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COLLISION LOCAL TIMES
AND MEASURE-VALUED PROCESSES

MARTIN T. BARLOW, STEVEN N. EVANS AND EDWIN A. PERKINS

ABSTRACT. W consider two independent Dawson-Watanabe super-Brownian mo-
tions, Y' and Y2. These processes are diffusions taking values in the space of finite
measures on R ¢. We show that if 4 < 5 then with positive probability there exist times
¢ such that the closed supports of ¥} and Y? intersect; whereas if d > 5 then no such
intersections occur. For the case d < 5, we construct a continuous, non-decreasing
measure-valued process LY, Yz), the collision local time, such that the measure de-
fined by [0,] x B L,(Y', Y?)(B), B € B(R?), is concentrated on the set of times and
places at which intersections occur. We give a Tanaka-like semimartingale decompo-
sition of L(Y', ¥2). We also extend these results to a certain class of coupled measure-
valued processes. This extension will be important in a forthcoming paper where we
use the tools developed here to construct coupled pairs of measure-valued diffusions
with point interactions. In the course of our proofs we obtain smoothness results for the
random measures Y; that are uniform in #. These theorems use a nonstandard description
of ¥ and are of independent interest.

1. Introduction. There has been considerable recent interest in measure-valued
critical branching Markov processes or superprocesses (see for example Dawson-Iscoe-
Perkins (1989), Dynkin (1991) Fitzsimmons (1988) and Le Gall (1989) to name only a
few references). These processes arise as limits of systems of particles undergoing ran-
dom migration (which in this paper we will take to be Brownian motion in R ¢) and ran-
dom critical branching. The independence of the individual particles makes these models
mathematically tractable. At the same time from the point of view of potential applica-
tions it is desirable to introduce interactions between colliding particles. In this paper we
show collisions between two potentially interacting populations occur typically if d < 5
and notif d > 5 and in the former case construct random measures (collision local times)
which measure the number and locations of the collisions. The properties of this local
time derived in this work will be used in subsequent work to construct, and in some cases
characterize, models in which pointwise interactions occur.

Mp(R?) is the set of finite measures on (R9, B(R?)) with the weak topology,
bB(R 9) (respectively C) denotes the set of bounded measurable (respectively bounded
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continuous) functions from R?to R, and we write v(p)for fpdvandv, <vyifvy—v
is a measure (v; € Mp(R ¢)). Here then is our central object of interest.

DEFINITION.  Let X' and X? be cadlag M(R ¢)-valued stochastic processes. If e > 0
and ¢ € bB(RY), let

LX) = [ [[ pen = x)p (e +x)/ 2)X! (@x)X? (dx) ds

* where p,(x) is the Brownian transition density. The collision local time of (X',X?) is a
cadlag, non-decreasing Mr(R ¢)-valued process, L,(X', X?) such that LE (X', X?)(¢) LN
L(X',X*)(¢) as € | 0foreach ¢ € Cpandt > 0.

If L,(X", X?) exists, it clearly is unique up to evanescent sets. Note that in the def-
inition of L; X', X% cp((xl +x)/ 2) could be replaced by ¢ (x;) (i = 1 or 2) without
altering the definition because of the uniform continuity of ¢ on compacts. We remark
that in other studies of local time like objects for measure-valued processes (for example,
Adler-Lewin (1990)), the local time is constructed as an L? limit rather than a limit in
probability. We could also construct the collision local time as an L? limit under suitable
hypotheses, but these hypotheses would be too restrictive for the future work mentioned
above.

For X' and X? as above, the graph of X' is the random space-time set

GX) = {(t,x): t > 0,x € S(X})} € B((0,0) x R,
where S(v) denotes the closed support of the measure v. The closed graph of X' is
G(X') = Us>ocl(([6,00) x R) N G(X')).

Note that G(X") is the closure of G(X?) in (0, 00) x R 4. If L(X", X?) exists let L(X', X?)
denote the random measure on ﬂ((O, 00) x R4 ) given by

L(X', X*)((0,1] x B) = L(X',X*)(B).

Hence S (L(X ! Xz)) is the closed support of L(X', X?) in (0, 00) x R?. It is easy to show
from the above definition that

(1.1) S(L(Xl,Xz)) c GXHN Gx?)

and hence the collision local time is supported on the space-times set of collisions be-
tween the two populations.

We introduce some notation to describe super-Brownian motion with immigration.
Let P* denote d-dimensional Wiener measure starting at x, and let P, and A (on D(A))
denote the Brownian semigroup and infinitesimal generator on the Banach space C; of
continuous functions with a finite limit at infinity. If ¢y € bpB(R %) (the non-negative
functions in bB(R ¢)), let Uy (x) denote the unique solution of

(1.2) U = P — [ P((Ur-s)*/2) ds
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(see Fitzsimmons (1988, Proposition 2.3) or Pazy (1983)). Let

My = Mp([0,00) X RY)
= {u : p ameasure on [0,00) X R%, u([0,T) x RY) < oo
forall T > 0, u({t} x R%) = 0forallt >0}
with the topology of weak convergence on [0,T] X R? forall T > 0.Ifs > 0, m €

Mp(R%) and u € My we consider the following time-inhomogeneous martingale prob-
lem on a filtered space (2, F, F;,P) (unless otherwise indicated all filtrations are right-

continuous):
Mom) — Yi9) = m@)+ Z(@)+ [ Yiapydrs [ [ o dr,dv,
t>s,p € D(A)
Y,=0fort<s

{Z(p) : t > s} is a continuous F,-martingale with Z; = 0 and
t
(Z@)i = [ Y(ohar.
s

A process Y on (Q, F, ¥,,P) is a solution of (Mj,,,) if it is a continuous, adapted
Mp(R ?)-valued process satisfying (M n ).

THEOREM 1.1. (a) There is a solution of (Ms ) and the law, Q; , ., of any solution
of (Msm) (on C([0,00), Mp(R 9)) is unique.

(b) Qg (exp(—Y,(cp))) = exp{ —m(Us_s0) — ! f Ur_rp() dpu(r, %)} forall s <t
and p € bpB(RY).

(c) IfQ° = C([0,00), MH(RY)), F° = B(Q°) and F°[s,1+] = Mo (Y, : s <r <t+
nY), where Y,(w) = w(r) onQ°, then (Q°, F°, F°[s, t+], Y1, Qs m,,) is an inhomogeneous
Borel strong Markov process (IBSMP) with continuous paths.

(d) The mapping (s,m, ) — Qg is Borel measurable, and if A € F°[s,t+] then
p— Qg (A)is Mo (u(A).' A€ B(s,t+n'] % Rd)—measurable.

REMARKS. 1. An IBSMP is an inhomogeneous strong Markov process with a Borel
semigroup QF f(m) = Qumy (f(Y,)) (see Dawson-Perkins (1990, Definition 2.1.0)). It
is easy to show that Q%, extends to an inhomogeneous strongly continuous (in t > )
semigroup on C¢ (Mr(R¢)) where R ¢ is the one-point compactification of R ¢. The same
results hold when A is the generator of a Feller process on a locally compact second
countable space.

2. When ¢ = 0 we of course get super-Brownian motion. This is a homogeneous
Markov process and we let Q™ = Qg0 (see Ethier-Kurtz (1986, Ch. 9)). For general
1 the existence of a unique Markov process satisfying (b) is a special case of Dynkin
(19904, Theorem 1.1). It is easy to prove (a) using the martingale techniques of Roelly-
Coppoletta (1986) and Fitzsimmons (1988, 1989). The strong Markov property in (c)
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then follows as usual and the measurability required in (d) is clear from (b). We leave
the details as an exercise.

We will also need a bivariate version of Theorem 1.1. The proof is the same as the
one omitted above and carries over to the general Feller setting without change.

THEOREM 1.2.  Assume Y' is a solution of (M i i) (i = 1,2) on some (Q, F, F,,P).
Assume also that (Z' (¢1), Z*(¢2)): = O for all p; € D(A) (Z' is the martingale measure
in (Mg ,,i)). Then the law of Y, Y?) is Qg X Qg 2.

Thus (Y, Y?) are independent (F,)-super-Brownian motions if they satisfy the hy-
potheses of Theorem 1.2 and iy = pp = 0. For d < 3, Evans-Perkins (1991) showed
that in this case L,(Y', Y?) exists and is absolutely continuous in f (see Remarks 5.12(4)).
In Section 3 we prove (Theorem 3.6) that if > 6, then the closed supports of ¥' and Y?
do not intersect for all + > 0 and hence if the collision local time exists it must be zero.
In Section 5 we will show (Proposition 5.11) these supports do intersect at some ¢ > 0
with positive probability if d < 5 by proving the existence of a non-trivial collision local
time. To establish the non-existence of collisions in the critical case when d = 6, we
introduce (in Section 3) the random measure (on [0, 00) X R 9)

V(A) = /0 °°/ 1a(s, DY, (dx) ds

(Y a super-Brownian motion) and show it is comparable to the restricted Hausdorff mea-
sure of Taylor and Watson (1985) on the graph of Y (Theorem 3.1). The arguments here
are similar to those used by Dawson-Iscoe-Perkins (1989) (hereafter abbreviated DIP
(1989)) to analyze the “range” of Y. Routine extensions of these arguments give the non-
existence of higher-order collisions in the critical cases (see Remarks 3.7).

Recently Dynkin (1990b) has completely characterized those sets which intersect with
G(Y) with positive probability (his results also apply to «-stable branching mechanisms).
These precise results, in conjunction with an elementary estimate such as Proposition 3.3,
would also establish the above results on existence and non-existence of collisions, and
would do so in greater generality. The results on the Taylor-Watson restricted Hausdorff
measure are of independent interest and constitute a useful probabilistic tool especially
when used in conjunction with Dynkin’s results, just as the Taylor-Watson results com-
plement the classical parabolic capacity results for Brownian motion.

In Section 4 (see Theorem 4.7) upper bounds are obtained for sup, Y; (B(x, r)) asr |0
(Y super-Brownian motion). (Here B(x, r) denotes the open ball and B(y, r) will denote
the closed ball.) These results are used in Section 5 but the reason for deriving a very
precise asymptotic bound for small ¢ is its use in future work where it will be used to
explicitly describe the unique law of a pair of interacting populations.

Section 5 contains the main result of this paper, a Tanaka formula for L,(X', X?)(¢)
when d < 5. Here X', X? are continuous, adapted My(R ¢)-valued processes on some
«, F, T:,P’) such that

Xi(p) = i)+ [ Xi(Ap)ds +Zi(p) — Allg), @ € D). i=12,
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(M1 m2) Zi(p) (i = 1,2) are continuous F ;-martingales satisfying
i i Pyio 2
(Ze Z(ep)i = b5 | Xitp])ds,

Af (i = 1,2) are non-decreasing, continuous, {Tﬁ-adapted Mp(R9)-valued processes, each
starting at 0.

Let M = M(m',m?) denote the set of all continuous adapted processes (X', X?)
satisfying (M, ,,2) for a given pair (m!, m?) in Mp(R %)?. The Tanaka formula (Theo-
rem 5.9) exhibits L,(X', X*)(¢) in the semimartingale decomposition of (X! x X?)(¢)
for appropriate 1. Many of the terms involve singular stochastic integrals and the results
of Section 4 are used to control these expressions. The Tanaka formula establishes the
continuity of L,(X', X?) in (X!, X?) € M (as well as 1). A key result in this direction is
the fact that in d < 3 the rate of convergence of L{ (X', X?) to L,(X', X?) is uniform in
(X', X?) € M (and 1) (Theorem 5.10). This will allow us to easily prove existence theo-
rems for pointwise interacting superprocesses in a forthcoming work. More specifically,
in this forthcoming work we will prove existence and uniqueness theorems for M, 2
when A! = L(X!, X?) for i = 1,2. For now, however, the reader should treat M, ,» as
a working hypothesis that could potentially include other types of interaction. The case
A' = A% = 0 (independent super-Brownian motions), which will be a setting for a good
part of this work, shows that we are not working in a vacuum.

