e.
(1-Q) ePBr (1—-Q) By

Letr : (D) — (9)/K be the canonical projection onto the (Calkin) quotient
algebra, and recall that

l(@I] = inf |IT + ]|

The following lemma gives another characterization of ||« (7')||, which will
be used without explicit mention.

1The notation ||.|| is usually reserved for the norm of a bounded linear transformation.
However, since we are working with non-linear functions, like the function E,, we extend
such a notation to any bounded function on & as indicated.
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LemMA 2.1. If T € (D), then

(2.1) (D[] = }jgg, 1L =P)T1 - P)|
= },iefgf 1Tl a-p-
Proof. Let
»(T) = lim [|T|[a-py = inf ||T(1 — P)]].
PEBy PeBy

It is clear that
[|=(D)|| = inf [|Q = P)TA — P)|| = »(1);
PeBy

thus it remains to prove that »(T") < ||« (T)||. For any K € 8, there exists
an increasing sequence P, € B, such that lim, ||K (1 — P,)|| = 0. Therefore

v(K) = lim [|[K(1 — P)|| £lim ||[K(Q — P,)|| = 0.
PE(’B/ N-3c0

Since » is a seminorm on ¥(9), we observe that »(T" 4+ K) = »(T), for every
K € R Thus »(T) £ ||T + K||, K € & and hence »(T") = ||x(T)]].

Now, we list some elementary properties of the function 7,
(i) 7 is a seminorm on L(9),

i) (T + X)) =2(I),x € G,

(i) #(T) = [l=(D)]],

and hence
2.2) 7+ K) =0forall\ € C, K € &,
2.3) 2(T 4+ K) = 9(T) for all K € &.

We remark that nothing like a power inequality is true for the function 7.
For example, if 9(72) = Cyp2(T) were valid for some constant C > 0, and
every T € (), then for every A € C, we would have that 9(72 4 2\T) =
(T 4+ N2 = Cp2(T + N\) = Cy2(T), which is false if we take any T" € (D)
with 9(T) > 0 and X sufficiently large (the same reasoning applies to higher
powers). The following result is a geometric lemma, which we will need in the
sequel.

LemMMA 2.2. Let M be a (closed) subspace of O. Then

(@) if U is a unitary operator, UIN)+ = U(M+),

(b) #f H 1s a self-adjoint invertible operator, then H(IN)+ = H-1(IMN+),

(c) #f S € (D) s invertible and S = UH 1is its polar decomposition, then
SR+ = UEH(IMN)).

TuEOREM 1. If T € R(D) is invertible, then
(24) 1(T)/|lx (D2 £ 2 (T=2)]|w (T-1)] [0 (T).
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Proof. If x € © and y = Tx/||Tx||, we have
IEz@)|]* = |Tx[[* — |(Tx, x)]?
(2.5) = [|Tx||* /(| T[[* = [(T=, )[*/[|T=[|*)
= [ITx|1* (T[> = [(T, 9)1°).

On the other hand, given Q € PB with (1 — Q) € B,, by hypothesis we see that
x € N QY if and only if y = Tx/||Tx|| € @ N TQPH. Therefore, using
formula (2.5) we obtain

(2.6) Ezlle = IT1IE || eps

where Qr is the projection onto the subspace 7Q09. Employing Lemma 2.2,
we see that since T is invertible, the mapping Q — Qr establishes a lattice
preserving correspondence in P, and also that (1 — Q)9 is finite dimensional
if and only if (1 — Q)9 is so. Therefore, taking limits on both sides of (2.6)
we conclude that the first inequality of (2.4) is valid. Interchanging 7" and 71
we see also that the second inequality is valid.

We next state without proof the following characterization of the function
n given by Douglas and Pearcy in [3, Theorem 1].

LeMMA 2.3. For every T € 2(9),
7(T) = lim sup ||PT(1 — P)||.
PPy

The following lemma tells us that the » function is invariant under unitary
equivalences.

