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Abstract

The main result of this paper shows that the existence of commuting normal extension (c.n.e.)
for an arbitrary family of commuting subnormal operators can be determined by considering
appropriate families of multivariable weighted shifts. In proving this some known criteria for
c.n.e. are generalized. It is also shown that a family of jointly quasi-normal operators has c.n.e.

Subject classification (Amer. Math. Soc. (MOS) 1970): 47 B 20, 47 A 20.

1. Introduction

Multivariable weighted shifts have been used to study systems of commuting
contractions in Hilbert space and have been especially useful in the study of commut-
ing subnormal operators. In this paper we extend a result of Lambert (1976) to
show that the existence of a commuting normal extension (c.n.e.) for arbitrary
commuting subnormals can be determined by considering an appropriate family
of weighted shifts. In proving this we also extend some results of Embry (1973)
and Ito (1958) to give conditions for c.n.e. to exist.

2. Preliminaries
A (bounded linear) operator T acting on a separable Hilbert space H is called
subnormal if and only if there exists a normal operator N on some Hilbert space

K> H such that the restriction N|g = T. It is a basic result of Halmos and Bram
(1955), p. 76 that T is subnormal if and only if

Y (T'x,Tx)=0 for all {x,, ..., x,} finite subsets of H.

Lj=1
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Commuting subnormal operators T, ..., T, are said to have c.n.e. if and only if
there exist commuting normals N,,..., N, all defined on some K= H such that
Nilu =T, i=1,...,n. Tto (1958), p. 5 modified the techniques of Halmos and Bram
to show T, ..., T, have c.n.e. if and only if

Y (T'x;,T?x))=0 for all {x;} finite subsets of H.

LJ

Here, we use capital letter indices to denote a multi-index I= (iy,...,i,) and
T! =Ti ... Ti" It has recently been shown by Abrahamse (1978) and Lubin (1977,
1978) that there exist commuting subnormals without c.n.e.

If we identify H with 2, or equivalently H?, and let {z,: n=0,1,...} be an
orthonormal basis, then given a bounded sequence {a,} of positive numbers, the
operator T defined by Tz, = a,z"*! is called the weighted shift associated with
{a,}. An unfamiliar reader can consult Shields (1974) for the basic properties of
weighted shifts. For z=(zy,...,z,) and {Z/=z{'...z}~:;>20,i=1,...,n} an
orthonormal basis of H, given any bounded net {w,,:j>0,ik=1,..n} of
positive numbers, we define

Tiz-’=wJ,iZiz-’:er,in"’ei, i= 1,...,n,

where e; = (0, ..., 1,...,0) has 1 in the ith coordinate. If wy ;wy, ., x = Wy.x Wi, fOI
all i,k,J, then T; T, =T, T; and T,,...,T, are called the commuting weighted
shifts associated with {w, ,}. For the basic theory of these operators, see Jewell and
Lubin (1979).

The similarity in Theorems 2.1 and 2.2 (below) motivated Lambert’s Theorem
2.3 which follows. We give the analogs for commuting operators in Section 3.

THEOREM 2.1. (Shields (1974), p. 84.) Let T be the weighted shift associated with
{a,}, and let Bo =1, B, =ao...ay_, = Au_; Pu_y. Then T is subnormal if and only if
there exists a probability measure y defined in [0,a] such that BZ = [§t*"du(t),
n=0,1,..., where a = |T| = sup,a,.

THEOREM 2.2. (Embry (1973), p.63.) An operator T is subnormal if and only if
there exists a positive operator valued measure p defined on [0,al, |la| = |T|
such that T*"T" = 12" dp(t), n = 0,1, ....

Note that the integral converges in the strong operator topology.
THEOREM 2.3. (Lambert (1976), p. 478.) Let T be an injective operator on H and for

each 0#xcH, let T, be the weighted shift corresponding to weight sequence
{lT* 2 x|/|T" x||}. Then T is subnormal if and only if each T, is subnormal.
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3. Shifts and c.n.e.

THEOREM 3.1. (Lubin (1977), p. 841.) Let T, ..., T, be commuting weighted shifts
associated with the net {w,,}. Define By =1, and B; by the equation T’ 1 =p§,2’.
Then Ty, ..., T, have c.n.e. if and only if there exists a probability measure p defined
on the n-dimensional rectangle R=[0,a,]1x [0,a,]% ... x[0,a,), a; = |T}|, such that
§rt?io . tHndu(t) = § ¥ du(t) = B, for all J.