Our results in Section 5 were motivated by a Tanaka formula for the ordinary local
time of the super «-stable process (d < 2a) in Adler-Lewin (1989). In Section 6 we
show how the bounds of Section 4 lead to a simple proof of a slightly more general
formula in the Brownian setting.

Section 7 contains a technical estimate needed to control the martingale terms in the
Tanaka formula of Section 5.

The system of approximating branching Brownian motions is introduced in Section 2
along with an associated nonstandard model. These are used in Sections 3 and 4. Those
unfamiliar with nonstandard analysis should be able to still follow these arguments using
the appropriate weak convergence techniques. The historical process (Dawson-Perkins
(1990), Dynkin (1990a), Le Gall (1989)) would give another approach here but the non-
standard setting allows us to refer more easily to parallel arguments in DIP (1989).

The process Z; arising in (M, ) is an orthogonal martingale measure. As in Walsh
(1986, Ch. 2) we can extend the stochastic integral Z(p) = f[j [ (x)dZ(s,x) to
I8 T ¢ (s, w,x) dZ(s,x) where (s, w,x) is P x B(R“)-measurable ( P is the predictable
o-field on [0, 00) X Q) and

P(/O'/ o (s, w, 0°X, (dx)ds) < ooforall 1> 0.

The resulting stochastic integral (still denoted Z,(¢)) is a continuous L?-martingale sat-
isfying

2@ = [ X(pd)ds

< Pt = 0 s\Ps .
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The same extension holds for processes Zf in (M,;y ,2). These extensions will be used
without further comment. ¢y, ¢; ... will denote positive constants arising in the course
of an argument. Positive constants introduced in Section i which arise in subsequent
arguments are denoted ¢; ,c;2, ... .

2. Branching particle systems and the nonstandard model. We will introduce
a system of branching Brownian motions which converge weakly to a super-Brownian
motion Y. Section 2 of Perkins (1988) contains some additional properties of the labelling
scheme we now introduce.

Let I = U®,Z, x {0,1}" and if 3 = (Bo,...,0:) € Ilet |3] = iand B|j =
(Bo,-..,B) forj < i.Let {B? : B € I} be a collection of i.i.d. Brownian motions and
let {€? : B € I} be a collection of i.i.d. fair coin-tossing random variables taking on
the values 0 and 2. These two collections are independent and are defined on a common
(©,4,0Q). Given u € N and {xi,...,x¢} C R define a system of critical branching
Brownian particles {N® : 3 € J} as follows. N? starts at xg, if Bp < K and N’ is
identically A (the point at infinity in R¢Y = R4 U {A})if 3o > K.Ifj < |B]| and
Nj‘;u # A, then N’ —N}.ﬂ/u = Bfilj —Bﬁ,lf fort€ [j/p,(G+1)/p)and

N

_ B
G+)/ p N;

il w

_ {B‘(’iﬂjl)/u — B, ifefl =2andj< ||
A ifelV = 0orj=|g]

Once N? hits A it stays there.

Hence {N? : 3 € I} describes a system of particles which follow independent
Brownian motions on each [j/ i, (j + 1)/ ) and independently die or split into two with
equal probability at each time (j + 1)/ p.

Write 3 ~ tif 3 € I'satisfies |3|/p <t < (|3]|+1)/ p and define a measure-valued
process by

NP(A) = NA) = p' 3 1aN)) A € BRY).
Bt
Fix an initial measure m € Mp(R9). If N — m in Me(R 9) (allow (x;);<x to depend
on p) then S. Watanabe showed that N converges weakly to Q™(Y € -), the law of
super-Brownian motion, on D([O, oo),MF(IRd)) (see Perkins (1990, Theorem 2.2)). It
will be convenient to use the nonstandard formulation of this result.

In the next two sections we will work on w -saturated enlargement of a super-structure
containing R and (Q, 4, Q). Fixn € *N — N and let & = 27. Choose K € *N — N
and (x; : { < K) an internal sequence in *R 4 such that std(Nf," )) = m, where st; is
the standard part map on *Mr(R?) and N is the internal *Mz(R ¢)-valued process
defined as above on (*Q,*4,*Q). If Q™ = L(*Q), the Loeb measure on the measur-
able space (*Q, L(*ﬂ)), then (DIP (1989, Theorem 2.3)) N®* is Q™-a.s. S-continuous
and Y(t) = st(N®™)(¢) (st is the standard part map on *D([O, 00), Mp(R ))) is a super-
Brownian motion starting at m under Q™. (Define Y = 0 on the @”-null set on which
N® is not S-continuous.)
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The following Lévy modulus was proved in DIP (1989, Theorem 4.5) as a standard
result. The nonstandard formulation we now give is then immediate. We let A(v) =

1/2
((v A e")(log 1/(vAe™! ))) . The function £ is non-decreasing.

THEOREM 2.1. If ¢ > 2 there are positive constants ¢ 1(c), ¢22(c) and c33(c) and a
random variable § (w, c) on (*Q, L(* ), Q™) such that

@.1 Q76 < p) < cmR¥p for0 < p <.
(2.2) IfO< t—s <§(w,c), 5,1 €*[0,00), B ~tand N° # A, then
IN? — NP| < ch(r — s).

NOTATION. T = {j/p :j € *No}, 7 is the set of internal subsets of 7, and A = \*
is the internal measure on (T, T") which assigns mass x~! to each point.

3. Non-existence of collisions for d > 6. In showing that two independent super-
Brownian motions do not collide, and hence can only have a trivial collision local time, if
d = 6, we use techniques similar to those of Sections 3 and 5 of DIP (1989). In particular
we work in the nonstandard setting introduced at the end of the previous section.

DEFINITION.  V denotes the random (finite) measure on ‘B([0, 0o) X R ) defined by
va = [ " [ 14l Y, (@) ds.
U = U* denotes the random internal measure on T x *B(R ¢) defined by
Uy = [ [, 1465, 0N, @0 dx(s).

Itis clear that sty(U) = V as where sty denotes the standard part map on *Mg([0, 00) X
R %) and we consider U also as an internal measure on *([0, 00) X R ¢). We want to show
V distributes its mass over the graph of Y, G(Y), in a uniform manner. Theorems of this
type were proved in Perkins (1989) and DIP (1989) for ¥, and f{ Y,dt, respectively, where
these measures were shown to be equivalent with the appropriate Hausdorff measures on
their supports. The scaling properties of Brownian motion suggest a modified Hausdorff
measure used by Taylor and Watson (1985)-see also the earlier work of Hawkes (1978).

Let C(x, ) (C R %) denote the closed cube of side-length r and lower left-hand corner
x, and let

Ct,x,r) = [t,t+ ] X C(x,r) C [0,00) x R (>0, x e RY)

and

d
Co(t,x,r) = (t,1+ "] X H(xi,xi +r] C(0,00) x R4,

i=1
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If C C [0,00) x R, BC R%and r > 0, then
C" = {(t,x) €[0,00)x R¢: |t — 7| <7 and |x —X| < rfor some (/,x) € C}
B = {x€eR?:|x—X| <rforsomex €B}.
DEFINITION.  If f: [0, €) — [0, 00) is non-decreasing near 0 and f(0+) = O, let
(e 9}
7@ = %iﬂ)linf{Zf(r,’) A CUZCt, yi, i), 1i < 5}, A C[0,00} x RY
i>1

¢’ is a measure on B([0,00) X R%) and if f varies regularly at O (as will be the case for
the only f we will consider) ¢’ is a constant multiple of the restricted Hausdorff measure
P — f — m introduced by Taylor and Watson (1985). Let us set f(r) = r* loglog(1 /.

THEOREM 3.1. Ifd > 5 there are constants 0 < c¢31 < c¢3, < 00 such that for any
m € Mp(R%)

314 (AN G(Y)) < V(A) < c324/ (AN G(Y)) for all A € B((0,00) x RY) Q" —a.s.

This result will be proved by making minor changes in the proof of Theorem 14 of
DIP (1989) which gives a similar connection between [} Y, ds and the ordinary Hausdorff
f-measure of the range of Y (both are measures on R ¢). We will need some notation and
terminology from DIP (1989).

NOTATION. a, = 27"/2,j, = 2" b, = 27n,
A= {CEt,x, 27" 1= (g +e0)27", xi = (m+ )22 (1 <i < d),
ng €No, n; €Z (i>1),e,=00r1/2},
Anp={C€A,:CC L' L] x [-L, L)%},
c33 = P°(|By| <1/2)/24,
It,e)={v€l:Y ~t—ethereisa B ~ tsuch that B |[u(t —€)] = ¥ and
N® #A}, 0<e <t ([x]is the integer part of x).

DEFINITION. C € A, is bad iff U*C) > 0 and U(*C"%) < c33f(ax) for K =
n L2 g

LEMMA3.2. There are constants c34(L) (L € N) and c3 5 such that for L € N and n
sufficiently large (n > no(L)),

Q" (C bad and 2b, < & (w,0))

3. 1) .
< e34(Lym(1)272" @221/ 2 exp(—c3,52"/2) forall C € A, ;.

PROOF. Let C = [t,t+ b,] X C; € A;, and assume C is bad. Assume in addition
that 7o, < L~! and 2b, < &(w, 3). Since V(*C) > 0 we may choose 3 ~ 7 such that
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? €*[t,t+b,)and N5 € *Cy. Clearlyy = B|[u(t — by)] € I(t,by). Since |t — b, — | <
2b, < 6(w,3) we have

IN}, — NJJ| <3h(2b,) < 6a whenever k < 2™ —n,
and therefore

3.2) N]

3h(2b,)
b, €ECL

and
[t — Tag, 1] x BN, ,ax) C [t — Tai, 1) x B(NZ, Ta) C C'*

forallk =2",...,2""! —n.
As C is bad this latter inclusion means that
(3.3) U(lt — 7a, 11 x BN, @) < esaf () fork = 2",...,2"" —n.

We have shown that if 7b, < L~! then w.p.l. C bad and 2b, < § (w, 3) implies there is a
Y € I(t,k,) satisfying (3.2) and (3.3), which in turn implies the conclusion of Lemma 5.1
of DIP (1989). Now argue just as in the derivation of Proposition 5.6 of DIP (1989) to
complete the proof. The only difference is that since ¢ is fixed there is no need to sum
over the time grid { (j + 1)b,} N (L', L + b,] and this results in the factor of 272"@~2)
instead of the 272"@~ obtained in DIP (1989, Prop. 5.6). .

PROOF OF THEOREM 3.1. Let L € N.If n > no(L) tfxen since card(Aj, ;) < 2 -
441 4+12i(1+d/D | emma 3.2 implies

G’"(l(zb,, <8w,3)) T 1(Cbad 2 2’))
CeA,.L

< ey (Lym(1)n2" 2 exp{ —c352"?} = eq(L)>.

Since ¥, €,(L) < 00, the above together with (2.1) allows us to conclude there is an
No(L,w) < 00 a.s. such that

(3.4) T 1(Cbad )2 9/?) < eu(L) for all n > No(L; w).
CeAju L

Fix w outside a null set so that Ny(L,w) < oo forall L € N and V = sty(U). Introduce
N, ={CeAj,L:Cbad}
AL ={C€eA;,L:UCC)> 0, Cgood (i.e. not bad )} .

IfC € A}i’i choose k € {2",...,2™! — n} such that V(*C"*) > c3af(ax). C'* C
[t,t+ r] X C}, where C is a closed cube of side-length

27 + 14ay < 15ax < ap /2
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where ¥ = k— 10 or k— 11 whichever is even (hence ¥ € [2" — 11,2 —n—10]), and
r=2"2"4+2(7a)* < (ar/2)*. Therefore there is a C' in Ay such that C’% C Cj. Let
Ai‘i be the set of cubes obtained by choosing one such C’ for each C in AjglL Note that

(3.5) UCCy) > UCC™) > c3af(ar) > ¢332 2f(ap) forall €' in A

As in the proof of Lemma 3 of Taylor and Watson (1985) there is a A;'.i L C Ai’i such

that
(3.6) Uyc=yco Uy ¢
Moo ML CeAD
and
3.7 no point in (0,00) x R is covered by more than

24! cubes in {Co : C € A% |}

(the latter property is the reason we chose k' even and must sometimes work with the
semi-closed cubes Cy).

