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Abstract

We use a relative trace formula on GL(2) to compute a sum of twisted modular L-functions anywhere in
the critical strip, weighted by a Fourier coefficient and a Hecke eigenvalue. When the weight k or level
N is sufficiently large, the sum is nonzero. Specializing to the central point, we show in some cases that
the resulting bound for the average is as good as that predicted by the Lindelof hypothesis in the £ and N
aspects.
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1. Introduction

In many situations, the central L-values of modular forms encode information about
related algebraic objects. For example, the nonexistence of solutions to certain
Diophantine equations can hinge on the existence of cusp forms with nonvanishing
central twisted L-value (see [Ell, BEN]). Techniques from analytic number theory
can then be used to estimate averages of L-values and thereby deduce the existence of
such cusp forms. The standard method, introduced by Duke [Du], uses the Petersson
trace formula together with Weil’s bound for Kloosterman sums. In the present paper,
we use a different trace formula to compute the average of twisted L-functions directly
at any point in the critical strip. The resulting asymptotic formula has a much better
error term (as a function of the level) and follows immediately without any use of
regularization, approximate functional equations, or deep results about Kloosterman
sums.
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Before stating the main result, we fix the following notation. Let Si(N, ) be the
space of cusp forms & on I'o(N) = {(¢ Z) € SLy(Z) | ¢ € NZ} satisfying

az+b
i
cz+d

) = v@xez + dtney

for all z in the complex upper half-plane H and all (¢ §) € To(N), where i is a Dirichlet
character modulo N. We normalize the Petersson inner product on Si(N, ¢) by

1 dxdy
hf} = — f h(z)HF ——=, 1.1
I = 255 O 5 (1.1)
where

V(N) = [SLao(Z) : To(N)].

Given h € Si(N, y), write h(z) = 3,50 an(h)q" for ¢ = ¢*™. Fix an integer D with
(D,N) =1, and let y be a primitive Dirichlet character modulo D. The y-twisted L-
function of 4 is given for Re(s) > k/2 + 1 by the Dirichlet series

L(s, h,y) = ZM

n>0

The completed L-function
A(s, h, x) = Qr) " T(s)L(s, h, x)

has an analytic continuation to the complex plane and satisfies a functional equation
relating s to k — s, so the central point is s = k/2. Taking y trivial and D = 1 gives the
usual L-function A(s, k). When N = 1, the functional equation takes the form

i T(x)? _
A, hX) = S A Ak = 5.1, (1.2)
where 4
=), xme (1.3)
me(Z] DL

is the Gauss sum attached to y.
Let n be an integer prime to N, and let 7, be the nth Hecke operator, given by

T,h(x) =n*" Y dz_i w(a)d‘kh(w).

ad=n, b=0 d
a>0

Let # be an orthogonal basis for (N, ) consisting of eigenfunctions of 7,,. We
denote the Hecke eigenvalue by 7,,h = A,,(h)h, and recall that

an(h) = ay (M)A, (h).

Our main result is the following theorem.
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Tueorem 1.1. With notation as above, assume that k > 2, and let r,n € Z" with
(rn,D) = 1. Then, forall s = o + itinthe strip 1 <o <k -1,

1 Z u(h) a,(h) A(s, b, x)

V(N) & [IA]1?
_ 2% Qarn)t! o pa
B (k = 2)! r()d;d ( ) (d2)
2k—1 2 s—1 -k
+ 6N,1%F(k—s)lj;s kT(g) > (d )+E (1.4)

d|(r;n)

where Oy, € {0, 1} is nonzero if and only if N = 1, and the error term E is an infinite

series involving confluent hypergeometric functions (cf. Proposition 8.1) satisfying

@rrn)k ' D712 0(D)B(0r, k — o) .
No(k—2)!

Here, B(x,y) =T ()I'(y)/T'(x +y) is Euler’s Beta function and ¢(D) is Euler’s ¢-
function.

|E| <2 ged(r,n)

nT
sh(j)g(k — o). (15)

Theorem 1.1 extends first moment estimates of many authors. For prime level
N, Duke estimated the average at the central point in the case k=2 and r=n=1
[Du]. Akbary extended his result to allow for arbitrary weight k and summing over
newforms [Ak], and Kamiya treated arbitrary level and weight (with oldforms present)
and s any point on the critical line [Ka]. These references all make use of Petersson’s
formula, and obtain an error on the order of O(N~/4*¢), whereas (1.5) is O(N*/?) for
s on the critical line. Ellenberg has shown how to refine Duke’s method to improve the
error bound to O(N~%/2*¢) [EI2].

In the case of twisting by a quadratic Dirichlet character when N = 1, a different
method was offered by Kohnen and Sengupta. They gave an asymptotic for the average
in the weight aspect using Waldspurger’s formula relating the central twisted L-values
to certain Fourier coefficients of half-integral weight modular forms [KS].

Here, we prove Theorem 1.1 by direct computation of a GL(2) relative trace formula
involving integration over N X T, where N is unipotent and 7 is a torus. This method
was introduced in [KL2], in which the untwisted case was treated. The incorporation
of twisting is achieved with an adelic twisting operator, which we define in Section 3.
Results of this nature have been used to bound the ranks of Jacobians of modular
curves (cf. [IS2]).

Several authors have investigated first moments of Rankin—Selberg L-functions, that
is, where y in (1.4) is replaced with a fixed cusp form 4 on GL(2). In the case where
h is dihedral, one can do this via a relative trace formula on 7 x T [RR, FW] or by
appealing to the Gross—Zagier formula [MR]. Averages for more general # have been
studied recently by Nelson [N] and Holowinsky and Templier [HT] (level aspect) and
by Li and Masri [LM] (weight aspect). In several of the above references, a ‘hybrid’
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subconvexity result is obtained, valid for forms whose level is in some range depending
on the level of the fixed form A. Unfortunately, an analogous hybrid subconvexity
result (in N and D) is not possible in the present paper because of the poor control of
the D-aspect in (1.5).

An immediate application of Theorem 1.1 is the nonvanishing of L-functions, as
follows.

CoroLLARY 1.2. Suppose that N > 1 and gcd(r,n) = 1. Then, for any s in the critical
strip (k—1)/2 < Re(s) < (k+1)/2, the sum (1.4) is nonzero as long as N + k is
sufficiently large.

(See Section 9, where the required size of N + k as a function of D and s may be
ascertained.) This can be interpreted as a GRH-on-average for the twisted L-functions,
though no distinction is made between points on and off the critical line. When N =1,
we cannot prove nonvanishing on the critical line Re(s) = k/2, since the first two terms
have the same magnitude there. Indeed, they cancel out at s = k/2 if y is quadratic
and conditions on k, D conspire in (1.2) to force the L-functions to vanish. However,
by arguments given in [KL2], one can show that when N =1 and Re(s) # k/2, the
sum (1.4) is nonzero if k is sufficiently large.

We have not made any attempt to go further and address the question of how many
forms give a nonvanishing L-value. However, we note that by using estimates for
mollified first and second moments, Iwaniec and Sarnak have shown that a positive
proportion of cusp forms (in fact 50% in certain families) have nonvanishing quadratic-
twisted central L-value [IS1].

According to the generalized Lindelof hypothesis, for a newform #,

L(%‘ h, X) < (D*Nk)°. (1.6)

Let F1(N)™¥ be any orthogonal basis for the span Sg(N)"*" of the newforms with
trivial character. Using the fact [Ser, page 86] that dim Si(N)™%¥ ~ ((k — 1)/12)v(N)™¥,
where N'™% < v(N)™¥ < N, (1.6) implies the following ‘averaged’ Lindelof
hypothesis:

k
15.h, x) < DF(NK)'**. (1.7)
heFr(N)new

(This bound can only be expected to be an accurate prediction of the magnitude of the
sum when the L-values are nonnegative.)