LEMMA 2.4. For every unitary U € (D) and every T € (),
(2.7) n(UTU*) = 7(T).
Proof. Let P € P,. Then
lPUTU*(L — P)|| = [[(U*PU)T[1 — (U*PD)]|I.

Set Py = U*PU. Then the correspondence P — Py is bijective and lattice
preserving in B, (by Lemma 2.2), and therefore using Lemma 2.3, we have

n(UTU*) = lim sup ||PoT(1 — Py)||
PPy
= limsup ||PT(1 — P)||
vt PEPr

= (7).
Hence (2.7) is valid.

THEOREM 2. If T € (D) and S is an invertible operator, then
@8) 2@/ USH =D = 2STS™) = [ISI] ||« (S| (D)-
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Proof. Let S = UH be the polar decomposition of .S. Since S is invertible,
U is unitary and H is invertible. From Lemma 2.4, we obtain

n(STS™!) = n(UHTH'U*) = n(HTH™).
Also it is easy to see that
llw )| = [l=EDI], lw (S| = [l=EH],
ISI = 1AL (1S = =]

Thus it remains to prove (2.8) in the case that S is replaced by an invertible
self-adjoint operator H. Let P € B, Q = 1 — P. Then

PHTH || = HTH™
2.9) I Qll = sup I % 9)|
y€S N PO

I
w
=

o

=5
.
‘E.%.-'

g

Now, let Py, Qg be the projections onto the subspaces HPY and H-1Q9H
respectively. From Lemma 2.2, we have Py + Qg = 1 and Py € P,. From
(2.9) we deduce that

(2.10) |[PHTH'Q|| < [|H|| ||H Yo sup |(Tx,9)]
ze6 N Qyd
y€& N Pyd

= ”H“ HH—IHQHPHTQHH-

Now using Lemma 2.2, as in Lemma 2.4 and Theorem 1, we observe that the
mapping P — Py sets up a lattice preserving bijective correspondence in P,
and then taking lim sup in (2.10) we get

n(HTH™) = lim sup ||[PHTH™'Q||
PePy

Q=1-pP
< ||H|| lim |[H™"||a-p lim sup ||PxT Q||
PeBy PeBs
Q=1-P
= ||#| [ E))|n(D).
This proves the second inequality of (2.8), the first one follows in a similar way.
THEOREM 3. For every T € R(9),
(2.11) n(T) = n(T*).

Proof. If LQ is any subset of § we denote by [Q] the projection onto the
subspace generated by Q. From Lemma 2.3, for any § > 0 there exists P € P,
such that, if P’ € B;, P < P’, then ||[P'T*(1 — P")|| £ 9(T*) + 4. Since
[T*PY] € B,, setting Py = P V [T*PP] we see that P; € P,. Given ¢ > .0,
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by definition of the function 5 there exists x ¢ €N (1 — P;)9 such that
7(T) — € < ||[Er(x)||. Set Py = P V [x]. Therefore, P £ P, and P, € P,.
Now we observe that [E 7 (x)] is orthogonal to Ps. In fact, [E r(x)] is orthogonal
to [x]; on the other hand [E(x)] is orthogonal to P, for, y € P$ implies
Erx),y) = (Tx,vy) = (x,T*y) =0 (because x € (1 — P;)9). By the
above remark, E,(x) € (1 — P;)9, and then we have

1(T) — e <|[Ez @) = || = P)Er(x)|
= “(1 - PZ)ET(P2x)” = ”(1 - Pa)TszH
S |[(L = Po)TPsf| = [[P.T*(1 — Py|
< n(T*) + 8.

Since e and § are arbitrary positive numbers we conclude that 5 (7)) = 5(T%).
Interchanging T and T™* in the last inequality we obtain (2.11).

Remark. The sets (I') and (F) are invariant under similarities, and under
the maps S — 5* and S — .51 (from [1, Theorem 1]). We observe that
Theorems 1, 2 and 3 show such invariant properties in a more precise fashion.
On the other hand, (T°) (and hence (F)) is not invariant under quasi-similari-
ties.2 In fact Hoover showed [4, Chapter 1, § 4] that there exists a compact
weighted shift which is quasi-similar to a noncompact one. Thus we cannot
expect that an analogous property to that of (2.8) holds for quasi-similar
operators.