Let A C [L7!,L] x [-L, L] be compact. Since sty(U) = V and each C in A;, ; is
closed, we have (writing G and G for G(Y) and G(Y), respectively)

(3.8) AN GC(UAI;LC)U(U,'\;LC)

where U’ means the union is taken over those C which intersect A (note thatif x € AN G
then x € Int (C) for some C € A, ; satisfying V(C) > 0). If n > Ny(L,w) then (3.4)
and (3.5) show that

> Q)+ T HCN A £ BFR?)

b &
Ceny L CeA; .

<e)+ Y, L(CNA#B)SUCCo)

o,

< (L) + c22M1°UCA-)  (by (3.7))

— 22*1V(A) as n — o0,
where we have used the compactness of A in the last. In light of (3.8), this shows
(3.9) 7dAN G) < 24 V(A)

for all compact A (let L — oo) and hence all Borel sets A C (0,00) X R ¢ by the inner
regularity of the finite measures ¢/(- N G) and V().

Consider now the upper bound on V. By Theorem 1.4 of DIP (1989) we may fix w
outside a null set such that

/’ Yu(B)du < csf — m(R(r,s) N B) forall B € BRY), 0< r<s< oo,
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where R(r, s] = U,<,<:5(Y,) and f — m denotes the ordinary f-Hausdorff measure (see
also Proposition 4.7 of Perkins (1990)). Let 0 < r < 5, B € ‘B(R¢)and A = (r,s] x B.
Choose a sequence of covers { C(t,x7,77) : i € N} (n € N) of AN G such that

(3.10) lim 307) = ¢(ANG),  lim supr} = 0.
Then { C(x},r}) : i € N} covers BN R(r, s] and therefore
V(A) = / "Yu(B)du < if — m(R(r, 510 B)
< ¢ lim 2_fear?)
< C5qf(Aﬂ’ G) (by (3.10)).

For a fixed M € N this gives the required upper bound first for A in the field of subsets
of (M~!, M] x R4 of the form

n
UGrisidxBi, M'<r <si<rn<---<s, <M, B € BRY),
i=1

and then for all A in £B((M“,M] X Rd) (note that ¢/(- N G) is a.s. a finite measure by
(3.9)). Let M — oo to complete the proof. ]
In DIP (1989, Theorem 3.1(a)) it was shown that for d > 3

(3.11) Q" (¥,(Bx.)) > 0) < eyt m(1)e’ forall 1 > ¢

In fact exact asymptotics for the left-hand side as ¢ | 0 were found. We now use the
same techniques to prove a slightly stronger result.

PROPOSITION 3.3. Assume d > 3.

Qm(jﬁ’f2 YS(B()C,G)) ds > 0) < c3-7t_d/2m(1)€d_2f0rallt > 462.

PROOF. Ife > Oandx € R et
m(e, x)(A) = €2 / IA((y —x)/e) dm(y).
Then
q(m,t,€) = Q"’(/tmz YS(B(x,e)) ds > 0)
1 — Jim Q" (exp{~0 | “ ¥, (B, ) ds})

1— lim @™ (exp{—g¢* [ Ty (8o, 1) ds})

0 —00 /€2

1 _ol.if?o Qm(e,’c)(ﬂyf/f2 (exp{—964 /01 YJ(B(O, 1)) ds]))
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by scaling, spatial homogeneity and the Markov property. Use Iscoe (1986, Theorem 3.1)
and Lemma 3.5 of DIP (1989) to see there is a non-negative function #*(x) (u*°(1, x) in
the notation of Lemma 3.5 of DIP (1989)) such that

g(m,t,€) = 1 — Q"(exp{ Y,/ 2 (u™)})
and, if 7, = inf{¢: |B;| <r}, then
u(x) < c1P(Ty/, < 1) for all |x| >2
< aP’(sup|By| > |x|/4)
< exp(_—{x| 2/ 34) (reflection principle)
= g(x).

From Theorem 1.1 (with 4 = 0) we see that for t > 4¢?

g(m,1,€) < 1 — Qe (exp(—Y,/ez(g))) + Q"'(”>(Y,/€2(B(0, 2)) > 0)
=1 —exp{ —m(e,x)(Uy 28} + c36€9 2% 2m(1)2972 (by (3.11)).

An elementary comparison theorem (e.g. Lemma 3.0 of DIP (1989)) allows us to domi-
nate U/ .2g(y) by P/ 2g(y) (P, is the Brownian semigroup) and the latter equals
c3py/e2+17(y) (p(y) is the Brownian transition density). Therefore for 7 > 4¢2,

q(m,t,e) <1 — exp{-e_zq /p,/52+17((y —x)/e) dm(y)}
+c3pt 229 2 m(1)ed 2
< c37t Y *m(1)ed 2 .

REMARK 3.4. By using the more precise estimate given in Theorem 3.1(b) of DIP
(1989) and being slightly more careful in the above argument one can show that

0"'(/”“2 Y,(Bx,e)) ds > 0)
< C3,3ed_2(/p,(y —x)dm(y) + c(e,é,m)) forallt > 6

where lim, o c(e,8,m) = O foreach§ > 0, m € Mp(R?). Theorem 3.1(b) of DIP (1989)
shows this bound is best possible up to the value of ¢ 5.

The following elementary corollary is also a consequence of the more precise results
of Dynkin (1990b) and the general results of Taylor-Watson (1985).

Write g% (A) for ¢g8(A) when g(r) = r®.

COROLLARY 3.5. Assumed > 3. IfA C (0,00) X R4 satisfies g*"2(A) = 0, then
AN GY) =0 Q™a.s.

PROOF. We may assume A C [§,00) x R for some § > 0. If g¢“"2(A) = 0 there
is a sequence { C(#7,x},7?) : i € N} (n € N) such that A C U, Int (C(#7,, %)) and

i '
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lim, o Ti(¥)* 2 = 0.
= x fH(r)?
Q" (AN G(Y) #0) SZQ’"([" Y,(Ced, 7)) ds > 0)
i=1 i

< 167 2m(1) ()2 (Proposition 3.3)
i=1
— 0 as n — oo. .

THEOREM 3.6. Assume d > 6. If Y', Y? are independent super-Brownian motions
starting atm' and m?, respectively, then G(Y')N\ G(Y?) = () and hence S(Y))N S(Y?) =
forallt > 0 Q™ x Q™ -a.s.

PROOF. Theorem 3.1 implies ¢¢~2(G(¥")) = 0 Q"'-as. if d > 6. Hence Corol-
lary 3.5 and a Fubini argument shows that G(Y') N G(Y?) = @ a.s. if d > 6. =

REMARK 3.7. (i) It is easy to use Theorem 3.1 and Proposition 3.3 to see that
qg(G(Y') N G(Y?) N ([6,00) X IR"’)) < ooforall§ > 0 Q™ x Q™-as. where
g(r) = ¥?loglog1/r (d > 3). As above one can then show that for d > 4, if Y’
(i = 1,2,3) are independent super-Brownian motions then N2 S(Y7) = @ for all t > 0
a.s. Similarly there are no quintuple collisions in three or more dimensions.

(2) The non-existence of collisions between independent super-Brownian motions for
d > 7 is a simple consequence of Proposition 3.3 alone. Theorem 3.1 was needed to treat
the critical six-dimensional case.

4. Uniform regularity results for super-Brownian motion. In this section we de-
rive uniform (in (¢, x)) bounds on Y,(B(x, r)) as r | O for the super-Brownian motion Y.
Estimates on Y; (B(x, r)) for a typical x in S(Y;) were obtained in Perkins (1988) to find
an exact Hausdorff measure function associated with Y, but additional work seems nec-
essary to get uniform bounds. We continue to work with the nonstandard model N*)
(p = 2" € *N — N) introduced in Section 2. This richer nonstandard model allows
us to define the following processes, originally introduced in Perkins (1990, Sec. 4). If
r € *[0,00), let r = [rp]/ p where [x] denotes the integer part of x. If B € B(R ) and
r>0,let

NEA) =p' 3 IN) €*B,N],, €4), 1€7[0,00), A€*BRY).

Y rrtt

Hence N"® is an internal *M(R 9)-valued process which at time ¢ records the contribu-
tion to Ny, from descendants of particles which were in *B at time r.

NOTATION. {4, : t € *[0,00)} is the internal filtration on (*2, *4) defined by
A ="0B ¢ || <)V (Nus*o(BS 18] = [tul.s < w))

(here *o(X) is the internal * — o-algebra generated by the internal X). Let 7 = o(A4,)
for € [0,00) and let F, = F7V { Q™-null sets} .
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{F, : t > 0} is a standard filtration (but is not right-continuous) and Y is (¥ ,)-
adapted. It follows from the nonstandard construction of Y that for each fixed r € [0, co0)
and B € B(R9), N"B is Q™-a.s. S-continuous and Y"B(r) = st(N"B)(r) satisfies
@.1)

a"yfec|Fy=0a Y1B(C) Q™ -as. for all Borel measurable

C in C([0, 00), Mx(R %)) and all Borel B such that 0B is Lebesgue - and m-null .

(See (4.7) and (4.8) of Perkins (1990) where this is shown if B is a ball. The same proof
works for B as above.)

NOTATION. (a) If v € Mp(R9) let v P,(A) = P’ (B, € A), and let
D(v,r) = sup{v(B(.n) : y € R?}.

(b)Ifx,y € R4, writex ~ yif x —y € Z¢ and let 7(x) denote the unique point in
[0, 1)4 such that x ~ w(x). fA C R let A = Upeza(k+A) = {x: x ~aJa € A}.
© 2 ifd=2
i =
()= {1 ifd > 2
@) =rog 1/r+ 1)*?D, ¢(r) = Plog" 1/ r+ 1)* @\,

Let ¢4 € [Vd +4, \/2 +5) and let B, denote the set of open balls, B,(y), of radius
rn = c41h(27") and centered at a point y in 2"Z) . (HereaZ = {an:n€eZ}.)We
may, and shall, increase ¢, ; slightly so that m(dB) = 0 for all B in U, ‘B,,. In what follows
we will always assume n is large enough to ensure r, < % For each such n and each
Jj € Z, we construct a class C,(j) of subsets of R ¢ with the following properties:

(42) VB € B,,AC € C,(j) suchthat B C C

(4.3) YC € C,(j), 3B € B, such that C C B

(4.4) VC € Cu(j). P"(B(j27™) € C) < D(mPpy, 1) + @ (h(27™"))

(4.5) card Cp(j) < (m(l) + 1)264-2" (¢4, depends only on d).
For each B,(y) € B, with y € [0, 1), let C be a (disjoint) union of balls of the form
k + B,(y) (k € Z¢) where we keep adding on translates of B,(y) until the mPj» measure
of the union exceeds <p(h(2”')). Hence C will satisfy (4.4). Continue in this manner
using new translates of B,(y) until every k + B,(y) is contained in one (and only one C).
Each such C will be a disjoint union of sets in B, (y) and hence satisfy (4.3). The class of
C’s constructed in this way (for B,(y)) are mutually disjoint and all but one will satisfy
mP;(C) > ¢(h(2™")). Hence by (4.3)

(4.6) no. of C’s constructed from one B,(y) < m(B:(iy))cp(h(zf"))‘l ‘1

Now repeat this procedure for each of the 2"¢ choices of y in [0,1)¢ N 27"Z ). C,(j)
is the set of all C’s constructed in this manner. (4.5) is then clear from (4.6). (4.2) is
immediate from this construction.
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LEMMA4.1. For Q" —a.a.w, if27" < 6(w,3) (6(w,3) as in Theorem 2.1) then
sup{ Y,(B(x, h(2"’))) xERL P <r< G+127)
<sup{¥? "“(R9): C e Cu(j), t € 10,27} Vj € Z..
PROOF. Fix w outside a @™-null set such that Y = st(N) and Y*€ = st(N*€) for

all non-negative rational u and C € U;,C,(j). Assume 27" < §(w,3). Let x € R4 and
choose y € 27"Z ¢ such that |x — y| < v/d2™" < v/dh(2™"). Fixj € Z,. Then

B(x,4h(2™™) C B(y,(Vd + 4)h(2™")) C B4(y) C C for some C € Ca(j)

(the latter inclusion by (4.2)). If t € [j27",(j + 1)2™"), 3 ~ tand N° # A, then |N° —
Ng,,,| < 3h(27™) (recall 6 (w,3) > 27") and hence

.7) N} € *B(x,h(2™")) => Njj_, € *B(x,4h2™")) C *C.
Therefore
v,(B(x.h2™)) <°Ni(*B(x.h2™))

< i SN €7C, NY # 8) (by (4.7)
Bt

— ON:Q_"'C(*R d) — ﬁZ‘"’C(R d)'
The result follows. =

NoOTATION. If f: R4 — [0, 00] is Borel, let
t
== y
6= [ sup P (fBy) ds.