One can use Theorem 1.1 to prove certain instances of (1.7) unconditionally,
although from (1.5) it is clear that we cannot achieve adequate bounds in the D-aspect.
The ideais to set n = r = 1 in (1.4) and use well-known bounds for the Petersson norm,
along with positivity of the L-values when y is real. If oldforms are present, the method
apparently grinds to a halt because a;(h)A(k/2, h, x)/||h||> may be negative. Indeed,
even in the simplest case where N = p is prime, if / is a newform of level 1, and £,
is a nonzero basis element (unique up to scaling) orthogonal to % in Span{X(z), h(pz)},
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then using [ILS, (2.45)—(2.46)] it is not hard to show that

A Ap(hx(p) ) ( ko )
(p+ D pp+1)\277
for some constant > 0 depending on the choice of 4,'. The above can clearly be
negative, for example if y(p) = 1 and the real eigenvalue 4,(h) is close to 1. Therefore,
we have to content ourselves here with cases in which oldforms are not present. We
highlight two such cases, one in the k-aspect and one in the N aspect, though the proof
applies more generally.

a3 ) =1 (1.8)

CororLARY 1.3. Let F(1) be an orthogonal basis for Si(1) consisting of newforms,
normalized with first Fourier coefficient equal to 1. Then, for any real primitive
Dirichlet character y,

> L(g,h,)() <op K7 (1.9)
heFi(1)
Let 4 < kg < 14 be an even integer not equal to 12, let N be a prime not dividing
the conductor of x, and let F1,,(N)Y*" be an orthogonal basis for S ,(NY*" = S, (N)
consisting of normalized newforms. Then

k
> L(EO h,)() <op N, (1.10)
heﬂo (N)VKL’W

Remarks 1.4. The estimate (1.9) was first proven by Kohnen and Sengupta by different
means [KS]. The case of trivial y was proven earlier by Sengupta by essentially
the same method we use here [Sen]. The analog of (1.10) for the second moment
was established by Fomenko in case of trivial y [Fo]. (By Cauchy-Schwarz, the
estimate (1.10) is a consequence of its second moment analog.)

Proor. In Theorem 1.1, suppose that the central character  is trivial and that y is real.
We assume that there are no oldforms, so F can be chosen to consist of newforms 4,
normalized with a; (k) = 1. By the hypotheses on  and y, we have L(k/2, h, x) > O for
all & € ¥ [Gu]. Furthermore, we have the bound

@m*! 2 l+e

=z P < 6Ny
for all newforms i € F (see [IM, (2.29)]). Therefore, due to the nonnegativity of the
L-values,

k (kN)'*2(k — 2)! <« L&, R, x)
2 Uz M) = G ,; IP

RNk - 2)! Z A, x)
21T (N) 1212

hefF
'By [ILS, (2.45)], hy = w(=,(h)/(p + D)h(z) + p*V2n(pz)) for some nonzero w € C; by

(2.46), a (h,) = —w(A;(p)/(p + 1)); by an easy manipulation, L(s, h(pz),x) = (x(p)/p*)L(s,h,x), so
L(k/2,hp, x) = w(=24,(h)/(p + 1) +/\/([))/[)l/‘2)L(k/2, h, x). Then (1.8) holds with u = [w|?.
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Applying the theorem withn =r =1,

D L(g,h,/\() < (kN)1+8(1 o
heF
It is clear from (1.5) that the third term in the parentheses tends to 0 as N — oo. Using
Stirling’s approximation, it is not hard to show that the same is true as k — oo (see
Section 9 for details), and the corollary follows. |

& 2 _
T x) N (k=2)! E)
D k-1 (Zﬂ)k/Z—lr(é)

2. Notation and preliminaries

Let A and Ag, be the adeles and finite adeles of Q, respectively. Fix a positive
integer N. For x € A*, we let xy denote the idele whose pth component is x,, for all
pIN and 1 for all p + N. For any integer d, we also write d, = ord,(d) (the p-adic
valuation of d). It should be clear from the context which meaning we take when a
subscript p appears.

Let ¢ be a Dirichlet character modulo N, extended to Z by y/(d) = 0 if (d, N) > 1.
We let y* denote its adelic counterpart (a Hecke character), defined via strong
approximation A* = Q*(R* x Z*) by the pullback

AT —ZF — (Z/NZ) — C7, (2.1)
where the first arrows are the canonical projections, and the last arrow is . We drop
the * from the notation for the local constituents. Thus, ¢, : Q;, — C* is given by

restricting ¢ to the embedded image of Q;, in A*. Note that if d is an integer prime to
N, then

Y(d) = 1_[ Yp(d) =y (dn). (2.2)

pIN

Later we will consider a character y of modulus D, and all of the above notation will
apply equally with D in place of N.
We let 8 : A — C* denote the standard character of A, given locally by

e if p= oo (x €R),
0p() =9 srino
e if p<oo(x€Q)),
where r,(x) € Q is the p-principal part of x, a number with p-power denominator
characterized up to Z by x € ry(x) + Z,. The global character 6 =[], 6, is then
trivial on Q and, for finite p, 6, is trivial precisely on Z,. For r € Q, we define
0,(x) = 8(—rx) = 6(rx). (2.3)

Every character of Q\A is of the form 6, for some r € Q. .
Let G denote the algebraic group GL,, with center Z, and let G denote G/Z. The
group G(Agp) has the following sequences of open compact subgroups of K = G(Z):

Ko(N) = {(c Z) €K

Ki(N) = {(‘CI Z) € Ko(N) ‘ d=1mod NZ} :

Q

CENZ},
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Because det Ko(N) = det K1(N) = Z* strong approximation holds for both of these
and, in particular,
G(A) = GIQI(GR)" x K{(N)), (2.4)

where G(R)* = {g € G(R) | det g > 0}.

Let L>(y") = L2(G(Q)\G(A), ") be the space of measurable C-valued functions ¢
on G(A) satisfying ¢(zyg) = ¥*(2)¢(g) for all z € Z(A),y € G(Q), g € G(A), and which
are square integrable over G(Q)\G(A). Let L(z)(t//*) denote the subspace of cuspidal
functions.

We now normalize Haar measure on each group of interest. Everything is the
same as in [KL1, Section 7], where more detail is given. On R we take Lebesgue
measure dx, and we take dy/|y| on R*. We normalize the additive measure dx on Q,
by taking meas(Z,) = 1, and likewise d*y on Q;; is normalized by meas(Z,,) = 1. These
choices determine Haar measures on A and A* in the usual way, with the property that
meas(A/Q) = 1. We give the compact abelian group K., = SO(2) the measure dk of
total length 1, and use the above measures to define measures on N(R) = {((1) Di=R
and M(R) = {(* ,)} = R* X R*. These choices determine a Haar measure on G(R) by
the Iwasawa decomposition: dg = d(mnk) = dmdndk. In the same way, our fixed
measures on Q, and Q), determine measures on N(Q,) and M(Q,,), respectively. We
take the unique measure on G(Q,) for which the open compact subgroup K, = G(Z,,)
has measure 1. On G(R) we take the measure dm dn dk, where dm is the measure dy/|y|
on M(R) = {© )} = R*. These local measures determine a Haar measure on G(A) for
which meas(G(Q)\G(A)) = r/3.

Having fixed the measure, we note the following lemma.

Lemma 2.1. Let D > 0 and let y be a Dirichlet character modulo D (not necessarily
primitive), with Gauss sum v(x) as in (1.3). Let x* be the adelic realization of x as
in (2.1). Then, for any integer n prime to D,

")t = X
[ x w5 )aru= Eecn, @5)

where ¢ is Euler’s ¢-function and 0y = [] <0 0)-

Proor. The integrand in (2.5) is invariant under the subgroup

Up=(1+DZ)NZ" = ]_[(1 + DZ,) ]_[Zj,.
plD ptD

Note that Z*/UD =~ (Z/DZ)*, so meas(Up) = ¢(D)~'. Therefore,

f X @ ) ' = (ID) > o)

me(ZjDZ)
2mnm/D T(X)
" 2D )mmzm"(m)e Xy .
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For g = (“%) e GR)", we set
j(g,2) = det(g)""*(cz + d).