3. Some other seminorms on {($)/ &. Let T € {(P). As usual, W(T')
will denote the numerical range of 7, i.e.

W(T) = {(Tx,x), x¢€ &}.
Also, w(T") will represent the numerical radius of 7, i.e.
w(T) = sup |(Tx, x)|,
€S
and d(7T") will denote the numerical diameter of T, i.e.
d(T) = sup |(Tx,%) — (Ty,)|.
z,y€S

In what follows we adopt the following notation: if T € £(9), Q € B then
by T, we mean the restriction of the operator Q7°Q to the subspace Q9. Thus

1T oll = 11QT |-

*Two operators T and S on § are said to be quasi-similar [4] if there exist two dense
range injective operators X and Y satisfying TX = XS, YT = SY.
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Now, we define the following two seminorms

w,(T) = inf w(Ta_p)
PeBy
= inf Tx,
A0l oSBT 2)]
= lim w([1 — P]T[1 — P));
PeBy
de(T) =

inf d(T(l..p))
PePBs

inf su Tx,x _ T,
PeBr z.yeS np(l_p)@l( ) — (T, )]

lim d(T(1_p)).
PeBr

It is easy to verify that the following properties are valid for any T € 2(9).
(@1) w(T) = we(T™);
(@) 1/2)||lx(D)]| = wo(T) = |[=(D)|];
and hence
(a3) w,(K) = 0if and only if K € &;
(@s) w (IT7) = [we(1)]";
(@s) If w,(1 — P) < 1, then #(T) is invertible (in 2($)/&). Actually, more
is true, i.e. dim[null 7] = dim[null T*];
(bl) de(T) = de(T*);
(02) (T +\) = d.(T), N € C;
(bs) d.(T) = 2w, (T);
and hence
(s) d.\+ K) =0, € G, K € R

LemMma 3.1 If T € (D), then
(i) w.(T) = inf w(T + K);
KeR
(i) d.(T) = inf d(T 4+ K).
KeR
Proof. From (a;) and (b3), it follows that

we(T + K) = 'we(T)y de(T + K) = de(T), K € R.

Therefore, w,(T) = infgeew (T + K), d.(T) = infreed(T + K). Thus it
remains to prove the reverse inequalities. But

w,(T) = inf w([l — P]T[1 — P]) = inf w(T + K),
PPy Ke®

and (i) follows. On the other hand, let Q € P be such that (1 — Q) € B,
andlet A\ € W(Tg) = {(Tx,x):x € N QP}. Then,

3.1) WQTQ + Ml — Q) = W(T o).
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Therefore, d(T'q) = d(QTQ + N(1 — Q)) 2 infgepd (I + K), and hence
d.(T) = inf d(T + K),
Ke®

which completes the proof of (ii).
Next, we introduce a set valued function defined on {(9). For T € 2(9),

W (T) = ng W(Ta-p) .

Since {W (T 1-r))} peps constitutes a filter base of nonempty compact, convex
sets, W,(T") is a nonempty compact, convex set.

LemMa 3.2. If T € (D), then
(i) w.(T) = sup |A[,

NEW(T)
and

(il) d.(T) = sup |\ — pl.
N pEWe(T)

Proof. It is clear that w,(T") £ supaewo(n)l\|, de(T) = suprewon|N — wl.
On the other hand, let C be the boundary of any disk whose interior contains
W.(T). Also, let § be the diameter of C, and p = supaec|M|. Since
W.(T) N C = @, there exists P € P, such that W(Ta-p) M C = @. There-
fore w,(T") < p and d,(T") < §. These imply that w,(T") = supxuewen|\|, and
do(T) = supauewonlh — ul.