The next result is readily obtained by taking limits in Proposition 2.6(c) of Perkins
(1988).

PROPOSITION 4.2.  Iff: R — [0, 00] is Borel and 4P™(f(B,)) < X, then

(v > 1) < exp{-A(4G(£,n) "'}

Let g;(y) = Ykez¢ Ps(y +k) denote the transition density (on [0, 1)) of m(B,) (and set
gs(y) = 0if y € [0, 1)?).

LEMMA4.3. Letr€[0,3).
(a) sup, P(B, € B(0,r)) < cazr(s™/2 + 1)
(b) If B is a ball of radius r then

G(15,1) < caath (v)

providing t < *~%, ifd > 2, ort <logl, ifd = 2.
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PROOF. (a) Ify € [0, 1)¢ then

gs(y) = Qus) ™2 3" exp{ —|y+k|?/ 25}

keZd

< ﬁ( i exp{ —(y; + k,~)2/ 2s} (27rs)"/2)

i=1 k,'=—00

< (2ms) 242 i exp{ —k/ 25} (ZFS)fl/z)d
k=1

(
< (2(27rs)-1/2 +2 /Ooo exp{ —x*/ 2s} (27rs)_1/2dx)d

Therefore
P'(B, € BO,n) = P(n(B,) € n(B(~y.1) )
= / l(z € ﬂ'(B(——y, r)))qs(z) dz
< (s 1y
where c; is the volume of the unit ball in R ¢ (recall » < 1 /2). This gives (a).
(b)If d > 2, Bis aball of radius r < 1/2 and ¢ is as in the statement of (b), then
G110 = /' sup P (B, € B(0, 1)) ds
B o y s >

4.8) <r+ /’:v,l ca3?(s~? + 1) ds
<P 4 castr +cazr' P D)2 — 1)
S 7‘2 +C4,312 +C4.3(d/2— 1)7172 = C4v3r2.

If d = 2, then (4.8) still holds and we get
G(15,1) < P +castr? +cqsr’ loght/
1 1
Sr2+C4A31210g1/r+C4‘3rz[loglog;+2I0g —]. ]
r

NOTATION. Let y; denote the diffusion on [0, 00) with generator (y/ 2)d*/ dy* and
let {Pg 1y > 0} denote the laws of y on path space. The process is absorbed at 0.

LEMMA 4.4. P} (sup,<; y() > X) < exp{ —2(vV/X — /Y)2/ T} VA > y.

PROOF. The transition density of y is given on p. 100 of Knight (1981). This readily
gives Pg (exp 0 y(t)) = exp{20y(2—017'} for < 2/t The result now follows from
the weak L! inequality by the usual application of Markov’s inequality (the optimal 6 is
12 =2/ M)V?). .

We now combine the three previous estimates to derive the required bound on Y72 "€,
Recall r, = ¢4 1h(27").
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LEMMA 4.5. There is a c45 such that

Q'"( sup Y{Z_"’C(Rd) > )\) <2exp{—cqsA 2"n*"‘(d)}

1<2—"

for all j27" and C € Cp(j) such that
(4.9) 8(DOnPrw, 1) + 0 (H2M) ) <A,

< % and
—d .
< ifd 2 3,
log1/ra ifd=2.

PROOF. Use (4.1) to bound the required probability by

Q"(Ypr(C) 2 A /2) + Q"'(l(Yﬂﬂ(C) < A/2)Q% e (sup (R > ,\))

1<2—n

<exp{—A(8G(1c,j2™) "} + Po/*(sup y(t) > \)

<2—n
((4.4) and (4.9) allow us to apply Proposition 4.2)
(4.10) < exp{—)\ (c4,481/) (r,,))_l } +exp{ —2"(V2 — 12\ },

where we have used (4.3) and Lemma 4.3 to bound the first term and Lemma 4.4 to bound
the second term. An easy calculation now shows the first term in (4.10) is the larger and
gives the required bound. n

LEMMA 4.6. (a) t — D(mP,,r) is non-increasing on [0, c0) for each m € Mp(R %),
r>0.

(b) There is a c4¢ such that
D(mP,,r) > cagD(im,r) YO<t<r, meMgRY.

PROOF. (a) By the Markov property it suffices to show D(mP,,r) < D(m,r). If y €
R4 then
mP(B(y,») = [[ 12— < rpi(z—x) dm() dz

= [[10w+x—5| < r)ydmop,w) dw
< D(m,7) [ pu(w)dw = Dim, ).
(b) Choose y such that m(B(y,r)) > D(m,r)/ 2. Then
mP,(B(,n) > [ 1(x— 3| < NP*(B, € B, 1) dm(x)

= f I(|x—y| < nP° <81 (S B((y — x)t_'/z, rt_l/z)) dm(x)
> cym(B(y, 1)) > (c1/ 2)D(m,r)
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where ¢ = inf{ P°(B| € B): B aball of radius 1 containing O }. n
Here finally is the main result of this section. Recall that

P(l+logl) d>2

D(m,r) = sup{m(B(y,r) : y € R*} and o(r) = {#(1 tlogt by d=2°

THEOREM 4.7. Assume d > 2. There exists c47, cag such that for any m in Mg( R4)
and Q™-a.s. 3r,(w) > 0 such that

D(Y,,r) < ca7max(D(mP;,csgr), (1)) forallt >0, 0 < r < ro.

PROOF. Let

A)={  sup  D(Y.h@™) = c1(DimPnsra) + 0 () )},

J2Tn < (2

where ¢; > 8 will be chosen below. Let

T = { r2—d ifd >3 .
" log(1/r,) ifd=2

Then (2.1) and Lemmas 4.1 and 4.5 imply that for r, < %,

Q" (U, An()) < 3 Q7(An().6(w,3) > 27") + coam(R 427"
J<2°T,

<> Y 2 exp{ —ca5C1D(MPj-n, 1) + (h(z‘")) znn—a(d)}
J<2'Th ce C0)

+cpym(R 4)27 220020
< 2"T,,(m(1) + 1)2 eXp{_C4_5C1(p(h(z—ﬂ))znn—a(d)}
+c2im(R27"2 (by (4.5))
< 20T, (m(1) + 1)2exp{ —cican} +com(R4)27"22,
where ¢, depends only on d. Now fix ¢, large enough so that the last expression is

summable (note that 7,, < 2"¢*). By Borel-Cantelli we have Q™-a.s. for large enough
n
sup  D(Y,,h(2™")
J2r<t<(j+1)27m
< e (D(mP, oy cath(27M) + ga(h(z‘"))) VO<j2"<T,,

and therefore by Lemma 4.6(b) (with mPj,-» in place of m in that result)

(4.11) D(Y.,h(2™) <3 (D(mP,,cMh(Q‘")) + <p(h(2_")))V0 <t<T,

Take n larger still (if necessary) so that 7,, exceeds the lifetime of Y to get (4.11) for all
0 <t < o0. The required result follows by a standard argument which allows us to
replace h(27") by a sufficiently small continuous parameter r at the cost of increasing c3
and C4.1. [ ]
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COROLLARY 4.8. Ifd > 2 then for any m in Mp(R9)

lim sup sup D(Y,, )p(r)~! < cq7forallé > 0Q™ —a.s.
rl0 >4

PROOF. Lemma 4.6 implies
sup D(mP,, cagr) = D(mPs, cagr)
1>6

< m(1)6 4 2(2cqgr)’.

The result is now clear from Theorem 4.7. [
In the next section we will also need a uniform (in ) upper bound on

[[ 1y =yl < v ar?

as r | 0 when Y! and ¥? are independent super-Brownian motions starting at m' and m?,
respectively. This in turn requires an elementary covering argument implicit in Perkins
(1988) and DIP (1989). This argument (Proposition 4.10) is of independent interest since
it gives an elementary proof of the fact that dimS(Y,) < 2 for all # > 0 a.s. (the reader is
invited to derive this from the proof of Proposition 4.10).

NOTATION. If0 < e <1, let Z(t,€) denote the cardinality of I(¢, ¢) (the latter was
introduced just prior to Lemma 3.3).

LEMMA 4.9. Conditional on F,_., Z(t,€) is a Poisson random variable with mean
2Y,_ (e L.

PROOF. The internal conditional distribution of Z(z,¢) given A4,_, (or equivalently
4,_.) is binomial with mean &~ 2Y,_.(1)e~! and number of trials uN,_.(1) (see DIP
(1989, Lemma 4.1, (4.2))). The lemma is now a simple consequence of the well-known
weak convergence of the binomial distribution to the Poisson. (]

PROPOSITION 4.10.  Let Y*(1) = sup,> Yi(1). For Q™-a.a.w for n sufficiently large
(n > N(w)) forany j € N S(Yjp-) is contained in a union of 2"4(Y*(1) V 1) balls of
radius 3h(27").

PROOF. The previous lemma and an elementary calculation shows that
Om(z(i2‘",2‘") > 2" (Yyop(DV 1) | F 0’-“2'")
<exp{—2""'(2log2 — 1)}

(bound the conditional distribution of Z(j27",27") by a Poisson distribution with mean
2n+l (Y(H)z-n(l) \Y 1) and apply an elementary large deviations estimate). Therefore

G'”( max Z(j27",27") > 2" (Y* (1) V 1)) < 2%exp{ —2"1(21og2 — 1)}

1<j<2
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is summable over n. By Borel-Cantelli we can fix w outside a Q™ null set such that there
is on Nj(w) so that

(4.12) max Z(j27",27") < 2"**(y*(1)V 1) forall n > N
1<

and 6 (w,3) > 0 (6 (w,c) as in Theorem 2.1). Choose n > Nj so that 27" < §(w, 3) and
Yorye = 0. Then forany j € N

(4.13) S¥pyc U B(x3h2™),
X€I(j2-,2-")

and (4.12) together with I(j27",27") = { for j > 22" shows that (4.13) covers S( Yip-n)
by a union of at most 2"*2(Y*(l) \% l) open balls of radius 3A(27"). =

THEOREM 4.11.  Assume d > 2. There is a c49 such that for any m', m* in Mp(R¢),
B > 0, and Q™ x Q™ -a.a. w there is an ri(3,w) > 0 such that

4.14) sup/f 1(|y1 — y2| < r)d¥ () dri(y,)
>4

< cao(sup Y () V 1)~/ 4(log 1/ ¥ 42 for r < ri (8, w).
t

PROOF. If d = 2 this is a simple consequence of Corollary 4.8 (in fact one can
reduce the power of the logarithm) so assume d > 2. We work on the obvious product
of Loeb spaces so that w = (w!, w?). Fix § > 0.

Condition on w' satisfying § (w',3) > 0 (§(w,c) as in Theorem 2.1), ro(w') > 0
(ro as in Theorem 4.7), and the conclusion of Proposition 4.10 (for n > N(w!) say).
We now argue conditionally on w'! and hence will work with respect to Q™. Assume
n is taken sufficiently large so that n > N(w'), h2™") < ro(w'), 27" < §(w',3), and
D(mPy,cagr) < @(r)forall t > 3 and r < h(27") (see the proof of Corollary 4.8). Then
on{6(w?3)> 2"} wehavefor3 <j27" <t< (j+1)27"

//1(|y, — 2| < h27M)dy} ay?