Recall that j(g1g2,2) = j(g1,£22)j(g2,z). The group action of G(R)* on the complex
upper half-plane H by linear fractional transformations extends to a right action on the
space of functions i : H — C via the weight k slash operator

hle(z) = j(8,2) " h(g(2)) (g€ GR)*,z € H).
Fix a Dirichlet character ¢ of modulus N, a positive integer k satisfying
p(=1) = (=1, (2.6)

and let Sp(N, ¢) denote the space of cusp forms of level N, weight k, and character .
Thus, h € Si(N, ) satisfies

hl(a by = Y(d)h 2.7

forall (%) e Ty(N) and z € H.

The adelization of A is the function ¢, € Lé(%) defined using strong
approximation (2.4) by

Bn(Y(geo X &in)) = J(8oos ) (geo()) (2.8)

for y € G(Q), g € G(R)*, and gg, € K1(N). The modularity of & makes ¢, well
defined, and one checks readily that the central character is indeed y* (see for example
the proof of Proposition 4.5 [KL3]; the complex conjugate is needed here because
we have not included it in (2.7)). With the choice of Haar measure on G(A) given
above, and the normalization (1.1), the map /& — ¢, is an isometry, that is, ||A|| = ||@xl|
(cf. [KLT1, (12.20)]).

We recall the meaning of the following ‘period integrals’.

Lemma 2.2. Forr € Q and h € Si(N, ¥),

—2nr . H Z+,
ool e e
Q\A 1 0 otherwise,

fQ WO ((y 1)) DI d'y = Als. .

Proor. See for example [KL1, Corollary 12.4] and [KL2, Lemma 3.1], respectively. O

and

https://doi.org/10.1017/51446788715000142 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788715000142

9] Averages of twisted L-functions 215

3. The twisting operator

From now on, we assume that y is a primitive Dirichlet character modulo D, with
(D, N) = 1. Recall that L(s, h, x) = L(s, hy), where h, € Si(D*N, x*) is given by

(@ = ) x(a (e
r=1

or, equivalently,
1

hy = — xX(mhl 1 m (3.1
v r(x)mmzw (")
(see for example [Bu, page 59]). Likewise, it follows from the definitions that for
8 € G(R),
1 —_— 1 m/D
b1, (8 X 1) = == D x(m)gy, ((O / )gm x 1ﬁn). (32)
T(X) m mod D

Because y is assumed to be primitive, we have |t(y )| = vD.

We now define a test function f* : G(Ag,) — C which essentially realizes the
twisting map & — h, adelically (see also [RR]). It will be supported on the disjoint
union

supp(= | ((1) "”i/D)zmﬁn)Kl(N), (33)
m mod D,
(m,D)=1

where the rational matrix is embedded diagonally in G(Ag,). The value of fX on the
coset indexed by m is defined to be

1 —m/D\_\ _ v(Nx(my’ ()
o )= GH
Here, as before,
V(N) = [K : Ko(N)] = [K : K;(N)] = meas(K;(N))™". (3.3)

Lemma 3.1. Consider the open compact subgroup

a b
J= {(C d) € K1(D*N)

The function f* is right K\(N)-invariant and left J-invariant.

aslmodDZ}.

Proor. The first claim is obvious from the definition of f¥. The second claim follows
from the fact that

"

o
noting that if a = 1 mod D and d = 1 mod D*N, the matrix on the right belongs to
Ki(N). o

)

c¢D’N d — meDN

[1 —T][a+mcDN b+(d—a)ﬂ —m*cN
D D
0 1
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Note that because f* has compact support modulo the center, and transforms under
Z(Agn) by ¢*, it defines an operator on L>(y*) by

R(P)H(x) = f Fe)b(xg) dg. (3.6)

G(Aﬁn)
This operator is closely related to the twisting function & +— h,, as we now show.

ProrosiTion 3.2. Let h € Si(N, ) and let xy* be the Hecke character attached to y as
in (2.1). Then, for all x € G(Agy),

R(f)én(x) = x"(ap)dn, (x), (3.7)

where a is determined from x using strong approximation by writing

-

for xg € G(Q), x € GR)*, and (“5) € K, (D?N), and ap is the finite idele with local
components (ap), = a, (respectively 1) if p|D (respectively p t D).
ReMark 3.3. If a € Z*, then y*(ap) = x*(a).

Proor. Clearly, R(fX)¢; inherits the left G(Q)-invariance from ¢,. Hence, we can
assume that xq = 1. It is an easy consequence of the above lemma that R(f*)¢ is right
J-invariant. Therefore, we may modify x5, on the right by an appropriate element of
J to reduce to the case where xg, = (“ ;). Hence, it suffices to prove that

R(f)()(ﬁh (-xoo X (aD 1)) :X*(aD)¢hX(xw X 1fin).

Let a,, = ((1) ’"{D ). From the preceding definitions and the right K;(N)-invariance of
¢, for any x € G(A),

Ry = ) f o P @) dg

m mod D
o) V(N)X(m)
= d
mmzm(p( 0 Joaww ¢
1 -
= 2 Xmixa,).

m mod D
Taking x = xe X (“? ),

On(x,)) = @ [ 3o X (“D 1)

| _aom
= ¢ .)COQX[ D ](aD 1)]
0 1
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by the right K;(N)-invariance of ¢,. Fix an integer z relatively prime to D such that
z = ap mod DZ, and multiply through on the left by a_,. By the left G(Q)-invariance
this has no effect, so the above is

| (z—ap)m
Xoo X D
0

1

zm
D
1

= ¢h

= ¢h(azmxoo X lﬁn)a

again by right K;(N)-invariance. Therefore,

R(fx)fph (XOO x (aD ])) - Z M‘Ph(a’zmxoo X 1§n)

T(/?) m mod D
(2) —
= BN @ X Lin) = X (@b, (Xew X L)
T(X) m mod D
by (3.2). This gives the desired result, since y(z) = y*(ap) by (2.1) and (2.2). O

It will be useful to define local components for f¥. For any prime p, we have defined
X p to be the character of Q}’; attached to the Hecke character y*. When p|D,

Xp:Z,— (Z,/DZ,)" = (Z/p”*Z)* — C".

Still assuming that p|D, a local version of (2.5) is the following:

nu\ ., X»(n)
fZ ; Xp(u)ep(ﬁ)d "= @T( O (3.8)
where b
(1), :Xp(E)T(Xp) (3.9)

for 7(xp) = Xe/pPrzy X,,(m)ehim/l’””, the Gauss sum of the character y,. Then,
by (3.8) and (2.5),
w0 = [ |00, (3.10)

piD

Given a prime p, we define a local function f,),( : G(Q,) — C as follows. If p|D,
we take
(1 -m/D

o 1 )ZPKP (3.11)

supp(£)= |
m mod DZ,
ptm

(a disjoint union), and define f; = Y., fr, where f, is supported on the coset
indexed by m in (3.11), and is given by

" ((1 —m/D) Zk) _ Xy (2)

3.12
0 1 T(/\_/)I’ ( )
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for T()x ), as in (3.9). The value is independent of the choice of representative for
m € (Z,/pPrZ,)", since x, has conductor p?». If p 4 D, then f; is supported on
Z,K1(N),, and we define it by

(k) = v (N (2),

where v,(N) = [K,, : Ko(N),] = v(p™r). Tt is easily verified using (2.2) (applied to x*)
and (3.10) that f* = [T, f,.

4. The Hecke operator

We refer to [KL1, Section 13] for a more detailed account of the adelic Hecke
operator defined here. Fix a positive integer n with (n, DN) = 1. Define

M(n,N) = {g - (‘C’ Z) € My(Z) | detg € nZ*,c € NZ}.
Define a function f" : G(Ag) —> C with
Supp(f") = Z(Asin)M(n, N) = Z(Q")M(n, N)
by
f"(zom) = v(N)Y"(dy) (ZQ €Z(Q"),m= (CC’ Z) € M(n, N)) )

One shows easily that f” is bi-K;(/N)-invariant.
For any prime p, let

M(n,N), = {g = (‘cl Z) € My(Z,) |detgenZ,,ce NZ,,}.