LeEMMA 3.8. If T € (D), then
W)= N W(IT +K).
KeR
Proof. From (3.1), we see that
N W(T + K) C W.(T).
KeR

To prove the other inclusion, let K € & and ¢ > 0. It follows that there
exists P € P, such that

IKa-pll = [|Q = P)K(1 — P)|| = |[KQA — P)|| < e
Therefore, w(K1—p)) < € and hence

W) =W.(I'+ K —K) CW(T + Kla-p) + W(Ea-p)
CWT+K)+ (AN < €}.8

Since ¢ is arbitrary, W.(T) C W(T + K) and hence
W.(T)C N W(I +K),
Ke®
which completes the proof.

3If A, B are subsets of C, then 4 + B = {a + 8: « € 4, 8 € B}.
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In view of the above Lemma and according to [5, § 3], the set W,(T") will
be called the essential numerical range of the operator 7. We saw in Lemma 3.2
that w,(T") is the radius of W,(T") and that d,(7T) is its diameter. Furthermore,
if ¢ (x (7)) denotes the spectrum of 7 (T°) (in R(H)/R), then

o(x (1)) C W(T + K),

for every K € & and therefore, (v (7)) C W,(T). Also, it can be proved
(using the relation W (T + S) C W.(T) + W.(S), which is valid for every
T,S € {(9)) that W,(T) is a continuous set valued function of #(T"). More
precisely, if S, 7T € () then AW (T), W.(S)) < ||=(T — S)||, where
A(., .) denotes the Hausdorff metric for compact subsets of the complex plane.

THEOREM 4. For T € (D) we have
d,(T) = 0if and only if T € (T).

Proof. If T € (T), it follows from (b3) that d,(T") = 0. Conversely, assume
d.(T) = 0, then W (T) = {A}, for some A € C, and hence W, (T — \) = {0}.
Therefore w,(T" — \) = 0, which, in conjunction with (a3), proves that
K =T — X\ € R, completing the proof of the theorem.

Remark. From 2.3 we see that
* 7(T) = inf ||Ersxl|,
KeR

where, as before, ||Erix|| = supjizii=i||Ersx (x)||. According to Lemma 3.1
it is reasonable to raise the following question, the answer to which is still
unknown to us. Is the reverse inequality of (*) valid?

4. Some estimates on the numerical function of an operator. Given
an operator T on § the complex valued function ¢, defined on $ — {0} by
the formula

ér(x) = (Tx,x)/|lx]’,

will be called the numerical function associated with 7. The following are
some of the properties enjoyed by ¢ 7.

(@) W(T') = range of ¢r,

(b) ¢ is a continuous function on  — {0} (with the norm topology),

(c) ¢ris homogeneous of degree zero, i.e. ¢ r(ax) = ¢r(x), for every @ > 0.

Definition. Let Il be an open subset of § and let g be a continuous real-
valued function defined on 1. We say that g is differentiable on 1 if for every
z € 11, there exists a real linear functional, L,, on §, such that

(**) Hlyilrlrlo llg(z + 3) — g(z) — Lyll/llyll = .

If such a real linear functional L, exists, it is the only bounded real linear
functional satisfying (**), for each z € 1, and it is called the differential of g
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at z, Dg(2). The value Dg(z) at x € $ is denoted by Dg(z ; x). If f is a con-
tinuous complex valued function defined on U, i.e. f = g 4+ ¢k, where g,k
are continuous real-valued functions on 1, we say that f is differentiable on Il
if g and £ are differentiable on U. In this case Df(z) is defined by Df(z) =
Dg(3) + iDh(2), 2 € U. We observe that Df(z) can also be characterized by

@1) lim (17 + ) = 1) = DfCe i) 11/ IIyl] = O,

where Df(z ;3) = Dg(z ;5) + ¢Dh(z ;).

We will use the next two lemmas to prove that the numerical function
¢r of T € (D) is differentiable on  — {0} and to compute D¢r(z) for
every 0 # 2 € 9.