THEOREM 3.2. T, ..., T, have c.n.e. if and only if there exists a positive operator
valued measure p defined on some n-dimensional rectangle R such that T* T’ =
§rt? dp(t) for all J.

The proof of 3.2 will be given in Section 4.

THEOREM 3.3, Let T,,...,T, be commuting injective operators on H. For each
O#xeH,letT, ..., T, be the commuting weighted shifts corresponding to the net
{wyi=(|T7*e x| /T’ x|)}. Then T, ...,T, have c.n.e. if and only if T, ,...,T,
have c.n.e. for each x.

Proor. Note that if 7y, ..., T, are not all injective, T; can be replaced by (7, — AI)
without affecting the existence of c.n.e. Also, since each T , is a direct sum of one
variable weighted shifts, T, is subnormal if and only if 7} , is subnormal for all x by
Theorem 2.3. Our proof below is almost identical to Lambert’s.

Suppose T4, ..., T, have c.n.e. By 3.2, there exists p(t) such that

THT = J 12 dp(t) for all J.
R
If |x| =1, then
IT7x|? = (T* T’ x, %)

= j 129 d(p(t) x, X)
R

=j 12 du(t),
R

where du,(t) = d(p(t)x,x). Since |T'x| =T’1=T},,...,Ti" 1, 3.1 shows that
Ty -.-»Tnx 1, have c.n.e. for each unit vector x, and hence for all x.

Conversely, suppose Ty 4, ..., T, have c.n.e. for all x. For an arbitrary unit
vector x, by 3.1 again, there exists a probability measure u, on a rectangle R such
that

1T? x||? = j tY du(t) for all J.
R
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For S<R, we define (p(S) x, x) = 4,(S). Then p(S) is a positive operator valued
measure on R, and
T¥ 17 x,x)=|T? x||?
= J t¥ d(p(t) x, x),

R

s0
T TI = J. 127 dp(t)
R

and by 3.2 T, ..., T, have c.n.e.

4. Conditions for c.n.e.

In this section we prove some technical results necessary for Theorem 3.2 and
also of independent interest; these results are basically combinations of results of
Embry (1973) and Ito (1958). The proofs modify the methods of Embry and Ito
but the main ideas trace back to Bram (1955).

LEMMA 4.1. Suppose for every finite subset of H {x;:i,,i5,....,i,=0,1,..., M}, we
have

(S) z (TI+.be TI+"XJ)>0,

I
where T, ..., T, are commuting operators. Then for all multi-indices K,

z (TI+J+KXI, TI+J+KXJ)< ”Tl "2kl "'”TnHZk" z (TI+JX,I Tl+.lx]).
LJ Ly

PROOF. Let £¢>0 and A4; = T;/(|T;| +¢). Let Y be the Hilbert space direct sum
Y=@®) H, where Hi=H forall L
1

For x = {x;} € Y such that all but finitely many x, are zero, define
SX =y ={y} where y = Z AR g1+
J

Then
"Sf"2 = zl: ” ;A*I+JAI+JxJ”2

< Zl:(; AT AT )
< ; XJ: ”A*I+JAI+J”2”§”2
S(E; Z, IA]%.. | Aa] D)%)

= (=472 A= 4.1972]%]%

https://doi.org/10.1017/51446788700016608 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700016608
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so S is a bounded linear operator defined on a dense subset of Y. Further,
(Sf, f) — Z (Z A*I+JAI+JxJ’ xl)
T 7

= IZJ(A’“xJ,A'“x,)zo by (S).
We define '

Rx =Z ={z;} where z;= ZA*””Kx

and note that
“Rx”Z — ; ” ;A*(I+K)+"A(I+K)+Jx1“2

< Zl: ” gA*I""’A”JleIz — “S)—an

Therefore, R< S and we have

Z (TI+"+KX1,T’+J+KXJ)S(HT1"+8)2k1 ...(“T,,”-FE)ZI‘" Z (TI+".X1,TI+"X_,).
I} 1,J

Since ¢ is arbitrary, the lemma follows.
Let T" be an abelian semigroup with identity 0 and for each yeT, let T, be an
operator on H such that

T T)’z = T(yl+yz) fOl' }’n)’zer

71
and

T0=1.