Notice that if p ¢ n, then M(n, N), = Ko(N),. Define a function f;’ :G(Qp) — C,
supported on Z(Q,)M(n, N),, by

f;(ZWl) = Vp(N)wp(Z)wp((dN)p) (Z € Z(Qp)’ m= (i’l Z) € M(n, N)P) : 4.1
Then it is straightforward to check that f"(g) = [, fl’](gp) for g € G(Agp).

ProposiTion 4.1. For h € Si(N, ¥),
R(f"pn = n' 1. (4.2)

Proor. See [KL1, Proposition 13.6]. |
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5. The global test function

We take f.o(g) = di{m(g)vo, Vo), where m; is the weight k discrete series
representation of GL,(R) with formal degree d; = (k — 1)/4r, central character (* ,) —
sgn(x)¥, and lowest weight unit vector vg. Explicitly,

7 ((a b)) _(k—=1)  det(@)"2(2i)

c dl] 4r (=b+c+(a+dif

if ad — bc > 0, and it vanishes otherwise (see [KL1, Theorem 14.5]). This function is
self-adjoint, meaning that

feo(8) = foolg™). (5.1

It is integrable if and only if k > 2 [KL1, Proposition 14.3].
Given two functions fi, f» € L'(y*), we define their convolution

Fix o0 = fG A@neodg= [ e peds

G(A)

It is straightforward to show that

R(fi * f2) = R(fi) o R(f2) (5.2)

as operators on L>(if*), where
R(F)p(x) = f F(2)9(xg) dg.
G(A)

Fix an integer n > 0 relatively prime to DN, and set
J= e X )5 (fo X ). (5.3)
Local components for f can be defined as follows.

Prorosition 5.1. With notation as in the previous two sections, define

Iy =1, ifptnD,
fr= fl);( if p|D,
o if pin.

Then f = f [1, fp-

Proor. Because f., X f¥ and f,, X f" are both factorizable and identically 1 on K|, for
almost every p, the integral defining their convolution is factorizable and hence

F= oo X PO 5 (foo X 1) = (foox ) [ |5 5 1.
p
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It follows directly from the orthogonality relations for discrete series that f, * fo = fo.

Indeed,
oo % foolX) = d} f (mi(g)vo, voX(mi(g~' x)vo, vo) dg
G(R)
=d; f (m()vo, m(X)vo)mi(g)vo, vo) dg
G(R)
_ P Vo, vo){m(xX)vo, vo)
= dy
dj
= fool).
Likewise, simple direct computation shows that for finite primes p, f,)f * fy = fp, as
given. O
Globally, the support of f is
1 -m/D
Supp(f) =GR x| | (0 ! )Z(Q+>M(n, ). (54)
mmod D,
(m.D)=1

The union over m is easily seen to be disjoint, using the fact that (n, D) = 1.
Accordingly, we can write
Siin = Z Jms
me(Z/DZ)*
where f;, is supported on the coset indexed by m in (5.4), and

1 -m/D\ _\ _ v(N)x(m)y*(dy)
Jon k)| = —————
0 1 7(X)
forz € Z(Q*) and k = (4 %) € M(n, N).
Under the condition k > 2 (which will be in force throughout), f € L'(y), so the
operator R(f) on L*(*) is defined.

(5.5)

ProposiTion 5.2. The operator R(f) factors through the orthogonal projection of
L>(y*) onto the finite-dimensional subspace Si(N, ) (embedded in L*(§*) via (2.8)).

Proor. The operator R(f. X f") factors through the orthogonal projection onto
Sk(N,y) [KL1, Corollary 13.13]. Therefore, by (5.2) and (5.3), R(f) has the same
property. m]
Remark 5.3. The image of R(f) is not contained in any classical space of cusp forms
Si(T'1(M)). Indeed, it is immediate from (3.7) that the image of R(f) is not left K;(M)-
invariant for any M, since a congruence condition on a is needed.

The operator R(f) is an integral operator given by the continuous kernel

R
Kigrg) = Y, “DUEOED 5 gy, (5.6
hes 7€G(Q)

Here, the spectral sum is taken over any orthogonal basis F for Si(N, ), as a
consequence of Proposition 5.2, and both sums are absolutely convergent.
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6. Spectral side

Fix a positive integer r relatively prime to D. We prove Theorem 1.1 by computing
the following integral:

f A L\AK((g (1))((1) T))Q’(x)mly T dxdty (6.1)

using the two expressions for the kernel (5.6). We note that the double integral is
absolutely convergent for all s € C (see below).
On the spectral side, (6.1) becomes

1 y T ugs—k/2 g f (1 x)
lehllz f(;*\A*R(f)¢h (( 1)))( O =d'y Q\A¢h(0 ||| dx. (6.2)

heF

Choose ¥ in (5.6) to consist of eigenvectors of T,,. Then, for h € F, we write
T,h = A,(h)h, so that, by (3.7) and (4.2),

R(f)¢h ((y 1)) = nl_k/z/ln(h)x*(y)¢hx ((y 1))

for all y € R* x VAR Q"\A*. Consequently, the factor y*(y) in (6.2) is cancelled out,
and (6.2) becomes

n'=k12 0, (h) ((y )) —kj2 g f ﬂ
T 6,(x)dx (6.3
Z e oA On, 1 Iyl y oA O | (x)dx (6.3)

heF
_ nl—k/2 Z /ln(h)ar(h)
T e ||h||2

A(s, h, x) (6.4)
heF

by Lemma 2.2. The two integrals in (6.4) are absolutely convergent for all s, so we
have the following proposition.

ProposiTioN 6.1. The double integral (6.1) is absolutely convergent for all s € C.

7. Geometric side

For the moment, let H(A) = M(A) X N(A) = A* x A. Inserting the geometric
expression K(g1,82) = X, f(g7'v82) into (6.1),

-1
| 0) (1 x))e( WO dxd’
fH(Q)\H(A) Zf((o 117 o 1)) Oy xd'y

¥€G(Q)

—1 .
- fH Z Z f ((yo (1))7((1) )16)) 0, IV dxdy,

(Q@\HA) 75 1elo]

where ¢ ranges over a set of representatives for the H(Q)-orbits in G(Q) relative to the
action (m,n) -y = m~'yn, and [6] = {m~'on | (m, n) € Hs(Q)\H(Q)} is the orbit. It is
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not hard to check that in fact for all 8, the stabilizer Hs(Q) = {1}. Therefore, (6.1) is
formally equal to

7] _
Z L* j;f((y 1)6(1 )16)) 0, I* M dxd'y, (7.1)
5

where ¢ runs through a set of representatives for M(Q)\G(Q)/N(Q). By the Bruhat
decomposition

G(Q) = MQN(Q U MQN(Q) ( . _I)N(Q),
a set of representatives d is given by

medd Al )

The equality between (6.1) and (7.1) is valid on the strip 1 < Re(s) <k — 1. This is a
consequence of the following proposition.

‘e Q*} . (72)

ProposiTiON 7.1. Suppose that 1 < Re(s) < k — 1. Then

> fA * fA f((y_l 1)5(1 ’f))emmw-“z
0

Proor. This is proven in just the same way as the analogous result in [KL2,
Proposition 3.3]. We outline the steps. Because f;, is bounded and compactly
supported as a function of y, x, the argument hinges on bounding the infinite part

00 oo -1
abs _ y I x
o= [0 )l )
where o = Re(s). However, by (5.1), the above is
B 00 0o 1 —x iy
-J L 7))

Noting that the set of the ¢ in (7.2) is exactly the set of inverses of the ¢ in [KL2], the
above coincides with Igf’f( f)e considered in Section 3.3 there. Hence, those results

dxd'y < oo,

dx y(f—k/Z—l dy,

dx y(T—k/2—l dy

give
0=1 andO0<o<k-1,

-1

b = and 1 < o <k,
I§7°(f) < o for 1

t -1
S = and 0 <o <k.