LeMMma 4.1, Let U be an open subset of © and let the functions f: U — C,
g : U — C be differentiable, such that g(x) #£ 0 for all x € U. Then the function
f/g is differentiable on 11, and

(4.2) D(f/g)(z ;%) = [g(&)Df (= ;%) — f(z)Dg(z ; x)1/g* (2),
forallz € U, x €.
LEMMA 4.2, For any T € (D), let Y7 : O — C be the function defined by

(4.3) Yyr(x) = (Tx,x).
Then Y r s differentiable on O and
4.4) Dyr(zi;x) = (Tz,x)+ (x, T*2),3,x € D.

Proof. The statement follows from (4.1) and the following identity
(T(Z + 3’)» 2 + 3’) - (TZ, Z) - [(]‘Zr 3’) + (3’, T*Z)] = (73’, y)y
valid for T" € (D), y,2 € 9.

THEOREM 5. For any T € R(9) the numerical function ¢ r is differentiable on
 — {0} and the value of its differential at 0 % z € O, x € O 1s given by

(4.5) Dér(z;x) = [(Er(/l2l]), x) + (&, Er(/ll5]]))]/l2]].
Proof. Using formula (4.3) we see that ¢r(x) = ¢r(x)/¢1(x). Therefore
from Lemma 4.1 and Lemma 4.2, ¢ is differentiable in $ — {0}, and
D¢r(z;x) = DWr/¢1) (2 ;%)
= Y1) DyYr(z ;%) — ¥r(@)DYa(z ; x)]/¢12(2)
= [(T% %) + (v, T*2) — ¢2(3) (3, x) — ¢7(2) (x, 2)]/]2]]2
from which (4.5) follows.

COROLLARY 4.3. For T € (D), Dorz = 0 if and only if z is an eigenvector
of both, T and T*.

Proof. The statement is a consequence of (4.5) and the following fact. Let
21, 23 € © such that (z1,x) + (x,2:) = 0 for all x € $. Then z; = 3, = 0.
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Now it is natural to introduce the following terminology. Given I" € (9)
we define the first differential numerical radius of T by

w?(T) = sup ||Dér(2)]]-
2€S
We observe that if Q € P, then
w(l)(TQ) = 'w(l)(QTQ) = sup [|[Dér(2)|le
26 N @9

where |[D¢r(2)||o = supresn oo/Dor(z s x)|, and as before T4 = QT qe.
Next we define a new seminorm on £($) by setting

w, () = inf w®(Ty).
(1-Q) By

It is easy to verify that w,® has the following properties:
w, L (T) = w,W (T*)v
w, D (T) = 2|« (D)l

(4.6) w (T 4+ \) = w,P(T), N €C,

4.7) wPE+N)=0,1€CKE€ R
THEOREM 6. For any 1" € {(D) we have

(4.8) (1/2)d.(T) = w,(T) = 29(7).

Proof. From (4.5) we see that, for any 2 € &,
[1Dér @I = [|[E2@)|| + [[Er @)l
Taking supremum on z € @M (1 — P)H and then infimun over P € P,
we get
w (1) = 9(T) + 2 (T™).

Using Theorem 3, we conclude that the second inequality of (4.8) is valid. To
prove the left inequality of (4.8), let P € P,and let \, p € W(T'(1—p)). There
exists x,y € &M (1 — P)H such that ¢r(x) = \, ¢r(y) = u. Furthermore
(replacing y by —y, if necessary) we may assume that

(4.9) lle — 3]l = v2.

Therefore the segment [x, y] joining x and v lies entirely in (1 — P)$ — {0}
and we can apply the Mean Value Theorem of Differential Calculus
[2, Chapter VIII, Theorem 8.5.4] to obtain

(410) [N —y| = [¢r(x) — ¢r(¥)| = Sup ll¢r(@)||a-pmlx — ]|

On the other hand, from an elementary geometric fact,

(4.11) sup (1/]]z]]) = 1/( inf |]z]])
z€[z,y] z€[z,y]
= 2/[lx + vl
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Also, from (4.9) and the parallelogram law, we get

(4.12) lle + 9l = ve2.