< carp(h2™) [ 1(d(v2,S(¥)) < @) av?
( by Theorem 4.7 since h(2™") < ro(w' ))

4.15
o < canp (h(z‘") [ 102 Sh0) < ah@27™) dY?)
( since 27" < §(w', 3))
< carp(h@)Y,
where

Sin = {y 1 d(y.5(V-)) <ThQ@ ™)}

j 2,8jnd2 "

jn jun

YY" = sup ¥, .
1<27n
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and we have used § (w?, 3) > 27" to conclude that each particle in S( Y,z) within a distance
4h(27") of S(Y},-), is the descendent of a particle in S(Y?-,) within a distance 7h(2™")
of S(lez_n). Use the nonstandard construction of Y2 to make this rigorous. By the choice
of w! and Proposition 4.10

P (B € Sja) < 2" (Y () V 1)mP(1)s™ 22y

4.16
( ) — C2C3(w1)m2(1)s—d/22~n(d/2—l)nd/2

where c;(w!) = (Y)*(1) V 1. Therefore
t
G(ls,) < [ (cacsw)s™ /22742 DptI2) A 1 s
S C4C3(w1)2/dn2~n(1—2/d).
By (4.16)if j27" > 3 and
(4.17) X > deres(whmP(1)B 4/ 2ndl 2@/ 2-1)
we may apply Proposition 4.2 to conclude
Q™ (Yau(Si) = A) < exp{—A (dcscs(w)?/4) ' n~1270-2/ D),

Let A, = (4cac3(w")? 4)17n22771=2/9) Then (4.17) holds for n > no(w', 8, m' (1)) and
SO
Q" (Y2 u(Sim) = M) < ',

Argue as in Lemma 4.5 to obtain for n > n; (wl,ﬂ,ml(l))
Q™ (Y > 20, <2717
By Borel Cantelli for @"-a.s. w? there is an Ny(w?) such that
sup ¥ < 2), foralln > Ni(w?) V nmy(w', B, m' (1))
g<jpn<on
= Ny(w).

Returning to (4.15) we see that for a.a. w there is an N3(w) € N such that for n > N3(w)
sup [ [ 1(Iy1 =32l ShQ@™)dY] dY} < cazio (h27)2M,
28<t

< C5C3(wl)z/dh(2'")4#4/d(log 1/h(2‘"))2+2/"

(4.14) is a trivial consequence of the above. []
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5. A Tanaka Formula for Collision Local Time. Let m', m* € Mp(R“) and
assume (X', X?) are continuous adapted Mr(R 9)-valued processes on (', ', F,, P')
which satisfy (M, ) (in the Introduction). We first show how to enlarge the proba-
bility space to construct a pair of independent super-Brownian motions (Y', ¥?) so that
Y > X', i = 1,2. Recall the notation (Q°, F°, F°[s, t+], Q) from Theorem 1.1. Let
F? = F°lO, t+].

Define

Q= xXxQ, F=F xF' xF, F=F xF xJ7,
and if @, = Qg ,, define P on (L2, ) by (see Theorem 1.1(d))
P(BX C1x C2) = [ 150)Qaiow)(C1) Qi (C)AP ().
Here A’(w') is the random measure on [0, 00) X R ¢ defined by
A'W)([0,1] X B) = Aj(W')(B).

Let 7: Q — Q' denote the projection mapping and denote pointsin Q by w = (w/, ¥', ¥?).
Let Yi(w) = Xi(w) + ¥ > X'(w'). Roughly speaking, when an individual of population
X' is killed by A’ we think of the particle living on in an afterlife and use ¥’ to record
the subsequent evolution of the descendents of these dead particles. There is no further

interaction between these deceased particles and the two living populations and hence,
conditioned on w’, ¥, i = 1,2, should be independent.

THEOREM S.1. (a) If W € b'F', then

(5.1) PWorn|F)=P'(W|F)or P —a.s.

(b) (Y',Y?) are independent (‘F,)-super Brownian motions starting at m' and m?,
respectively (under P ).
(c) IfZY () is the martingale part of Y'(p) («p € Q)(A)) then

(2" (P, Z (e 0 ) = 6(Z/ (00 )0 m = 8 [ Xi o m(pP) ds.

PROOF. (a)LetB € F,and C;,C, € F!. Thenif W€ b,

/IBXC|XC2WO7rdP
= [ 150V Y W) Qa1 (C1Qup2)(Co) dP (W)
= [ 1P/ W | FDI V@i (€1 Q2 (C2) dP ()
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since Theorem 1.1 (d) shows that Q 4, (C;) is F ;-measurable. Therefore

/leCIXQWOﬂ'dP :/leC.xQPI(Wl .{F;)OWdP

and (5.1) follows.
(b) Since Zi(y) is on (F,)-martingale (a) shows that Zi() o 7 is an (F,)-martingale
under P and

5.2) (Z(p)om Zppor) =8 || Xion(wd)ds

because Zi(g;) o Zi(p;) o m — &; [{ Xi o m(p?)ds is an (F,)-martingale by the same
reasoning. Let F, = F' x F7 x F° D> F, and

-~ ~ t . .
Zip) = Tito) — [ Tiap)dr—Aj(p)om, ¢ € DWA).
Ifs<t,B€ F and Cy,C; € FI, then
P (lecGCz (Z;(QD) - Z;(‘P)))

= [ Quion X Quey (e (ZUo)W. ) = Zi(o). ) ) dP /()
=0

because Zi(¢)(w',-) is an (F; x F7)-martingale under Q 41,y X Q2 by (MO,(M.W)).
Therefore Zf((p) is an (ﬁ’,), and therefore an (), martingale. The same reasoning shows
Zf(npi)Zf(cpj) —6i Iy fﬁ((piz)ds is an (F,), and hence also on (), martingale and so

- ~ |
(5.3) (Z'(p. Z(pp) = 85 | VilpD)ds.
If ¢ € D(A) then Z,”i(cp) = Zi(p) o + Zi(yp) is a (F,;)-martingale by the above and

Vi) =mip)+Z )+ [ Yidpydr i=12, 4 € D).

If s < t then
P (Zﬁ(‘Pi)Z{(@j) om|F,)=P (Z{(on) o P (Zi(p) | F,) | fF«)
=P (Zi(p) o7 Zi(w)| Fs)

= Z(p)) o nZy(:)
and so
(5.4) (Zi(pi), Z(pj)om) = 0.
(5.2), (5.3) and (5.4) imply

(7700, 2" (o) = 85 | YiCoD)ds.
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Theorem 1.2 now implies (b).

(c) is immediate from (5.2) and (5.4). »
The above result extends easily to more general super-processes such as super-Feller
processes.

(a) implies that (X,A) = (X',X?,A!,A%) on (,F', F,,P’) and (X,A) o 7 on
(Q, F, F.,P) have the same law and, more significantly have the same adapted distribu-
tion in the sense of Hoover-Keisler (1984). This means that all random variables obtained
from (X, A), respectively (X, A) o 7, by the operations of composition with bounded con-
tinuous functions and taking conditional expectation with respect to (), respectively
(), have the same laws. It implies, for example, that if we identify (X!, X?,A', A2, Z!,
7%) with (X!, X?,A',A%,Z!,7%) o 7, then (M, ,2) holds on (2, F, F,,P) (this is estab-
lished in the previous proof). Therefore in studying properties of (X,A) we may as well
work with (X,A) o on (Q, F, F,,P) and hence we may, and shall, assume there are in-
dependent ( F,)-super-Brownian motions Y4, v?» starting at m' and m?, respectively, and
such that Y} > X! forall t > 0, i = 1,2. In the future when working with systems such
as (M, ,2) we will simply assert the existence of dominating super-Brownian motions
(Y1, Y?) without loss of generality by enlarging the probability space if necessary.

Let 4 and R,, denote the generator and « -resolvent of 2d-dimensional Brownian mo-
tion, respectively. It will be understood that « > 0 if d < 2.

LEMMA 5.2. For any ¢ in ‘D(A),
X! x X2(p) = m' x m*(p)

+ [ [ 0 2! () Z2ds.dxr) + X den)Z ds. i)

B /01// (61, X2)[X; (dx1)A’ (ds, dxy) + X; (dxp)A' (ds, dx))]

* /o'// A (x1,x2)X, (dx)X: (dxy) ds.

PROOF. If ¢(x;,x;) is a linear combination of functions of the form ¢;(x;)p2(x2)
where p; € D(A) (call this class of ¢’s L) this is immediate from (M, ,2) and Itd’s
lemma. A theorem of S. Watanabe (see Ethier-Kurtz (1986, p. 17)) implies L is a core
for A and the result follows for all ¢ in D(A) by taking limits. "

To obtain a Tanaka formula for collision local time we want to set ¢ (x;,x;) =
—0o(x1 —x2)¢ ((xl +x7) / 2) in the above. If y € bB(R d) we introduce some approximate
identities and set Y. (x1,x2) = pe(x; — x2)¢ ((x1 +x3) / 2) and (By, B, are independent
Brownian motions in R ¢)

Ga,ew(xl»x2) = Rawc(xl’xZ)
— P x P2 /O°° e p (B! — B2y (B! +B2)/2) ds

=kt [~ € pesa((r1 = 32/ 2)Ps (051 +32)/ 2) s,
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where k; = 2(4~%/?) and we have used the independence of B! + B and B! — B2. Let
X _2as —
Gath (x1,%2) = ky /0 e ps((r1 — x2)/ 2)Pstp ((x1 +x2)/ 2) ds = G0 (x1,%2).
Ify € Co(RY) then e(x1,x2) € Co(R?) and Gaot) € D(A) solves AGa ) =

I oo
aGuep — Y. If « = 0and d > 3 itis easy to check Go ¢y = Go.¢¥ and

lloo
AGq e ”z=> —1 as a | 0.) Hence the previous lemma gives us, first for ¢y € Co(R%)

and then for any ¢ € bB(R ) by taking bounded pointwise limits,
(Te) X! X X} (G ) = m' x m*(Gact)
+ /0, / f G ¥ (x1,%2)[X; (dx1)Z*(ds, dx) + X2 (dx2)Z! (ds, dxy )]
- /0'// Go W (x1, ) [ X} (dx1)A(ds, dxy) + X2(dx2)A' (ds, dx))]
ta /0’// Ga,d/J(xl,xz)X:(dxl)Xf(dxz) ds
- /Ot//Pe(xl — X)) ((Xl +x)/ 2)Xi(dxl)Xf(dx2)ds,
forall ¢y € B(RY).
We now show that each term in (7¢) converges as € | 0.

NOTATION. g4 (x) = [ e 'p(x)dtifd > 3 or a > 0. Here go(x) = cs.1|x|>74 if
0

d > 3. Define
_ | I+logt1/|x]) d=2
8o(x) { ] d_1"
A bit of integration shows that
(5.5) 262 1(x1,x2) = ga(x1 —x) d230ra >0,
(5.6) csa(a)logh(1/1x]) < ga(x) < cs3(a)go(x) d =2,
3.7 8a(x) < csala)gox) d=1.
LEMMA5.3. Assume ) € bBRanda >0(a > 0ifd <2).
—d .
B < | essll¥looelx1 — 32 ifd>?2
(a) IGa,ew(xla-’Q) Gaw(xla-xZ)l = {C5_5”1/1”006]/2 lfd =1
IfY >0, lime o Ga ¥ (x1,X2) = Go ¥ (x1,%2) for all (x1,x2).
(b) |Gare® (x1,32)] < €%/ 2|9 || 00gar/2(x1 — X2)
PROOF. (a)
|Gae (x1,20) — G (x1,22))|
(5.8) < kd||¢||00/0 e~2a&bs+6/4((xl —x)/ 2) _ps((xl -x)/ 2)|ds

< Kol /Oooe_zax /Ss+f/4|(apu/au)((xl —x)/2)| duds.
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Use |(dp./ du)(2)| < pu(2)(2u)~(d+|7] 2 / u) and an elementary calculation to obtain the
inequality in (a) ford > 2. If d = 1 the above bound on |dp,/ du| implies | (dp,/ du)(z)|
< cju™*/2. As we also have |p,,/4(x) — ps(x)| < s7'/2(2m)7"/2 (5.8) shows that
|Gact = Ga| Skl o [ @roy™ s+ [ €215 e/ 4)ds]
<k || ||oole!? +c|el/2/ 2].