1 0

Furthermore, by [KL2, Proposition 3.3], for §, = ({ 7)),
E"(fe <7 if0<o <k (7.3)
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Thus, to complete the proof, it remains to show that for | <o <k -1,
DT < oo,
1eQ*

We will prove in Proposition 8.1 below that the finite part Ig/’”( f)en vanishes unless
t = Nb/nD for some b € Z — {0}. We will show in (8.14) that for such ¢,

157 (f)finl <

n(r—k/Zv(N)go(D) gcd(r, n) Z 2
N2o—kpl/2 :
b

Together with (7.3), the fact that #{d : d|b} < |b|® for & > 0, and using ¢*>* < 1 when
o > k/2, this gives the global estimate

Z b7 ifo<k/2,

() <npne |
,E% ‘5’ DT bt ifo > k2.
beZ—{0)
This is finite when 1 < 0 < k — 1 and ¢ is sufficiently small. O

Let I5(s) denote the double integral attached to ¢ in (7.1). For 1 < Re(s) <k — 1 and
each ¢ in (7.2), we need to compute Is(s). It factorizes as

I5(5) = Is(8)eols(8)in = Ls(8)eo | | 1s(5)y
p

—1 - , d
Is(s)e = f f fm((y 1)5((1) f))ew(rx)xw<y>|yr‘"/2dxl—y
R JR Yl

and likewise

I _ y! L\ ome k2 «
5(s)p_ X fp 16 0 1 Hp(rx))(p(y)ly|p dxdy

From the definition of f,, the integrand for /5(s). vanishes unless y > 0. Because yo
is trivial on R*, it has no effect on /5(s)., and can be removed. Using (5.1),

I5(9) = I, S)eos (7.4)

4 — - ~ I—=x) y S— dy
1571(8)00 _ﬁ IOO foo ((0 1 )6 1( 1))9m(rx)y k/2 d)C7

is the archimedean factor computed in [KL2].

For convenience, when computing the finite part I5(s)s,, we will replace y by y~!.
(It is a property of unimodular (for example abelian) groups that this does not affect
the value of the integral.) Thus,

I5()in = f f fﬁn((y 1)5((1) ’1‘))aﬁn(rx)dxx*<y>|y|§f‘sd*y.
Arin Afin

where

where
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Looking at determinants, by (5.4), the integrand is nonzero only if y = nu/ £? for some
¢ € Q"' and u € Z*. Thus, since Q* N Z* = {1}, the above is

S Ll T St
feQ+ fin

Note that)(f']n(n/t’z) = y*(n/€*) = 1 since n/* € Q*. Likewise, the scalar factor of é’hT;
pulls out of fs, as ¥}, (¢7') = 1. Hence,

s k/2 1
Is(8)fn = 52 f f Siin [( )5(0 1)] Oin(rx) dx x*(w)d*u.  (1.5)
£eQ* * JAfin t

ProposiTioN 7.2. When 6 = 1, the integral

wo= [ (7)) aman oty
A* JA

converges absolutely on 0 < Re(s) < k — 1, and for such s it is equal to

n!' k2 k=1 Qpp)k—s-1 A rn
T T )d(z (5 ) 7.0

Proor. The absolute convergence was proven in Proposition 7.1. We factorize the
integral as 1;(s) = [1(8)el1(8)fn- By (7.4) and the proof of [KL.2, Proposition 3.4],

2k—1 (zﬂ.r)k—s—l
(k —2)! e
Now consider the finite part, which by (7.5) is

1 () = I'(s). (7.7)

xXnu

s k/2 kdad
L(8)fin = 52 f f Jiin ([ ]] Osin(rx) dx x"(u) d*u.
€€Q+ Ahn

Replacing x by ¢x/nu, the above is

Z ns- k/2+1 f f {[ ]]—{
-y (5 )@y d'u
ot me(Z] DLy Afin

eQ*

psk/2+1 tm
- Z et fo fn[(l m/D)[g x+€D

£eQ*

]Hﬁn( rix )dx)( ) d*u.

By (5.4), the integrand is nonzero if and only if nu/¢, €, x + {m/D € Z. Replacing x by
x—{m/D,

N ns~ k/2+1 ( t’m)
1 ()i = Vﬁxi V0 Y f f (22 o)

ns- k/2+1

_v(N) —_ ‘ rﬁ_m T (rlxy .
-1 o O Y | ol5m) f em,( =)y @ d'u
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The integral over 7 evaluates to 1 if %Ir, and O otherwise. Setting d = n/¢, the above is
v(N) nsk/2+1 (n) —f ( rnm ) .
_ n 0 ) * aps
(x) do (3)2s_k+1¢ d ZX(m) 7 i\ 2pu JX L

Nkl 2
_ % Z 4Ry ZX(m)f Ofin dz X Y (wd'u

LCTO R
k/2-s
:%dl( 25K+ ( )Z o (rnm)r(()gi
= y(N)nk/*= Z 25" k+1w( )X(ZZ)
d|(n,r)

Passing to the third line, we applied (2.5). Multiplying by (7.7) gives the result. O

Although we computed the orbital integral globally, it may be of interest to know the
value of the local orbital integrals, for example if one wishes to compute the analogous
trace formula over a number field, or use a test function which differs from ours at a
finite number of places. Letting

Ii(s), = fQ * f fp(((y) xly))Gp(rx))(p(y)lyIf,/z_sdxd*y,

by calculations very similar to the above, we find, for r € Z,, that

Xp(r) (p|D)’
V(pr) (P|N),
Li(s)p = (P2 min(i‘;np)(pdp)z“‘”w (p—dp))( (pde) (pln) 79
dp=0 P\ pre )P pre ’
| (p { nND).

ProposiTioN 7.3. When 6 = (; ~1), the integral

Is(s) = f f f((? ;y))dex*@)wV‘/Hd*y
*JA

converges absolutely on 1 < Re(s) < k, and for such s it vanishes unless N = 1. When
N =1 (so k is even by (2.6)),

n' k2 21 2rpp)s! i T(x)? k251 [T
b =g 4 * I 2. +X(E)‘ 7
d|(r,n)

ReEmark 7.4. Comparing with the identity term (7.6) when N =1,
ik 2
(0
Dk X —— Lk —s5,)) = I5(s, 0),

mirroring the functional equation (1.2) on the spectral side.
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Proor. The absolute convergence was proven in Proposition 7.1. By (7.4) and the
proof of [KL2, Proposition 3.5],

2k=12nr)s-!

I5(8)oo = 0
8 = ark =217

I'tk - s). (7.10)
Now consider the finite part (7.5):

1 \s—k/2 o ™
I5(8)fin = 2(5—2) j; j;ﬁn Sfiin [[f 5 ]} Osn(rx) dx x* (u) d*u.

£eQ* X

Because the above matrix has determinant nu € nz*, we see from (5.4) that

0 ni,
¢ e M(n,N), forallptD (7.11)
t  Ix,
when {x, € Z,,. Likewise, we can assume that for some m € (Z/DZ)",
m nu tm nu mlx
1 E\o My (Ln _me, mix
D ¢ |=|D ¢ D |e M(n,N). (7.12)
0 1)\& «t ¢ Ox

The latter implies that x¢ € Zand (€ NZ*. If PIN, then, by considering the upper right
entry of (7.11), we have ord,(n) > ord,({) > ord,(N) > 0. This contradicts (n, N) =1,
and therefore we may assume that N = 1. From the upper left entry of (7.12), we see
that D|f. Write £ = Dd for d € Z*. Replacing x by x/¢ = x/Dd, the measure is scaled
by |Dd|:! = Dd, so I5(s)sn is equal to

s=k/2

Z n
25—k-1
iz DD
L 2™ (g TN
—Mmd — 4+ ==
X Z j; j;fm [[ D Dd D ]] Hﬁn(ﬂ)dx)(*(u)d*u.
me(Zpzy YL VL 0 1 )\Dd X Dd
From the upper right entry of (7.12), —nu/Dd + mx/D € Z. Since x € Z, this means
that
mdx € mdZ 0 (nu + DdZ). (7.13)
Generally, it is not hard to show that for any 4, j, k € Z,
he + —% 7 it ged(h, k)
—_ _ C T — 9 b
WZN G+ kZ) = ecdn by~ E / (7.14)
0 if ged(h,k) 1 J,

where ¢ € Z is any solution to hc = j mod KZ. Applying this to (7.13), we have
gcd(h, k) = ged(md, Dd) = d, so the set in (7.13) is nonempty if and only if d|n.
Assuming that this holds, the range of x is determined by

x€c, + DZ,
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where c,, is any positive integer satisfying
mdc,, = nu mod dDZ. (7.15)

For such x, the value of f,, is identically equal to m/r()?), since N =1 (and so
¥ = 1). Replace x by c,, + Dx. This changes the measure by a factor of |D|s, = D!,
and

s—k/2

n k-2s5+1 — r(cm + Dx) " "
T()_()D2S_k dzlnld Zm:/\/(m) j’Z:,* j%gﬁn( Dd )dx/\/ (u)d u.