Now from (4.9), (4.10), (4.11), (4.12) and the fact that ||z]| ||D¢r(2)|| is
homogeneous of degree zero, we can obtain

N—ul= _sup [IDér@)la-p sup (1/]lzDllx — ]
266N (1-P)9 2€[z.9]

=2 sup [|D ¢z (2)||a-p»
266 N (1-P)®
and thus
(4-13) d(T(l—P)) < 200 (T(I—P))'

The proof of (4.8) can be completed by taking limits in (4.13), when P € P,.

The next corollary is a consequence of (2.2), Theorem 4, and (4.8).

COROLLARY 4.4 (Brown and Pearcy). For any T € (D), n(T") = 0 if and
onlyif T=x+K,\€C K€ Q.
We observe that [[v#(D)||? £ n?*(T) + w2(T) (recall that ||Tg|[z2 =
IEZz(2)]|2 + | (T2, 2)[2, for every z € &) implies that
o (T — M2 = 22(T = \) + w2(T — N)
= 772(T) + dez(T), AE We(T)

and therefore, using (4.8) we obtain

(4.14) |lw(T — N2 £ 1792(T), N € W (T),
which constitutes a sharper estimate than that given in [1, Lemma 2.3] (in the
limit).

Remark. As we did previously for » = 1, we define the nth differential
numerical radius of an operator 7" by

@™ (T) = sup ||D"¢r(2)]|.
2€S
Also we set

d(n)(T) = sup HDnd’T(x) - Dnd’f'(y)“-
z,y€S

Here D*¢ (z) denotes the nth differential of the function ¢ at z (for definition
and properties of higher order differentials of a function, see [2, Chapter VIII,
§ 12]). Now, we define the following essential quantities

w’(n) (T) = Piglg, W(n) (T(I—P)),

and
d,™(T) = inf d®(Tap).
PcPy
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Obviously,
™ (T) £ 2w (T),n=0,1,2,....

Next, we observe that since ¢ is an even function, i.e. ¢ (2) = ¢r(—2),
2 # 0, D*®¢r is also an even function, and D*+1¢, is an odd function (i.e.
D¥+1¢p o (—3) = —D¥+¢1(2)). Thus

48D (T) = 20,840 (1), k = 0,1,2, ... .

On the other hand, since ¢, is homogeneous of degree zero, D"¢» is homo-
geneous of degree —n, and hence ||z|[*D"¢ r(2) is homogeneous of degree zero,
n=20,1,2,... . It can be proved (with arguments similar to those used to
show (4.13)) that for Q € P we have

4 (Tq) < 20H0w@HD (T),
and hence
a2 (T) = 20+kgy D (T kB =0,1,2,... .

Also it is not difficult to see that for each » = 0, 1, 2, . .. there exists a con-
stant C, > 0 such that

w,™(T) = Gll=(D)]].
Therefore foranyn = 1,2, ...
w PN+ K)=0,A€C, K € {.
Thus it is natural to pose the following problem.
Problem. Let n = 1 and T € 2(9) such that w,™ (I") = 0. Do there exist

A € Cand K € f such that T = X\ + K? Observe that from (2.2), Theorem 4,
and (4.8), Corollary 4.4 may be stated

w D (T) =0ifandonlyif T=N4+ K,N€C,K € {.

Hence Corollary 4.4 tells us that the answer to this problem is yes, in case
n = 1. On the other hand, it can be shown that if D%¢,(2) = 0, for every
3 € &, then T is a scalar operator. Thus if w» (T'1_p)) = 0 for some P € P,
then 7' = A+ K forsome A € G, K € R.

Note. Let @ be any nonseparable Hilbert space, and let X, be any (infinite)
cardinal number such that X, < dim @. We denote by P, the set of all
(orthogonal) projections P € (®) such that, dim P® < X, and we let &, be
the uniform closed ideal generated by P.. Then all the definitions and results
of §§ 2, 3, and 4 can be extended, without any modifications, to nonseparable
spaces, if we replace (in all the cases) P, and & by P, and S., respectively.
We omit the details of such extensions to avoid irrelevant repetitions.
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