Then {T} is called a representation of I.
COROLLARY 4.2. Suppose for all {x,,....,x,_y<H and {y,,...,y._1} I, we have

(S'l) Z (7i+71x” 71+7,x1)>0

ij=1

Then for any Bel,
Z (T,+y,+ﬁqu +}’j+ij)<“Tﬂ”2 Z (Ty,+y,-xi9Ty.-+y_,vXj)'
ij

PrOOF. We apply Lemma 4.1 letting
T,=T,, i=1,..,n—=1, T,=T,,
x,=x, ifl=e=(,..1,..,0, k=1,..,n—1,

x; =0 otherwise
and
K=e,=(0,...,0,1).

Note that (S,) implies, by reindexing, that T, ..., T, satisfy (S,). Also, by using
the corollary, we can replace (|| T, | 2¥: ... [|T,[*%+) by |T%||? in the conclusion of 4.1.
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THEOREM 4.3. Let {T,: yeI'} be a representation of ' in B(H). There exists
a representation {N,: yeTI'} of normal operators on some K> H such that N,|y = T,,
that is {T,} has c.n.e., if and only if {T} satisfies (S,).

ProoF. Necessity is clear. To prove sufficiency let X = I1H, be the Cartesian
product over I' of Hilbert spaces H, each identified with H, and consider
D ={x ={x,}eX: x, = 0 for all but finitely many y}. On the linear manifold D,
define the bilinear form

G = Y TpayxpTpeyyy)
B,yel

Let Y be the set of equivalences classes obtained in X by identifying X with 0 if
(x,x) = 0; Y then becomes an inner product space since (S,) holds.
For a eI, define Q, on X by

Q,x=y, wherey,=T,x, forallyel.
By 4.2, we have that
(Qai, Quf) = ﬂz (Tﬂ+y+axB’Tﬂ+y+ax7)
Y

< |TL)*%, %)
We can consider Q, to be a continuous linear operator on Y. We define E, on D
by
E,y=2Z where z,= Y

S+a=y

the sum being O if no such J exists. Note that {d: +a = y} may be infinite, but
z, is well defined for ye D. Then

(Q.%,0,5) = Z (Tﬂ+6+axp7TB+6+ayé)
83

Z(Tﬁﬂxﬁ’TﬂH Z ¥s)

By S+a=y

Y Tpay x5 Tpsyz,)
By

i

= (%, E,J).
Thus, E, = Q.Q, is well defined on ¥, the Hilbert space completion of Y. It is easy
to see that
Qu Qﬂ = Qa+ﬂ = Qp Qaa
E,Ey=E, ,=EE,
and

Q.Ey=E; Q, fora,perl.

https://doi.org/10.1017/51446788700016608 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788700016608

171 Weighted shifts and commuting normal extension 23

By 4.5 below, it follows that there exists a normal semigroup {N,} on K> ¥ such
that N |y = Q,. Hence, N,[y =T,

DEFINITION 4.4. A set of operators {T,: ye '} < B(H) is called jointly quasinormal if
and only if {7, T,T,: yeT'} forms a set of commuting operators. Recall that for
I' = {yo}, our deflmtlon is the standard definition of quasinormal.

THEOREM 4.5. Every jointly quasinormal set of operators has c.n.e.

ProoF. Let {T,: yeI'} be jointly quasinormal with T, = U, P, the unique polar
decomposition of T,, that is, 1”7—(T7 T./)* and U, a partnal isometry with
ker (U,) = ker(P,). From quasinormality we have that U,P, = P, U,, and since
joint quasinormality requires that

T,Ty=TyT,, T,P;=P;T,, PLP,=P;P2 foralla,pfel,
the standard polynomial approximation argument implies that
T,Py=PyT, and P,P;=PgP, foralla,fel.

Since Py is self-adjoint, we also have T;Pﬁ = P;T%, and therefore the entire von
Neumann algebra generated by {/, 7,}, which contains U, is contained in the com-
mutant of P,. Hence

UyPg=PyU, foralla,pel.
Let Py x = y. By the commutativity established above, we have
P,UUyy=P, U U Pyx
=T, Tgx=TyT,x
= UgPyP,U,x
=P,UyU,Pyx
=P, UpU,y,

and therefore P, U, Uy = P, Uy U, on the range of P;. Since (range (Py))* = ker P,
= ker Uy is invariant under U,, due to the fact that U, P; = P, U,, we have