The inner integral fi Osn(rx/d) dx is equal to 1 if d|r, and O otherwise. Therefore, the

above is
k—-2s5+1 rCm\ & "
2,4 ;X(m) fz (22w du.

d|(r,n)

Is(s)fin =

ns—k2

" (D>

Since d|(r, n), (7.15) is equivalent to ¢, = m(n/d)u mod Dz, where mm = 1 mod D.
Using this along with (2.5),

n /2 ( )( Jrmu
- k~2s+1 N
5O = 5 %)d Z (m) f O ) () d"u
__ne 25+ ()
= W(ﬂ(zr;) Z){(m))(( 1))(( )X( )(_D)
_ 2 () k2541, (71
= e O %) (7.16)

d|(r,n)

Since y is primitive, 7(x) x(—1)7(x ) = 7(x)7(x) = D. Therefore, 7(x)/x(-D1(x) =
7(x)?/D. Using this and multiplying the above by (7.10), equation (7.9) follows. O

We state here the value of the local orbital integrals

Is(s)p = f ) f fp(((l) _xy))9p(rx))(p(y)|y|];/2_‘vdxd*y.

By local calculations similar to the above, we find, for § = ({ ), that

(P°)V 20, D) x (D) Xy (1) ((X))’; (pID),
0 (PIN),

o= (p'r) M2 mm(inp)(p D g (p "))(p( o7 ) (pln), i
I . (p 4 nND).

Here, recall that 7(y), = )(p(D/pD”)T()(,,) as in (3.9). Using (3.10), it is
straightforward to show that the product of the above over all p agrees with (7.16)
when N = 1.
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8. Computation of I,(s)
In this section, we will prove the following proposition.

ProposiTion 8.1. When 6, = (1 ), the integral

mo= [ (ot ay
A* JA

converges absolutely on the strip 0 < o < k, where o = Re(s). The integrand vanishes
unless t = Nb/nD for b€ Z —{0}. When 1 <o <k-—1, the sum },cq- Is/(s) is
absolutely convergent, and E := (e [v(N)n'*/?) 3 I5,(s) is equal to
(4~ DYy (nD)el >
NsDs*(k = 2)!'7(x)
a** gcd(a, NdP) —2nirnD
x @ D5 =)
aiO,d>§t. (8.2), d*y(ayerirtlade) Nad
gcd(a,NdP)|ged(r,n)

where a® = e~ ™a|* ifa < 0, dP) = [1pp p is the prime-to-D part of d, and similarly
for d = dPdp, € is any integer satisfying Nd'P¢ = —nD mod adp, J, is a product of
certain explicit local factors of absolute value <1 given in (8.13),

. 1
1f1<s,k;w)=wlms;k;w>= f M1 -0 dx (8.1)
(k) 0

for Re(k) > Re(s) > 0, and, writing ap, d, for the p-adic valuations of a, d,

a, =D, ifd,>D,,
plD = Ja,>D, ifd,=D,, (8.2)
a,=d, if0<d,<D,.
REmaRK 8.2. We give an expression for I;,(s) in (8.16) below. As in [KL2], this can be
used in principle to compute the sum over ¢ to any level of precision.
The absolute convergence was proven in Proposition 7.1. To begin the computation,
write 0 = d;, and consider the finite part given by (7.5):
1 \5—k/2 put nutx.  nu .
o= (5 [ ml[T T ||@mmdcwa
(eQ+ Z' JAgin £ x

We will show that this vanishes unless ¢ € (N/nD)Z. In anticipation of this, write
t = Nb/nD, where (for now) b € Q*. Since the determinant of the matrix is nu € nZ*,
by (5.4) the integrand vanishes unless £ € NZ* and ¢x € Z. Therefore, we shall set £ =
Nd, and replace x by ™' x = x/Nd, so that dx becomes d(x/Nd) = |Nd|gr{dx = Nd - dx.
The above then becomes

ns—k/ZNd
2, (Nd)>* fz fzf fn

deZ*

ﬂ ubx _nu
dD Nd’D Nd
Nd

rx )
. 9ﬁn(N—d)dxx*(u) d*u. (8.3)
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We will show that the integrand vanishes unless b € Z and d|b. We now work locally.
The pth factor of the double integral is

ub ubx nu\y ———

i - rx
f f #f||aD Na&D ~ Nd Hp(—)dx/yp(u)d*u. (8.4)
2, Jz, Nd Nd

8.1. Local computation at p|D. Suppose first that p|D. Then N is a unit, so,
replacing u by Nu, (8.4) becomes

Nub ubx nu\\———

—_— = — rx
f f mllap @b~ a Gp(—)dx/\/p(Nu)d*u. (8.5)
7,J2,”" \| na x Nd

Recall that f, = X,ez,/pz,) fpm: Where fp, = fj{m is given in (3.12). Fix m and

consider
Nub  ubx _ |
dD d*D d ]] = f,,,m[

Nd X

m
D
1

Nub N Ndm ubx nu N mx
dD D a’D d D
Nd X

f p.m

By (3.11) and the fact that the determinant of the rightmost matrix is nNu € Z7, this is
nonzero if and only if the rightmost matrix belongs to K, or, equivalently,

. ub  dm
@) d_D + 3 € Zp,
. x(ub dm\ nu
(11) 3(@ + 3) - E S ZP'

We assume henceforth that these conditions hold. Notice that if p { d, the first
condition already implies the second. On the other hand, since x € Z,,

(i) xeZ,
PO = (10 dm)
W \ap* D)%

Letting D, = ord,(D), and similarly for b,, d,,, we find by condition (i) (if 4, = 0) and
condition (iv) (if d,, > 0) that
b,=d,+D, ifd,> D,,
plD = {b,>2D, ifd, = D), (8.6)
b, =2d, if0<d, <D,.
Suppose first that p t d, so that by (8.6), d, = b, =0. Then condition (i) is

equivalent to

-b
m= d—ZM mod DZ,,
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d, b, u, m being units. So, given u, there is exactly one m for which the above condition
holds and, by (3.12), the inner integral of (8.5) is equal to

o Ty ()
>[Z‘p T()?)pep(m)dx (_ )XP( )

since 6,(rx/Nd) = 1. Therefore, the double integral (8.4) is equal to

Xp(,,/d) /\/p( bid 73)
Xp(N)——— f X p(u) d'u = (8.7)
P00, Jg 0y
Now suppose that p|d. In view of (ii) and (iv),
xe bDl +dZ,CZ,
ug +dm

This is the only condition on x required for the f, ,-term to be nonzero. Make the
substitution x = Dnu/(ub/d + dm) + d - w, so that dx = |d|,dw = |Nd|,dw. The value

of fpmis xp(m)/T(X )p, 50, assuming that (iv) holds, the inner integral in (8.5) is equal

to
X,p(m) ( rDnu )f (rw)
Nd 0, — ) dw.
| lpZT(){)P Nub + Nd*>m) J;, "\ N v

The latter integral has value 1, since r € Z* and N is a unit. The variable u ranges
through the set Up g, = (=d*m/b + (dD/b)Z;‘,) nZ, determined by condition (iv)
above. By considering the possibilities for d, > 0 listed in (8.6), we find easily that

zZ ifd,> D, (sob,=d,+D,),
—dsz + gz;; if0<d, <D, (s0b, =2d,),
Upam = z, ifd, =D, and b, > 2D,,
| @+pz,) ifd,=D,andb,=2D,.
as(Z/pZ),
az—(d*m/b) mod P

The double integral (8.4) is equal to
INd|,

rDnu ) ;

G J, o

T(X )P me(Z,/DZ,)* Upam
Noting that Uj 4, = mUp 41, wWe can replace u by mu and integrate over U 4. This
has the effect of cancelling every m, so that the above is

INd|pp,(D) rDnu .