For d > 2, pointwise convergence off the diagonal is clear from the above. On the
diagonal, the pointwise convergence of Gy (9 (x1,X1) to Go ¥ (x1,x1) if ¢ > Oisasimple
consequence of Monotone Convergence.

[Gact (x1,02)] < kd1|¢||oo/000 e g a0 — x2)/ 2)ds
(b) = kil ¥lloo [ : /22, () — x2)/ 2) du
<™y looga2(x1 — x2). .

In order to control the martingale term on the right-hand side of (7,) as € | 0 we need
the following estimate which is proved in Section 7.

LEMMA 5.4. Let Y! and Y? be independent (‘F,)-super-Brownian motions starting
at m' and m?, respectively.
(a) If 3 < d < 5 there are constants cs¢(t) (t > 0) such that

P[] ([ eatn—smia) B as)

JI(log*(1/ |xy — x2|) + 1)m! (dx))m*(dxy),  ifd =3,

1
< eso((m' (1) +1) {ff(|x1 — x0|°72 4 Dm' (dx))m*(dxy), ifd= 4.5,

foralla > 0,1t > 0.
(b) If d < 2 there are constants cs7(a,t) (o, t > 0) such that

P (/ot/(/g"(y' _YZ)Y:(dyl))sz(dyz)ds)

< esa(a, m'(D)(m' (1) + 1)m*(1).

Recall that M = M (m', m?) is the set of all continuous adapted processes (X', X?)
satisfying (M 2).

COROLLARY 5.5. Assume d <5 and

(5.9) [[108*(1/ |21 = xa ! (dxiym*(dxa) < 00 ifd = 3
(5.10) // Ix1 — x2| 8 2m" (dx))m*(dxy) < 00 if d = 4,5.
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Then for any ) € B(R?), T> 0and a >0 (a > 0ifd <2),

t
lim sup [sup / / / G eV (x1,x2)X ) (dx)Z2(ds, dx2)
O i xne M <770

(X' X*)e

— [ [ ] Gav 1, 0)X ! e Z2ds, )],

For any (X', X?) € M, RIS Gat (x1,x2)X!(dx1)Z?(ds,dx,) is a continuous L*-martin-
gale.

PROOF. For e > 0 and (X!,X?) € M, Doob’s inequality and X’ < Y’ shows the
above L?-norm is bounded by

aP (fOT/(f |Gae ¥ (y1,y2) — Gap (1, ¥2) | Yxl(dyl))sz(dyz)ds)
(5.11) :cllP(/OT///IGwlb(yl,yz)—Gad)(vl,yzﬂ

X | Gac(h,32) = Gat (54,32 Y1) Y2 (@) Y2(dy2) ds ).

By Lemma 5.3(b), if ¢ < 1 the integrand in (5.11) is bounded by 4¢*||% |2, gq/2
(1 — ¥2)8a/2(¥) — y2) which is integrable with respect to the measure (Ys1 (dy)Y(dy))
Ysz(dyz)dsdP) by Lemma 5.4. The integrand approaches 0 as € | 0 on {(y1,Y,,y2):
y1 # y2 and ¥, # y,} and this set is not charged by the above measure because Y? is
independent of Y! and does not charge points. The Dominated Convergence Theorem
implies (5.11) approaches 0 as € — 0+ and the corollary follows. n

LEMMA 5.6. (a) Assume d < 5, and (5.9) and (5.10) hold. Then for any ¢ €
bBRY, T>0anda >0(a > 0ifd <2)

lim  sup Hf;l[r)uot//Ga,ew(xl,xz)X;(dx\)Xf(dxz)ds

e—0

(5.12) T xeM
_ /ot// Ga (x1, X)X (dx1)X2 (dxy) ds. nl —0

Forany (X', X?) € M, BIF G (x1,x2 )Xs] (dx )Xf(dxz) ds is a continuous process with
P integrable total variation over compact time intervals.

(b) Assume d < 5 and
(5.13) [/ g1, x2) dm' vy dn(2) < o0 if  d <4,
(5.14) [/ |x1 — x| ™ dm' (x1) dm*(x) < 00 if d = 5.
Then for any ¥ € bB(R), T> 0anda >0 (a > 0ifd <2)

11%1 sup
(5.15) T xxeM

— | [ Ga¥ (x1, )X} (dx))X} (dx)| | = O.
1

sup| [ [ Gueeth (1, 32)X, (dx) X )

t<T
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For any (X', X*) € M, X,l X X?(Gaw) is a continuous process such that
sup,r| [f Gopd(X} x X})| € L forany T > 0.

PROOF. (a) The supremum inside the L'-norm in (5.12) is bounded by

(5.16) F [ 1Gact1,92) = Gawr )| Vi) Voo ds.

If d = 1 the above integrand converges uniformly to O and hence (5.16) approaches O in
L'. Assume now d > 1. By Lemma 5.3 the integrand in (5.16) converges to 0 as € | 0
for all y; # y,, and is bounded by 2%/ 2||4) lloo8a /21 — y2) for e < 1. Lemma 5.4 and
Cauchy-Schwarz imply g, />(y1 —y2) belongs to L' (l(s < YN dy,)Y*(dy,) ds dP ) and
since this measure does not charge the diagonal { y; = y,}, Dominated Convergence im-
plies (5.16) converges to 0 in L!(P) as € | 0. This gives (5.12). Since G, ¥ is bounded
and continuous, fJ [ Gy ¢ (x1,x2)X} (dx1)X?(dx;) ds is a continuous process with inte-
grable total variation over compact intervals. The convergence established above now
gives the same conclusion with e = 0.

(b) If d = 1 the uniform convergence of |Gq ) — Go| to 0 (Lemma 5.3) and the
bound X! < ¥? make (5.15) obvious. Assume therefore d > 2 and for a fixed ¢y € B(RY)
define

n(a,€,8) = sup{|Ga ¥ (x1,%2) — Ga Y (x1,%2)| = |x1 —x2| >6}.

Recall that lim, o, n(a,€,6) = Oforall § > 0 by Lemma 5.3 (a). Let (X', X?) € M
and T > 0. Then fore <1,

(5.17)
sup | X! X X2(Gaeth) — X! X X2(Ga )|

t<T

< n(a,€,8)sup X} (1)XA(1)

1<T
+ere,p)sup [ 1x1 — x| < 8)ga/an — )X/ (@dx)X(dx)
t<T
(Lemma 5.3 (b))
< n(a,€,8)sup Y (Y1)

t<T

+Cl(a,¢)SUP// Wy = y2| <8)gaj2yi — y2)Y, (dy))Y](dy,).
t<T

Let R, denote the image of ¥! x Y? under the mapping (yi,y2) — |y1 — y2|. Then if
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B > 0,r(w,B8)>6 (r as in Theorem 4.11) and we write go(|y|) = go(y),

sup [ [ 101yt =yl < 8)g00n = y2)Y (dy)¥}(dy2)
B<<T

< sup R([0,6 Do) — [ 10 < 8)gy(DRAI0, rD) dr

B<t<T
< caa(sup Y/(1) V 1) ][54/ 4(10g 1/ )2/ *20(6)
t
— [ 10 <))+ d10g 1/ ¥/ 2 |
(Theorem 4.11)
—0asé | O(recalld <5).

We have shown

(5.18) lim sup [[ 1y —y2) <8)go(n — y)¥, (@n)¥2(dy) =0 V3 > Oas.
810 p<i<r

Let ¢y = 1in(T,) with (X', X?) = (Y!, Y?) to see
SUp [ [ Ga 101, y2)¥} (@dy) Y (dy2) < m' X (G 1)
<T

(5.19) ssup [ [[ Ga 1LY} (@y)Z2(ds, dy) + Y2(dy2)Z (s, dyy)]

1<T

ta /OT// G 1Y) (dy))Y(dy») ds.

The right side converges in L' as € | 0 to

t
m' x (G 1) +sup [ [ [ Ga11¥(dy)Z*(ds, dyz) + Yi(dy2)Z' (ds. dy)]
(5.20) =

T
+a/0 [/ G 1Y (dy))YX(dy,) ds = m' x m*(Gy1) + Ty
by Corollary 5.5, (a) and the hypotheses on m!, m? (see (5.5)). Apply Fatou’s lemma in

(5.19) (use Lemma 5.3 and (5.5)) to conclude that
(5.21)

sup( [ [ ga/201 =2V @)Yy = [ [ g1 =y @yimidy) <2y

and in particular

(5.22) E(sup [[ g1 —y2)¥!(dy)¥2(dy) ) < o0.

t<T
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Let §, | O satisfy m! x m*(|y; — y2| = 6,) = 0. Then
1 2
sup [ [ 2a20n = y)1(31 = yal <8} (dy)Y2(dyo)
t<B
<sup [[8ay201 = 322X} @)¥idy2) = [[ gaj2tri = y2om' (dyi)m’(dy2)
+50p| [[ gaya1 = )1yt = 2| > 8 (@y))¥idy2)

(5.23) o «f ; ;

_]/ga/z()’I —y)U(|y1 = 2| > n)m' (dy))m*(dy2)|
+ [[ 8ajar =31yt = ya| < Enm' (dyym?(dy2)
= 1(B) + (b, B) + LI (bp)-

Fix w outside of a null set such that I's (w) — Oas 8 | 0, (5.18) holds and /1(5,,,3) — 0
as B | O for all n. The latter is a simple consequence of the weak continuity of ¥} x ¥?
and the choice of {5,,}. If ¢ > 0 choose N, so that IT1(5,) < ¢o for n > N,. Next use
(5.21) and the choice of w to find § > 0 such that /(3 )+ 11(dn,, 3) < €o. (5.23) implies
that forn > Ny,

sup [ [ ga/20n = y)1(131 = yal < ENYHdy)Y2dy) < 2eo.
1<B
Now use (5.18) to find another N, so that forn > N,

sup_ [ [ gay201 =y Iy =32l <67 (dy)¥idy2) < 26,
B<t<T
We have proved

1 ____ _ < 1 2 — .
lim sup [ 8aj2n = y1(ly1 = 32| <)Y} @y))¥idyz) = Oas.
and hence also in L' by (5.22). Returning to (5.17) we may first choose § sufficiently
small and then ¢ so that the L' norm of (5.17) is less than our given ¢q. As the estimate is
uniformin (X!, X?) € M, the proof of (5.15) is complete. The last statement is immediate
from (5.15) and the weak continuity of X} x X?. .

REMARK. Itis clear from the above arguments that if one drops the sup over (X', X?)
and deals with a single (X', X?) € M then a.s. convergence as well as L'-convergence
holds in both (a) and (b).

LEMMA 5.7.  Assume (X', X*) € M, d <5, and (5.9) and (5.10) hold. Then for any
Y €EbBRY, T>0anda >0 (x> 0ifd <2),

L 16t (1.3 = Gt 1, 30) X e A, )

—0as. andinl',

(5.24)
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and f§ [ Ga¢(x|,x2)X§(dx1)A2(ds, dx») is a continuous process with integrable total
variation over compact time intervals.

PROOF. We may assume ¢ > 0. From (T,) we have
/'//G b (1, x6)X ) (dx1 YA (ds, dxa)
o a.e 15A2)Ag 1 5 2
Sm' X mGac) + [ [[ Gacth (1, 2K ()2 ds, )
+ X2 (dx2)Z" (ds, dxy)]
t
+a /0 / f G et (x1, x2)X (dx1)X2(dx2) ds.

The hypotheses on m!, Corollary 5.5 and Lemma 5.6(a) imply the right side of (5.25)
converges in L' uniformly in¢ < T to

A= m X mPGath) + [ [ [ Gato (1, 1)K (dx1)Z2(ds, dro)
+ Xo(dx)Z' (ds, dxy)]

t
Ta /0 // Gath (x1,%2)X; (dx1)X; (dxy) dis.
Apply Lemma 5.3 and Fatou’s lemma to conclude (take 1 = 1 and use (5.5))

(5.25)

(5.26) /0 ' / / ga/2001 — X)X\ (dx1)AX(ds, dxy) < 2A, forall > O as.