P,UUs=P,UsU, onH,
that is,
U,UgP, = Uy U, P,

Thus, U, Uy = Uy U, on range (P,) and as above, U, Uz = Uy U, =0 on (range
(P))* =ker(P,), so U, Uy = Uy U, on H. Thus, {U,,P,: yeTI'} forms a set of com-
muting operators.
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A result of Yoshino (1973), p. 269 now implies that {T,, T,} has c.n.e. for any
a,perl’, and in fact that {T,,...,T,} has c.n.e. for ay,...a,,€I. We prove the
general case by transfinite induction. Well-order I and suppose that for all
Y <70, {T,: a <y} has c.n.e. It is easy to see from the commutivity established above
that ker (7, ) = ker (P, ) = ker (U, ) reduces T, for all a€T". So we have H = E@F
where U, is isometric on E and is 0 on F and E reduces T, for all a€I'. Considering
restrictions to E, {T,|g: a<y} has c.n.e. and P, |g is normal, in fact self-adjoint.
So {T,|g, P,,)e: «<y} has c.n.e. and the isometry U, | extends to an isometry
V commuting with these minimal normal extensions by results of Bram (1955),
p. 87. We can now extend V to a unitary operator on a larger space, and the normal
extensions of {T,|g, P,,|s} will likewise extend. Thus, we have a c.n.e. for {T,|g:
a <7y, a = yo}. Since T, |r = 0, we therefore have normal operators N acting on
KM>H with NO|g=T,, a<y, a = y,.

If p, is a successor ordinal the above argument suffices and so suppose 7, is a
limit ordinal. Without loss of generality, we assume each c.n.e. is minimal and
hence unique up to isomorphism. Thus, for y<y, K™ is the closed linear span of

{(NO®W  NPYnx:ou<y or oy =y,j;=0,1,...,i=1,..,n, xeH},

and hence KOP< K92 and NU2D|K9) = NOY if a<y, <y,<yo or a=p, Let
K=U,<,, K and for €T, define N, on K by N,|xo»n = N if a<y or a = y,.
Then {N,: a<y,} on K is a c.n.e. for {T,: a<y,}.
Finally, to complete 4.3, it remains to show that {N,: acI'} is a representation
when T is a semigroup. We have for any «, 8, y,el’,i=1,...,m, xe H,
N Ny(Ni ... Niinx) = N,Ny(N7’ %)
= NJ(N,Nyx) = NJ(T,T;x)
= N;J(Ta+px) = N;J(Na+ﬂx)
= a+ﬂ(N;J X),
and so N,Ny = N,,z and {N,} is a representation. We note that if I is a finitely

generated semigroup Yoshino’s argument suffices verbatim and the induction
argument can be eliminated.

COROLLARY 4.6. {T'y, ..., T,} has c.n.e. if and only if for all finite sets {X;}<H,
Z (TI+be T”’x,)?O.
I

The corollary follows immediately from Theorem 4.3 by reindexing the semi-
group I'={I=(iy,...,i,): i;220}. We note the general semigroup approach
has the advantage of using a summation over simple indices i,j = 0, ..., m while the
more direct statement in the corollary sums over multindices. We now proceed
with the
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ProoF oF 3.2. Suppose {T, ..., T,} has c.n.e. Then there exist commuting normals
Ny, ..., N, on K> H with N;|4 = T;. By the spectral theorem, there exists a spectral
measure E on C” with

N’=J 2ZVdE(Z), z=(24,...,2)
Cll

We define a spectral measure F on R" by
F(S)=E(SxT"
= E{(r, e, ...,r,e%): (ry,...,7,) €S}

for S=R" Then F is supported on some n-rectangle R and
N* N/ = J |z|* dE(z) = J r* dF(r).
R

Letting P project K onto H, we have for xe H,
T T’ x,x) = (PN* N x,x)

(PJr“dF(r)x,x)

= [r” d(PF(r)x, x)

= Jr“ d(p(r)x, x),
where p is the positive operator valued measure on H defined by p(S) = PF(S).
Thus
(E) TT = Jt” dp(t).

Conversely, suppose (£) holds. Then
Z (TI+th TI+Jx.I)
LJ

= Z (T*I+J T”’x,, xJ)
J

2 Jt’+’d(p(1)x1,x1)

1,J

J‘ d(p(t)t' x5, ¢’ x,)
7 JR .

1

j d( Y, p()* ' xp, p(t) ) x,)
R TJ

- f 4| S o)t 1 x,]7)> 0.
R I
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Thus, {T,, ..., T,} has c.n.e. by 4.6. We note that the above proof is a modification
of MacNerney (1962), p. 50.

We conclude with the following open question.

QuesTION. If S and T are subnormal operators such that p(S, T) is subnormal for
every polynomial p, do S and T have c.n.e.?

Note that our assumption implies that S and T commute. By the results of this
paper, it suffices to consider the case of S and T commuting weighted shifts.
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