L Y L
T(x )p Upaa Nub + Nd

We leave this as something that could be computed given y,, if desired. For our

purposes, it will be enough to bound the integral trivially by 1. (We do not think that

a more careful treatment of the integral can yield enough power saving in D to enable
the type of hybrid subconvexity bound mentioned in the introduction.)

(8.8)
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8.2. Local computation at p ¥ D. Now we suppose that p 1 D. In this case, y, is
unramified, so that (8.4) is equal to

[ 1

Since the support of f,, is Z(Q,)M(n, N), and the determinant of the above matrix is
nu € nZ,, the integrand is nonzero precisely when

ub ubx nu
dD Nd*D Nd
Nd X

Qp(%)dxd*u. (8.9)

. ub
(ii) i(ﬂ) _M ey
Nd\dD) Nd "

Both conditions are in fact independent of u. By (i), we see that 0 < d, < b, since
p 1 D. Together with (8.6), this proves our assertion that Is(s) vanishes unless b € Z,
and that the sum in (8.3) can be taken just over d|b. Since u, D € Z, condition (ii) is
equivalent to

Sx € (Dn+ NdZ,) N Szp. (8.10)

(If pIN, this is possible only if d, = b,.) Applying the local analog of (7.14) to (8.10),
and then dividing by b/d,

Nd

N g7 it ged (b/d, Nd)\Dn,

xe{c+gcd(b/d,Nd) p 1l ged)(b/d, Nd)|Dn
0

otherwise,

where ged, denotes the p-part of the ged, and ¢ € Z is given by

b
€= Dn mod NdZ,,.

We shall specify ¢ further as follows, so that the above holds simultaneously for all
p 4 D. Write d = dPdp, where (D,d™) = 1 and dp = []p p*. Then we take ¢ € Z,
so that

b
o= (D)
{dc_Dn mod Nd""Z, 8.11)

¢ =0 mod dpZ.

It is not hard to see that such c exists under the hypothesis that gcdp(b/d, Nd)|Dn
for all p 4 D. Indeed, [],/p gcdp(b/d, Nd) = ged(b/d, Nd®))|Dn, which implies the
existence of an integer c satisfying the first congruence. If necessary, we can multiply
¢ by dpdp = 1 mod Nd® to further ensure that ¢ € dpZ.

The first congruence in (8.11) implies that b/d is relatively prime to N. Therefore,
Yp(x) =yp(c). Since meas(Zy) = 1 and everything is independent of u € Z,,, the double
integral (8.9) is equal to

s

rx
Vo (N p((en)p) p(—)dx,
c+(Nd/ged(b/d,Nd))Z, Nd
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where we used the formula (4.1) for f,. Now let x = ¢ + (Nd/gcd(b/d, Nd))w. Then
the above is

Nd

= VoW (N g mra N

,,gp(zxr/_ii)fzp ap(m)dw. (8.12)

The integral is nonzero (and hence equal to 1) if and only if gcdp(b/d, Nd)|r.

8.3. The finite part. Multiply the local factors (8.8) (respectively (8.7)) and (8.12),
together with the coefficient of the double integral in (8.3). We set

JX(S,d) - ]pl_D[ Jp(g,d), (8.13)

where J,(b/d,d) denotes the integral in (8.8) if d, > 0 (respectively the quantity
Xp(=Nd/b/d)/¢,(D) if d,, = 0). We find that

Bwm= Y mNd, (2 d)nw

Nak A\ g -
d|b satisfying (8.6), (Nd) d pID T(x )P
gcd(b/d,NdP)|(r,n)

x| [N wp(en)y)

ptD

Nd rc
—— (<)
ged(5,Nd)lp, "\Nd
Here, dP =[] D p?r, as before. We can make a few simplifications. First,

Y (nD)
w(b/d)’

[ Tertemp) = v (en) = wio) =

ptD

since (b/d)c = nD mod N and (b/d,N) =1 by (8.10). By the second congruence
of (8.11), namely dp|c, we have 6,(rc/Nd) = 1 for all p|D. Hence,

rc rc rc :
[ Ton{5) = il 7g) = 0=l 57g) =

ptD
Therefore,
n**Pe(D)yv(N nD) ged(2, NdP))  /p
I‘S'(S)ﬁn = NngfIE )—( ) il b ) d2s—l:i 2nirc/Nd X(C_l,d) (8.14)
T(X) d|b satisfying (8.6), w(;i) ¢

gcd(b/d,NdP))|(r,n)

8.4. Archimedean integral and global expression. Finally, we consider the
archimedean integral I55,(s). By (7.4) and the proof of [KL2, Proposition 3.7],

(4mr)k—1ps—k

T e~ 2e 2ty fi(5; ks 2mir /1),
—_ le nr

I(S,(s)oo =
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where #* = ¢™|t|* if t < 0. Therefore,

(4ﬂr)k—1ts—keiﬂs/ZEZm'r/t

I5,(8)e0 = T 1fi(ss ks =2mir/1),
where now #* = e="|¢|* if t < 0. By the discussion above, we can take t = Nb/nD, so
that
(Arr) INSTRe™sI2 L DIND ( —2nirnD
I5 (8)eo = SR ok —) 8.15
5,(5) (k — 2)! e >k D fils Nb (8.15)
When we multiply by the finite part (8.14), the terms e*""P/N0 and ¢=27ir¢/Nd combine

as follows. By (8.11), we can write (b/d)c = nD + (Nd®), where ¢ € Z is an integer
satisfying

b
¢Nd® = —nD mod (E)dD.

Conversely, any ¢ satisfying the above determines an integer c satisfying (8.11). Then

eZﬂirnD/Nbe—Znirc/Nd — eZnir(nD—(b/d)c)/Nh — e—27rir£’Nd(D)/Nh — e—Zm'r[/(b/d)dD

Multiplying (8.15) by the finite part (8.14), we find, for t = Nb/nD, that
(47Ti’)k_11\73_1‘(3””/'2 bS_klf](S; k: —2ﬂirnD)
(k _ 2)' €2ﬂrnA—sz—k Nb
nk2p(DYV(N) Z ¥(nD) ged(5, Nd'P)
st—k‘['()?) lﬁ(g)dzs_k€2”ir€/(b/d)d0

Is,(s) =

b
JX(E,d). (8.16)
dlb sat. (8.6),

gcd(b/d.NdP)|(r,n)
Writing b = ad, the condition (8.6) becomes (8.2). Summing over ¢, we see that

e [v(N)n'F12 3 - I, (5) is equal to
(4rrn)*' (D) (nD)e™?
NsDs (k= 2)! ()
a** ged(a, Nd™) —2xirnD
% Z 5 : Seirtjady Jx (@ d)1f1(s; k; —)
a#0,d>0 sat. (8.2), d*p(a)e v Nad
ged(a,Nd®P)|gcd(r,n)

where a® = e~*|a|* if a < 0. This completes the proof of Proposition 8.1.