If d > 2 (5.26) shows that Xs1 (dx))A*(ds, dx;) does not charge {x; = x2} a.s. Since
sup,<y A; € L', (5.26) and Lemma 5.3(b) allow us to apply Dominated Convergence to
derive (5.24). (If d = 1 ||Ga.c¥) — Ga¥||loo — 0 and there is no need to worry about
the diagonal.) The last statement of the lemma is then obvious from the convergence in
(5.24) and (5.25) (the latter for the integrability of the total variation on compacts.) =

LEMMA 5.8. Assume d < 3 and
U ldpy 1
(5.27) /0 D", r) dr < oo.
Then for any 1 € bB(R?), T> Oand o >0 (a > 0ifd <2)

T
tim  supJmin( [ [ [1Gact (1.0~ Gath (a5 | X, (dr)A*ds, do) 1) = 0.
x' xeM

PROOF. If np(a,€,0) is defined as in the proof of Lemma 5.6(b) then Lemma 5.3(b)
gives us
[ 1Gacth@1,32) = Gath (a1, x2)| X d1)
< (e, €,8)X;(1)
(5.28) rer(@,w) [ 10 = x| < 6)gajatn — )X} (dx)
< n(a,e,6)Y)(1)
+ea(@, ) [ 1% = x| <8)gotxi —x)¥i(dx) (by (5.6, 5.7)).
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If Rf([O, r)) = YSl (B(xz, r)) then, integrating by parts, we have ford = 2 or 3, and
6 < ro(w) (ro(w) as in Theorem 4.7)

/1(|x1 — x| < 8)golx; — x2)Y!(dxy) = /l(rSlS)go(r)de(V)

< RE10.6)80(6) — [ gh(IRZI0.r1dr
(5.29) < car(D(m',ca56) +9(8))g0(8)
[} ghneas(Dim' o) + p(r) dr
(Lemma 4.6(a) and Theorem 4.7)
=f®).
Note that if 6 > 6

C45

o o
./5 —go(nD(m', cagr) dr = ¢ / )

€48

> c1D(m', ca56)(g0(cas6) — gol(casbo))-

0 ' 1
—go(s)D(m’, s) ds

Therefore
lim sup; LOD(m] ,€480)8000) < (lirn sups 10D(m1 ,€480)80(c4.860)
6o
+ /0 —g()(r)D(ml ,C48F) dr)

ca800
=3 /0 —go(s)D(m", 5) ds.

Taking 69 | O we see that the left side of the above is zero and hence by (5.27) the same
is true for f(6 ). Returning to (5.28), we have proved (for d = 2 or 3)
A
min( [ [[1Gact (x1,22) = Gath (r1,x2) | X} (dx)A*ds. o). 1)
< 1(row) < 8) +n(a.e,6)sup Y (DAF(1) + ca(a, ) (§)AF(1)

(5.30) s<T
< 1(row) <8) +n(a,e,6) sup Y2(1)(m?(1) + Z3(1))

s<T

+ o, I E) (M (1) + ZE(1D)  (by (M ).

Recall that

(5.31) E(Z2(1)*) = E/OTXSZ(I)ds < E/OT Y2(1)ds = Tm(1),

lime o n(o,€,6) = 0, and limg |0 P(rog < 6) = 0 (Theorem 4.7). It is therefore clear that
by first choosing 6 and then e sufficiently small we can make the mean value of (5.30)
uniformly small over all (X', X?) in M. This gives the required result for d = 2 or 3.
If d = 1 the result is immediate from the uniform convergence of |Gy Y — G| to 0
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(see Lemma 5.3) and the fact that

£([ %)

12\ 250 42 142}/ 2
< E(supX;(1?) " E(A7(1))

< B(sup 111) (1) + B(Z17) "] by (M)
is uniformly bounded (over (X', X?) € M) by (5.31). .
THEOREM 5.9. Assume d <5,
(5.32) [ gotx1 = x2)dm ey dmxr) < 00 if d < 4,
(5.33) //|x1 — x| 4 dm' (x) dm(x2) < 00 if d =5,

and (X', X?) satisfies (M, ). Then (X', X?) has a continuous (in t) collision local time
L(X", X?). For any ¢y € bB(RY), L(X',X*)(¥) is a.s.-continuous in t and satisfies

(5.34) lil%lﬂsup L X', X)) — LX', X)(@)| ||, = 0, forall T > 0,
€ <T
and, foralla > 0(a > 0ifd <2)

X! X X(Ga) = m' x m (G + [ [ [ Gat (1. )X ) 2, )
+ X2 (dxp)Z' (ds, dxy)]
— [ Gt (1, )X} ()4, di) + X (o)A s, i)

o /0[// Gt (x1, X)X} (dx))X2(dxy) ds — L(X', X*)(¥))

(T

forallt > 0 a.s. Each process in (T) is a.s. continuous in t. The first process on the right-
hand side of (T) is an L*>-martingale and each of the other processes on the right-hand
side has integrable total variation on compact time intervals.

PROOF. Let ¢ € bB(R9). The hypotheses on (m',m?) and Lemma 5.3 allow us to

apply Dominated Convergence to conclude

(5.35) lilr(l)lml X M (Gaeh) = m' x m*(G).

(Note that if d = 1 this is trivial by the uniform convergence of G, v and ford > 1,
m' x m? does not charge the diagonal by (5.32) and (5.33).) Corollary 5.5 and Lemmas 5.6
and 5.7 show that as € | 0 each of the remaining terms in (7), except possibly for the
last term on the right-hand side, converge in L' uniformly in # < T for any 7 > 0. Hence
there exists an adapted continuous process L,(X', X?)(1/) such that

(5.36) lilr(r)lwsup |LEX, X2) () — L(X', X2)(W)] Hl =0forall T > 0.
€ 1<T
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We may now obtain (7) (this is (T) but with L in place of L) by letting ¢ | 0 in (T,) and
applying Corollary 5.5 and Lemmas 5.6 and 5.7.

We now show there is a continuous, non-decreasing Mp(R ¢)-valued process
L(X', X?) such that L,(X", X*)(¢) = L(X", X*)(¢) forallt > Oa.s.and ally € bB(RY).
Let D be a countable dense set in Cy (R ¢) containing 1. (5.36) and a diagonalization ar-
gument show there is a sequence ¢, | 0 such that

lim sup| Li" (X", X*)(¢p) — L(X', X*)(¥)| = 0
(5.37) 0t
forall 7 > Oand ¢y € D as.

The bound X’ < ¥* and Theorems 1.1 and 1.2 of DIP (1989) imply w.p.1 for any § > 0
there is a compact set K which supports L, (X', X?) — L"(X', X?) forall n € N. Fix w
outside a P -null set so that this conclusion and (5.37) both hold and let > 0. Since
L(X',X*)(1) is continuous there is a§ > 0 such that L"(X",X*)(1) < n foralln € N.
Choose a compact K as above. Then

Lg(X', X)) (K) < n foralln € N

and hence {L{"(X',X?) : n € N} is tight. (5.34) and Prohorov’s theorem imply
L(X", X)5L,(X", X2) where the limiting M(R 9)-valued process satisifies

(5.38) L(X', X®)() = LX", X*)(¢p) forallt > Oand all ¢y € D as.

This implies L,(X',X?) is weakly continuous. It is also clearly increasing in ¢ since
Li'(X', X?) is. Let wnzn/) (¢ € bB(R?) and LA indicates bounded pointwise conver-
gence). Then Gy 1,(x1,x2) — Gotb (x1,x;) for all x; # x; (and for all (x1,x;) ifd = 1)
and |G0,1/Jn(x1,x2)| < C]ga/;)_()ﬂ — xp) (this is clear from the estimates in Lemma 5.3.)
Set ¢ = 1, in (T) and let n — o0. The martingale term will converge uniformly in
t < T in L? to the same expression with v in place of v, (by Lemma 5.4). Each of the
remaining terms in (7) except possibly the very last will converge for all t > 0 a.s. by
Dominated Convergence to the corresponding term with ¢ in place of 1,,. Therefore for
an appropriate subsequence we have

L(X', X3 (W) — L(X", X2)(p) forall ¢ > 0 as.

As this is trivial for L, it follows from (5.38) that L,(X', X*)(y)) = L(X",X*)(3) for all
t > 0as. forall v € bB(RY). Therefore (5.36) implies (5.34) and shows L,(X', X?) is
the collision local time of (X!, X?). This also gives the a.s.-continuity of L,(X', X>)(1) for
each ¢ € bB(R ), and shows that (T) implies (T). The required properties of the other
processes in (T) (continuity, martingale property and integrable variation over compacts)
are immediate from Lemmas 5.6, 5.7 and Corollary 5.5. ]

THEOREM 5.10. Assume d < 3 and

1 .
(5.39) /O A=4Dm P dr < oo i=1,2.
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Then for any ) € bB(R%)and T > 0

lim  sup [Jmin(sup | L; (X", X*)(¥) — L(X', X)) |, 1)], = 0.
CooxeM T

PROOF. Anintegration by parts shows that (5.39) implies the finite energy conditions
((5.32),(5.33)) in Theorem 5.9 (see (5.29)). Comparing (7) and (7, ) we see that the result
is a consequence of Corollary 5.5, Lemmas 5.6, 5.8 and (5.35). ]

PROPOSITION 5.11.  Suppose that (Y',Y?) are as in Theorem 1.2, and are therefore
independent super-Brownian motions starting at my and my, respectively. Assume d < 5,
andm' # 0 (i = 1,2).

(a) P(G(Y")N G(Y?) # ) > 0.

(b) If (m',m?) satisfy (5.32) and (5.33) then P (L(Y',¥?) > 0) > 0 forall t > 0.

PROOF. (a) An easy first moment argument shows that for any § > 0, (X}, X?) a.s.

satisfies the hypotheses (5.32) and (5.33) on (m!,m?). An application of Theorem 5.9
and the Markov property shows that if

5. (YL Y) =L YY) - LYY, 126
then there is a continuous measure-valued process Ls (X I X?) such that

limP (sup |Lg,(Y', ¥)(¥) — Ls (Y, Y)(W)| | F5) = 0
eld Cs<<r

forall 1y € bB(R?), and T > §. Note therefore that (take ) = 1) fort > §
P(Ls (Y, Y*)(1) | F5) = leig)nP(Lg,xY‘, Y1) | Fs)

=6
=tim [ [ [ pCa = )P ()7 Py ds

(5. 40) s
- /o / / pas(xi — x2)Yy (dx1)Y; (dxp) ds

((5.5), (5.6) and Dominated Convergence)
> Oas.on{Y} #0,Y # 0}.
Therefore (1.1) shows that P (G(Y') N G(Y?) # ) > 0. The results of Section 4 of

Perkins (1990) (see especially Proposition 4.7) show that G(Y')— G(Y") is countable. As
t+ Lg (Y', Y?)(1) is continuous we can in fact infer from (1.1) that P (G(Y')ﬂ G(Y?) #
9) > o.

(b) This is immediate from (5.40) because in this case Ls (Y',¥?) = L(Y',Y?) —
Ls (Y', Y?). -

REMARKS 5.12. (1) If d > 6, Theorem 3.6 implies that

. (o.¢]
(5.41) lflll‘(l)l/; //pe(yl — y2)Y!(dy;)Y2(dyy) dt = O for all § > 0 ass.
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since G' N ([§,00) x R%) (i = 1,2) (G' is the closed graph of Y’) are a positive distance
apart. Since X* < Y’, (5.41) must also hold for X' and X?. Hence the only possible
collision local time for (X', X?) is O (recall L,(X', X?) is right-continuous at t = 0 by
definition).

(2) Theorem 5.10 is false for d = 4 or 5. As was mentioned in the Introduction it
will be used in a future work to construct pairs of super-processes which may interact
when particles collide. We will show there that these interacting processes can only exist
if d < 3 and the failure of Theorem 5.10 for d > 3 will then follow.

(3) The hypothesis on (m', m?) in Theorem 5.9 are clearly necessary for (T) to make
sense if d < 4. If d = 5 we do not know if the power in (5.33) may be increased to —3.

(4) The results of Section 4 of Evans-Perkins (1991) show that given a pair of inde-
pendent super-Brownian motions (Y', ¥?), as in Theorem 1.2, if d < 3 there is a progres-
sively measurable measure-valued process K (Y, ¥?) such that

] e = 2y (1 + 23/ 2) YA dy)¥2(dya) — Ki(Y', ¥2)(8) as. and in L7

foreachp < 2 and s > 0(the LP-convergence is implicitin the Fourier analytic approach
of Evans-Perkins (1991)). Assuming (m!, m?) satisfy the hypotheses of Theorem 5.9, it
is then easy to see that

1 y2 ! 1 2 d
LYY )(1/)):/0KS(Y Y)W dsforally € bBR) andr >0 as.

(> is clear by Fatous lemma and equality follows by checking the means of the total
mass are equal.) A Radon-Nikodym argument, using the fact that X’ < Y?, then shows
that if d < 3 and the hypotheses of Theorem 5.9 are satisfied there is a progressively
measurable measure-valued K (X!, X2) such that

LX) = [ KX, X) ds
forall y € bB(R%) and t > 0 as.

(5.42)

6. A Tanaka Formula for a Class of Measure-Valued Processes. Let us briefly
show how the methods of the previous section also apply to the Tanaka formula of Adler-
Lewin (1989) for super-Brownian motion in three or fewer dimensions (see Tribe (1989)
for an interesting treatment of the one-dimensional case). The estimates required are
considerably simpler than those in Section 5.

Assume X; is a cadlag, adapted Mp(R ¢)-valued process on (2, F, F,, P) such that

6.1)  X(p) = mp) +Z(0) + [ X(Ap)ds = Alp),1 > 0,60 € D),

Z(¢) is a continuous F,-local martingale such that (Z(¢)), = [§ X,(p?)ds, Al(p) is a
cadlag, non-decreasing, adapted Mr(R ¢)-valued process, starting at 0. Here m is a fixed
measure in Mp(R 9).

Recall that the resolvent densities g, were introduced at the beginning of the previous
section.
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THEOREM 6.1. Assume d < 3 and [ go(x) dm(x) < oo. There is a continuous non-
decreasing, adapted process LY (the local time of X at 0) such that

(6.2) sup

<T

t 1
- [ Xs(p()dsli»Oforany T>0
and forallx > 0(a > 0ifd <2)

(6.3)  Xi(8a) = m(ga) +Z(ga) — Aga) + @ [ X,(ga)ds — LY forallt > O as.

Each term in (6.3) is cadlag, all but X,(g,) and A,(g.) are a.s. continuous, and if A,
is continuous then each term in (6.3) is continuous. Z(g4) is an L>-martingale and the
other terms on the right-hand side of (6.3) have integrable variation on compacts.

REMARK. Assume A = 0 and m has a bounded density with respect to Lebesgue
measure. Theorem 6.1 is then due to Adler-Lewin (1989) (see Tribe (1989) for a stronger
resultif d = 1). Under these hypotheses Sugitani (1987) proved the existence of a jointly
continuous process L; such that

/OIXX(B)ds = [ L dxforall B € BRY), 1>0.

(6.2) and the continuity of L; shows our notations are consistent. By replacing g, with
8ax(¥) = 8«(y —x) in (6.3) one obtains a Tanaka formula for L;. (The latter observation
holds in the general context of Theorem 6.1 where the obvious change in the hypothesis
on m is required.)

PROOF OF THEOREM 6.1.  Let gq(x) = [5° € * psse(x) ds. Then Aga e = X 8ue — Pe
(ax > 0ifd < 2)and so

6.4)  X8ae) = MEa) + Z8ae) — Alga) + @ [ Xs(ga)ds — [ Xy(pe)ds.

As in Theorem 5.9 we will obtain (6.2) and (6.3) by letting ¢ | 0 in (6.4) and showing
that each term in (6.4), except for the last, converges uniformly in ¢ < T in L' to the
corresponding term in (6.3). As the argument required for each term is similar to but
much simpler than the argument used to handle the corresponding term in Theorem 5.9
we only give the details for X;(gq ), i.e., we will show

(6.5) Sup | X (8ae) — Xi(ga)| Yoase 10

i<T

It is easy to see that g4 . (x) — g« (x) as € | O, the convergence is uniform on |x| > §
for any 6 > 0 (and uniformif d = 1), and

Zac(®) Lci(a)gox) forall0 <e < l(a > 0if d < 2).
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(6.5) is obvious if d = 1 by the above uniform convergence so we will assume d = 2 on
3.If Y; > X, is a super-Brownian motion (see Theorem 5.1 and the ensuing discussion)
and

"7(5’5) = sup |gcr,e(x) _ga(x)l,

|x| 26

then

SUp X,(| g — gal) < (e, sup ¥i(1)+ cr2sup [ 1(]x| < 6)ga(0)Y.(dx).
t<T t<T t<T
IfT > 8 > 0and R(A) = Yi(|]y| € A) then foré§ < ro(w) (ro as in Theorem 4.7)

]
sup [1(0x] < 8)go@Y,(dx) = sup [ go(rIRi(dr)
g<i<r 70

BI<T

< sup ca7[go(6)(D(mP,, casd) V ¢ (6))
(6.6) B<i<T

N
+ [) D(mP,, cs5r) V @(r)gh(r) dr (Theorem 4.7)
—0aséd | O

because D(mP;,csgr) < m(l)ﬂ”‘s/zczr‘d for all + > (. Just as in the proof of

Lemma 5.6(b), (6.4) with Y in place of X and Fatou’s lemma show that
3 T 1
6.7 sup ¥i(ga) — m(ga) < (supZi(ga)) + [ Yi(ga)ds € L
<T I<T 0

(the last by the arguments used to handle the second and fourth terms on the right side
of (6.3)—the martingale term is now much easier to handle than in Theorem 5.9). (6.6)
and (6.7) imply that

1
sup /1(|x| < 6)ga(0)Y(dx) S0 forall0 < § < T < o0.
B<I<T

To handle the supremum over ¢ € [0, 3] we use (6.7) and argue exactly as in the proof of
Lemma 5.6(b). This completes the proof of (6.5) and hence (6.2) and (6.3). The remaining
properties of the processes in (6.3) are clear from the uniform (in t < T) L' convergence
of each of the terms in (6.4). ]

7. Proof of Lemma 5.4.
LEMMA 7.1, (a) P*(ga(B, — y)) = €' [ e *p\(x — y) dv
(b) If
a~/2eay d=1
h(a,v) = {(log+(l/v)+a")e""v d=2
vlfd/2e—av d>3

then
P"([PB" (ga(Br - y))]z) <716 /,oo h(at, v)pyu(x — y) dv.
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PROOF. (a) is trivial.

(b) P (PP (2a(B—»)")

— et //00/00 e i+)
r Jv

Pvi(W = y)py,(W — y)pu(w — x) dva dvy dw (by ()
< e //too/:o e“”lv;d/zdvz
e "' py,(w — y)pu(w — x) dvy dw
If d > 2 the above is bounded by
c7.1€* ftm v e, (= y)dvy.
The results for d < 2 are similar. n

PROOF OF LEMMA 5.4. We may assume ¢ > 1.

P( [ ([ gatri—smiias0) Vias as)

(7.1) - /f/o[fP ((/ga(}ﬂ “)’2)Ys‘(dy1))2)ps(yz — x3) ds dy,m*(dx)

- ///or{’)ml (8a(Bs — Y2))]217s(J’2 — x2) ds dy,m*(dxy)

s [P ([ PP (ga B = 32) ") dups(ys — x2) ds dysm ()
(see for example Fitzsimmons (1988, (2.7)))

=I1+1I.
Consider I first. By Lemma 7.1(a)

I'= ///0’ 6’20“[//:0 e “'pulx —xz)dvml(dxl)rps(yz — x2) ds dy,m*(dx;)

=2 [ e[ e e

(7.2) P (X1 = y2) dvy dvim (dX))m' (dx))ps(y2 — x2)dsdyrm®(dxa)

t 00 00 _
< /// ez‘“[ </ e "y, dﬂdvz)e‘"’v1
0 s Vv

Puss(x1 — x2) dvy dsm' (dx) ym*(dx)m' (R ?).
Assume now d > 2. Then
t foo q_
1< cem'(RY /f/()/g V} d/2Pv1+s(X1 — x2) dvy dsm' (dx;)m*(dx,)

t 00 | q/n
Sc'sm'(lR")/[/O/S V72, (e — ) dvy dsm (dxyymP(dxz)

< eym'(RY) f/[/o' V2 2, (= xa) dvy + t[” v}_ddvl]ml(dx;)mz(dxz)

cam' (R J(|x1 — x2| 724 + Dym' (dxy)m?(dx2) ifd > 3
cam' (RY[f (log* (¢/ |x1 — x2| ) + 1)m (dx))m*(dxy)  ifd = 3

(7.3)
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by an elementary calculation where ¢4 depends only on d (recall + > 1). By making
minor modifications to the above arguments we find

(7.4) I <cs(o,pm' (R m*(RY)ifd <2, a > 0.
Now consider Il in (7.1). Lemma 7.1 implies that
1 < cs-

/ / / /0' /OS e /T : (o, vy, wulx1 — y2) dvi du py(y2 — x2) ds dyom®(dx,)m’ (dx, )
= c5 ]/[;Aslj 2 p(, VP +urs(X1 — x2) dvy du dsm*(dxy)m" (dx;)

t rs oo
<co [[[ [ nta, vipagumyn — x2) dvi du dsm(dxzym' (dx)

because py,uss(X1 — X2) < cPr(usv)(®x1 — x2) when u < s < u + vy. Therefore, setting
w=u+v, we get
(7.5)

Vi

00 t
< coe® [[[7 [ min( — u,v0)h(et, vi)pan (61 = x2) du dvim?(dxym' (dx)
Vi+H
< cﬁez‘” ///OOO l min(t — w + vy, vph(a, vi)paw(x) — x2) dw dvlmz(dxz)ml(dx|)
Vi
W
< Coeza'//[[)/o vih(a,vi) dvipaw(yi — y2) dw
00 [Vi+ ) )
+./0 / tI(w > Hh(a, v)paw(x) — x2) dw dvl]m (dxy)m’ (dxy)
Vi
t rw t
< cee®™ //[/()/0 vih(ar, vi) dvipaw(x —xz)dw+t/0 h(a,vi)t 2y, dv,

+t /too h(a, vl)'/vvm w"d/zdwdvl]mz(dxz)ml(de).

If 3 <d < 5and o = 0 this gives
t oW oy
IISC(,//[/OIO v? d/zdv1p2w(x1 — X)) dw

t —
+t1—d/2/0 Vf 12 4y, +t2ftOo v{‘ddvl]mz(dm)ml(dxl)

(7' 6) S 7 // [/()’ W3~d/2p2w(X| - XQ)dW + tA_d]mz(dxz)ml(dxl)
m*(RHm' (R 9) ifd=3
< cg(t){ (1 +log*(1/ [x1 — x2]))mP(dxp)m' (dxy) ifd = 4
(1 + | x1 — x2| ~2)ym?(dxy)m! (dxy) ifd=15

Ifd =2and o > 0, (7.5) implies
1l < cee®™ //[/0: /Ow Vi ((log+ 1/v)+ a‘l)e""”‘ dvipaw(x) — x2) dw
+ [)t(log+(1/ V) + a_')e_‘”‘vl dv,

+t/[oo(log+(1/ v) + o) log(1+1/ v)e ™" dv,]mz(dxz)m'(dxl)

< co(ar, tym' (R H)m*(RY)

(7.7)
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and a simpler argument gives the same upper bound if d = 1 and o > 0.
The result now follows from (7.3) and (7.6) if d > 3 (it suffices to consider @ = 0)
and (7.4) and (7.7) if d < 2. n
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