9. Asymptotics

Grouping a with —a, we rewrite the above sum as follows:
s—k

—2nirnD
[w(a)eZIrirf/adD )

J (. d)lfl(s;k; -

a,d>0 sat. (8.2),
ged(a,Nd®P)|ged(r,n)

e ms(=1)kgsk 2rtirnD \| ged(a, NdP))
. Jy(=a,d ( sk )] :
U Du@e ity W DS =g &
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From the integral representation (8.1),
l1f1(s, &k, 2miw)| < B(o,k—o0) < 1 9.1)

when 1 < o <k — 1, where B(x,y) = fol w11 = uy~ du = T(x)T(y)/T(x + ) is the
Beta function. Because |/, (a, d)| < 1, the absolute value of the above is

< ged(r,mBo k= )1 +€™) Y a™*d 7 (s=0+in).
a,d>0

Using [¢*/2|(1 + ") = 2 cosh(n7/2), we obtain the following proposition.

Prorosition 9.1. Write s =0 + it for 1 <o <k—1. Then the term E given in
Proposition 8.1 satisfies the bound

- @rrn)k=' D712 (D) ged(r, n)B(o, k — o) re
- No(k —2)!

IE| osh(%)g(k — (0.

Theorem 1.1 now follows immediately. In order to prove Corollary 1.2, we
must show that the quotient Q = E/F has the limit 0 as N + k — oo, where F' is
the first geometric term of (1.4), and E is the error term of (1.4) discussed above.
We take k > 3, N > 1, and ged(n,r) = 1, so, for (k—1)/2 <o < (k+ 1)/2, we have
|F| = 21 2rrn)*=o~1|T'(s)|/(k — 2)!. Thus, by the above proposition and (9.1),

D’ Q2nrn)”

<Dt —vemrar 4k =) (o). 9.2)

E
01= ’F NI

We write o = k/2 + ¢ for |0] < % Then each zeta factor is bounded by the constant
{(% —|9]). By Stirling’s approximation [AS, 6.1.39],

)71 o2

k
-1 _ K .
I'(s)” = F( +0+it N

2
as k — oo. With (9.2), this shows that

(4Dnrne)k/?
0l < N*&=D/2gk/2-1°

where the implied constant depends on 6, D, r,n,7. This clearly goes to O as
N+ k — oo.

Acknowledgement

We would like to thank the referee for carefully reading the manuscript and offering
insightful suggestions for improved exposition.

https://doi.org/10.1017/51446788715000142 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788715000142

[29]

[AS]

[AK]

[BEN]

(Bu]

[Du]

[Ell]

[E12]

[FW]

[Fo]

[Gu]

[HT]

[ILS]

(IM]

[IS1]

[IS2]

(Ka]

[KL1]

[KL2]

[KL3]

[KS]

[LM]

[MR]

(N]

Averages of twisted L-functions 235

References

N. Abramowitz and I. Stegun (eds), Handbook of Mathematical Functions (Dover, New York,
1965).

A. Akbary, ‘Non-vanishing of weight kK modular L-functions with large level’, J. Ramanujan
Math. Soc. 14(1) (1999), 37-54.

M. Bennett, J. Ellenberg and N. Ng, ‘The Diophantine equation A* +2° B2 = C"”, Int. J. Number
Theory 6(2) (2010), 311-338.

D. Bump, Automorphic Forms and Representations, Cambridge Studies in Advanced
Mathematics, 55 (Cambridge University Press, Cambridge, 1998).

W. Duke, ‘The critical order of vanishing of automorphic L-functions with large level’, Invent.
Math. 119(1) (1995), 165-174.

J. Ellenberg, ‘Galois representations attached to Q-curves and the generalized Fermat equation
A* + B? = CP’, Amer. J. Math. 126(4) (2004), 763-787.

J. Ellenberg, ‘On the error term in Duke’s estimate for the average special value of L-functions’,
Canad. Math. Bull. 48(4) (2005), 535-546.

B. Feigon and D. Whitehouse, ‘Averages of central L-values of Hilbert modular forms with an
application to subconvexity’, Duke Math. J. 149(2) (2009), 347-410.

0. Fomenko, ‘Application of the Petersson formula for a bilinear form in Fourier coefficients of
parabolic forms’, J. Math. Sci. 79(5) (1996), 1359-1372; translated from the Russian.

J. Guo, ‘On the positivity of the central critical values of automorphic L-functions for GL(2)’,
Duke Math. J. 83(1) (1996), 157-190.

R. Holowinsky and N. Templier, ‘First moment of Rankin-Selberg central L-values and
subconvexity in the level aspect’, Ramanujan J. 33(1) (2014), 131-155.

H. Iwaniec, W. Luo and P. Sarnak, ‘Low lying zeros of families of L-functions’, Publ. Math.
Inst. Hautes Etudes Sci. 91 (2000), 55-131.

H. Iwaniec and P. Michel, ‘The second moment of the symmetric square L-functions’, Ann.
Acad. Sci. Fenn. Math. 26(2) (2001), 465-482.

H. Iwaniec and P. Sarnak, ‘The non-vanishing of central values of automorphic L-functions and
Landau-Siegel zeros’, Israel J. Math. 120 (2000), 155-177.

H. Iwaniec and P. Sarnak, ‘Perspectives on the analytic theory of L-functions’, Geom. Funct.
Anal. Special volume (Part IT) (2000), 705-741.

Y. Kamiya, ‘Certain mean values and non-vanishing of automorphic L-functions with large
level’, Acta Arith. 93(2) (2000), 157-176.

A. Knightly and C. Li, Traces of Hecke Operators, Mathematical Surveys and Monographs, 133
(Providence, RI, American Mathematical Society, 2006).

A. Knightly and C. Li, “Weighted averages of modular L-values’, Trans. Amer. Math. Soc. 362(3)
(2010), 1423-1443.

A. Knightly and C. Li, ‘Kuznetsov’s formula and the Hecke eigenvalues of Maass forms’, Mem.
Amer. Math. Soc. 224(1055) (2013).

W. Kohnen and J. Sengupta, ‘On quadratic character twists of Hecke L-functions attached to
cusp forms of varying weights at the central point’, Acta Arith. 99(1) (2001), 61-66.

S.-C. Li and R. Masri, ‘Nonvanishing of Rankin—Selberg L-functions for Hilbert modular
forms’, Ramanujan J. 34(2) (2014), 227-236.

P. Michel and D. Ramakrishnan, Consequences of the Gross—Zagier Formulae: Stability of
Average L-Values, Subconvexity, and Non-Vanishing mod p, Number Theory, Analysis and
Geometry, 437-459 (Springer, New York, 2012).

P. Nelson, ‘Stable averages of central values of Rankin-Selberg L-functions: some new
variants’, J. Number Theory 133(8) (2013), 2588-2615.

https://doi.org/10.1017/51446788715000142 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788715000142

236 J. Jackson and A. Knightly [30]

[RR] D. Ramakrishnan and J. Rogawski, ‘Average values of modular L-series via the relative trace
formula’, Pure Appl. Math. Q. 1(4) (2005), 701-735.

[Sen] J. Sengupta, ‘The central critical value of automorphic L-functions’, C. R. Math. Rep. Acad. Sci.
Can. 22(2) (2000), 82-85.

[Ser] J.-P. Serre, ‘Répartition asymptotique des valeurs propres de I’opérateur de Hecke T,’, J. Amer.
Math. Soc. 10(1) (1997), 75-102.

JULIA JACKSON, Department of Mathematics,
University of Oklahoma, Norman, OK 73019-3103, USA
e-mail: j.jackson@ou.edu

ANDREW KNIGHTLY, Department of Mathematics and Statistics,

University of Maine, Orono, ME 04469-5752, USA
e-mail: knightly @math.umaine.edu

https://doi.org/10.1017/51446788715000142 Published online by Cambridge University Press


mailto:j.jackson@ou.edu
mailto:knightly@math.umaine.edu
https://doi.org/10.1017/S1446788715000142

	Introduction
	Notation and preliminaries
	The twisting operator
	The Hecke operator
	The global test function
	Spectral side
	Geometric side
	Computation of It(s)
	Local computation at p|D
	Local computation at pD
	The finite part
	Archimedean integral and global expression

	Asymptotics
	References

